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Spin waves in spin hydrodynamics
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The propagation properties of spin degrees of freedom are analyzed in the framework of relativistic
hydrodynamics with spin based on the de Groot van Leeuwen—van Weert definitions of the energy-momentum
and spin tensors. We derive the analytical expression for the spin wave velocity for arbitrary statistics and show
that it goes to half the speed of light in the ultrarelativistic limit. We find that only the transverse degrees of
freedom propagate, analogously to electromagnetic waves. Finally, we consider the effect of dissipative
corrections and calculate the damping coefficients for the case of Maxwell-Jiittner statistics.
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I. INTRODUCTION

Recent spin polarization measurements of A(A) hyper-
ons [1-8] have sparked a huge interest in the heavy-ion
physics community. In this context, many theoretical
studies have been performed referring to spin-orbit cou-
pling [9-12]. Fundamentally, the polarization of particles
with spin can be induced through the spin-orbit coupling
implied by the Dirac equation [13,14]. Starting with the
works by Vilenkin in the 1980s [15], it is now understood
that a gas of Dirac particles in rigid motion develops a flow
of chirality along the vorticity direction [16]. Due to its
close relation with the axial anomaly, the flow of chirality
due to either background vorticity or electromagnetic fields
is understood as “anomalous transport” [16]. Attempts to
incorporate such effects dynamically have lead to the
development of the so-called hydrodynamics with triangle
anomalies [17]. While the persistent polarization of mass-
less particles can be modeled via an axial chemical
potential, such an approach is not justified for massive
particles, where the conservation of the axial current is
explicitly broken (alternatively the helical chemical poten-
tial may be used, as discussed in Refs. [18-20]).

Various models based on the thermodynamic equilib-
rium of spin degrees of freedom [21-24] have shown good
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agreement with experimental data of spin polarization,
for recent reviews and papers on this topic see, e.g.,
Refs. [25-32]. Nevertheless, the differential measurements
of polarization [4,8] lack a clear explanation. This led to the
idea of including spin degrees of freedom in standard
hydrodynamics, first proposed in Refs. [33,34] based on
the definitions of the energy-momentum and spin tensors
introduced by de Groot, van Leeuwen, and van Weert
(GLW) [35]. For recent studies on this formalism see
Refs. [3641].

In this work we consider the propagation properties of
linear perturbations [42—46] in the framework of the perfect-
fluid spin hydrodynamics [26,36], for other similar studies
using the effective action approach, see Refs. [47—49]. Atthe
level of the spin conservation equation, we find that the spin
degrees of freedom are decoupled from the background
fluid, and therefore their wave spectrum can be analyzed
separately from the fluid degrees of freedom. Conversely,
the fluid degrees of freedom are also decoupled from the spin
ones leading to the well-known sound waves [42—45]. In this
study, we consider a linearized expression for the spin tensor
in which quadratic or higher order terms are neglected. For
this reason, our results are strictly valid only for the case of
propagation through an unpolarized background. In this
case, we obtain a general analytic expression for the spin
wave velocity, which we apply to the case of both Maxwell-
Jiittner (MJ) and Fermi-Dirac (FD) statistics. In addition, we
also derive the relativistic and nonrelativistic limits of
the spin wave velocity cgpy,. In both cases, cgi, = ¢/2 in
the ultrarelativistic limit, with ¢ being the speed of light. The
spin degrees of freedom can be split into an electric part, C,,
and a magnetic part, C,,, in analogy with the electromagnetic
degrees of freedom. We find that the degrees of freedom
corresponding to the longitudinal direction (which is parallel
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to the wave vector k) do not propagate, while the four
transverse ones support the usual linear or circular polari-
zation, in perfect analogy to the case of electromagnetic
waves [50]. Finally, using the dissipative spin tensor derived
in Refs. [38,51] for the case of the ideal MJ gas, we discuss
the effect of dissipative corrections leading to exponential
damping of both the transverse and the longitudinal
components.

The paper is organized as follows. We begin with a brief
review of the formalism of spin hydrodynamics in Sec. II.
Then, in Sec. III, we study the propagation of perturbations
in the spin polarization components and present the spin
wave solutions. Subsequently, in Sec. IV, we analyze the
effects of dissipation on the spin wave propagation. Finally,
we conclude in Sec. V. Technical details about the spin
tensor for arbitrary statistics, the ideal gas, and the FD gas
can be found in Appendixes A, B, and C, respectively.

