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The mass spectra and wave functions of both 1S and 2S state heavy pseudoscalar (P) and vector (V)
mesons are analyzed within the light-front quark model. Important empirical constraints employed in our
analysis of the mass spectra and wave functions are the experimental mass-gap relation, ΔMP > ΔMV ,
where ΔMPðVÞ ¼ M2S

PðVÞ −M1S
PðVÞ and the hierarchy of the decay constants, f1S > f2S, between 1S and 2S

meson states. We maintain the orthogonality of the trial wave functions of the 1S and 2S states in our
variational calculation of the Hamiltonian with the Coulomb plus confining potentials and treat the
hyperfine interaction perturbatively for the heavy-heavy and heavy-light P and V mesons due to the nature
of the heavy quark symmetry. Realizing that the empirical constraints cannot be satisfied without mixing
of the 1S and 2S states, we find the lower bound of the mixing angle θ between 1S and 2S states as

θc ¼ cot−1ð2 ffiffiffi
6

p Þ=2 ≃ 6° and obtain the optimum value of the mixing angle around 12° to cover both the
charm and bottom flavors of the heavy quark. The mixing effects are found to be more significant to the 2S
state mesons than to the 1S state mesons. The properties of 1S and 2S state mesons including the mass
spectra, decay constants, twist-2 distribution amplitudes, and electromagnetic form factors are computed.
Our results are found to be in a good agreement with the available data and lattice simulations. In particular,
the 2S state pseudoscalar Ds meson is predicted to have a mass of 2600 MeV, which is very close to the
mass of the newly discovered Ds0ð2590Þþ meson by the LHCb Collaboration. This supports the
interpretation of the observed state as a radial excitation of the Dþ

s meson.

DOI: 10.1103/PhysRevD.106.014009

I. INTRODUCTION

Quantum chromodynamics (QCD) is a unique theory of
strong interactions with its nonperturbative nature in the
low-energy regime and its asymptotically free nature in the
high-energy regime. Building the effective degrees of
freedom that describe the strongly interacting system in
the low-energy regime is one of the crucial issues in
understanding the link between the first-principle QCD
and the constituent quark model (CQM) that has proven to
provide successful and intuitive descriptions of hadrons.

In particular, the light-front dynamics (LFD) is found to
provide an effective way to handle the relativistic effects
thanks to its distinguished features of the rational energy-
momentum dispersion relation. It carries the maximum
number (seven) of the kinetic (or interaction-independent)
generators rendering the less effort in dynamics to get the
QCD solutions that reflect the full Poincaré symmetries
[1,2]. Effectively, the light-front quark model (LFQM)
based on the LFD turns out to be one of the most successful
hadronic models in describing various properties of
hadrons.
While the LFQM analyses have been quite successful in

describing the properties of ground state mesons [3–15],
the structures and properties of the excited hadron states are
yet to be understood in LFQM more extensively as their
nature is still veiled and not well explored compared to the
ground states. One of the most challenging problems in the
quest of the excited states is to clarify whether the observed
state belongs to the standard quark-antiquark excitation
or an exotic state. For instance, the newly observed
Ds0ð2590Þþ meson with a mass of 2591� 6� 7 MeV
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by the LHCb Collaboration [16] has been proposed as a
radial excitation of the Dþ

s meson. However, the observed
mass is quite smaller than the available CQM predictions.
For example, the relativized quark model of Ref. [17]
predicts 2680 MeV and the relativistic quark model based
on the quasipotential approach predicts 2688 MeV [18,19].
In recent works, therefore, some modifications by including
screening effects in the potential [20] and some nonstand-
ard quark-antiquark behaviors [21,22] attributed to this
resonance have been discussed to explain the data.
In particular, the radially excited states of hadrons are

important in understanding the strong interactions as they
give information complementary to the orbitally excited
states. They have been observed in light and heavy quark
sectors of hadrons although some of them are yet to be
confirmed according to the Particle Data Group (PDG)
[23]. The most well-known example in baryon spectrum is
the Roper resonance [24]. Such states with multistrange-
ness were recently discussed in Ref. [25], and the excited
states in meson spectrum were discussed and summarized,
for example, in Ref. [26]. Most notable empirical hierarchy
appears in the radially excited 2S state as well as the ground
1S state of heavy pseudoscalar (P) and vector (V) mesons.
Namely, the two important constraints that we notice from
the empirical hierarchy are (i) the experimental mass gap
relation ΔMP > ΔMV , where ΔMPðVÞ ¼ M2S

PðVÞ −M1S
PðVÞ,

and (ii) the hierarchy of the decay constants f1S > f2S.
While these constraints on the mass spectra and the decay
constants apply both for the light and heavy meson sectors,
the difference between P and V becomes much larger in the
light meson sectors. The reason for the smaller difference
between P and V in the heavy-light system may well be
attributed to the heavy quark symmetry [27–30]. Moreover,
the hyperfine interaction can be handled perturbatively in
the heavy quark systems because the hyperfine interaction
is suppressed by the masses of heavy quarks. This may be
contrasted with the chiral symmetry reflected in the light
meson sectors, which deserves a separate analysis and
discussion. Due to these significant differences in the
underlying symmetry between the light and heavy meson
sectors, we apply the two constraints here only for the
heavy meson sectors and discuss the heavy-heavy and
heavy-light P and V mesons in the present work.
Effectively, we analyze the mass spectra and wave func-
tions of the radially excited 2S state and the ground 1S state
of heavy P and V meson sectors within the framework of
the LFQM and discuss various properties of these mesons.
In the previous LFQM analyses of the mass spectra and

decay constants of the 1S state mesons performed by two of
us with the QCD-motivated effective Hamiltonian [10–15],
the trial wave functions were chosen as either the pure
harmonic oscillator (HO) wave function ϕ1S [10–13] or an
expansion in the HO basis functions, i.e.,Φ ¼ Pnmax

n¼1 cnϕnS
with nmax ¼ 2 [14] or 3 [15]. Through the analyses of the
1S state mesons, it was shown that the physical observables

are not much sensitive to the number of HO bases used in
the trial wave functions, Φ ¼ Pnmax

n¼1 cnϕnS, once the opti-
mum values of the model parameters are fitted. For the
combined analysis of ð1S; 2SÞ state heavy mesons in the
present work, we take into account the two important
constraints in obtaining the optimum values of our model
parameters. We note that fnS tends to be smaller as n gets
larger since the decay constant of a hadron is proportional
to its radial wave function at the origin, ψðr ¼ 0Þ. The
available experimental data have also confirmed this
tendency. In the literature, however, some difficulties in
the combined analysis of the ground and radially excited
states have been observed. For instance, in the LFQM
analysis of (1S; 2S) state heavy ϒðbb̄Þ systems, it was
found that using the HO wave functions ϕnS (n ¼ 1; 2)
leads to the reverse order problem of f1S < f2S [7]. In order
to resolve this problem and to obtain the correct hierarchy
of f1S > f2S for the heavy quarkonium system using two
pure ðϕ1S;ϕ2SÞwave functions, the authors of Refs. [31,32]
had to choose different HO model parameters for different
nS states, which breaks the orthogonality condition
between the two wave functions ϕ1S and ϕ2S. A similar
problem, namely, the breakdown of orthogonality condition
between the resultant 1S and 2S state light-front (LF) wave
functions, appears in the analysis of heavy quarkonium
system performed with the basis light-front quantization
(BLFQ) approach in a holographic basis [33].
The main purpose of the present work is thus to extend

the previous LFQM analyses including both 1S and 2S state
P and V heavy meson sectors to remedy the difficulties in
the combined analysis using the trial wave functions for 1S
and 2S states as mixtures of the two HO wave functions ϕ1S
and ϕ2S. In particular, our trial wave functions for 1S and
2S states satisfy naturally the orthogonality condition. One
of the key findings in this work is the criterion of the
mixing angle between ϕ1S and ϕ2S for reproducing the
correct order of the mass gap (i.e., ΔMP > ΔMV) and
decay constants (i.e., f1S > f2S) between 1S and 2S states.
Various properties of heavy (1S; 2S) state mesons such as
mass spectra, decay constants, distribution amplitudes
(DAs), and electromagnetic form factors are also scruti-
nized. Moreover, we obtain the mass of the radially excited
Dsð2SÞ state as M ≈ 2600 MeV, which leaves the pos-
sibility that theDs0ð2590Þþ observed recently by the LHCb
Collaboration [16] can be interpreted as the standard quark-
antiquark radial excitation.
This paper is organized as follows. In Sec. II, we briefly

introduce the effective Hamiltonian and the trial wave
functions adopted in the present approach. We then
describe how to determine the model parameters via the
variational analysis. Subsequently, we describe the mass
spectra of the 1S and 2S state heavy mesons discussing the
role of the mixing. In Sec. III, we summarize various
properties of heavy mesons including decay constants,
DAs, and electromagnetic form factors obtained in our
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LFQM formalism. Section IV presents our numerical
results for those quantities of ð1S; 2SÞ state heavy pseudo-
scalar and vector mesons. Finally, we summarize and
conclude in Sec. V.

