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We derive the multicomponent second-order dissipative relativistic hydrodynamic equations using the
moment-expansion method. By computing the transport coefficients using hard-sphere interactions, we
investigate the role of multiple components and the reactive collisions. We find that both of these factors
increase the effective cross section and hence decrease the transport coefficients and relaxation times. We
further compute such transport properties using leading-order perturbative QCD cross sections. For both
types of cross sections, we find that the ratio between vector current relaxation time and conductivity for a
multicomponent fluid is notably different from that for a single-component fluid. Therefore, the current
study provides a more applicable guideline for such a ratio in phenomenological hydrodynamics
simulations.
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I. INTRODUCTION

Relativistic hydrodynamics has been successfully
applied to describe the evolution of the fireball created
in relativistic heavy-ion collisions and determine the
properties of quantum chromodynamics (QCD) matter
by analyzing experimental data produced at BNL-RHIC
and CERN-LHC [1–9]. As part of the continuous effort of
searching for the QCD critical point, the physics of high
density baryonic matter has long attracted extensive atten-
tion and is one of the main tasks at the future FAIR and
NICA facilities. Noting that in the collision of heavy nuclei,
especially peripheral collisions where the effect of neutron
skin starts to engage, the system created could be high in
isospin chemical potential, owing to the imbalance between
the number of neutrons and protons. The cross effects could
be enhanced by large baryon and isospin chemical potential
and give rise to observable experimental phenomena.
Therefore, a multicomponent dissipative hydrodynamic
theory respecting the microscopic property, especially
reactions that change the identity of in-coming particles,
is called for.
As a low-energy effective theory of large distance and

timescale, relativistic hydrodynamics can be derived from

the microscopic transport theory—the Boltzmann equation.
The pioneering work constructing causal stable second-
order relativistic hydrodynamics was initiated by Israel and
Stewart [10], who developed the moment method originally
formulated for nonrelativistic fluids [11,12]. The theory of
Israel and Stewart (IS) successfully fixes the acausal
problem [13] long existing in the first-order theory of
hydrodynamics and allows a numerically stable implemen-
tation, which leads to important applications in modeling
relativistic heavy-ion collisions and astrophysics.
Nevertheless, the IS theory was originally constructed for

a simple system, which equivalently means that the appli-
cation range is limited to a single component or minor extra
effects introduced by multicomponents, for instance, the
cross effects originating from interactions between particles
of various species. Considering that fluid systems are
complex as far as their components are concerned, it is
natural to derive the hydrodynamic equations for the case of
multicomponent mixture respecting theoretic completeness
and consistency. There are pioneer works deriving multi-
component viscous hydrodynamics by extending the IS
theory to multicomponent mixtures [14–16], applying the
renormalization group method [17], or taking the relaxation
time approximation which assumes the same relaxation time
for all microscopic processes [18].1 On the other hand, it has

*shuzhe.shi@stonybrook.edu

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

1In the preparation of the current manuscript, we note that in a
recent, parallel work [19], the multicomponent dissipative hydro-
dynamic theory is derived using the same method. See the note
after the Summary and Outlook for a detailed description of
similarity and distinction.

PHYSICAL REVIEW D 106, 014007 (2022)

2470-0010=2022=106(1)=014007(24) 014007-1 Published by the American Physical Society

https://orcid.org/0000-0003-1179-4603
https://orcid.org/0000-0002-3042-3093
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.106.014007&domain=pdf&date_stamp=2022-07-13
https://doi.org/10.1103/PhysRevD.106.014007
https://doi.org/10.1103/PhysRevD.106.014007
https://doi.org/10.1103/PhysRevD.106.014007
https://doi.org/10.1103/PhysRevD.106.014007
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


been found that the detailed coupling between the diffusion
currents is important in determining the features of multi-
component systems [20–23]. It is crucial to construct the
hydrodynamic theory with correct structure of conserved
currents evolution and evaluate the transport coefficients
respecting the microscopic details. The momentum expan-
sion method [24] is such a method that starts from the
microscopic transport theory, naturally connects the viscous
corrections in microscopic and macroscopic states, and
henceforth derives the equation of motion for the macro-
scopic dissipative currents.
In this work, we derive the dissipative multicomponent

hydrodynamic equations with binary reactive collisions by
employing the momentum expansion method. The results
of the hydrodynamic equations are presented in Sec. II.
Then we further take the hard-sphere potential to system-
atically study the effect of elastic and inelastic binary
collisions between different components (Sec. III A) and
take the leading-order perturbative QCD cross sections to
study the transport properties in a realistic system (Sec. III
B). After the summarizing in Sec. IV, we further supple-
ment Appendixes discussing details about moment expan-
sion method (Appendix A), null-modes caused by the
matching conditions (Appendix B), calculation of the
evolution matrix (Appendix C), details of the hard-sphere
(Appendix D) and LO pQCD (Appendix E) interaction
integrals.
The conventions and notations in this paper are listed as

follows.
(i) Superscript/subscripts: We use Greek letters to label

index of the Lorentz tensors, while Latin letters
starting in the alphabet tables a, b, � � � to represent
conserved charges, intermediate letters i, j, k, l to
represent gluon and different flavors of quarks, r
and m for the energy weighting in the momentum
integrals.

(ii) Numbers: N is number of particle species, N0 is
number of conserved charges, and Ns is the order of
s-rank tensors kept in the moment expansion.

(iii) Projected tensors: We used mostly negative signa-
ture for the metric. We denote the spatial projection
operator in the fluid rest frame as Δμν ≡ gμν − uμuν.
We then define the following notations the projected
tensors Xhμ1���μsi ≡ Δμ1���μs

ν1���νs X
ν1���νs , the symmetrized

tensors XðμνÞ ≡ ðXμν þ XνμÞ=2 and the antisymme-
trized tensors X½μν� ≡ ðXμν − XνμÞ=2.

(iv) Derivatives: We introduce the comoving time deriva-
tive D ¼ uμ∂μ and spatial derivative ∇μ ≡ Δμν

∂ν.
Then, one can define the expansion rate θ≡∇μuμ,
the shear stress tensor σμν ≡∇hμuνi, and the vorticity
tensor ωμν ¼ ∇½μuν�.

(v) Momentum integrals: We use the following short-
hand for the momentum integrals

R
p½·�≡

R d3p
ð2πÞ3p0 ½·�,

and
R
p1;…;ps

½·�≡ R ðQs
i¼1

d3pi

ð2πÞ3p0
i
Þ½·�.

(vi) We also introduced the inverse temperature
β≡ 1

T, scaled chemical potentials αa ≡ μa
T , and the

comoving energy for a particle with momentum
p, Ep ≡ u · p.

II. MULTICOMPONENT HYDRODYNAMIC
EQUATIONS WITH INELASTIC REACTIONS

A. The bridge between microscopic
and macroscopic theories

The hydrodynamic theory is a macroscopic theory to
describe the dynamical evolution of a system based on the
conservation of energy, momentum, and all conserved
charges,

∂μTμν ¼ 0; ∂μN
μ
a ¼ 0; a ¼ 1; 2;…; N0; ð1Þ

as well as the second law of thermodynamics,

∂μSμ ≥ 0: ð2Þ

N0 is the number of conserved charges, which is less than or
equal to the number of components, N0 ≤ N. Here, Tμν and
Nμ

a are respectively the energy-momentum tensor and
charge currents. They are functions of space-time coor-
dinate (x) and can be decomposed into

Nμ
a ¼ nauμ þ Vμ

a; ð3Þ

Tμν ¼ εuμuν − ðPþ ΠÞΔμν þ πμν

þWμuν þWνuμ; ð4Þ

Here, uμ is the four-velocity of the fluid, Δμν ≡ gμν − uμuν

is the spatial projection operator in the fluid rest frame, na is
the ath charge density, ε the energy density, P the pressure
which determined via the equation of state, P ¼ Pðε; naÞ.
Meanwhile, Vμ

a is the diffusion current, πμν the shear-
viscous stress tensor, Π the bulk pressure and Wμ the heat
flow. The latter four quantities are viscous corrections,
characterizing how the system is away from local equilib-
rium. They vanish when and only when Eq. (2) takes the
equality, i.e., there is no entropy production. Additionally,
the vector and tensor viscous components are defined to be
orthogonal to velocity, i.e., Vμ

auμ ¼ Wμuμ ¼ 0, πμνuμ ¼ 0,
and πμνuν ¼ 0.
The time evolution of viscous terms is determined by the

underlying microscopic process. In kinetic theory, the
macroscopic hydrodynamic quantities can be expressed
as the momentum integrals of the microscopic distribution
function