In this work, we use the convention of the Minkowski
metric g, = diag(+1, -1, —1, —1), while the dot product of
two four-vectors a” and b* reads a - b = a*b, = gaﬂa“bﬁ =
a’b°® — a - b, where boldface indicates three-vectors. For the
Levi-Civita tensor e?7% we use the convention €% = 1.
We denote the antisymmetrization by a pair of square
brackets as M, = 1(M,, —M,,). Moreover, we assume
natural (Planck) units, i.e., ¢ = A = kg = 1 (unless stated
explicitly).

II. PERFECT-FLUID SPIN HYDRODYNAMICS

In this section, we briefly review the hydrodynamic
framework based on the GLW definitions of energy
momentum and spin tensors for the case of spin-% particles
with mass m [26,36]. In this framework, the spin effects are
assumed to be small so that the conservation laws for
charge, energy, and momentum are independent of the spin
tensor. The spin effects arise only from the conservation of
angular momentum [26,36]. The conservation laws of
baryon current and energy-momentum tensor are defined,
respectively, as [26,33,36]

9,N*(x) = 0, 05T (x) =0, (1)
where the baryon current, N%, and the energy-momentum
tensor, 7%, are of the form [33]

N® = NU*, T = EU*UP — PAP, (2)
with NV, £, and P being the baryon charge density, energy
density, and pressure respectively. The fluid four-velocity is
denoted by U* and A% = ¢ — U*U” is the projector onto
the hypersurface orthogonal to U*.

Due to the symmetric nature of the energy-momentum

tensor (2), the conservation of total angular momentum
dictates the separate conservation of spin [36]

0,877 (x) = 0. (3)

Violations of the above conservation equation can be
induced through quantum effects such as nonlocal colli-
sions [27,52-55], leading most likely to a relaxation of the
spin polarization tensor ¥ (6) towards the local thermal
vorticity. Since the exact form of this relaxation equation is
not known yet, we do not consider such effects in this
analysis. To the leading order in @”’, the spin tensor can be
decomposed as [26,36,41]

Selr = e 4§47 (4a)

a},l/iy
p
contributions are given by [33,41]

where the phenomenological S.;”* and the auxiliary SZ’ﬂ 7

U = (Ay + A;)Usa”, (4b)

Sy = (2A) = AU U UV a5 + Ay (AP UV ol
+ U AP o5 + U AP o). (4c)

The thermodynamic coefficients that appear above can be
expressed as follows (see Appendix A for details)

A _szKaN) 2 (65)]
1= 0—5/3 2 @5,

B[, AE)

where we used general expressions for .A; and A5z, which
are independent of the underlying statistics of the kinetic
model.' In the above formula, & = /T is the ratio of the
chemical potential to the temperature, /3 is the inverse of the
temperature, while $2 = s(s + 1) is the magnitude of spin
angular momentum, which is equal to 3/4 for spin—%
particles [26]. For future convenience, we also introduce
7z = m/T representing the ratio of particle mass m and the
temperature.

The (antisymmetric) spin polarization tensor w,,, can be
decomposed as [33]

W =Kk, Uy =k, U, + €05 U, (6)

where «, and w, together form six independent compo-
nents [26,36]. These four-vectors are orthogonal to U* by
construction, k,U" = 0, Ut = 0, such that [26,36]

U« , )

K, = @ = Eeﬂaﬂya)"ﬁUV. (7)

'See, e.g., Refs. [26,36,41,51] for the corresponding expressions
for the MJ statistics of an ideal gas, which we summarize in
Eq. (B7). The case of the FD statistics is discussed in Appendix C.
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In the fluid rest frame, x¥* and w* reduce to

' =(0.Co). @ =(0.Cp). (8)
where CK‘ = (CKX’ CKY’ CKZ) and Cm = (Cw ’ CwY’ Ca)Z)
are the spin polarization components [26,36].

III. WAVE ANALYSIS

A. Dispersion relation for the spin modes

Let us now consider the propagation of infinitesimal
excitations in a fluid with spin degrees of freedom. Since
the conservation equations (1) corresponding to the back-
ground fluid are independent of polarization [26,36], their
solutions will give the well-known spectrum of sound
waves [42-45], which propagate with the sound speed

satisfying
opP N (0P
2 (97 -
“= (ag)N+5+7> (aN)g ®)

Focusing now on the excitations propagating at the level
of the spin tensor (4), the background fluid can be regarded
as quiescent, ie., U¥ = g*. Treating "’ as a small
quantity, which amounts to assuming that the background
fluid is unpolarized, Egs. (4b) and (4c) reduce to

a;w _ (Al +.A3) 1 gV
SZMD _ 2(./41 _ 2A3)gmgt[ywu]t

+ A3 (gt[ﬂwv]a + ga[ﬂwv]t _ gtawm/). (10)