II. MODEL DESCRIPTION

The key idea in our LFQM [10–14] for the 1S state
mesons is to treat the radial wave function as a trial function
for the variational principle to the QCD-motivated effective
Hamiltonian saturating the Fock state expansion by the
constituent quark and antiquark. In this section, we briefly
summarize our LFQM and discuss some distinguished
features for the trial wave functions and their mixing angles
that emerge from the inclusion of the radially excited 2S
state in addition to the 1S state.

A. Effective Hamiltonian

The meson system at rest is described as an interacting
bound system of effectively dressed valence quark and
antiquark satisfying the eigenvalue equation of the QCD-
motivated effective Hamiltonian,

Hqq̄jΨqq̄i ¼ Mqq̄jΨqq̄i; ð1Þ

where Mqq̄ and Ψqq̄ are the mass eigenvalue and eigen-
function of the qq̄ meson state, respectively. We take the
Hamiltonian Hqq̄ in the quark-antiquark center of mass
frame as

Hqq̄ ¼ H0 þ Vqq̄ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

q þ k2

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

q̄ þ k2
q

þ Vqq̄; ð2Þ

where H0 is the kinetic energy part of the quark and
antiquark with three-momentum k ¼ ðk⊥; kzÞ. The effec-
tive potential Vqq̄ is given by [10–13]

Vqq̄ ¼ VConf þ VCoul þ VHyp; ð3Þ

where VConf is the linear confining potential,

VConf ¼ aþ br ð4Þ

with a and b being parameters to be determined later. The
Coulomb potential and hyperfine interaction potential
stemming from the effective one-gluon exchanges for the
S-wave mesons are respectively

VCoul ¼ −
4αs
3r

; VHyp ¼
2

3

Sq · Sq̄

mqmq̄
∇2VCoul: ð5Þ

Here, hSq · Sq̄i is 1=4 and−3=4 for vector and pseudoscalar
mesons, respectively, and we take the strong coupling αs
as a variation parameter. As we consider the heavy
meson sector in this work, we handle VHyp perturbati-
vely employing the contact hyperfine interaction, i.e.,

∇2VCoul ¼ ð16παs=3Þδ3ðrÞ, which is a fairly good approxi-
mation for the analysis of heavy meson mass spectroscopy.
The LF wave function is represented by the Lorentz

invariant internal variables xi ¼ pþ
i =P

þ, k⊥i¼p⊥i−xiP⊥,
and helicity λi, where Pμ ¼ ðPþ; P−;P⊥Þ is the four-
momentum of the meson and pμ

i is the four-momentum of
the ith (i ¼ 1; 2) constituent quark, which leads to the
constraints

P
2
i¼1 xi ¼ 1 and

P
2
i¼1 k⊥i ¼ 0. We assign

i ¼ 1 to the quark and i ¼ 2 to the antiquark, and define
x≡ x1 and k⊥ ≡ k⊥1. Then, the three-momentum
k ¼ ðkz;k⊥Þ can be written as k ¼ ðx;k⊥Þ via the relation,

kz ¼
�
x −

1

2

�
M0 þ

m2
q̄ −m2

q

2M0

; ð6Þ

where

M2
0 ¼

k2⊥ þm2
q

x
þ k2⊥ þm2

q̄

1 − x
ð7Þ

is the boost-invariant meson mass squared. Therefore, the
variable transformation fkz;k⊥g → fx;k⊥g accompanies
the Jacobian factor,

∂kz
∂x

¼ M0

4xð1 − xÞ
�
1 −

ðm2
q −m2

q̄Þ2
M4

0

�
; ð8Þ

whichwe take into account for the normalization of the radial
part of the wave function.
The LF wave function Ψqq̄ ¼ ΨJJz

nS of the nS state
pseudoscalar and vector mesons in the momentum space
is then given by

ΨJJz
nS ðx;k⊥; λiÞ ¼ ΦnSðx;k⊥ÞRJJz

λqλq̄
ðx;k⊥Þ; ð9Þ

where ΦnSðx;k⊥Þ is the radial wave function and RJJz
λqλq̄

is

the spin-orbit wave function that is obtained by the
interaction-independent Melosh transformation from the
ordinary spin-orbit wave function assigned by the quantum
number JPC. The covariant forms ofRJJz

λqλq̄
for pseudoscalar

and vector mesons are given by [3]

R00
λqλq̄

¼−
1ffiffiffi
2

p
M̃0

ūλqðpqÞγ5vλq̄ðpq̄Þ;

R1Jz
λqλq̄

¼−
1ffiffiffi
2

p
M̃0

ūλqðpqÞ
�
=ϵðJzÞ−

ϵ · ðpq−pq̄Þ
M0þmqþmq̄

�
vλq̄ðpq̄Þ;

ð10Þ

where M̃0 ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

0 − ðmq −mq̄Þ2
q

. The polarization vec-

tors ϵμðJzÞ ¼ ðϵþ; ϵ−; ϵ⊥Þ of the vector meson are given
by [3]
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ϵμð�1Þ ¼
�
0;

2

Pþ ϵ⊥ð�Þ · P⊥; ϵ⊥ð�Þ
�
;

ϵμð0Þ ¼ 1

M0

�
Pþ;

−M2
0 þ P2⊥
Pþ ;P⊥

�
; ð11Þ

where

ϵ⊥ð�1Þ ¼ ∓ 1ffiffiffi
2

p ð1;�iÞ; ð12Þ

so that the spin-orbit wave functions RJJz
λqλq̄

satisfy the

unitary condition automatically, i.e., hRJJz
λqλq̄

jRJJz
λqλq̄

i ¼ 1.

For the 1S and 2S state radial wave functions Φns of
Eq. (9), we allow the mixing between the two lowest order
HO wave functions (ϕ1S;ϕ2S) by writing

�Φ1S

Φ2S

�
¼

�
cos θ sin θ

− sin θ cos θ

��
ϕ1S

ϕ2S

�
; ð13Þ

where

ϕ1Sðx;k⊥Þ ¼
4π3=4

β3=2

ffiffiffiffiffiffiffi
∂kz
∂x

r
e−k

2=2β2 ;

ϕ2Sðx;k⊥Þ ¼
4π3=4ffiffiffi
6

p
β7=2

ð2k2 − 3β2Þ
ffiffiffiffiffiffiffi
∂kz
∂x

r
e−k

2=2β2 ; ð14Þ

and β is the parameter which is inversely proportional to the
range of the wave function and can be used as the
variational parameter in our mass spectroscopic analysis.
It should be noted that the wave functions ϕnS include the
Jacobian factor ∂kz=∂x so that the HO bases ϕnS satisfy the
following normalization:

Z
1

0

dx
Z

d2k⊥
2ð2πÞ3 jϕnSðx;k⊥Þj2 ¼ 1: ð15Þ

From the orthonormality of ΦnSðn ¼ 1; 2Þ defined in
Eq. (13) and the unitarity of RJJz

λqλq̄
, one can easily see that

ΦnS and ΨJJz
nS of Eq. (9) satisfy the same normalization as

ϕnS. We denote ðΦ1S;Φ2SÞ for θ ≠ 0 and ðΦ1S;Φ2SÞ ¼
ðϕ1S;ϕ2SÞ for θ ¼ 0 as “mixed” and “pure” (1S, 2S) states,
respectively. As we shall discuss below, the mixing scheme
turns out to be crucial to reproduce the experimental data
for both masses and decay constants of heavy mesons.