Nμ
aðxÞ ¼

XN
k¼1

dkqak

Z
p
pμfkðx; pÞ; ð5Þ
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TμνðxÞ ¼
XN
k¼1

dk

Z
p
pμpνfkðx; pÞ; ð6Þ

where k ¼ 1; 2; 3;…; N labels the type of particle, fk ¼
fkðx; pÞ is the distribution function of the kth component,
dk the degeneracy factor, qak the ath charge carried by the
kth component.
To describe the evolution of the viscous terms, one

would need to take into account the nonequilibrium
corrections not only at the macroscopic level but also at
the microscopic level. Thus, we employ the method of
moments developed in [24] and [25] and express the
distribution function as an equilibrium one plus corrections,

fkðx; pÞ ¼ fð0Þk þ δfk; ð7Þ

δfk ≡ fð0Þk f̃ð0Þk ×
�XN0

n¼0

Hð0Þ
n ðEpÞρknðxÞ

þ
XN1

n¼0

Hð1Þ
n ðEpÞρμknðxÞphμi

þ
XN2

n¼0

Hð2Þ
n ðEpÞρμνknðxÞphμpνi

�
; ð8Þ

where Ep ≡ u · p is the comoving energy for a particle with

momentum p, fð0Þk ¼ 1
eβu·p−αkþa is the thermal distribution

and f̃ð0Þk ¼ 1 − afð0Þk is the statistical factor, with a ¼ 1

(a ¼ −1) for fermions(bosons). Here, β≡ 1
T and α≡ α

T are
respectively the inverse temperature and scaled chemical
potential. ρμ1���μskn ’s are the space-time dependent moments
characterizing, locally, how the microscopic state is devi-

ated from the thermal equilibrium. HðlÞ
kn ’s are polynomials

of energy in the fluid comoving frame. With their explicit
forms and properties given in Appendix A, one can find
that

ρμ1���μskn ≡ dk

Z
p
En
pk
phμ1
k � � �pμsi

k δfk: ð9Þ

It is worth noting that fð0Þk is the equilibrium correspon-
dence of fk, which cannot be uniquely determined. A

natural definition of fð0Þk is to ensure that it gives the same
energy density and charge densities as fk, i.e.,

εðxÞ≡XN
k¼1

dk

Z
p
ðu · pÞ2fkðx; pÞ

¼
XN
k¼1

dk

Z
p
ðu · pÞ2fð0Þk ðx; pÞ; ð10Þ

and

naðxÞ≡
XN
k¼1

dkqak

Z
p
ðu · pÞfkðx; pÞ

¼
XN
k¼1

dkqak

Z
p
ðu · pÞfð0Þk ðx; pÞ: ð11Þ

With these matching conditions (10) and (11), it is not hard
to find that the viscous terms in the hydrodynamic
equations can be expressed by the viscous moments that
appeared in the microscopic distribution functions,

Π ¼ −
X
k

m2
k

3
ρk0; ð12Þ

Vμ
a ¼

X
k

qakρ
μ
k0; ð13Þ

πμν ¼
X
k

ρμνk0; ð14Þ

Now, the only remaining equilibrium quantity is the fluid
velocity. The determination of uμ is more subtle. Here, we
adopt the common choice in high-energy physics that
requires the velocity vector to be the eigenvector of the
stress tensor,

Tμνuν ¼ εuμ: ð15Þ

This choice is refereed to as Landau frame, and it
automatically leads to the vanishing of the heat flow,
Wμ ¼ 0. It is not hard to find that the matching conditions,
(10), (11), and (15), and place the following constraints on
the moments,2

XN
k¼1

ρk2 ¼ 0; ð16Þ

XN
k¼1

qakρk1 ¼ 0; ð17Þ

XN
k¼1

ρμk1 ¼ 0: ð18Þ

B. Evolution equations

With the above preparations, now we move on to derive
the evolution equations for the hydrodynamic quantities.
First, we obtain the equations of motion for na, ε and uμ by
simplifying the conservation equations (1),

2For completeness, we note that when taking the Eckart frame,
the constraint (18) would become

P
N
k¼1 qakρ

μ
k0 ¼ 0.
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Dna ¼ −naθ − ∂μV
μ
a; ð19Þ

Dε ¼ −ðεþ pþ ΠÞθ þ πμνσμν; ð20Þ

Duμ ¼
∇μp − ΠDuμ þ∇μΠ − Δμβ∂απ

αβ

εþ P
; ð21Þ

and hence those of αa and β,0
BBBBB@

Dα1

..

.

DαN0

Dβ

1
CCCCCA ¼ T ·

0
BBBBB@

Dn1

..

.

DnN0

Dε

1
CCCCCA; ð22Þ

where

T ≡

0
BBBBBBB@

∂n1
∂α1

0 0 ∂n1
∂β

0 . .
.

0 ..
.

0 � � � ∂nN0
∂αN0

∂nN0
∂β

∂ε
∂α1

� � � ∂ε
∂αN0

∂ε
∂β

1
CCCCCCCA

−1

; ð23Þ

and the derivative is carried out with respect to one variable
with others fixed. In above equations, we have introduced
the comoving time derivative D ¼ uμ∂μ and spatial deriva-
tive ∇μ ≡ Δμν

∂ν, as well as the expansion rate θ≡∇μuμ

and the shear stress tensor σμν ≡∇hμuνi.
To derive the evolution equation of the dissipative

currents, one would need the evolution of the microscopic
states, which is governed by the relativistic Boltzmann
equation:

pμ
k∂μfkðx; pkÞ ¼ −

XN
l¼1

Rkl½fk�; ð24Þ

with the collision operator containing both the gain term
and the loss term:

Rkl ≡ dl
2

XN
i;j¼1

Z
pi;pj;pl

ðfifjf̃kf̃l − fkflf̃if̃jÞ

×Wkl→ijðpi; pjjpk; plÞ; ð25Þ

where dl represents the degeneracy of l particle, and the
1=2 factor is introduced to avoid double-counting when
i ≠ j, and to compromise the symmetric factor when
i ¼ j ¼ k ¼ l (single-component elastic scattering).
Wkl→ijðpi; pjjpk; plÞ is the transition rate describing the
scattering process of kl → ij and will be abbreviated as
Wkl→ij hereafter. In this work, we focus on two-to-two
scatterings only and ignore the particle number changing
reactions. When there is no reaction threshold, the last step
can be safely implemented, which is exactly the case we
will discuss. However, we do include inelastic scattering
that changes particle’s identity. To be explicit, reactive
collisions—such as qþ q̄ → gþ g—and elastic scattering
between different components—like qþ g → qþ g—are
included.
Then, we implement the moment expansion (7) and

rewrite the Boltzmann equation as follow,

Dδfk ¼ −Dfð0Þk − E−1
pk
pν
k∇νf

ð0Þ
k

− E−1
pk
pν
k∇νδf

ð0Þ
k þ E−1

pk

XN
l

Rkl½fk�: ð26Þ

After a tedious but straightforward calculation, we obtain
the motion equations for the moments of different types.
The motion equations for scalar, vector, and tensor
moments respectively read

Dρkr −Rk;r−1 − αð0Þkr θ ¼
�
Jkr0
XN0

a

qakT a;N0þ1 − Jkrþ1;0T N0þ1;N0þ1

�
× ðΠθ − πμνσμνÞ

þ
XN0

a;b

ðJkr0qakT ab − Jkrþ1;0T N0þ1;bδabÞ∂μVμ
a −∇μρ

μ
k;r−1 þ rρμk;r−1Duμ þ ðr − 1Þρμνk;r−2σμν

−
θ

3
ððrþ 2Þρkr − ðr − 1Þm2

kρk;r−2Þ; ð27Þ

Dρhμikr −Rhμi
k;r−1 þ

XN0

a

αð1Þa;kr∇μαa ¼
βJkrþ2;1

εþP
ðΠDuμ −∇μΠþΔμ

ν∂λπ
νλÞ þ 1

3
ðrm2

kρk;r−1 − ðrþ 3Þρk;rþ1ÞDuμ

−
1

3
∇μðm2

kρk;r−1 − ρk;rþ1Þ−Δμ
ν∇λρ

νλ
k;r−1 þ

1

3
ððr− 1Þm2

kρ
μ
k;r−2 − ðrþ 3ÞρμkrÞθ

þ 1

5
ðð2r− 2Þm2

kρ
ν
k;r−2 − ð2rþ 3ÞρνkrÞσμν þ ρνkrω

μ
ν − rρμνk;r−1Duν þ ðr− 1Þρμνλk;r−2σνλ; ð28Þ
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and

Dρhμνikr −Rhμνi
k;r−1 − αð2Þkr σ

μν ¼ 2

15
ððr− 1Þm4

kρk;r−2 − ð2rþ 3Þm2
kρkr þ ðrþ 4Þρk;rþ2Þσμν þ

2

5
∇hμðρνik;rþ1 −m2

kρ
νi
k;r−1Þ

þ 2ρλhμkr ω
νi
λ −

2

5
ððrþ 5Þρhμk;rþ1 − rm2

kρ
hμ
k;r−1ÞDuνi −

1

3
ððrþ 4Þρμνr − ðr− 1Þm2

kρ
μν
k;r−2Þθ

−
2

7
ðð2rþ 5Þρλhμkr − 2ðr− 1Þm2

kρ
λhμ
k;r−2Þσνiλ þ rρμνλk;r−1Duλ −Δμν

αβ∇λρ
αβλ
k;r−1 þ ðr− 1Þρμναβk;r−2σαβ: ð29Þ

where ωμν ≡∇½μuν� is the vorticity tensor. The prefactors of
the thermodynamic force are given by