Considering that the system is homogeneous with respect
to the x and y directions, the divergence of Eq. (10) yields

a Sa,ﬂl/ — (Al _|_A3)atw;u/’
0,80 = (2A; — 3A3)g'¥o,a
+ Az (¥ — 0,0 + gMo.0’7).  (11)

For the cases y =0, v=1i and y =i, v=j, we find,
respectively,

. o1 .
aaS“’” = A3 (0,00” + Eazwlz> s
0,5% = A,0,0" + A0V, (12)
Taking into account Eq. (8), the components of the spin
polarization tensor w*” can be written in terms of the spin
polarization components C,; and C,; as
wti — _CKi’

o'l = —e'ikC,, . (13)

Demanding that d,S“** = 0, we obtain

1
0 Cki - 56”“0 ij

0,

0,Cpi — - €'1120.C,; = 0. (14)

A1

Due to the presence of the Levi-Civita symbol, 0,C,, =
0,C,z = 0, such that the longitudinal components do not
propagate. Thus, the polarization degrees of freedom
propagate only as transverse waves, similar to the electro-
magnetic waves [50]. Their equation can be obtained by
setting i = x, y in Eq. (14), leading to

0* 0
(ﬁ_cgpm )C 0 (15)

where C € {C,y, Cyy, Cpx, C,y} and the speed of the spin
wave satisfies

, LA, 1(0€/0T), = 22(aN/02);

win = T4 A (55/aT)5+72(6N/55)T 1)

C

In the ultrarelativistic limit z — 0, we can observe that ¢,
takes the value 1/2 irrespective of statistics.
The expression for ¢2. can be written explicitly for the

spin
(ideal) MJ gas [56]
1 K;(z)
2 3
. A7 N 17
Cspm 4K3(Z) +%K2<Z) ( )

hence being independent of £ = y/T. In the case of the FD
gas [57,58], cqpin becomes an even function of 52:

1 £+1

ngpin _ 4Zf 1 ,f cosh(£8)K;(7z) '
Sy S cosh(£2)[K(¢2) + 5 Ka(£2)]
For small values of z, we find
1 2
:5{1 ]—6+ O(z )}
1572 1-1—37%2
4z 74305 + 15;§—i§+

(18)

MJ: Cspin

FD: ¢y :% {1 - 0(24)]. (19)

In the nonrelativistic limit, when z > 1, we get

1
Cspin = \/—Z .

The details of these calculations are provided in
Appendixes B and C. The above limits are validated by

(20)

’Equation (18) is valid only when |£] < z. At higher values of
series with respect to £ diverge and the integral
representation in Eq. (C8) must be employed.
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comparison with the exact expressions in Egs. (17) and (18)
in Figs. 1. It can be observed that ¢y, is a monotonically
decreasing function of z, such that

0.50F -
0.45}
0.40f

0.35Ff

Cspin

0.30}
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0.20¢}

0.50F
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0.25}

0.20f

0.50F i — CspinlMJ ]
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E N e e CspianD,é‘":S 1
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""" CspianD,§:10?
0.30f ]

0.25}

0.20F R
0 2 4 6 8 10 12 14

FIG. 1. Top, middle: the speed of the spin wave cgy, as a
function of z = m/T corresponding to the (top) MJ and (middle)
FD statistics, together with the asymptotic forms for small and
large z given in Egs. (19) and (20), respectively. Bottom:
comparison between ¢, obtained for the MJ and FD statistics,
for various values of £ = p/T (the MJ result is independent of £).
The MJ curves are obtained using Eq. (17), while the FD curves
are obtained using Egs. (18) and (C8) when z > |¢| and z < |£],
respectively.

where the lower limit is reached for a cold gas of massive
particles (the nonrelativistic limit), while the upper limit is
achieved at high temperatures or for massless particles.

B. Linear and circular polarization of spin waves

We now construct explicit expressions for the spin wave.
Taking as before a wave propagating along the z direction,
Egs. (14) reduce to

1 1
alCKX - Eazch = 0’ EatCmY - cgpinazCKX = 09
1 1
atCKY + EGZC,UX = O, EG,CG,X + czpinachY =0. (22)

The linearly polarized solutions for the three-vectors Cy
and C, are

C, = CoRe[e~*csin'=2)](e, cos @ + e, sin O),
Co = 2cqpinCoRe[e™*(con'=2)] (¢, sin 0 — €5 cos §),  (23)

where C is the real amplitude of the wave and @ is the
inclination angle with respect to the x axis. It can be
observed that

Cp = 2Cspinﬁ X Cy, (24)

where 1 = e5 is the direction vector of the wave. The above
equation is analogous to the relation H = cit x D from
electromagnetism [50] where c is the speed of light.