B. Variational method to effective Hamiltonian

The present LFQM for the combined analysis of the 1S
and 2S state heavy mesons has several parameters, namely,
the constituent quark masses ðmq;ms;mc;mbÞ with mq

being the light u or d quark mass, the potential parameters
ða; b; αsÞ, the HO parameter β for each ðqq̄Þ content, and
the mixing angle θ. We first determine the values of these
parameters by reproducing the mass spectra based on the
variational principle. Then, we compute other observables
of heavy mesons such as decay constants, DAs, and
electromagnetic form factors.
Here we follow the procedure adopted in Refs. [10–13],

namely, we consider the central potential V0 ¼ VConf þ
VCoul as well as the kinetic energy H0 in the variational
calculation via

∂hΨqq̄jðH0 þ V0ÞjΨqq̄i
∂β

¼ 0: ð16Þ

Then, the remaining hΨqq̄jVhypjΨqq̄i is treated as a pertur-
bation so that we have β values common for both pseudo-
scalar and vector mesons of the same ðqq̄Þ content. This
constrains the model parameters. Since the spin-orbit wave
function satisfies the exact unitarity, we have the mass
eigenvalue of the meson as Mqq̄ ¼ hΨqq̄jHqq̄jΨqq̄i ¼
hΦnSjHqq̄jΦnSi. The analytic forms of the mass eigenvalues
ðM1S

qq̄;M
2S
qq̄Þ for the mixed (1S, 2S) state mesons are then

obtained as

M1S
qq̄ ¼

βffiffiffi
π

p
X
i¼q;q̄

�
ziezi=2

�
1

3
c22ð3 − ziÞziK2

�
zi
2

�
þ 1

6
ð9 − 3c21 þ 2c22z

2
i − 6

ffiffiffi
6

p
c1c2ÞK1

�
zi
2

��

þ ffiffiffi
π

p ð
ffiffiffi
6

p
c1c2 − 3c22ÞUð−1=2;−2; ziÞ

�

þ aþ b
β

ffiffiffi
π

p
�
3 − c21 − 2

ffiffiffi
2

3

r
c1c2

�
−
4αsβ

9
ffiffiffi
π

p
�
5þ c21 þ 6

ffiffiffi
2

3

r
c1c2

�
þ 16αsβ

3hSq · Sq̄i
9mqmq̄

ffiffiffi
π

p ð3 − c21 þ 2
ffiffiffi
6

p
c1c2Þ;

M2S
qq̄ ¼ M1S

qq̄ðc1 → −c2; c2 → c1Þ; ð17Þ

where ðc1; c2Þ ¼ ðcos θ; sin θÞ, zi ¼ m2
i =β

2, KnðxÞ is the
modified Bessel function of the second kind of order n, and
Uða; b; zÞ is the Tricomi’s (confluent hypergeometric)
function. The mass eigenvalues for the pure (1S, 2S) states
can be read by setting θ¼0, i.e., (c1¼1, c2 ¼ 0) in Eq. (17).

In order to explore the mixing effects and to determine

the optimal value of the mixing angle θ, we utilize the

empirical constraint on the mass gap ΔMPðVÞ ¼ M2S
PðVÞ −

M1S
PðVÞ between the 1S and 2S state heavy pseudoscalar and
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vector mesons. The mass gap ΔMPðVÞ for pseudoscalar
(vector) mesons in our LFQM is decomposed as

ΔMPðVÞ ¼ ΔMKin
PðVÞ þ ΔMConf

PðVÞ þ ΔMCoul
PðVÞ þ ΔMHyp

PðVÞ; ð18Þ

where we separate the four different contributions, i.e., H0,
VConf , VCoul, and VHyp, to the total mass gap for the
taxonomical analysis in our numerical calculations. From
the available experimental data for the 1S and 2S state heavy
meson pairs, ðD;D�Þ, ðηc; J=ΨÞ, and ðηb;ϒÞ [23], we
observe that the mass gaps between pseudoscalar mesons
ðΔMPÞ are greater than the corresponding mass gaps
between vector mesons ðΔMVÞ, i.e., ΔMP > ΔMV . In our
LFQM calculation, ΔMKinþConfþCoul

P ¼ ΔMKinþConfþCoul
V

due to the usage of common β parameters for both pseudo-
scalar and vectormesons of the same quark flavor contents as
shown in Eq. (17), and thus the mass gap is exclusively
governed by the hyperfine interaction VHyp and can be
readily obtained as

ΔMP − ΔMV ¼ ΔMHyp
P − ΔMHyp

V

¼ Cð2
ffiffiffi
6

p
sin 2θ − cos 2θÞ; ð19Þ

where C ¼ 16αsβ
3=ð9mqmq̄

ffiffiffi
π

p Þ.
Equation (19) combined with the relation ΔMP > ΔMV

provides a very important constraint on the mixing angle θ.
It is evident that the pure (ϕ1S;ϕ2S) states with θ ¼ 0°
always leads to ΔMP < ΔMV , which shows that the
introduction of the mixing is inevitable. Furthermore,
one can find that the condition of ΔMP > ΔMV gives
the constraint,

1

2
cot−1ð2

ffiffiffi
6

p
Þ < θ <

π

4
: ð20Þ

This concludes that the lower bound of the physical mixing
angle, θc, is determined as θ > θc ¼ cot−1ð2 ffiffiffi

6
p Þ=2 ≃ 6°.

C. Model parameters

As we have discussed in the previous subsection, the
parameters of heavymesons in thepresentmodel for ð1S; 2SÞ
state mesons include four quark masses ðmq;ms;mc;mbÞ
with ðq ¼ u; dÞ, seven variational HO parameters
ðβqc; βsc; βqb; βsb; βcc; βcb; βbbÞ, three potential parameters
ða; b; αsÞ, and the mixing angle θ. The variational principle
in Eq. (16) leads to a constraint in the parameter space,

which relates the strong coupling constant αs and the other
parameters, i.e., αs ¼ αsðθ; a; b; mq;mq̄; βqq̄Þ. This indi-
cates that the variational parameters βqq̄ are automatically
determined once other model parameters such as the quark
masses, the strong coupling constant, the string tension, and
the mixing angle are fixed.
In this study of heavy mesons, we take mq ¼ 0.22 GeV,

ms ¼ 0.45 GeV, and the widely-used string tension b ¼
0.18 GeV2 [17,34,35] as inputs, which were adopted in our
previous LFQM analysis [10–13] for the 1S state mesons.
This leaves five parameters, i.e., ðmc;mb; a; αs; θÞ, to be
determined. In order to determine those five unknowns, we
use two masses of the 1S state heavy mesons as inputs.
Among many possible choices of two input masses, we find
that the use of the ðηb; B�Þ pair masses as inputs produces
other mesonmasses well enough compared to the data. Since
we have only two equations ðMηb ;MB� Þ with five unknowns
to be determined, we first try to find the best fit parameters for
the pure ð1S; 2SÞ state case without mixing (θ ¼ 0°). In this
case, we need to choose two input parameters from
ðmc;mb; a; αsÞ. Through our analyses with various combi-
nations, we found thatmc ¼ 1.68 GeV andmb ¼ 5.10 GeV
give satisfactory results. We then obtain the remaining
potential parameters, a ¼ −0.538 GeV and αs ¼ 0.425,
by solving Eq. (17) for ðM1S

ηb ;M
1S
B� Þ using their measured

values.We also note thatVConf andVCoul are flavor- and scale-
independent so that the confining potential constant a and the
strong coupling αs are the same for all heavy mesons
considered in this work. Therefore, once a and αs are
determined, the values of seven β parameters are automati-
cally computed and all the other meson masses are our
predictions.
Using the same quark masses ðmq;ms;mc;mbÞ and the

string tension b as in the θ ¼ 0° case but taking into account
of the two experimental constraints, ΔMHyp

P > ΔMHyp
V and

f1S > f2S, we obtain the optimum value θ ¼ 12° of the
mixing angle as well as other model parameters to cover
both charm and bottom flavors of the heavy quark. We
should note that the mixing angle in general depends on the
quark flavor contents of mesons, e.g., we find θ ¼ 9.8°,
17.6°, and 13.9° for ðD;D�Þ, ðηc; J=ΨÞ, and ðηb;ϒÞ, using
the measured masses [23] and the potential model para-
meters in Table I, respectively. The paucity of data however
does not allow us to estimate the mixing angles for the other
mesons. The scope of this work is thus not to use all the
different mixing angles in our heavy meson analysis but to
explain the observed experimental data for various physical

TABLE I. The constituent quark masses, potential parameters ða; b; αsÞ, and variational parameters βqq̄ for the pure and mixed
scenarios. The quark masses, potential parameter a, and variational parameters β are in the units of GeV, while the string constant b is in
the unit of GeV2. The strong coupling αs is dimensionless and q ¼ u, d.