αð0Þkr ≡ ð1 − rÞIkr1 − Ikr0 þ
�
Jkr0
XN0

a

qakT a;N0þ1

− Jkrþ1;0T N0þ1;N0þ1

�
ðεþ PÞ

þ
XN0

a;b

ðJkr0qakT ab − Jkrþ1;0T N0þ1;bδabÞnb; ð30Þ

αð1Þa;kr ≡ qakJkrþ1;1 −
naJkrþ2;1

εþ P
; ð31Þ

αð2Þkr ≡ 2Ikrþ2;1 þ 2ðr − 1ÞIkrþ2;2; ð32Þ

whereas the thermodynamic functions are defined as

Iknq ≡
dk
R
pðEpÞn−2qð−ΔαβpαpβÞqfð0Þk

ð2qþ 1Þ!! ; ð33Þ

Jknq ≡
dk
R
pðEpÞn−2qð−ΔαβpαpβÞqfð0Þk f̃ð0Þk

ð2qþ 1Þ!! : ð34Þ

In Eqs. (27)–(29), we have defined the s-order collision
kernel as

Rhμ1���μsi
k;r−1 ≡ dk

Z
pk

phμ1
k � � �pμsi

k Er−1
pk

XN
l¼1

Rkl½fk�: ð35Þ

Substituting the moment expansion of the distribution
function (8) into Eq. (25), and only keeping terms linear
in the δf, (one can refer to, e.g., [24,26] for detailed
derivation), we obtain:

Rhμ1���μsi
k;r−1 ¼ −

XNs

n¼0

XN
l¼0

AklðsÞ
rn ρhμ1���μsiln þOððδfÞ2Þ ð36Þ

where the collision integral matrix elements are defined as:

AðsÞkl
r;n ≡ GðsÞkl

r;n þ BðsÞk
r;n δkl; ð37Þ

BðsÞk
r;n ≡ XN

i;j;l¼1

dkdl
4sþ 2

Z
pi;pj;pk;pl

Er−1
pk

HðsÞ
n ðEpk

Þ

× phμ1
k � � �pμsi

k pkhμ1 � � �pkμsi

×Wkl→ijf
ð0Þ
k fð0Þl f̃ð0Þi f̃ð0Þj ; ð38Þ

GðsÞkl
r;n ≡ dk

4sþ 2

XN
i;j¼1

Z
pi;pj;pk;pl

Er−1
pk

HðsÞ
n ðEpl

Þ

× phμ1
k � � �pμsi

k plhμ1 � � �plμsi

× ½dlWkl→ijf
ð0Þ
k fð0Þl f̃ð0Þi f̃ð0Þj

− diWki→ljf
ð0Þ
k fð0Þi f̃ð0Þl f̃ð0Þj

− djWkj→ilf
ð0Þ
k fð0Þj f̃ð0Þi f̃ð0Þl �: ð39Þ

The exact form of the AðsÞkl
r;n elements dependents on the

specific scattering cross sections. With the derivations
shown in Appendix C, one can express them as the
summation of repeated, low dimensional integrals. There-
fore, a numerical calculation becomes plausible. Relevant
results are given in Eqs. (C17)–(C20), (C28), (C48), (C49).

C. Calculation of transport coefficients

Equations (27)-(29) is a equation set coupling different
ρμ1���μs’s with each other. To learn the key features of the
system evolution, such as what the Navier–Stokes limit is
and how the moments approach such a limit, one needs to
find the dynamical eigenmodes of the evolution equation
set. This is plausible by focusing on leading terms in the
Knudsen-number expansion and keeping up to OðδfÞ
terms in the collisions kernel. In this subsection, we adopt
the compact matrix form of the evolution equations and
diagonalize the time evolution equations. Then, expres-
sions for the transport coefficients and the relaxation times
can be obtained.
We note that the particle index k ¼ 1;…; N, whereas the

energy weighting r ¼ 0;…; Ns. For later convenience, we
denote that Ms ≡ ðNs þ 1ÞN. We can rewrite the dissipa-

tion equations in a compact matrix form, with ρhμ1���μsikr is the
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ðrN þ kÞth element of an Ms-dimensional vector ρhμ1���μsi,
whereas AklðsÞ

rn the ðrN þ kÞth column and ðnN þ lÞth row
of an ðMs ×MsÞ-dimensional square matrix AðsÞ. The
evolution equations (27)–(29) can be reexpressed in a
compact form

Dρhμ1���μsi þAðsÞ · ρhμ1���μsi

¼
X
a

αðsÞ
a Fhμ1���μsia þHhμ1���μsi; ð40Þ

when s ¼ 0, 1, and 2, respectively. F is the thermodynamic
force,

F≡ θ; ð41Þ
Fhμia ≡∇μ μa

T
; ð42Þ

Fhμνi ≡ σμν; ð43Þ
The a-subscript is needed only for dissipative currents,
whereas the charge summation

P
a is trivial when s ¼ 0 or

2. Finally, the Ms-dimensional vector Hhμ1���μsi represents
the higher-order terms in gradient expansion. Their explicit
form can be obtained by comparing Eqs. (27)–(29) with
their compact form (40). It shall be worth noting that the ρ’s
in Eq. (40) are not independent of each other, they are
constrained by the matching conditions (16)–(18). To
implement the matching conditions, we introduce an
ðMs ×MsÞ-dimensional orthogonal matrix PðsÞ, so that

PðsÞ · ρhμ1���μsi ¼

0
BBBBBBB@

ρhμ1���μsimat;1

..

.

ρhμ1���μsi
mat;NðsÞ

mat

ρ0hμ1���μsi

1
CCCCCCCA
; ð44Þ

where ρhμ1���μsimat;i ’s are the constraining conditions given in

Eqs. (16)–(18), and NðsÞ
mat is the number of matching

conditions. There are Nð0Þ
mat ¼ N0 þ 1 conditions when

s ¼ 0,

ρmat;a ¼
XN
k¼1

qakρk1 a ¼ 1; 2;…; N0; ð45Þ

ρmat;N0þ1 ¼
XN
k¼1

ρk2; ð46Þ

and one (Nð1Þ
mat ¼ 1) condition when s ¼ 1,3

ρμmat;1 ¼
XN
k¼1

ρμk1: ð48Þ

Meanwhile, there is no matching condition constraining the

tensor components, i.e., Nð2Þ
mat ¼ 0. We denote that

M0
s ≡Ms − NðsÞ

mat; ð49Þ

and the relevant components ρ0hμ1���μsi forms a M0
s-

dimensional vector.
With details put in Appendix B, we show that compo-

nents coupled with ρhμ1���μsimat;i in the evolution matrix, the
thermodynamic force, and higher-order terms vanish,
which ensures the consistency between the evolution
equation (40) and the matching conditions (16)–(18),

PðsÞ ·AðsÞ · PT
ðsÞ ¼

0
@ 0½NðsÞ

mat×N
ðsÞ
mat� 0½NðsÞ

mat×M
0
s�

b½M0
s×N

ðsÞ
mat� A 0ðsÞ

½M0
s×M0

s�

1
A; ð50Þ

PðsÞ · αðsÞ ¼
 0½NðsÞ

mat×1�

α0ðsÞ
½M0

s×1�

!
; ð51Þ

PðsÞ ·Hhμ1���μsi ¼
 0½NðsÞ

mat×1�

H0hμ1���μsi
½M0

s×1�

!
; ð52Þ

where the subscripts ½A × B� indicate the dimensions of the
submatrices. We also note that the b-components in matrix
(50) couple the dissipative terms to the matching con-
ditions and thus do not contribute to their evolution.
Hence, the relevant equation of motion is reduced as an
M0

s-dimensional one,

Dρ0hμ1���μsi þA 0ðsÞ · ρ0hμ1���μsi

¼
X
i

α0ðsÞ
i Fhμ1���μsii þH0hμ1���μsi: ð53Þ

Obviously, the evolution of different elements ρ0hμ1���μsi
couples with each other, and we obtain the dynamical
eigenmodes by diagonalizing the evolution matrix A 0ðsÞ,

Ω−1
ðsÞ ·A

0ðsÞ ·ΩðsÞ ¼ χ ðsÞ

¼ diagðχðsÞ0 ; χðsÞ1 ;…; χðsÞM0
s−1

Þ; ð54Þ

where we have sorted the eigenvalues in ascending order:

0 < χðsÞ0 ≤ χðsÞ1 ≤ � � � ≤ χðsÞM0
s−1

. We further employ the fol-
lowing notations for the dynamical eigenmodes,

Xhμ1���μsi ≡Ω−1
ðsÞ · ρ

0hμ1���μsi; ð55Þ

3Equation (48) becomes

ρμmat;1 ¼
XN
k¼1

qakρ
μ
k0; ð47Þ

when using the Eckart frame.
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the prefactors of the thermodynamic force terms,