Right- and left-handed (R/L) circularly polarized waves
can be constructed in the standard fashion,

C 4
Cor/L= —9 Re[e~*(em'=) (¢, cos O+ ie, sin )],

V2
2cs inC()
Cw;R/L :%RC

where again Eq. (24) holds.

[e=k(cwin'=2) (¢, sin@ F ie,cosh)], (25)

IV. DISSIPATIVE EFFECTS

In this section we consider the effects of dissipation on
the propagation of spin modes. In performing this analysis,
we rely on the analysis of dissipative effects presented in
Ref. [51]. Since Ref. [51] employs the MJ statistics of the
ideal gas, we restrict the discussion in this section to this
particular case.

In the context of the relaxation time approximation, the
dissipative corrections to 7" and N¥ turn out to be
independent of the spin tensor. The correction to the spin
term due to dissipation can be written as follows

5S/1.;w = 15 (B/rliﬂve + le.ﬂuvlcg + B;—M'WGK(S
+ BY V0. (26)
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where 7z is the relaxation time and V,= A0, =
d, —U,U"d,. As in the previous sections, we consider
small perturbations on top of a quiescent, unpolarized
background state in thermal equilibrium. In order to
investigate the effect of dissipation on the propagation of
small perturbations, and in particular to assert the stability
of the theory of spin hydrodynamics, we will regard the
perturbations amplitudes (including the magnitude of
58*HY ~ @) as infinitesimal, while allowing the gradients,
proportional to the wave number k, to be arbitrarily large,
thereby retaining higher order terms with respect to k and
7. Within this framework, we can test if any instabilities
emerge in the k — oo limit (small wavelengths). We note
that, due to the truncation procedure leading to Eq. (26), we
cannot expect the physics of the zp > 1 and/or k> 1
regimes to be correctly recovered.

Coming back to Eq. (26), the coefficients B, By,
and BS* are proportional to the spin polarization tensor
o [51], which we assume to be of first order with respect
to the perturbation amplitude (the background state is
assumed to be unpolarized). These terms are multiplied
by 0= ()ﬂu", Vké‘, and Oys = %(V,cu(; + V5MK) — %QAK&
respectively, which are already of first order with respect
to the gradients of the background state. Since they are of
second order with respect to the perturbation amplitude, the
first three terms appearing in Eq. (26) can be safely
neglected and we focus only on the last term given by [51]

Bgﬂﬂ,ﬂv _ B(zl) APl gy 4 Bg) AWyt i AVIP

+ Bg)(AlnAy[ﬂgﬂﬂ + A AP 4 ATIAMK P
+ BY AmA AP 4 By Aty A (27)

The quantities Bg) are [51]

4g2
B(El) = —%coshélgll),

1) 7(0
115y )

2
() _ _8s <<1>
By’ = ———=coshé( I,/ + —————
S Tl S0

BS) = ——2cosh<§I§12),
2 (1) 7(0)
4) Ly 15
By’ = —zcoshé 5 0 NG
3m m2150> - (Igo> + Igl))
8 2 I(I)I(U)
BY = scoshs— =l (28)
3 m2I\) =21

where [ ﬁfq) are thermodynamic integrals of the form

(r) 1

_ . \n—2q-r a,p —pu-
B =Gy | G Y B e, (29

and dP = &®p/(27)°p° defines the invariant integration
measure. Since A"V, wg, reduces to A*d.wp,, the index 7
can be safely set to z. Performing the splitting

0,05 = 7y BYF I, (30)
we find
T = _ 2o,
Cz(Z)m/ — _gt[ﬂaga)l’]t’

Q

B — agwyu + gt[ya%wy]t + zgz[ya%wv]z’
(D — gz[uagwu]z _ gz[ygu]ta%wtz’
B — gz[ugy]ta%wtz' (31)

Q

Q

Grouping all terms together gives

1
— 0,65 = —(BY) — BY)) o2
TR

— (BY = By )g¥o2ar + 2B gh o2
_ (Bg) _ B(ZS))gz[ﬂgu]tagwtz + Bg)gz[ﬂagwu]z'
(32)

Noting that @' = —C,; and o = —"/*C,,, we have

0253%'“ = IJK.J_A:;()%CK)(,
(3155%’@ = IJK.J_A3()§CKy,
0,15S’1”Z = UK_||A30§CKZ,

(3/155}")’2 - U(;),J_Al ag Ca)X’
01551’2){ - l/a),J_Al a§CmY’
6255/1,)(}’ :yw,HAlagca}Z' (33)