Mixing angle mq ms mc mb b a αs βqc βsc βqb βsb βcc βcb βbb

Pure ðθ ¼ 0°Þ 0.22 0.45 1.68 5.10 0.18 −0.538 0.425 0.500 0.537 0.585 0.636 0.699 0.906 1.376
Mixed ðθ ¼ 12°Þ −0.543 0.433 0.424 0.455 0.495 0.538 0.592 0.767 1.167
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observables such as mass spectra, decay constants, and the
electromagnetic form factors etc., with the minimal model
parameters without losing the predictive power of our
model computation. In this respect, we try to find the
optimum value of the mixing angle by analyzing not only
the mass spectra satisfying the experimental mass gap
relation ðΔMP > ΔMVÞ but also decay constants satisfying
f1S > f2S. We also contrast between the pure vs mixed
cases to exhibit possible uncertainties associated with the
use of the optimum mixing angle. This would be enough
for verifying the mixing effects on the physical quantities of
heavy mesons.
We summarize our best fits for the model parameters

obtained for the mixed state (θ ¼ 12°) case in Table I. For

the comparison purpose of mixing effects, we also include
the best fits for the model parameters obtained for the pure
state (θ ¼ 0°) case. This shows that the values of a and αs
are not significantly different in both cases, but the values
of the β parameters become smaller with mixing, which
results in different meson properties.
With the model parameters determined above, we can

compare the central potential V0 with other model calcu-
lations. In Fig. 1, we present the central potentials V0ðrÞ up
to r ≃ 2 fm for the pure and mixed configurations (θ ¼ 0°
and 12°, respectively) and compare them with the well-
known GI model [17] and ISGW2 model [35]. We also plot
the potential of the previous works by two of us in
Refs. [10–13] as the CJ model. As one may expect from
the similarities of the model parameters (a, b, αs), the
central potentials obtained from the two different mixing
scenarios are almost the same and they are also quite
comparable with the results from the GI and ISGW2
models as well as the CJ model.
The mixing effects on the 1S and 2S state radial wave

functions are shown in Fig. 2 for the bottomonium (bb̄) case.
In Figs. 2(a) and 2(b), we compare the two radial wave
functions of the pure ϕnS states (dashed lines) and the mixed
ΦnS states (solid lines) for n ¼ 1; 2. Shown in Fig. 2(c) are
the ratios Rϕ ¼ ϕ2

2S=ϕ
2
1S (dashed line) and RΦ ¼ Φ2

2S=Φ2
1S

(solid line). This shows that the small mixing (θ ¼ 12°)
significantly modifies the wave function of the 2S state,
while the 1S radial wave function is barely modified. The
mixed state radial wave functions ΦnS and their ratios for

FIG. 1. Central potentials in two different scenarios, the pure
and mixed configurations. No noticeable difference is observed
between these two cases. The potentials of the CJ [13], ISGW2
[35], and GI [17] models are presented for comparison.

1S

1S

2S

2S

1S Φ2S

R

R

R

(a) (b) (c)

(d) (e) (f)

FIG. 2. Upper: radial wave functions in the pure and mixed configurations for the bottomonium bb̄ states. The mixing modifies the 2S
wave function significantly, while the 1Swave function is barely unchanged. The ratio is defined by Rϕ ¼ ϕ2

2S=ϕ
2
1S and RΦ ¼ Φ2

2S=Φ2
1S.

Lower: radial wave functions in mixed scenario for various quark flavor contents.
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various heavy-heavy (bb̄, bc̄) and heavy-light (bs̄, bq̄) with
(q ¼ u, d) quark states are also given in Figs. 2(d)–2(f).
Since the range of the radial wave function is inversely
proportional to the value of the β parameter, it is quite natural
to observe that the wave function of bottomonium state is
narrower than the other states. We also note that the value of
the radial wave function at the origin (r ¼ 0) is proportional
to the β parameter. As shown in Figs. 2(d) and 2(e), the
bottomonium wave function at the origin is the highest
among those of meson wave functions for both the 1S and
2S states. However, the ratio RΦ at the origin takes the same
value independent of the quark flavor contents once the
mixing angle is fixed as can be seen in Fig. 2(f).

D. Mass spectra

In this subsection, we compute the mass spectra of the 1S
and 2S state heavy mesons. With the parameters given in
Table I, the mass formulas in Eq. (17) are used to obtain the
mass spectra. The meson masses obtained for θ ¼ 0° and
θ ¼ 12° cases are summarized in Table II. As discussed
before, all the meson masses apart from the two inputs

ðM1S
ηb ;M

1S
B� Þ are our predictions. For comparison, we also

list the experimental data of Ref. [23] and the predictions of
the GI model [17] and those of the relativistic quark model
(RQM) in Refs. [18,19]. Our predictions obtained from
both mixing scenarios are found to be overall in a good
agreement with the experimental data [23]. However, there
are some delicate but important mixing effects in mass
spectra. While there are no big differences in the predicted
masses for the 1S state mesons between the pure and mixed
scenarios, the predictions for the 2S state mesons obtained
from the mixed case agree better with the experimental
data. This also can be seen by performing χ2 analysis,
which gives χ2 ¼ 0.009 for the mixed scenario and
χ2 ¼ 0.024 for the pure one.1

In particular, our result,MDsð2SÞ ¼ 2600 MeV for the 2S
state of the Ds meson with θ ¼ 12° is very close to the
observed mass of the recently discovered Ds0ð2590Þþ with

TABLE II. Mass spectra of the 1S and 2S state heavy mesons in the units of MeV.

State Pure (θ ¼ 0°) Mixed (θ ¼ 12°) Expt. [23] GI [17] RQM [18,19]

Dð1SÞ 1731 1745 1869.66(05) 1880 1871
Dð2SÞ 2282 2432 2549(19) 2580 2581
D�ð1SÞ 2020 2017 2010.26(05) 2040 2010
D�ð2SÞ 2714 2608 2627(10) 2640 2632

Dsð1SÞ 1938 1946 1968.35(7) 1980 1969
Dsð2SÞ 2546 2600 2591(6)a 2670 2688
D�

sð1SÞ 2113 2111 2112.2(4) 2130 2111
D�

sð2SÞ 2798 2706 2714(5) 2730 2731

ηcð1SÞ 2987 2990 2983.9(4) 2970 2979
ηcð2SÞ 3627 3608 3637.5(1.1) 3620 3588
J=Ψð1SÞ 3090 3087 3096.900(6) 3100 3096
Ψð2SÞ 3781 3670 3686.10(6) 3680 3686

Bð1SÞ 5174 5182 5279.34(12) 5310 5280
Bð2SÞ 5740 5794 … 5900 5890
B�ð1SÞ 5325 5325 5324.70(21) 5370 5326
B�ð2SÞ 5968 5886 … 5930 5906

Bsð1SÞ 5325 5330 5366.88(14) 5390 5372
Bsð2SÞ 5924 5928 … 5980 5976
B�
sð1SÞ 5421 5418 5415.4þ1.8

−1.5 5450 5414
B�
sð2SÞ 6067 5987 … 6010 5992

Bcð1SÞ 6269 6270 6274.47(32) 6270 6270
Bcð2SÞ 6948 6885 … 6850 6835
B�
cð1SÞ 6270 6340 … 6340 6332

B�
cð2SÞ 7059 6930 … 6890 6881

ηbð1SÞ 9399 9399 9398.7(2.0) 9400 9400
ηbð2SÞ 10249 10123 9999(4) 9980 9993
ϒð1SÞ 9485 9480 9460.30(26) 9460 9460
ϒð2SÞ 10377 10175 10023.26(31) 10000 10023

aFrom the recent observation by the LHCb Collaboration [16].

1The χ2 is computed as χ2 ¼ P
i ½ðOi − EiÞ2=E2

i �, where Oi
and Ei are the experimental data and theoretical prediction,
respectively.
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JP ¼ 0− [16]. This supports the interpretation of the
observed Ds0ð2590Þþ state as a standard quark-antiquark
radial excitation of the Dþ

s meson as claimed by the LHCb
Collaboration [16]. For making a definite conclusion on the
structure of the Ds0ð2590Þþ, however, we still need more
detailed and precise experimental studies on various pro-
perties of the Ds0ð2590Þþ.
The LHCb Collaboration [36] also reported traces of

BJð5840Þ and BJð5960Þ, and confirmed the observation of
the BJð5960Þ by the CDF Collaboration [37]. Although
their existence as resonances awaits confirmation and their
quantum numbers are yet to be identified, these states are
suggested as the 2S states of B and B� mesons in Ref. [36].
However, if these are the Bð2SÞ and B�ð2SÞ states, then it
violates the mass hierarchy by giving ΔMP < ΔMV
as ΔMP ≈ 561 MeV and ΔMV ≈ 635 MeV. This is in
contradiction with our predictions on the mass gaps,
ΔMP ≈ 612 MeV and ΔMV ≈ 561 MeV, which observe
the relation ΔMP > ΔMV . Therefore, verifying the Bð2SÞ
and B�ð2SÞ states is crucial to understand the structure of
the radially excited heavy meson states. Experimental
searches for these states in B, B�, Bs, and B�

s are thus
highly anticipated.
The top panel of Fig. 3 shows the mass spectra of the 1S

and 2S state heavy mesons. The middle panel of Fig. 3
represents the mass gaps between the 1S and 2S state
mesons and the four different contributions to this mass gap