βðsÞi ≡Ω−1
ðsÞ · α

0ðsÞ
i ; ð56Þ

as well as the altered higher-order terms,

H̃hμ1���μsi ≡Ω−1
ðsÞ ·H

0hμ1���μsi

−Ω−1
ðsÞ · ðDΩðsÞÞ · Xhμ1���μsi: ð57Þ

Then, Eq. (53) is diagonalized as

DXhμ1���μsi þ χ ðsÞ · Xhμ1���μsi

¼
X
i

βðsÞi Fhμ1���μsii þ H̃hμ1���μsi: ð58Þ

So far, we have diagonalized the time evolution equations

up to the first order in gradient expansion. Particularly, χðsÞi
is the inverse of the relaxation time, characterizing how fast
an eigenmode approaches its corresponding Navier–Stokes
limit. We note that there are M0

0 ¼ ðN0 þ 1ÞN − N0 − 1,
M0

1 ¼ ðN1 þ 1ÞN − 1, and M0
2 ¼ ðN2 þ 1ÞN independent

eigenmodes for zeroth, first, and second-order moments,
respectively, whereas the corresponding number of dissi-
pative quantities appeared in hydrodynamic equations (3)
and (4) are respectively 1, N0, and 1. When and only when
N ¼ N0 ¼ 1 and Ns ¼ 2 − s, i.e., 14-moment formalism in
single-component hydrodynamics, one would find equal
numbers of dynamical eigenmodes and dissipative quan-
tities. Otherwise, in multicomponent systems or single-
component systems with keeping higher moments, there are
more dynamical eigenmodes than the dissipative quantities
of interest in hydrodynamics. In Ref. [24,26] it is claimed
that the redundant degrees of freedom correspond to rapidly
decayed nonhydro modes, hence one can focus on the
slowest modes that carry the charges of interest—label by
index v—and take the Navier–Stokes limit for the other
modes, denoted by index w

Xhμ1���μsi
w ¼

X
i

βðsÞi;w

χðsÞw

Fhμ1���μsii þ H̃hμ1���μsi
w

χðsÞw

: ð59Þ

Taking such a hypothesis, the inversion of Eq. (55) yields
that

ρ0uhμ1���μsi ¼
X
v

ΩðsÞ
u;vX

hμ1���μsi
v þ

X
w

ΩðsÞ
u;w

X
i

βðsÞi;w

χðsÞw

Fhμ1���μsii

þ
X
w

ΩðsÞ
u;w

H̃hμ1���μsi
w

χðsÞw

: ð60Þ

Denoting that

Ω0ðsÞ
Ms×M0

s
≡ PT

ðsÞ½Ms×Ms�
·

 0½NðsÞ
mat×M

0
s�

ΩðsÞ
½M0

s×M0
s�

!
; ð61Þ

we can project back to the moments appearing in the
distribution function,

ρhμ1���μsiu ¼
X
v

Ω0ðsÞ
u;vX

hμ1���μsi
v þ

X
w

Ω0ðsÞ
u;w

X
i

βðsÞi;w

χðsÞw

Fhμ1���μsii

þ
X
w

Ω0ðsÞ
u;w

H̃hμ1���μsi
w

χðsÞw

: ð62Þ

Here, we introduce the following shorthand for the pre-
factors of the thermodynamic forces,

ζ ≡ XM0
0
−1

w¼0

XN
k¼1

m2
k

3
Ω0ð0Þ

k0;w
βð0Þw

χð0Þw

; ð63Þ

κab ≡
XM0
1
−1

w¼0

XN
k¼1

qakΩ0ð1Þ
k0;w

βð1Þb;w

χð1Þw

; ð64Þ

η≡ 1

2

XM0
2
−1

w¼0

XN
k¼1

Ω0ð2Þ
k0;w

βð2Þw

χð2Þw

; ð65Þ

For scalar and tensor terms, only the slowest mode is
relevant, whereas, for vector terms, the diffusion currents
related to the conserved charges—labeled by index a—in
consideration are relevant. Substituting Eqs. (12)–(14) into
Eq. (62), we find the relation between the dissipative
quantities and their corresponding slowest eigenmode,

Πþ ζθ ¼ −
�XN

k¼1

m2
k

3
Ω0ð0Þ

k0;0

��
X0 −

βð0Þ0

χð0Þ0

θ −
H̃0

χð0Þ0

�

−
XN
k¼1

m2
k

3

XM0
0
−1

w¼0

Ω0ð0Þ
k0;w

H̃w

χð0Þw

; ð66Þ

Vμ
a −
X
b

κab∇μ μb
T

¼
X
v

XN
k¼1

qakΩ0ð1Þ
k0;v

�
Xhμi
v −

X
b

βð1Þb;v

χð1Þv

∇μ μb
T

−
H̃hμi

v

χð1Þv

�

þ
XN
k¼1

qak
XM0
1
−1

w¼0

Ω0ð1Þ
k0;w

H̃hμi
w

χð1Þw

; ð67Þ

and
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πμν − 2ησμν ¼
�XN

k¼1

Ω0ð2Þ
k0;0

��
Xhμνi
0 −

βð2Þ0

χð2Þ0

σμν −
H̃hμνi

0

χð2Þ0

�

þ
XN
k¼1

XM0
2
−1

w¼0

Ω0ð2Þ
k0;w

H̃hμνi
w

χð2Þw

; ð68Þ

Before the very last step, we note that there are the
moments in Eqs. (27)–(29) with negative power index
(−r < 0). They can be linked to Eq. (62) via

ρμ1���μsk;−r ¼
XNs

n¼0

F kðsÞ
r;n ρμ1���μsk;n ; ð69Þ

where newly defined thermodynamic integral are intro-
duced

F kðsÞ
r;n ≡ s!dk

ð2sþ 1Þ!ð2πÞ3
Z

d3pk

p0
k

fð0Þk f̃ð0Þk E−r
pk

×HðsÞ
pk;nðΔαβpα

kp
β
kÞs: ð70Þ

Before moving on to explicitly write down the second-
order hydrodynamic equations, it is necessary to clarify the
power counting and typical scales involved in the dis-
cussion. After that, the translation from the equations for
moments to the hydrodynamic equations is unambiguous.
The expansion scheme is closely connected with two
expansion parameters: the Knudsen number Kn and the
inverse Reynolds number R−1

F where F represents the
dissipative quantities. The Knudsen number is defined as

Kn ≡ lmfp

L
ð71Þ

measuring the relative strength of nonuniformity. Here lmfp

is the mean free path and L denotes the typical length
associated with system nonuniformity. The Knudsen num-
ber expansion is equivalent to gradients expansion. The
other parameter Reynolds number is used to quantify the
deviation δf from equilibrium feq, which are often esti-
mated by the ratio of dissipative quantities to pressure or
density, i.e.,

R−1
Π ¼jΠj

P
; R−1

Va
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jVμ

aVaμj
q

na
; R−1

π ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijπμνπμνj

p
P

: ð72Þ

Then, by substituting Eqs. (66)–(68) into Eq. (58), and
keeping terms up-to second-order in Knudsen and inverse
Reynolds numbers expansion, we can rewrite the motion
equations of dissipative quantities as a relaxation equation

τΠDΠþ Π ¼ −ζθ þ J þKþN ; ð73Þ

XN0

b¼1

τabDVhμi
b þVμ

a ¼
XN0

b¼1

κab∇μαbþJ μþKμþN μ; ð74Þ

τπDπhμνi þ πμν ¼ 2ησμν þ J μν þKμν þN μν; ð75Þ

where the bulk and shear relaxation times are defined by
their corresponding slowest mode,

τΠ ≡ 1

χð0Þ0

; τπ ≡ 1

χð2Þ0

; ð76Þ

where the relaxation for vector components involves N0
relevant eigenvalues and the relaxation time becomes a
matrix,

τab ≡
XN0

v¼1

Ω̃avðΩ̃−1Þvb
χð1Þv

; ð77Þ

where Ω̃av ≡PN
k¼1 qakΩ0

k0;v is an N0 × N0 matrix and Ω̃−1

is its inverse. It is not hard to see the off-diagonal relaxation
time, τab, is an odd function of μa and μb. Therefore, in a
neutral system, the relaxation time matrix would be
diagonal and one can uniquely determine a relaxation time
for each type of conserved charge.
The tensors J ;J μ, and J μν contain all terms of first-

order in Knudsen and inverse Reynolds numbers,

J ¼ −
X
a

�
lΠV∇ · Va þ τΠVV

μ
a ·∇μP ð78Þ

þ γΠVV
μ
a ·∇μβ þ

X
b

λΠVab
Vμ
a∇μαb

�

− δΠΠΠθ þ λΠπ
πμνσμν; ð79Þ

J μ ¼ −τVa
Va;νω

μν − δVVV
μ
aθ − lVaΠ∇μΠ

þ lVaπΔ
μν∇απ

α
ν þ τVaΠΠ∇μP − τVaππ

μν∇μP

− λVVVaνσ
μν þ

X
b

λVabΠΠ∇μαb þ γVaΠΠ∇μβ

−
X
b

λVabππ
μν∇μαb − γVaππ

μν∇νβ; ð80Þ

J μν ¼ 2τππ
hμ
λ ω

νiλ þ
X
b

�
lπVb

∇hμVμi
b

− τπVb
Vhμ
b ∇νiPþ γπVb

Vhμ
b ∇νiβ

þ
X
c

λπVbc
Vhμ
b ∇νiαc

�
− δπππ

μνθ

þ λπΠΠσ
μν − τπππ

hμ
λ σ

νiλ: ð81Þ
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The tensors K;Kμ, and Kμν contain all terms of second-
order in Knudsen number,