In Eq. (33) we identified the longitudinal (v, v,,|) and
transverse (v, |, v, ;) kinematic viscosities,

TR n oo 3 6 1.6 TR (3
V| =—<B§:) ——B§)—§B§)——B§)> - B

As 2 2 Ay E7
Vp || = ;TRI(BS) - 3(23)),
R () 1o 1,0
— R __B% __p
VK,J_ A3 < x> 2 > 2 z )’
TR (1) 3 _ 1 @
l/a),J_ = A—l (BZ —_ ZBZ —EBZ > (34)

The expression for v, || follows after applying the recur-
rence relation /() = ) (mzlirzz’q_l - Ifzrj]_l) [511t0 1%},
Combining the above results with Eq. (12), one can find
that C,; and C,; exhibit exponential decay,
0,Cez — UK,H()%CKZ =0,
0,Cpz — yw’Ha%Ca,Z =0. (35)
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Setting now C,/,z ~ e~ tC ;. where Cy,z is a

constant, we find @ = —ik*v,,, | with
45 se 4 G(a)(3+ ) - 2Gi(2)
Vel| = o [— - 722Gi(2)].
“l = 356(2) z z 7?) — 2°Gi(z
452TR Z2
N 1= 4
G [ 12—|—0(z )}
4§2TR
= R _I5:4G(2)(2 - 22) + 22Gi(2)),
Yoll = 15026(2) +Z)[ 7+ G(z)(2 - 2°) + 2°Gi(z)]
452’Z'R Z4
~ 1-— 3
15 [ 16+0(Z )}, (36)
where G(z) = K5(z)/K,(z) and Gi(z) = Ki (z)/K>(2).

The above expressions are represented as functions of z
in Fig. 2.

Performing now the Fourier decomposition C =

Ce™i®'*ikz of the transverse modes, we find

o+ ikzu,(,l —k/2 Cox
kA; 17,2 e = O’
24 o+ kv, | C,y

w + ik, k/2 C,
( i . . >(~Y>=0. (37)

2
2—_/41 [0)] + lk Uw,J_ Cw)(

The dispersion relation implied by the above system is

w, = —ik’v, £ szpin» v, = W%,
A K
Copin = — A4 (Mol = Vo1 ) (38)

The damping coefficient v, is just the average of the
damping coefficients found separately for the x and w
sectors,

. 0.20f mmremrzanasie ST ]
t RN 1
[}

o]
© 015
[@)]
£
o
€ o.10f
[
a
*
= 0.05
~
~
=
p—a
000t . ... R B R
05 1 5 10 50 100
Z

FIG. 2. The z dependence of the damping coefficients for the
longitudinal (v, vy,|, starting at 0.2) and transverse (v 1, Vv
and v,, |, starting at 0.15) modes calculated for s> = 3/4 based
on Egs. (34), (36), and (39).

 28%12[3G(2) 4 27
"L T456(:)26(z) + 4]

=5+ 0(z4)} (39)

[-5z + G(z)(3 + 2%) — Z%Gi(z)],

The above expression is represented as a function of z
in Fig. 2.

The speed of the spin wave receives a dissipative correc-
tion of negative sign, which can be estimated by writing

C?pin = Czpin;O(l 5C§pm) where C@me - A3/4~A1 >0
and

KW, —v J_)z K’ s'7%
8Ciy = A1+ 0 40
Cspm _A3/A1 8100 [ + ( )] ( )

The above correction is heavily suppressed at small values
of z. Atfinite z, the wave number can become large enough to
render cspm negative. This happens when k exceeds the

threshold value given by

2Cspin;0

ki = (41)

|VK,J_ - Va),J.' '
When k > kg, cgpin becomes imaginary and the wave no
longer propagates. This is reminiscent of similar effects
occurring in first-order hydrodynamics for spinless systems.
One example is the case of sound modes in ultrarelativistic
fluids, where tky, = f—;;kth = 15/2 [45]. Considering now
the regime when k > ky,, Eq. (38) shows that the modes
remain stable provided

1

vy — 5 |UK,J_ - Uw,l‘ = min(UKVJ_ﬂ l/a).J_) > 0. (42)

The above inequality holds true within the framework studied
here. We show this in the regime of small z, when

821 22
UK'L_T |:1 —ﬁ-‘r O( ):|

Q’ZTR 5Z2 4
yw'L_T{l_ﬁ_'_O(Z) s (43)

while 73k, ~ 18/(5z%8?). Figure 2 confirms that both v, |
and v,, | remain positive at large z, thus the theory is stable
under linear perturbations.