(ΔMKin, ΔMConf , ΔMCoul, ΔMHyp) are depicted in the
bottom panel of Fig. 3. The dashed and solid lines in the
upper and middle panels represent our results obtained with
the pure (θ ¼ 0°) and mixed (θ ¼ 12°) cases, respectively.
The decomposition of ΔM shown in the bottom panel of
Fig. 3 is for the mixed case. We also note in this
taxonomical analysis that the contributions of the heavier
and lighter quarks in the kinetic energy part are further
separated and denoted as “Kin 1” and “Kin 2,” respectively,
when the quark contents are different. As one can see from
the mass gap ΔM, the observed mass gap relation,
ΔMP > ΔMV , cannot be realized without introducing the
mixing angle. It is also interesting to see from the available
data that the mass gaps between the 1S and 2S states are
around 600 MeV, and the values are almost flavor-indepen-
dent. Similar mass gap is also observed for the radially
excited states of baryons with various flavors [38].
While the mass gap ΔM seems almost flavor-indepen-

dent as shown in the middle panel of Fig. 3, the four
different contributions, (ΔMKin, ΔMConf , ΔMCoul, ΔMHyp),
which make up ΔM, are flavor-dependent as one can see
from the bottom panel of Fig. 3. For instance, comparing
the Coulomb and confinement interactions, one can easily
find from Eq. (17) that ΔMConf ∝ β−1 while ΔMCoul ∝ β.
This relation provides an intuitive explanation for the
observation that the confinement is dominant at large
distances, while the Coulomb interaction arising from

FIG. 3. Upper: mass spectra of 1S and 2S state heavy mesons in the pure and mixed configurations. The experimental data are taken
from Ref. [23] and the recent observation of the LHCb Collaboration [16]. Middle: the mass gap between the 1S and 2S heavy mesons.
The masses of all the 2S states are given relative to the 1S state masses. The mass gap is observed to be around 600MeV regardless of the
quark flavor contents. Lower: the computed component of the mass gap. When the quark and antiquark have different masses, the
contribution of the heavier (lighter) quark in H0 is denoted as Kin 1 (Kin 2). Due to the negative sign of Hyp V contribution, the portion
in red should be understood as a subtracted part not as an added part.
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the one-gluon exchange dominates at short distances. This
tendency can be clearly seen in the bottom panel of Fig. 3.
By comparing the mass gap components of ðηc; ηbÞ or
ðJ=ψ ;ϒÞ, one can see that the green area for ΔMCoul
becomes larger for bottom quark systems. We also find that
the kinetic energy is one of the important components in the
mass gap. In particular, for mesons with different quark and
antiquark masses such as B and D mesons, we find that the
light quark (Kin2) gains more kinetic energy than the heavy
quark (Kin1) as one may expect intuitively.

III. APPLICATIONS

With the model parameters fixed by mass spectrum, we
predict various properties of the 1S and 2S state heavy
mesons in this section. The standard LFQM adopting the
spin-orbit wave functions and the polarization vectors of a
vector meson defined in Eqs. (10) and (11) is based on the
requirement of all constituents being on their respectivemass
shell (i.e.,M → M0). This on-mass-shell condition of quark
and antiquark is completely different from the manifestly
covariant models, which allow the quark and antiquark to be
off-mass-shell allowingM ≠ M0. For instance, the invariant
massM0 included in the polarization vector ϵð0Þ of Eq. (11)
in the standard LFQM needs to be replaced by the physical
mass M in the manifestly covariant model.
The complications coming from the binding energy issue

do not appear in the analysis of meson mass spectra since
only the radial wave functions are needed. However, it does
matter for the calculations of other physical observables
such as the decay constants and form factors, which we will
discuss below. In the previous works of Refs. [39–43] for
the decay constants, DAs for pseudoscalar and vector
mesons, and weak transition form factors between two
pseudoscalar mesons, it was shown that the self-consistent
LFQM description of those physical observables can be
achieved if and only if every physical mass M appeared in
the matrix elements is replaced by the invariant massM0. In
other words, the replacement of the physical mass M in the
integrand of the amplitude by the invariantmassM0 (denoted
by CJ-scheme for convenience) results in the physical
observables that are independent of the current components
and polarizations used in the analysis. This M → M0

mapping is indeed proven to be an effectiveway of including
the treacherous points such as the light-front zero modes and
the instantaneous contributions. As the comprehensive and
rigorous analysis of decay constants and DAs for pseudo-
scalar and vector mesons can be found in Refs. [39–42], here
we just summarize the final theoretical results for those
physical quantities for completeness.

A. Decay constants

The decay constants of a pseudoscalar meson P and a
vector meson V with a four-momentum Pμ and a mass M
are defined by

h0jq̄γμγ5qjPi ¼ ifPPμ;

h0jq̄γμqjVðP; λÞi ¼ fVMϵμðλÞ; ð21Þ

as fP and fV , respectively, where ϵμðλÞ is the polarization
vector of a vector meson given by Eq. (11). For the case of
pseudoscalar mesons, it has been explicitly shown that the
decay constants of the pure 1S state mesons obtained from
the plus (μ ¼ þ) and minus (μ ¼ −) components of the
currents are exactly the same [42]. In the present work, we
extend it to the cases of mixed 1S and 2S states. Denoting

fð�Þ
P obtained from the plus and minus components of the

currents, the explicit forms of fð�Þ
P are given by [42]

fð�Þ
P ¼

ffiffiffi
6

p Z
1

0

dx
Z

d2k⊥
ð2πÞ3

Φðx;k⊥Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 þ k2⊥

p Oð�Þ
P ; ð22Þ

where A ¼ ð1 − xÞmq þ xmq̄ and

Oþ
P ¼ A;

O−
P ¼ k2⊥A0 þmqmq̄A

xð1 − xÞM2
0

; ð23Þ

withA0 ¼ Aðmq ↔ mq̄Þ. Here,Φðx;k⊥Þ denotes the wave
functions ðΦ1S;Φ2SÞ defined in Eq. (13) for ð1S; 2SÞ state
decay constants.
For the vector meson case, it was also explicitly shown

that the decay constants for the pure 1S state mesons
obtained from the plus (μ ¼ þ) component of the currents
with the longitudinal polarization ϵð0Þ and the
perpendicular (μ ¼ ⊥) components of the currents with
the transverse polarizations ϵð�Þ are exactly the same to
each other [39]. Denoting fV obtained from the plus and

perpendicular components of the currents as fðþÞ
V and fð⊥Þ

V ,
respectively, their explicit forms read [39]

fðþ;⊥Þ
V ¼

ffiffiffi
6

p Z
1

0

dx
Z

d2k⊥
ð2πÞ3

Φðx;k⊥Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 þ k2⊥

p Oðþ;⊥Þ
V ; ð24Þ

where

Oþ
V ¼ Aþ 2k2⊥

DLF
;

O⊥
V ¼ 1

M0

�
k2⊥ þA2

2xð1 − xÞ − k2⊥ þ ðmq þmq̄Þ
DLF

k2⊥
�
; ð25Þ

andDLF ¼ M0 þmq þmq̄. In Ref. [44], both f
ðþÞ
V and fð⊥Þ

V

were computed in the BLFQ approach, but the two results
are found to depend on the adopted component of the
current, which was ascribed to the measure of rotational
symmetry violation of the model. In our LFQM calculation,
by using the CJ-scheme, however, we could confirm
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numerically that fP ≡ fðþÞ
P ¼ fð−ÞP and fV ≡ fðþÞ

V ¼ fð⊥Þ
V

for both ð1S; 2SÞ state mesons.

B. Twist-2 distribution amplitudes

The twist-2 quark DAs, ϕtw−2
PðVÞðxÞ, for pseudoscalar and

vector mesons are related with the decay constants obtained
from the plus component of the currents through [45]

Z
1

0

ϕtw−2
PðVÞðx; μÞdx ¼

fðþÞ
PðVÞ
2

ffiffiffi
6

p ; ð26Þ

where ϕtw−2
PðVÞðx; μÞ is obtained by the k⊥ integration of the

LF wave function up to the transverse momentum scale μ.
Here, μð≥ jk⊥jÞ can be regarded as the energy scale that
separates the perturbative and nonperturbative regimes. The
twist-2 DA then describes the probability amplitudes to
find the hadron in a state with a minimum number of Fock
constituents and small transverse momentum separation.
While the typical transverse momentum cutoff for the light
meson sectors [39–41] was estimated as μ ≈ 1 GeV, the
values of the scale μ for the heavy meson sectors appear
shifted to the larger values as we discuss in the numerical
results of Sec. IV B.
The normalized quark DA is defined as ϕ̃tw−2

PðVÞðx; μÞ ¼
ð2 ffiffiffi

6
p

=fðþÞ
PðVÞÞϕtw−2

PðVÞðx; μÞ so that

Z
1

0

ϕ̃tw−2
PðVÞðx; μÞdx ¼ 1: ð27Þ

The quark DAs can be usually expanded in Gegenbaur poly-
nomials C3=2

n as ϕ̃ðx; μÞ ¼ ϕ̃asðxÞ½1þ
P∞

n¼1 anðμÞC3=2
n ðξÞ�,

where the Gegenbaur moments anðμÞ gauge the deviation of
the DAs from the asymptotic one ϕ̃asðxÞ ¼ 6xð1 − xÞ.
Alternatively, one can define the expectation value of the
longitudinal momentum, i.e., the ξ ¼ x − ð1 − xÞ ¼ 2x − 1
moments defined as [45]

hξni ¼
Z

1

0

dxξnϕ̃tw−2
PðVÞðx; μÞ; ð28Þ

which are closely related with the Gegenbaur moments
anðμÞ. The explicit relations between hξni and anðμÞ can
be found, for example, in Ref. [45].