K ¼ ζ1ωμνω
μν þ ζ2σμνσ

μν þ ζ3θ
2

þ
X
b;c

ζ4;bc∇μαb∇μαc þ ζ5∇μP∇μP

þ
X
b

ζ6;b∇μP∇μαb þ ζ7∇2Pþ
X
b

ζ8;b∇2αb; ð82Þ

Kμ ¼ κ1σ
μν∇νPþ

X
b

κ2;bσ
μν∇ναb

þ κ3∇μPθ þ
X
b

κ4;b∇μαbθ þ
X
b

κ5;bω
μν∇ναb

þ κ6Δ
μ
λ∂νσ

λν þ κ7∇μθ; ð83Þ

Kμν ¼ η1ω
hμ
λ ω

νiλ þ η2θσ
μν þ η3σ

hμ
λ σ

νiλ

þ η4σ
hμ
λ ω

νiλ þ
X
b;c

η5;bc∇hμαb∇νiαc

þ η6∇hμP∇νiPþ
X
b

η7;b∇hμαb∇νiP

þ
X
b

η8;b∇hμ∇νiαb þ η9∇hμ∇νiP: ð84Þ

Finally, the tensors N ;N μ, and N μν contain all terms of
second-order in inverse Reynolds number,

N ¼ ϕ1Π2 þ
X
b;c

ϕ2;bcV
μ
bVμ;c þ ϕ3π

μνπμν; ð85Þ

N μ ¼ ϕ4Va;νπ
μν þ ϕ5ΠV

μ
a; ð86Þ

N μν ¼ ϕ6Πσμν þ ϕ7π
hμ
λ π

νiλ þ
X
b;c

ϕ8;bcV
hμ
b V

νi
c : ð87Þ

The explicit expression of second-order coefficients can be
obtained by comparing the expression of Eq. (73)–(75) to
the matrix expansion form. Hereafter, we mainly focus on
the first-order coefficients.

III. TRANSPORT PROPERTIES IN SPECIFIC
SYSTEMS

With the framework developed in the precedent section,
now we move on to compute the transport coefficients
and relaxation times in specific systems. Noting that the
collision integrals, namely Eqs. (C17)–(C20), (C28),
(C48), (C49), can be simplified only for massless particles
with Boltzmann distribution, we focus such a ideal
scenario. In such a case, the bulk viscosity vanishes,
Π ¼ 0. In Sec. III A, we will start from taking the hard-
sphere cross section. We vary the number of components,
turn-on or off the elastic and/or inelastic scattering
between them, to study the effect of different processes.

Particularly, we will compare the multicomponent fluid
with the degenerated single component fluid. Finally, we
will present the result, which implements the pQCD cross
sections, in Sec. III B.

A. Hard-sphere cross sections

For the sake of simplicity, we start from the hard-sphere
cross section that σkl→ijðPÞ ¼ const is independent of the
momentum of the participating particles. For such a
simplified case, the collision integrals can be computed
exactly, see Appendix D. We sequentially increase the
complexity of the microscopic processes and study the
effect of different components. In this subsection, we focus
on the case that all chemical potentials vanish so that the
conductivity and relaxation time matrices are diagonal.
We start from an N-component system that only allows

elastic scattering, and we assume identical cross section
between the same component, i.e.,

σij→kl ¼ δijδjkδklσ: ð88Þ

In such a system, one can separate it as N decoupled
subsystems. Therefore, vector relaxation time (τV), shear
relaxation time (τπ), conductivity (κ), and shear-viscosity-
to-entropy ratio (η=sen) remain independent of N. These
value are listed in Table. I. They are consistent with the
corresponding single-component results in [27] (note that
in this article, σ stands for the differential cross section
whereas the same symbol is used to represent the total one.
They are different by a factor of 2π).
Then we move on to an N-component system that only

allows elastic scattering, and we assume identical cross
section between them, i.e.,

σij→kl ¼ ðδikδjl þ δilδjkÞσ: ð89Þ

In such a system, every species of particle conserves on its
own. Therefore, there are N0 ¼ N conserve charges. We
define the total charge as Q≡ N−1=2P

k nk. There is a
systematic way to generate the rest of the conserve charges.
It is not hard to find that Q, fnorm

P
k cos

2πak
N , and

fnorm
P

k sin
2πak
N , with a being an integer and fnorm being

the normalization factor, span a complete and orthogonal
basis in the N-dimensional vector space. We find that the
rest of them share the same values for relaxation time and

TABLE I. Transport coefficients and relaxation times with
hard-sphere interaction within the same particles (88).

Ns þ s − 2 τV ½σ−1β3� τπ½σ−1β3� κ½σ−1� η=sen½σ−1β2�
0 9π

8
5π
6

3
32π

π
6

1 1.295π π 21
256π

7π
44

2 1.288π π 0.08027
π

163π
1028
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conductivity, and their off-diagonal elements in the con-
ductivity matrix always vanish. Therefore, we label them,
uniformly, as Q0 when representing their transport proper-
ties. Noting that Q0’s measure the difference between
different particles, they correspond to the conserved net
charges such as baryon number, electric charge, or isospin.
We find that ð2N − 1Þτπ , ð2N − 1Þη=sen, ð2N − 1ÞτQ, and
ð2N − 1ÞκQ remain constant and takes the same values as
listed in Table I, whereas the change of τQ0 and κQ0 does not
follow a simple formula. The latter are shown in Fig. 1.
Third, we mimic the quantum statistics for indistinguish-

able particles, which let the cross sections for elastic
scattering between different particles reduce to half of that
of the same particles, i.e.,

σij→kl ¼ ðδijδjkδkl þ δikδjl þ δilδjkÞ
σ

2
: ð90Þ

We find that Nτπ , Nη=sen, NτQ, NκQ, NτQ0 , and NκQ0

remain independent of N. The value of the first four
quantities are the same as those listed in Table I, whereas
the last two are listed in Table II. It shall be worth
emphasizing that one can treat a particle with N-degrees

of freedom, such as spin and color, as a single-component
system with degeneracy ofN, correspondingly the effective
cross section shall be N times of that of each channel.
Change in the effective cross section is also consistent with
the fact that cross section shall be summed over all final
states. This also explains the 2N − 1 factor for the cross
section (89), which is the number of final state, i.e., one for
the same particle scattering and two for different particles.
Finally, we turn on reactions. In the exaggerated scenario

that

σij→kl ¼ σ; ð91Þ

for arbitrary i, j, k, and l, N3τπ , N3η=sen, N3τQ, N3κQQ,
N3τQ0 , N3κQ0Q0 are independent of N. Combining the
analysis using cross sections (88)–(91), one can see that
the effect of increasing the number of interaction channels
—either elastic or inelastic—influences the transport prop-
erties by increasing the possible number of final states in
each binary scattering. This again supports that one can
treat different intrinsic degrees of freedom of a particle can
be treated as the degenerated single-component system, as
long as the transition between different states is properly
reflected by the interaction cross sections.
Among these cases, one could find the ordering of the

relaxation times that τQ0 < τπ < τQ ¼ τsingleV . Keeping in
mind that Q0’s correspond to the conserved net charges like
baryon number or isospin, such a multicomponent analysis
is essential for a better estimation of the relaxation times of
the moments of interest.

B. Leading order pQCD cross sections

We move on to compute the transport properties for a
realistic system created in heavy-ion collisions. We
consider a system consisting of gluon and u and d quarks
and their antiquarks and implement the leading-order
perturbative-QCD(LO pQCD) cross section listed in
Eqs. (E1)–(E11).
With the LO pQCD cross sections, the matrix elements

AðsÞkl
r;n defined with Eqs. (C17)–(C20), (C28), (C48), (C49)

can be evaluated following the procedures outlined in
Appendix E. In order to verify our calculation framework,
let us take the gs ≡ ffiffiffiffiffiffiffiffiffiffi

4παs
p

≪ 1 limit and compare our
transport coefficients with the analytical leading-log per-
terbative QCD result [28] that η=sen ¼ 86.5T3

g4s ln g−1s
= 40×4T3

π2
.

Comparison is shown in Fig. 2, in which one can observe
good agreement at the small gs limit. Our numerical
calculation is more complete by keeping more than the
leading-log terms, and therefore our result start to differ
from [28] when gs increases.
Then we move on to the realistic temperature regime, in

which the running coupling constant in the LO pQCD cross
sections is chosen to be

FIG. 1. Conductivity (upper panel) and relaxation times (lower
panel) as a function of number of particle species. Dotted(dashed)
lines are for N1 ¼ 1 (N1 ¼ 2). Red lines are for total charge Q,
whereas blue lines correspond to the net charges Q0.