Let us now consider the impact of dissipation on the
propagation of the spin waves in the context of heavy-ion
collisions. For simplicity, let us focus on the z < 1 case,
when the shear viscosity, 7, can be related to the relaxation
time via g = %TRP [42,45]. Assuming that the ratio /S is
constant, where S = (£+ P —uN)/T ~4P/T is the
entropy density (we considered also |£| < 1), we have
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x (4mn/S). (44)

R = 47T

Setting now 8% = 3/4, the damping time Zgypy | = 1/k*v
can be estimated as

t 42T /3
damp; L — 477.'17/8 )

A \? T 4 fm/c
B <1 fm) (600 MeV) % 4zn/S’ (45)

where 1 = 2x/k is the wavelength. Thus the lifetime of
spin waves is of the same order of magnitude as the lifetime
of the QGP fireball.

V. CONCLUSIONS

In this work we have studied the wave spectrum of the
theory of spin hydrodynamics based on the GLW pseu-
dogauge. As an antisymmetric tensor of rank two, the spin
chemical potential @"* has six independent degrees of
freedom, which can be divided into three electric and three
magnetic ones. Our analysis has revealed the transverse
nature of the spin wave. In the limiting case of the ideal
fluid, the longitudinal magnetic and electric components do
not propagate, while the transverse ones oscillate, leading
to the linearly or circularly polarized waves known from the
theory of electromagnetism.

The speed of the spin wave, ¢y, generally depends on
the parameters of the medium (temperature 7', chemical
potential ) and on the properties of the particles (particle
mass m or the statistics obeyed by the particles). A generic
feature of the modes is that in the ultrarelativistic limit
(z=m/T < 1), cgin = 1/2, a property that is independent
of the statistics. In the case of the ideal MJ gas, cgn
becomes independent of &= yu/T. In the case of FD
statistics, we found that the chemical potential enhances
Cspin and maintains the ultrarelativistic threshold for small
values of z/& = m/u. At the other end of the spectrum,
when z>1, we find the leading-order behavior
Cspin ~ 1/+/2z, again independent of the statistics.

Finally, we have studied the effects of dissipation on the
spin waves. At the level of first-order spin hydrodynamics,
the transverse components are all damped via the same
coefficient v, . The longitudinal components C,, and C,,
decay exponentially with different coefficients, v, || and
Vy,|- The speed cqpy, receives a viscous correction which
becomes dominant at large wave numbers k. Above the
threshold 7zky, ~ 18/(57%82), Cspin Decomes imaginary and
the wave no longer propagates.

The approach considered in this paper, based on the
spin polarization tensor @, does not account for anoma-
lous transport phenomena. The addition of vortical terms
in N* and 7% modifies the wave spectrum corresponding

to the fluid sector, giving rise to a rich spectrum of
excitations, such as the chiral magnetic wave, chiral
vortical wave, chiral heat wave, or helical vortical wave
[19,59,60]. An investigation of the interplay between
anomalous transport effects and the dynamics of the spin
polarization tensor represents an intriguing avenue for
future research.
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APPENDIX A: SPIN TENSOR DECOMPOSITION
FOR GENERAL STATISTICS

We start with the equilibrium phase-space distribution
function which is constructed after the identification of the
collisional invariants for MJ statistics [26,38]

1
f& =exp[-Bp- U=+ Eexp [Ewﬂysﬂ”}, (A1)

where 5% = L¢P p s is the internal angular momentum
and s* is the spin four-vector [13,61].

The spin tensor (4a) is derived through the moments of
(A1) as [26]

Shav — / dPdSp*s*[fdy + feql:

= 2cosh.’;/de’1 exp (=pp - U)
1 5
x [ dSs* exp 5 Waps™ ),

where dS = 2 d*s5(s - s + $%)8(p - 5) is the invariant spin
measure [26]. To the leading order in w,; the second
integral is expressed as

(A2)
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1 1
/dS s exp (5 a)aﬁsaﬁ> o~ / ds s <1 + Ea)aﬁs“ﬁ>

22

=3 (m*@ + 2p* p[”a)] )

(A3)

where the integral in the spin space was performed using
the following relations [26]:
/ dS s# =0,

[es=2.