C. Electromagnetic form factors and charge radii

We also compute the electromagnetic form factors of
heavy pseudoscalar mesons as well as their charge radii.
Our calculation is carried out by using the Drell-Yan-West
frame ðqþ ¼ 0Þ with q2⊥ ¼ Q2 ¼ −q2. The electromag-
netic form factor of the pseudoscalar meson can be
expressed for the “þ” component of the current Jμ as [10]

FðQ2Þ ¼ eqIþðQ2; mq;mq̄Þ þ eq̄IþðQ2; mq̄; mqÞ; ð29Þ

where eqðeq̄Þ is the electric charge of quark (antiquark), and

IþðQ2; mq;mq̄Þ ¼
Z

1

0

dx
Z

d2k⊥
2ð2πÞ3Φðx;k⊥ÞΦ�ðx;k0⊥Þ

×
A2 þ k⊥ · k0⊥ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

A2 þ k2⊥
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

A2 þ k02⊥
p ; ð30Þ

where k0⊥ ¼ k⊥ þ ð1 − xÞq⊥. The electromagnetic form
factor is normalized as Fð0Þ ¼ eq þ eq̄, and the charge
radius of the meson is given by

hr2i ¼ −6
dFðQ2Þ
dQ2

				
Q2¼0

: ð31Þ

IV. RESULTS AND DISCUSSION

A. Decay constants

In Fig. 4, we present our numerical results for the decay
constants of the 1S (middle panel) and 2S (upper panel)
state heavy mesons. The results obtained with the pure
ðθ ¼ 0°Þ and mixed ðθ ¼ 12°Þ wave functions are repre-
sented by triangles and squares, respectively. For compari-
son, we show the available experimental data [23] and other
theoretical predictions from lattice simulations [46–50] and
the QCD sum rules [51].
While the decay constants of the1S statemesons are rather

robust against the change of themixing angle, those of the 2S
state mesons are shown to be quite sensitive to the mixing
angle, and clearly a better description is achieved by taking
into account the mixing effects. For instance, our predictions
for the heavy quarkonia obtained with the mixed wave
functions are ðfJ=Ψð1SÞ; fJ=Ψð2SÞÞ ¼ ð390; 274Þ MeV and
ðfϒð1SÞ; fϒð2SÞÞ ¼ ð666; 498Þ MeV. These values not only
satisfy the hierarchy of f1S > f2S but also consistent with
the experimental data [23]: ðfExpt:J=Ψð1SÞ; f

Expt:
J=Ψð2SÞÞ ¼ (407ð5Þ;

294ð5Þ) MeV and ðfExpt:ϒð1SÞ;f
Expt:
ϒð2SÞÞ¼(689ð5Þ;497ð5Þ)MeV.

The full numerical results of our LFQM compared with the
available experimental data [23] as well as other theoretical
model predictions [12,14,15,33,52–58] are summarized in
Tables III and IV.
Displayed in the third panel of Fig. 4 are our results on the

ratio Rf ¼ f2S=f1S obtained with θ ¼ 0°, 6°, and ð12� 1Þ°
cases, which are compared with the available experimental
data [23] and the lattice simulations [49]. In particular, we
present the results with θ ¼ ð12� 1Þ° as a band to check the
sensitivity of the ratioRf on the variation of themixing angle
around θ ¼ 12°. As one can see from the experimental data
for ðJ=ψ ;ϒÞ, Rf should be less than unity for heavy meson
systems. The same constraint, Rf < 1, for light mesons was
also discussed in Ref. [9]. In our case with the pure state
(θ ¼ 0°), most heavy mesons except (D;Ds; ηc) mesons
violate the constraint Rf < 1. For the critical mixing
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(θ ¼ θc ¼ 6°) case, one can see that the constraintRf < 1 is
satisfied for all heavy mesons. However, the predictions
with this critical mixing angle are still not comparable
with the available experimental data. For our optimum
mixing angle θ ¼ 12°, our results Rf for ðJ=ψ ;ϒÞ, i.e.,

RJ=ψ ½ϒ� ¼ 0.70½0.75� are now quite close to the data,

RExpt:
J=ψ ½ϒ� ¼ 0.72½0.72� [23]. As for the sensitivity check of

the mixing angle, we applied the larger mixing angle such as
θ ¼ 17.6° but obtained RJ=ψ ½ϒ� ¼ 0.57½0.61�, which under-
estimates the experimental data [23].

FIG. 4. Upper and middle panels: comparison of the predicted decay constants of the 1S and 2S state heavy mesons with experimental
data [23] and lattice simulations [46–49]. For the 2S state, we include the QCD sum rule result of Ref. [51]. Lower panel: the ratio
Rf ¼ f2S=f1S compared to the experimental data and lattice simulations.

TABLE III. Decay constants of the 1S and 2S heavy-light mesons in the units of MeV.

fDð1SÞ fD�ð1SÞ fDsð1SÞ fD�
sð1SÞ fBð1SÞ fB�ð1SÞ fBsð1SÞ fB�

s ð1SÞ
Pure (θ ¼ 0°) 212 265 251 303 196 215 235 256
Mixed (θ ¼ 12°) 208 257 246 294 190 208 228 247
Expt. [23] 206.7� 8.9 … 257.5� 6.1 … 188� 25 … … …
Lattice [50] 211� 14 245� 20 231� 12 272� 16 179� 18 196� 24 204� 16 229� 20
Sum rules [52] 208� 10 263� 21 240� 10 308� 21 194� 15 213� 18 231� 16 255� 19
BS [53] 230� 25 340� 23 248� 27 375� 24 196� 29 238� 18 216� 32 272� 20
BS [54] 223(11) … 242(8) … 201(18) … 253(17) …
LFQM (CJ) [12] 197 239 233 274 171 186 205 220
LFQM (CJ2) [14] 208 230 232 260 181 185 205 216
LFQM [15] 197 230 219 253 163 172 184 194
RQM [55] 234 310 268 315 189 219 218 251

fDð2SÞ fD�ð2SÞ fDsð2SÞ fD�
sð2SÞ fBð2SÞ fB�ð2SÞ fBsð2SÞ fB�

s ð2SÞ

Pure (θ ¼ 0°) 168 266 200 301 197 236 232 276
Mixed (θ ¼ 12°) 110 171 133 195 126 149 150 176
Sum rules, set I [51] 137þ10

−23 182þ12
−27 143þ19

−31 174þ22
−45 163þ10

−11 163þ54
−13 174þ19

−19 190þ67
−20

Sum rules, set II [51] 138þ10
−22 183þ13

−24 146þ12
−36 178þ30

−39 166þ9
−10 165þ46

−12 178þ19
−17 194þ57

−18
RQM [59] 292.14 293.38 … … … … … …
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Further experimental measurements on the 2S decay
constants are, therefore, highly desirable for testing our
mixing angle effects.