TABLE II. Relaxation time and conductivity for net charges Q0
using hard-sphere potential cross section (90).

Ns þ s − 2 NτQ0 ½σ−1β3� NκQ0Q0 ½σ−1�
0 0.841π 4

17π
1 0.837π 0.234

π
2 0.836π 0.233

π
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αs ¼ αsðμ2R ¼ 4π2T2Þ; ð92Þ
and evaluate the relaxation times and first-order transport
coefficients. The running of the coupling follows the beta

function μ2R
dαsðμ2RÞ
dμ2R

¼ −ðb0α2s þ b1α3s þ b2α4sÞ, with fixed

point αsðμ2R ¼ 25 GeV2Þ ¼ 0.2034 and coefficients

b0 ¼ 33−2Nf

12π , b1 ¼ 153−19Nf

24π2
and b2 ¼ 2857−5033

9
Nfþ325

27
N2

f

128π .
We first take the neutral limit (μB ¼ μI ¼ 0) and com-

pute the transport properties. With results exhibited in
Fig. 3, several comments are in order:

(i) First, we observe that the convergence of all these
relaxation times and coefficients over the moment
expansion with Ns þ 2 − s ¼ 0, 1, and 2, which
respectively correspond to 14, 23, and 32 moment
expansion for single-component fluid.

(ii) Second, all these temperature-scaled, dimensionless
quantities increase with temperature since that the
screening masses,mD andmq, increase with temper-
ature hence the effective couplings decrease.

(iii) Third, in the vanishing of chemical potentials, the
transport properties of baryon and isospin degen-
erate, hence one finds τB ¼ τI and κBB ¼ ð4=9ÞκII ,
with 4=9 being the normalization factor. Mean-
while, we find that the off-diagonal elements of
the conductivity matrix vanish in the neutral
limit, κBI ¼ κIB ¼ 0.

(iv) Fourth, similar to the hard-sphere potential case, it is
observed that τV < τπ . Particularly, we find the ratio
between relaxation time and conductivity to be
τB=κBB ≈ 13β3, which is notably different from
the single-component estimation τB=κBB ≈ 158β3.
This is meaningful in the phenomenological study
and will be elaborated on in the Summary.

(v) Last but not least, the shear viscosity-to-entropy
ratio is significantly higher than the holography
limit [29], 1

4π, and the phenomenological results
extracted from experimental observables invoking
Bayesian inference [7,8,30,31]. This is not surpris-
ing as LO pQCD cross sections are based on a
weakly coupling picture whereas the holography
result takes the strongly coupling limit. Noting that
the transport coefficients and the relaxation times
are proportional to α−2s , a naive extrapolation of the
LO pQCD result to match the strongly coupling
shear viscosity would result in the effective cou-
pling to be αeffs ∼ 0.8.

Then we move on to discuss the transport properties at
nonvanishing chemical potentials. We fix the temperature
as T ¼ 0.334 GeV, so that αsðμ2R ¼ 4π2T2Þ ¼ 0.3. In the
left(right) panel of Fig. 4, we let μI ¼ 0 (μB ¼ 0) and
compute the relaxation times, conductivity, and shear
viscosity as functions of μB (μI). In addition to the
convergence over moment expansion, we find that these
transport properties are insensitive to the change of
chemical potential.
We note that the off-diagonal elements of the conduc-

tivity and relaxation time matrices—κBI , κIB, τBI, and
τIB—are odd functions of both μB and μI . They vanish
when one of these chemical potentials vanishes. Therefore,

FIG. 2. Entropy scaled shear viscosity as a function of strong
coupling for a neutral system μB ¼ μI ¼ 0. Red dots correspond
to results in this work with Ns þ 2 − s ¼ 2 and black curve
represents the leading-log perturbative result [28].

FIG. 3. The relaxation times, conductivities and shear viscosity
as a function of temperature for a neutral system μB ¼ μI ¼ 0.
Dotted, dashed, and solid lines respectively correspond to
Ns þ 2 − s ¼ 0, 1, and 2. In the upper panel, the relaxation
times of net baryon diffusion and isospin diffusion degenerate,
i.e., τB ¼ τI .
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we compute these off-diagonal elements at a nonvanishing
chemical potential. For simplicity, we evaluate them at the
line that μB ¼ μI . As shown in Fig. 5, we find κBI ¼ κIB
and both of them are proportional to μBμI , and the

proportionality constant is insensitive to chemical poten-
tial. The coincidence of κBI and κIB is known as the
Onsager reciprocal relation, see, e.g., [25]. Meanwhile,
τIB ≈ ð9=4ÞτBI . Regardless of their small value compared
to the diagonal terms, the factors τab=ðμBμIÞ show higher
sensitivity to the change in chemical potential.

IV. SUMMARY AND OUTLOOK

In this work, we derived the multicomponent second-
order hydrodynamics equations with binary reactive proc-
esses, by exploiting the moment expansion formalism and
truncating the Boltzmann collision kernel by keeping up to
linear terms in nonequilibrium correction. We then derived
the procedures to simplify the collision integrals of the
evolution matrix with leading-order perturbative QCD
cross sections, which is essential for computing the
relaxation times and first-order transport coefficients. For
the pedagogical reason, we also reviewed the steps corre-
sponding to hard-sphere potential.
Taking the hard-sphere interaction cross section, we

explored the effect of elastic scattering between different
particles and inelastic binary reactions. The inclusion of
both these channels increases the frequency of interactions
between two arbitrary particles, and therefore increases the

FIG. 4. The relaxation times, conductivities, and scaled shear viscosity versus baryon(left) or isospin(right) chemical potential.
Temperature is set to be T ¼ 0.334 GeV so that αsðμ2R ¼ 4π2T2Þ ¼ 0.3, whereas isospin(baryon) chemical potential vanishes in the left
(right) panel. Dotted, dashed, and solid lines respectively correspond to Ns þ 2 − s ¼ 0, 1, and 2.

FIG. 5. The scaled off-diagonal diffusion coefficients as a
function of the baryon or isospin chemical potential. Dotted,
dashed, and solid lines respectively correspond to Ns þ 2−
s ¼ 0, 1, and 2.
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effective cross section and decreases the relaxation times,
conductivity, and shear viscosity.
In a more realistic system taking LO pQCD cross

sections to describe the interactions between the compo-
nents within QGP, we computed the dependence of
relaxation times and transport coefficients on temperature
and chemical potentials. As temperature increases, the
Debye screening masses increase and, therefore, the effec-
tive cross sections decrease. Thus, we observed that the
relaxation times and transport coefficients increase with
temperature. These coefficients exhibit weak dependence
on the chemical potential, on the other hand.
Particularly, we found τB=κBB ≈ 13β3 using the LO

pQCD cross section, which is notably different from the
single-component estimation τB=κBB ≈ 158β3. This shows
how a multicomponent analysis is important for the realistic
estimation of the relaxation times of moments of interest. In
phenomenological hydrodynamics simulations, the relaxa-
tion time can hardly be constrained by experimental
observables. One typically employs the relation between
relaxation time and conductivity derived from relaxation
time approximation (RTA) of Boltzmann equation [32],
which takes the value that τB=κBB ≈ 3αB

nB
≈ 4β3. The analysis

in the current paper should provide a more sound and
applicable guideline for phenomenological studies.
It shall be interesting to apply moment formalism to

study how the collective hydrodynamic behavior develops
in a far-from-equilibrium system. For such a purpose, two
major improvements need to be made in the future. First,
the current work focus on two-to-two scatterings, no matter
elastic or inelastic. It shall be very interesting to consider
number-changing processes, such as gg ↔ ggg, and eluci-
date their importance in momentum equilibration [33].
Second, the current work truncates the collision kernel by
keeping up to linear terms in the nonequilibrium expansion.
It is important to keep the nonlinear terms to study the far-
from-equilibrium physics.
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Note added.—During the final preparation of the current
manuscript, we noticed a recent, independent, but highly
relevant study by J. A. Fotakis et al [19], which also
exploited the moment expansion method and derived the
second-order multicomponent relativistic dissipative
hydrodynamics. We arrived at the same results for the
evolution equation for the general nonequilibrium
moments [c.f. (27)–(29) in the current manuscript and

Eqs. (83)–(88) therein]. Then, Ref. [19] explicitly derived
the hydrodynamic equations for systems with baryon,
electric charge, and strangeness being the conserved
charges [Eqs. (112)–(120) therein], whereas the current
manuscript formally expresses the hydrodynamic equa-
tions for systems with an arbitrary number of components
and conserved charges [Eqs. (73)–(75)]. Results would be
consistent if one specifies the underlying fluid constituent
in the current work. In addition, the current work outlines
the framework for computing the collision integrals with
taking leading-order perturbative QCD cross sections and
further computes the relaxation times and transport coef-
ficients. Related physics is also discussed.