287 5
dSs's” = =5 (p"p* —m*g"), (A4)
3m

leading to [dS s* =0 and

482
/ dS 55 =3 (m2gle g/l + 2plegllipl) . (AS)

Using (A3) in (A2) we have [26]

482
Shuv — Wcoshé’/dP ple PP (m*a 4 2p°plat,),
(A6)
which is the spin tensor for the MJ statistics (4a).

Now we extend the distribution function (A1) to general
statistics, where fZ, = f%(y,), and

Yo = Vo0 +yspin, Vo0 = ﬁp -U - Gf,

1
Yspin = _E(U”DSM (A7)
We consider yg,i, < ¥, such that
fgq(ya> = fgq(ya;o) + fg(/] (yﬂ;O)yspin + .. (Ag)

where 6 = +1 and —1 for particles and antiparticles,
respectively. The derivative of the distribution function is
evaluated at vanishing spin chemical potential, such that

af < 1 (0f3
_6<0§q)ﬁ p-u( q)é- (A9)

op
Therefore, Eq. (A2) can be written for the general statistics as

ga (yo—;O) =

Sk — /dei g (m*e™ + 2p°pla’,).

(A10)

The integral of p* 7, can be written in terms of the number

density via

/dppﬂfeq =aqU (A11)

__(N
a —<a§>ﬁ,

where the factor of 2 accounts for the spin degeneracy
(J'dS = 2) and we used the perfect fluid form N* = N'U*
for the charge current. The integral involving p’p* p“ f&
allows to perform the tensor decomposition

2y / dP £ p*p* p*
o=%

= a, UUPU* + by (U* A% + U A% + UF AM), (A12)
where the coefficients a, and b, can be obtained by
contracting the above expression with U,U,U, and

U;9au» respectively:
o <£V) '
9 ) g

(o€
- (3)

Substituting the above results in Eq. (A10) and comparing
with Eq. (4) shows that a, = —i > (A + A3), ar =

% (A3 =2A,), and b, = 3’" - As, where the coefficients
A, and A; are given in Eq (5) and are compatible

with Eq. (A13).

ay + 3172 = (A13)

APPENDIX B: IDEAL GAS
The ideal gas is modeled using the MJ distribution,

fe = e PUrtes, (B1)
where f is the inverse of the temperature and ¢ = pf. The

charge current N* and energy-momentum tensor 7#¥ can be
obtained as

Nt =2 0o / dP p#£2,,
T = 2Z/de"p”f§q,

where the factor of 2 accounts for the spin degeneracy. The
integrals yield the perfect fluid form in Eq. (2), where NV, &,
and P are given by [33,62,62]

() -emc(f).

The number density N/ (0) pressure P ), and energy density
& (o) for the spinless and neutral classical massive particles
read [33,62]

(B2)

N =4sinh(§)N
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T3
N(o) = 2—”2221(2(2), ’P(()) = TN(O)
1
5(0) = ﬁ T4Z2 [ZKI (Z) + 3K2 (Z)] (B4)

In the above equations K,(z) are the modified Bessel
functions of the second kind [63]

n

K,(2) = —= o / T dx(x® = 1) e, (BS)

(2n+ "

The derivatives of £ with respect to $ and of A/ with respect
to & are

372
(%) = _Mﬂ—;coshf[ng(z) + 3K3(z)].

oN 2m*T
<0_§> = ———cosh éK,(z).

(B6)
Taking into account that (0E/0T); = —7 (0E/0p),, the
functions 4, and 43 introduced in Eq. (5) can be readily
computed:

48>mT?
Ay = cosh é| Kx(2) + 5 Ka(2) |
3z 2
48>mT?
Ay =— 31712 cosh éK3(z), (B7)
T

in agreement with the results reported in Ref. [41] for the
ideal gas case. Substituting the above results in Eq. (16)
gives Eq. (17).

We now discuss the asymptotic properties of the spin
velocity cgy, in Eq. (17) in the nonrelativistic and ultra-
relativistic limits. At large values of their argument, the
modified Bessel functions admit the following asymptotic
expansion [63]:

T ~=a(v)
K, (z) = | —e ,
G )k(%JFV)
ak(y)_ ( 2)kk' (BS)
In particular,
Ka(d) = /e (1424 19
&)= 2z 8z 12872 )’
P 35 945
K =/ 1l4+—4+—=+... ). B
3(2) =4 /3¢ <+81+12812+ ) (B9)

From here, we obtain

1

NiTh

For small values of their argument, the modified Bessel
functions of the second kind K, (z) of integer order n admit
the series representation [63]

Copin(2> 1) = (B10)

_n n—1 I’l— _1 Z2 k

“0=3(0) 5w ()

(=1 @ 1)

& @ > Tk + 1) +y(n -+ k4 1)

k=0
(z2/4)*
k!(zn+k)!’ (BL1)

where y(z) =T"(z)/I'(z) is the digamma function. The

modified Bessel functions of the first kind 7,,(z) have the
series representation

I(z) = () ik' rj/fk

Thus, the leading order contributions to K,(z) and K3(z)
are given by the terms in the sum appearing on the first line
of Eq. (B11),