B. Twist-2 distribution amplitudes

Shown in Fig. 5 are the normalized twist-2 DAs,
ϕ̃tw−2
PðVÞðx; μÞ, for the 1S and 2S state heavy pseudoscalar

and vector mesons with θ ¼ 12°. Since the qualitative
behaviors obtained with the pure (θ ¼ 0°) states are not
much different from the mixed case, we do not give the
results for the pure case in Fig. 5. In this figure, the
convention is chosen so that the heavier quark in ðQq̄Þ
configuration carries the longitudinal momentum fraction x

and the lighter quark carries the fraction of 1 − x. The DAs
for the 1S state heavy pseudoscalar and vector mesons are
given by the black solid and red dashed lines, respectively.
We also compare our results for 1S pseudoscalar heavy
mesons with the results of Ref. [60] (brown dot-dashed
lines) obtained by employing a continuum approach to the
hadron bound-state problem.
The DAs for 1S state heavy pseudoscalar mesons are not

much different from those for the corresponding vector
mesons within our LFQMmainly because the β parameters
are same for both pseudoscalar and vector mesons.
Although some quantitative differences can be found,
in particular, for the Bc and heavy-light mesons, the

TABLE IV. Decay constants of the 1S and 2S state Bc and heavy quarkonia in the units of MeV.

fηcð1SÞ fJ=Ψð1SÞ fBcð1SÞ fB�
cð1SÞ fηbð1SÞ fϒð1SÞ

Pure (θ ¼ 0°) 356 403 406 436 647 688
Mixed (θ ¼ 12°) 347 390 393 421 629 666
Expt. [23] 335� 75 407� 5 … … … 689� 5
Lattice [46–49] 394.7� 2.4 405� 6 427þ6

−2 … 667þ6
−2 649� 31

RQM [56] … … 410� 20 … … …
Sum rules [57] 387� 7 418� 9 … … … …
BS [53] 292� 25 459� 28 … … … 496� 20
BS [54] 385 … 519(1) … 709 …
LFQM (CJ) [12] 326 360 349 369 507 529
LFQM (CJ2) [14] 353 361 389 391 605 611

fηcð2SÞ fΨ0ð2SÞ fBcð2SÞ fB�
cð2SÞ fηbð2SÞ fϒð2SÞ

Pure (θ ¼ 0°) 318 420 407 477 671 771
Mixed (θ ¼ 12°) 214 274 268 308 443 498
Expt. [23] … 294(5) … … … 497(5)
Lattice [49] … … … … … 481(39)
BLFQ [58] 299(68) 312(73) … … 524(58) 518(48)
LFD [33] … 288(6) … … … …

(a) (b) (c)

(e) (f) (g)

(d)

FIG. 5. Distribution amplitude of the pseudoscalar (P) and vector (V) mesons of 1S and 2S states with the mixing angle θ ¼ 12°. The
distribution amplitudes of the 1S pseudoscalar heavy meson predicted in Ref. [60] are shown for comparison.

ARIFI, CHOI, JI, and OH PHYS. REV. D 106, 014009 (2022)

014009-12



qualitative behaviors of our results for pseudoscalar mesons
are similar to those of Ref. [60]. For the 1S state heavy
quarkonia (cc̄, bb̄), although both DAs are symmetric
under x → 1 − x, the shape of the DA is narrower for the
bottomonium than the charmonium. However, the DAs for
heavy-light systems become more asymmetric and more
sharply peaked as the mass difference between the two
constituents grows. In particular, one can see that the peak
of the DA for heavy-heavy system such as the Bc is more
attracted to the center compared to the heavy-light system.
The DAs of the 2S state pseudoscalar and vector mesons

are shown by the blue solid and green dashed lines,
respectively, in Fig. 5. This shows that the differences
between pseudoscalar and vector mesons are more pro-
nounced for the 2S states than for the 1S states. This
tendency is opposite to that of BLFQ results [61] where the
differences are more pronounced for the 1S states. We also
found that the locations of the two extrema for the
quarkonia systems move toward the endpoints as the quark
mass decreases. In addition, the valley of the DAs is found
to be much lower than those in Ref. [61]. Finally, we
mention that the DAs for 2S state light meson sector such as
ðπ; KÞ reported in Ref. [62] show similar qualitative
behaviors found in the present work for the 2S state heavy
mesons.
The normalized twist-2 pseudoscalar and vector meson

DAs are rewritten as

ϕ̃tw−2
PðVÞðx; μÞ ¼

Z jk⊥j<μ

0

d2k⊥Ψtw−2
PðVÞðx;k⊥Þ; ð32Þ

where the LF wave function corresponding to ϕ̃tw−2
PðVÞðx; μÞ

is denoted as Ψtw−2
PðVÞðx;k⊥Þ. Shown in Fig. 6 are the 3-

dimensional (3D) plots of Ψtw−2
D ðx;k⊥Þ and Ψtw−2

ηc ðx;k⊥Þ
for the 2S states of D and ηc mesons, respectively.
Equation (32) implies that the normalized twist-2 DAs
ϕ̃tw−2
PðVÞðx; μÞ shown in Fig. 5 are obtained by the k⊥-

integration of Ψtw−2
PðVÞðx;k⊥Þ. In our LFQM calculation with

the Gaussian wave functions, we observe that jk⊥j → ∞
corresponds to the ultraviolet (UV) cutoffs (kmax⊥ ) or energy
scale μ around 2 GeV for (DðsÞ, BðsÞ, ηc), 3 GeV for Bc, and
4 GeV for ηb, respectively. In other words, the wave
functions for heavy-heavy systems have longer transverse
momentum tails than for the heavy-light systems. On the
other hand, the wave functions for heavy-light systems
have deeper negative valleys than for heavy-heavy systems.
This property in the twist-2 light-front wave function
explains why only the twist-2 DAs for the 2S state
heavy-light system have negative regions. Of course, the
small UV cutoff such as jkmax⊥ j < 2 GeV for heavy-heavy
system may cause ϕ̃tw−2

P ðxÞ to have negative regions as
well. Similar observations are made for the 2S state vector
meson DAs.

In Table V, we provide the ξ-moments defined in Eq. (28)
up to n ¼ 6 for both 1S and 2S state heavy mesons. For
heavy quarkonia, the odd-n moments vanish because of the
symmetric shape in their DAs. For heavy-light mesons, the
odd-n moments reflect the asymmetry of the DAs coming
from the mass difference between the quark and antiquark.
As one can see, the first ξ moment decreases as ðmQ −mq̄Þ
gets smaller. For example, we have hξ1iBqð1SÞ ¼ 0.644,

hξ1iBsð1SÞ ¼ 0.614, and hξ1iBcð1SÞ ¼ 0.390. The DAs for 1S
state mesons can be well reproduced with the first few ξ
moments up to n ¼ 4. However, those for 2S state mesons
require much higher ξmoments beyond n ¼ 6 to reproduce
the full results. For the 2S stateDmesons, the first and third
moments hξniDð2SÞ ðn ¼ 1; 3Þ have negative values. This
originates from the fact that the DA of Dð2SÞ occupies
more in the 0 < x < 0.5 domain compared to the other
DAs. In addition, our predictions of ðhξ2i; hξ4i; hξ6iÞ ¼
ð0.179; 0.048; 0.019Þ for the 2S state of ηc are comparable
to (0.16, 0.046, 0.016) of Ref. [63], which are obtained
from the leading twist light-front wave functions with the
Cornell potential.

C. Electromagnetic form factors and radii

In Fig. 7, we present the electromagnetic form factors of
1S (solid lines) and 2S (dashed lines) state heavy pseudo-
scalar mesons obtained with θ ¼ 12°. For comparison, we
show the available lattice simulation data of Refs. [64–66].
Since the form factors of heavy quarkonia (ηc, ηb) obtained

x
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c
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c 4
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c 4

0.5 10

c− 10

c

k2

ηc(2S)

D(2S)
(a)

(b)

c0

c− 20

FIG. 6. 3D plots of (a) Ψtw−2
D ðx;k⊥Þ for the 2S states of the D

meson and (b) Ψtw−2
ηc ðx;k⊥Þ for the 2S states of the ηc meson.
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from both quark and antiquark contributions vanish, we
show only the contribution from the quark part for the
comparison with the available lattice simulation results.
This shows that our results for the 1S state ðDþ; Dþ

s ; ηcÞ
mesons match well with the lattice simulation results. We
find that the form factors of 2S state mesons are in general
steeper than those for the corresponding 1S state mesons. In
a heavy-light system such as ðDþ

ðsÞ; B
þÞ, the main con-

tribution to the form factor for the region of Q2 > 6 GeV2

comes from the heavy quark and the light quark contribu-
tion is negligible at high Q2 regions. On the other hand, for
the form factor of the Bc meson, both b and c quark
contributions are almost equally important for the inter-
mediate Q2 region.
Figure 8 presents the calculated charge radii hr2nSi of the

ð1S; 2SÞ state heavy mesons obtained with θ ¼ 0° and
θ ¼ 12° cases by triangles and boxes, respectively. Since
there are no experimental data, our results are compared

TABLE V. The ξ-moment up to n ¼ 6 for the 1S and 2S state heavy pseudoscalar and vector mesons.