APPENDIX A: MOMENT EXPANSION

For pedagogical reason, we summarize the useful math-
ematical relations for the moment expansion method,
which is introduced in Ref. [24–26]. In such method,
the distribution function f is expanded around the local
equilibrium distribution function f0,

f ≡ f0 þ δf ¼ f0ð1þ f̃0ϕÞ; ðA1Þ

where ϕ represents a general nonequilibrium correction. ϕ
is expanded in momentum space with recourse to the
irreducible tensors composed of 1, phμi, phμpνi, phμpνpλi,
� � �, forming a complete and orthogonal tensor set with the
minimum number of members, which are defined by using
the symmetrized traceless projections as

phμ1 � � �pμli ¼ Δμ1���μl
ν1���νlp

ν1 � � �pνl ; ðA2Þ

where the projection tensor is given by

Δμ1���μl
ν1���νl ≡

X½l=2�
n¼0

ð−4Þn n!ð2l − 2nÞ!
ð2lÞ!ðl − nÞ!

X
fμ;νg

×

 Yn
i¼1

Δμ2i−1;μ2iΔν2i−1;ν2i

! Yl
i¼2nþ1

Δμi
νi

!
; ðA3Þ

where ½l=2� denotes the largest integer not bigger than l=2
and

P
fμ;νg means summing all distinct permutations of

μ-type and ν-type indices.
The tensors phμ1 � � �pμli satisfy the following orthogon-

ality condition,Z
p
dgenFðEpÞphμ1 � � �pμliphν1 � � �pνni

¼ l!δln
ð2lþ 1Þ!!Δ

μ1���μl
ν1���νl

Z
p
FðEpÞðΔαβpαpβÞl: ðA4Þ

Here l and n are non-negative integers, dgen is the
degeneracy of particles, FðEpÞ is an arbitrary scalar
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function of the co-moving energy Ep ≡ u · p, and
ð2lþ 1Þ!! denotes the double factorial.
Then the nonequilibrium correction can be formally

parametrized as [24],

ϕ ¼
X∞
l¼0

λhμ1���μliðEpÞphμ1 � � �pμli; ðA5Þ

where the index l represents the tensor rank. Furthermore,

the coefficients λhμ1���μlip can be expanded by employing

another orthogonal basis of functions PðlÞ
n ðEpÞ,

λhμ1���μliðEpÞ ¼
XNl

n¼0

chμ1���μlin PðlÞ
n ðEpÞ; ðA6Þ

with chμ1���μlin to be determined later. Here Nl denotes the

number of basis functions PðlÞ
n ðEpÞ,

PðlÞ
n ðEpÞ ¼

Xn
r¼0

aðlÞnr Er
p; ðA7Þ

to meet the orthonormality condition,Z
p
dgenωðlÞPðlÞ

m ðEpÞPðlÞ
n ðEpÞ ¼ δmn; ðA8Þ

where the weight ωðlÞ is defined as

ωðlÞ ¼ WðlÞ

ð2lþ 1Þ!! ðΔ
αβpαpβÞlf0f̃0: ðA9Þ

Here the coefficients aðlÞnr and the normalization constants
WðlÞ can be found via Gram–Schmidt orthogonalization.
First, by setting Pl

0ðEpÞ ¼ al00 ¼ 1 without loss of general-
ity, Wl can be easily obtained from Eq. (A8)

Wl ¼ ð−1Þl 1

J2l;l
: ðA10Þ

Then we assume that n ≤ m and substitution of Eq. (A7)
into Eq. (A8) leads to

Xm
n¼0

DðlmÞ
kn

aðlÞmn

aðlÞmm

¼ J2l;l

ðaðlÞmmÞ2
δkm; ðA11Þ

where DðlmÞ
kn ≡ Jkþnþ2l;l and k ≤ m. Solve this equation

and we will get

aðlÞmn ¼ J2l;lðD−1ÞðlmÞ
nm : ðA12Þ

Eventually, the single-particle distribution function can
be expressed as

f ¼ f0

�
1þ f̃0

X∞
l¼0

XNl

n¼0

HðlÞ
n ðEpÞρμ1���μln phμ1 � � �pμli

�
;

ðA13Þ

with the function of energy-dependent

HðlÞ
n ðEpÞ ¼

WðlÞ

l!

XNl

m¼n

aðlÞmnP
ðlÞ
m ðEpÞ ðA14Þ

and the generalized irreducible moment of δf,

ρμ1���μlr ¼
Z
p
dgenEr

pphμ1 � � �pμliδf: ðA15Þ

With all preparation works done, the expansion coef-
ficients in Eq. (A6) can be immediately worked out by
using Eqs. (A4) and (A8) and given by

chμ1���μlin ≡WðlÞ

l!

Z
p
dgenP

ðlÞ
n ðEpÞphμ1 � � �pμliδf

¼ WðlÞ

l!

Xn
r¼0

ρμ1���μlr aðlÞnr ðA16Þ

for n ≤ NðlÞ.

APPENDIX B: PROOF OF NULL-MODES
CAUSED BY MATCHING CONDITIONS

In this Appendix, we show that matching conditions
correspond to trivial evolution equations, i.e., Eqs.
(50)–(52). In general, these relations can be straightfor-
wardly obtained by applying moment expansion to the both
side of Eq. (26) and then take the transformation. Here we
shown that they are satisfied when taking the explicit form,
which is a cross-check of the results obtained.
The matching conditions (44) determine the following

elements of the transformation matrix Ps,

Pð0Þ
a;kr ¼

qakδr;1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
N
j¼1ðqajÞ2

q ; ðB1Þ

Pð0Þ
N0þ1;kr ¼ N−1

2δr;2; ðB2Þ

and

Pð1Þ
1;kr ¼ N−1

2δr;1; ðB3Þ
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whereas the rest of elements are not fully determined—the
only constraints are they shall be orthogonal with each
other and normalized to unity. Namely, they can be
obtained by applying Gram–Schmidt orthogonalization.
We use tilde (·̃) to label vectors and tensors after the basis

transformation,

ÃðsÞ ≡ PðsÞ ·AðsÞ · PT
ðsÞ; ðB4Þ

α̃ðsÞ ≡ PðsÞ · αðsÞ; ðB5Þ

H̃hμ1���μsi ≡ PðsÞ ·Hhμ1���μsi: ðB6Þ

Their elements can be written explicitly as

ÃðsÞ
a;b ¼

X
k;l

X
r;n

PðsÞ
a;krP

ðsÞ
b;lnA

klðsÞ
rn ; ðB7Þ

and

α̃ðsÞa ¼
X
k

X
r

PðsÞ
a;krα

ðsÞ
kr : ðB8Þ

Implementing Eqs. (30), (31), (33), and (34), we find

αð0Þkr ≡ ð1 − rÞIkr1 − Ikr0 þ ðεþ PÞ

×

�
Jkr0
XN0

a

qakT a;N0þ1 − Jkrþ1;0T N0þ1;N0þ1

�

þ
XN0

a;b

ðJkr0qakT ab − Jkrþ1;0T N0þ1;bδabÞnb; ðB9Þ

α̃ð0Þa ¼
�XN

j¼1

ðqajÞ2
�

−1
2XN

k

�
−qakIk10 þ ðεþ PÞ

×

�
qakJk10

XN0

b

qbkT a;N0þ1 − qakJk20T N0þ1;N0þ1

�

þ qak
XN0

b;c

ðqbkJk10T bc − Jk20T N0þ1;cδbcÞnc
�
; ðB10Þ

and

α̃ð0ÞN0þ1
¼ 1ffiffiffiffi

N
p

XN
k

�
−Ik21 − Ik20 þ ðεþ PÞ

×

�
Jk20
XN0

a

qakT a;N0þ1 − Jk30T N0þ1;N0þ1

�

þ
XN0

a;b

ðqakJk20T ab − Jk30T N0þ1;bδabÞnb
�
: ðB11Þ

Proof of α̃ð0Þa ¼ α̃ð0ÞN0þ1
¼ 0 would be cumbersome if one

does not specify the number of components and conserved
charges involved, which can be understood seeing the form
of T . For the sake of simplicity, we take two-flavor QGP as
an example, which takes N ¼ 5, N0 ¼ 2 and assumes that
quarks and antiquarks are massive. Based on this setting,
the Jaccobi transform matrix is

T ¼ 1
∂n1
∂α1

∂n2
∂α2

∂e
∂β −

∂n1
∂α1

∂n2
∂β

∂e
∂α2

− ∂n1
∂β

∂n2
∂α2

∂e
∂α1

×

0
BBB@

∂n2
∂α2

∂e
∂β −

∂n2
∂β

∂e
∂α2

∂n1
∂β

∂e
∂α2

− ∂n1
∂β

∂n2
∂α2

∂n2
∂β

∂e
∂α1

∂n1
∂α1

∂e
∂β −

∂n1
∂β

∂e
∂α1

− ∂n1
∂α1

∂n2
∂β

− ∂n2
∂α2

∂e
∂α1

− ∂n1
∂α1

∂e
∂α2

∂n1
∂α1

∂n2
∂α2

1
CCCA; ðB12Þ

where indices 1 and 2 represent the net baryon number and
isospin, respectively.
Recalling that thermodynamic functions Iknq; Jknq is

tightly linked with thermodynamic variables, e.g.,

Ik1;0 ¼
Jk2;1
T

¼ nk; Ik2;0¼ εk; Jk3;1¼TðεkþPkÞ; ðB13Þ

and some relations are useful:

Jkn;q ¼
∂Ikn;q
∂αk

; ðB14Þ

Jkn;q ¼ −
∂Ikn−1;q
∂β

; ðB15Þ

Jkn;q ¼ ðnþ 1ÞTIkn−1;q: ðB16Þ

Combining Eqs. (B10)–(B16) and performing the transfer
from particle k to charge a, a tedious but straightforward

calculation leads to α̃ð0Þa ¼ α̃ð0ÞN0þ1
¼ 0.