(B12)

2 1
Ky(z) == —=+ 0(z?).
2(8) =5 -5+ 0()
8 1
K3(z) =5 —-+0(z) (B13)
7z
Substituting the above into Eq. (17) gives
(z<1)x L i+0( 4) (B14)
spm z 4 8 Z :
APPENDIX C: FERMI-DIRAC GAS
The FD distribution is
. 1
feq = PrU—E 1 (C1)

The charge density, energy density, and pressure can be
computed as [64]

N oE
1 o ) 1
P 3P
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In the case when ¢ < z = pm, the Fermi-Dirac factor

[¢/E=7¢ + 1]7! can be expanded as
1 -\ 41—l BE+L ¢
e > (1) - (B

=1

This allows N and £ to be computed as

2 2T © (-1 ‘+1
N="" (=1) sinh(£E)K,(£72),
o = 4
1 +1

cosh(£8)[¢zK | (¢z) + 3K, (£2)],

2m2 T2 i
= 2
(C4)

which has as its # = 1 contribution the result for the MJ
statistics given in Egs. (B3) and (B4).

The derivatives of £ and A/ with respect to f and &,
respectively, can be calculated as

EZ

o€ =
(%)g_ 2,32/ ePE= ”‘f—i]jl
P+=
(()5)/} ”ﬁz/

eﬂE—(i«f + 1
In the case when |£| <z, the above integrals can be
computed using the method introduced in Eq. (C3). This
allows the functions A; and .43 introduced in Eq. (5) to be
expressed as

(C5)

A = ad n12 (=1) cosh(Z¢) [K3(fz)+—ZK2(fZ)],
3 e 2
2 2 X 1\/+1
Ay = 48 sz (=1) cosh(¢€)K5(¢z), (Co)
3 o

where again the £ = 1 term coincides with the expressions
obtained in Eq. (B7) for the MJ statistics. The above result is
useful to derive the nonrelativistic and ultrarelativistic limits
of cgpin- In the latter case, the modified Bessel functions can
be approximated by their large z expansion, given in
Eq. (B9). In this case, the terms with £ > 1 are penalized
by the exponential function, K, (£z) ~ e=%*/+/¢z, such that
the £ = 1 term already provides a good approximation. For
this reason, the value of ¢, corresponding to FD particles
converges to the MJ one, given in Eq. (B10).

In the relativistic limit, z can be assumed to be small
and the modified Bessel functions can be replaced
by their asymptotic expansions in Eq. (B13). Denoting

S, =3 & t,,, " cosh(¢&), the functions A, and Aj
converge to

328274
Ay =5 [S4 + 0(z%)],
3r°m

328214 22
./43 = —W |:S4 — §S2 + 0(24):| . (C7)

Taking into account that Sy = =35 (77* 4 3072&% 4 15&%)

and S, = 35 (7* + 3£?), we arrive at
1 Z S2
2
— =22
CSpll’l 4 |: 8 S4 + O( ):|
17152 1+%
= {1— : - - (:4—1—0(14)]. (C8)
217743054155

Before ending this section, we discuss another interest-
ing limit relevant for the FD statistics. In the degenerate
case (T — 0 and u > m), we have

3
p 1
/\/’:ﬁ, 52@{1’1?#(1’%"‘#2)"""41“

pr+ul

where pp = /> —m?. Since in the degenerate limit,
&= E(u), we have (0€/9p); = —5(0E/du), such that

% B B2 —m?
<0ﬁ>¢__ 2p
NN\ ppt —m?
(0€> B

This leads to the approximate formula

F—— 7T 7T T T T

Cspin|FD

FIG. 3. Comparison between the numerical results for cgpy,
corresponding to FD statistics and the limits corresponding to the
degenerate Fermi gas derived in Eq. (C10) (thick gray lines, only
when |&| = 10, 20, and 50) and to the small z limit (19) (dotted
black lines).
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5 _1 52—22

i 1
spin 452 + Z2/2’ (C O)

C

which is valid when & > z, see Fig. 3 for the comparison
between ¢, and the degenerate limit for the FD gas. We
can attempt to link ¢, to the sound speed for a degenerate
gas. Taking into account the expression for the pressure,

1
P=2ue

m
pru(5pf —3p?) = 3m*In . (c1n)

Prt+Hu

it can be shown that

, dP 1 2

CS—E—E—?. (C12)

Comparing the above expression with Eq. (C10), the
following relation can be established between the spin
wave velocity and the sound velocity in the degenerate limit
for the FD gas

L (C13)

Cspin 1— 02 .
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