ð1SÞ D D� Ds D�
s ηc J=ψ B B� Bs B�

s Bc B�
c ηb ϒ

hξ1i 0.337 0.344 0.294 0.296 … … 0.644 0.646 0.614 0.614 0.390 0.390 … …
hξ2i 0.226 0.226 0.197 0.194 0.088 0.086 0.453 0.454 0.417 0.417 0.201 0.201 0.049 0.049
hξ3i 0.145 0.144 0.114 0.112 … … 0.337 0.338 0.302 0.301 0.113 0.112 … …
hξ4i 0.108 0.107 0.083 0.080 0.018 0.017 0.261 0.262 0.228 0.227 0.068 0.068 0.006 0.006
hξ5i 0.082 0.080 0.058 0.056 … … 0.209 0.210 0.178 0.177 0.043 0.043 … …
hξ6i 0.065 0.063 0.044 0.042 0.005 0.005 0.172 0.172 0.143 0.142 0.029 0.028 0.001 0.001

ð2SÞ D D� Ds D�
s ηc J=ψ B B� Bs B�

s Bc B�
c ηb ϒ

hξ1i −0.042 0.071 0.015 0.085 … … 0.426 0.452 0.411 0.433 0.275 0.285 … …
hξ2i 0.052 0.096 0.132 0.140 0.179 0.160 0.198 0.227 0.202 0.224 0.160 0.162 0.099 0.094
hξ3i −0.004 0.034 0.055 0.064 … … 0.094 0.121 0.112 0.130 0.101 0.100 … …
hξ4i 0.012 0.033 0.065 0.064 0.048 0.042 0.043 0.067 0.070 0.084 0.071 0.069 0.016 0.015
hξ5i 0.006 0.022 0.047 0.045 … … 0.017 0.037 0.048 0.059 0.051 0.049 … …
hξ6i 0.010 0.020 0.044 0.040 0.016 0.014 0.004 0.021 0.036 0.045 0.038 0.036 0.003 0.003

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

FIG. 7. Electromagnetic form factor of the 1S and 2S state heavy pseudoscalar mesons. The available lattice simulations are also
shown by blue circles for the results of Ref. [64], and green circles and magenta circles for B1 and C1 ensembles of Refs. [65,66],
respectively. Only one quark contribution is considered for quarkonia.
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with the lattice simulation results of Refs. [64–67]. The
results of Fig. 8 are summarized in Table VI with other
model predictions from Refs. [6,58,68]. We find that our
predictions are overall in a good agreement with the lattice
results. Since the heavy quark is sitting near the center of a
meson while the light quark is moving actively, the radius
of a heavy-light meson would be mostly governed by the
motion of the light quark. This can be noticed by com-
parison with the results of the LFQM of Ref. [6].
We find that the charge radii for 2S state mesons are

more sensitive to the mixing angle than for the 1S state

cases. As shown in Fig. 8, the charge radii for 2S state
mesons are larger in the mixed case than those in the pure
one. The larger radii can be understood from the 2S wave
functions given in Fig. 2. Namely, the reduction of the
wave function at the origin results in a larger radius since
the wave function is more spreading to a larger distance.
This is the opposite behavior of the decay constants
shown in Fig. 4, which is proportional to the wave
function at the origin. Therefore, these observables reflect
the structure of the wave functions from different points
of view.

FIG. 8. Upper and middle panels: charge radii of the 1S and 2S state heavy mesons with various quark flavor contents. Our predictions
for 1S heavy mesons have a good agreement with the lattice simulation data of Refs. [64–67]. Lower panel: the ratio of the charge radii
Rr ¼ hr22Si=hr21Si for various heavy mesons. The charge radii in the mixed state are larger than the pure ones.

TABLE VI. Charge radii of the 1S and 2S pseudoscalar heavy mesons in the units of fm2.

hr2i Bþð1SÞ Dþð1SÞ Dþ
s ð1SÞ ηcð1SÞ Bþ

c ð1SÞ ηbð1SÞ D0ð1SÞ B0ð1SÞ B0
sð1SÞ

Pure (θ ¼ 0°) 0.304 0.166 0.093 0.041 0.035 0.010 −0.277 −0.150 −0.077
Mixed (θ ¼ 12°) 0.314 0.171 0.095 0.042 0.036 0.009 −0.282 −0.155 −0.080
Lattice, Linear fit [64] … 0.138(13) … … … … … … …
Lattice, Quadratic fit [64] … 0.152(26) … … … … … … …
Lattice, B1 [65,66] … 0.162(49) 0.082(13) 0.052(4) … … … … …
Lattice, C1 [65,66] … 0.176(69) 0.125(13) 0.044(4) … … … … …
Lattice, [67] … … … 0.063(1) … … … … …
CCQM [68] … 0.255 0.142 … … … … … …
LFQM [6] 0.378 0.184 0.124 … 0.0433 … −0.304 −0.187 −0.119

0.496 0.248 0.181 … … … −0.496 −0.248 −0.181
BLFQ [58] … … … 0.027 … 0.012 … … …

hr2i Bþð2SÞ Dþð2SÞ Dþ
s ð2SÞ ηcð2SÞ Bþ

c ð2SÞ ηbð2SÞ D0ð2SÞ B0ð2SÞ B0
sð2SÞ

Pure (θ ¼ 0°) 0.647 0.329 0.191 0.089 0.080 0.020 −0.547 −0.319 −0.169
Mixed (θ ¼ 12°) 0.911 0.464 0.266 0.129 0.118 0.030 −0.801 −0.450 −0.222
BLFQ [58] … … … 0.120 … 0.050 … … …
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V. SUMMARY

In the present work, we have investigated 1S and 2S state
heavy mesons employing the pure and mixed harmonic
oscillator wave functions. We invoked the variational
principle adopting the linear plus Coulomb potential,
and treated the hyperfine interaction perturbatively as a
contact term to distinguish vector and pseudoscalar mes-
ons. The variational principle allowed us to obtain a
constraint for model parameters. With the fixed quark
masses, all model parameters are determined by two meson
masses and this led us to predict and test other physical
quantities.
We have analyzed the mass spectra, decay constants,

distribution amplitudes, electromagnetic form factors, and
charge radii of the 1S and 2S state heavy mesons. As for the
mass spectra, our predictions are in a good agreement with
the available experimental data. Although no apparent
difference is found for the masses of the 1S heavy mesons
in the pure and mixed cases, the predicted masses of the 2S
heavy mesons are appreciably modified and have a better
agreement with the available data when the mixing is
introduced. Our results support the speculation that the
newly observed Ds0ð2590Þþ by the LHCb Collaboration
[16] can be interpreted as the radially excited Dsð2SÞ state.
We also observe that the mass gaps between the 1S and 2S

state mesons are around 600 MeVand they are not sensitive
to the flavor contents of mesons. In LFQM, we found that
mass gaps of pseudoscalar mesons can be made larger than
thoseof vectormesons regardless of the quark flavor contents
only if we use the mixing angle θ ≥ θc ¼ 6°. Such behavior
can be explained by Eq. (19), which shows that the hierarchy
appears in the opposite direction without mixing.
The mixing effects are crucial to understand the proper-

ties of 2S state mesons. As for the decay constants, we
could obtain a good agreement with the experimental and
lattice simulation data for 1S state mesons even without the
mixing effects. However, for the 2S states, the mixing
effects are essential to get the correct order of decay
constants. By introducing a small mixing, we noticed that
the ratio RΦ ¼ Φ2

2S=Φ2
1S becomes smaller than unity. The

optimum value of the mixing angle is obtained as 12° to
cover both the charm and bottom flavors of the heavy
quark. In principle, one may include ϕ3S with two more
mixing parameters to maintain the orthogonality of 1S, 2S
and 3S meson states. According to our analysis in this
work, however, since the mixing effect impacts the 1S state
far less than the 2S state as one can clearly see from
Eq. (13) with our optimum value of θ ¼ 12°, it was
sufficient to impose just one mixing angle for the analysis
up to the 2S meson states.
For the DAs of the 1S states, our prediction is found to be

similar to those reported in Ref. [54]. For the 2S states,
some DAs have the nodal structure arising from the

structure of the wave functions. We note that the difference
between DAs for vector and pseudoscalar mesons are more
pronounced for the 2S states. In addition, we find that the
DAs are saturated up to several GeV for the transverse
momentum and it has longer tails for mesons with heavier
quarks. For completeness, the corresponding ξ-moments up
to n ¼ 6 are computed in the present work.
The electromagnetic form factors and charge radii for D,

Ds, and ηc mesons are also computed and found to be
comparable with the available lattice simulation data of
Refs. [64–66]. The mixing effects lead to larger radii of the
2S states since their wave functions are more spread in
space, which results in the reduction of the wave functions
near the origin. This is opposite to the behavior of the decay
constants that are reduced by the mixing.
In this work, we have focused on the heavy meson sector

in LFQM. However, a combined analysis for both light and
heavy meson sectors is also of great importance for
scrutinizing the dependence of physical quantities on quark
masses. In the future work, we would consider smearing the
hyperfine interaction to treat it nonperturbatively as a part
of the entire Hamiltonian for the application of the
variational principle. A global analysis would be also
required for more rigorous investigations to discuss the
uncertainties of the model parameters. While the inves-
tigation along this directions is under progress, more
precise measurements on the physical properties of heavy
mesons as well as observations of undiscovered heavy
meson states are essential to test phenomenological models
on the structure of heavy mesons.
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