On the other hand,

α̃ð1Þa;1 ¼ N−1
2

XN
k¼1

�
qakJk2;1 −

naJk3;1
εþ P

�
: ðB17Þ

We note that

εþ P ¼ T−1
XN
k¼1

Jk3;1; ðB18Þ

na ¼ T−1
XN
k¼1

qakJk2;1: ðB19Þ

Therefore, α̃ð1Þa;1 ¼ 0 is automatically fulfilled.
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Meanwhile, the ÃðsÞ
a;b terms vanish because of matching

conditions,

 XN
j¼1

ðqajÞ2
!1

2X
k;r

Pð0Þ
a;krA

ð0Þkl
rn ðB20Þ

¼
XN
k¼1

qakA
ð0Þkl
1n ¼ qalB

ð0Þl
1n þ

XN
k¼1

qakG
ð0Þkl
1n ¼ 0; ðB21Þ

N
1
2

X
k;r

Pð0Þ
N0þ1;krA

ð0Þkl
rn

¼
XN
k¼1

Að0Þkl
2n ¼ Bð0Þl

2n þ
XN
k¼1

Gð0Þkl
2n ¼ 0; ðB22Þ

N
1
2

X
k;r

Pð1Þ
1;krA

ð1Þkl
rn

¼
XN
k¼1

Að1Þkl
1n ¼ Bð1Þl

1n þ
XN
k¼1

Gð1Þkl
1n ¼ 0: ðB23Þ

With explicit form put in Eqs. (C17)–(C20), we check
that the above three conclusions hold.

APPENDIX C: CALCULATION OF THE

COLLISION MATRIX ELEMENTS AðsÞkl
r;n

In this appendix, we simply the high-dimensional
collision integrals, AðsÞkl

r;n , into low-dimensional integrals
that is realistic to be performed numerically. Noting its

definition in Eq. (37), we separately discuss BðsÞk
r;n and GðsÞkl

r;n

terms, which are defined in Eqs. (38) and (39).
For carrying out the integration, we define the total and

relative four-momentum:

Pμ ≡ pμ
k þ pμ

l ¼ pμ
i þ pμ

j ≡ P0μ; ðC1Þ

Qμ ≡ Δμν
P ðpkν − plνÞ; ðC2Þ

Q0μ ≡ Δμν
P ðpiν − pjνÞ; ðC3Þ

Δμν
P ≡ ρμν −

PμPν

P2
: ðC4Þ

With these definitions, the four momentum of participants
can be expressed as:

pμ
k ¼

Pμ þQμ

2
; pμ

l ¼
Pμ −Qμ

2
;

pμ
i ¼

Pμ þQ0μ

2
; pμ

j ¼
Pμ −Q0μ

2
; ðC5Þ

and these following relations will be useful:

P ·Q ¼ P ·Q0 ¼ Q2 þ P2 ¼ Q02 þ P2 ¼ 0: ðC6Þ

1. Splitting of the BðsÞk
r;n and GðsÞkl

r;n integrals

We note that BðsÞk
r;n and GðsÞkl

r;n are integrals of polynomials,

and BðsÞk
r;n and GðsÞkl

r;n with different indices might share the
same piece of monomial. Therefore, we take the same
notation as in Ref. [25] and use the following short-hands
for the mononial integrals,

J ða;b;d;e;fÞ
kl→ij ≡ ð2πÞ12

Z
pi;pj;pk;pl

ðP2Þa−1e−βP·u

× ðu · PÞbðu ·QÞdðu ·Q0ÞeðQ ·Q0Þf
×Wkl→ijðP;−Q̂ · Q̂0Þ; ðC7Þ

Kða;b;d;e;fÞ
kl→ij ≡ ð2πÞ12

Z
pi;pj;pk;pl

ðP2Þa−1e−βP·u

×
ðu · PÞbðu ·QÞdðu ·Q0ÞeðQ ·Q0Þf

u · Pþ u ·Q

×Wkl→ijðP;−Q̂ · Q̂0Þ; ðC8Þ

J ða;b;e;fÞ
kl→ij ≡ ð2πÞ12

Z
pi;pj;pk;pl

ðP2Þa−1e−βP·u

×
ðu · PÞbðu ·Q0ÞeðQ ·Q0Þf

u · Pþ u ·Q

×Wkl→ijðP;−Q̂ · Q̂0Þ: ðC9Þ
We also note that the G integral (39) is the sum of three

terms that is of different characteristic, we split it into three
terms

GðsÞkl
r;n ≡ G1ðsÞklr;n þ G2ðsÞklr;n þ G3ðsÞklr;n ; ðC10Þ

G1ðsÞklr;n ≡ dk
4sþ 2

XN
i;j¼1

Z
pi;pj;pk;pl

Er−1
pk

HðsÞ
n ðEpl

Þ

× phμ1
k � � �pμsi

k plhμ1 � � �plμsi

× dlWkl→ijf
ð0Þ
k fð0Þl f̃ð0Þi f̃ð0Þj ; ðC11Þ

G2ðsÞklr;n ≡ −
dk

4sþ 2

XN
i;j¼1

Z
pi;pj;pk;pl

Er−1
pk

HðsÞ
n ðEpl

Þ

× phμ1
k � � �pμsi

k plhμ1 � � �plμsi

× diWki→ljf
ð0Þ
k fð0Þi f̃ð0Þl f̃ð0Þj ; ðC12Þ

G3ðsÞklr;n ≡ −
dk

4sþ 2

XN
i;j¼1

Z
pi;pj;pk;pl

Er−1
pk

HðsÞ
n ðEpl

Þ

× phμ1
k � � �pμsi

k plhμ1 � � �plμsi

× djWkj→ilf
ð0Þ
k fð0Þj f̃ð0Þi f̃ð0Þl : ðC13Þ
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Computing the integrals according to Dirac–Fermi dis-
tribution would be complicated, here we follow the same
procedure of [25] and the Boltzmann limit, so that f̃ ¼ 1.
Then we can simplify the integrals by taking the following
procedures:

(i) Perform the momentum variable substitution ac-
cording to Eq. (C5) for B and G1, whereas
pk ¼ 1

2
ðPμ þQμÞ, pi ¼ 1

2
ðPμ −QμÞ, pl ¼ 1

2
ðPμ þ

Q0μÞ for G2, and pk ¼ 1
2
ðPμ þQμÞ, pj ¼

1
2
ðPμ −QμÞ, pl ¼ 1

2
ðPμ −Q0μÞ for G3.

(ii) Expand the thermal polynomials HðsÞ
n according

to (A14).
(iii) Exploit the summation relation for massless particles,

phμ1
k � � �pμsi

k pk;hμ1 � � �pk;μsi
¼ ð−1ÞsFsE2s

pk
; ðC14Þ

phμ1
k � � �pμsi

k pl;hμ1 � � �pl;μsi

¼
Xs
a¼0

Fs;aðpk · plÞs−aEa
pk
Ea
pl
; ðC15Þ

where Fs ≡ s!ð2sþ1Þ
ð2sþ1Þ!!, and the relevant coefficients are

F0;0 ¼ F1;0 ¼ F2;0 ¼ 1; F1;1 ¼ −1;

F2;1 ¼ −2; F2;2 ¼ 2=3: ðC16Þ

(iv) Implement the shorthand defined in (C8).
With these steps, we find the integrals to be

BðsÞk
r;n ¼ ð−1ÞsFs

2sþ 1

WðsÞ
k

s!

XN
i;j;l¼1

dkdleαkþαl

ð2πÞ12
XNs

m¼n

Xm
m0¼0

�
aðsÞmna

ðsÞ
mm0

2rþ2sþm0

×
Xrþ2sþm0

b¼0

ðrþ 2sþm0Þ!
b!ðrþ 2sþm0 − bÞ!

×Kð1;b;rþ2sþm0−b;0;0Þ
kl→ij

�
; ðC17Þ

G1ðsÞklr;n ¼ dkdlW
ðsÞ
l eαkþαl

ð2πÞ12ð2sþ 1Þs!
XN
i;j¼1

Xs
t¼0

XNs

m¼n

Xm
m0¼0

�
Fs;ta

ðsÞ
mna

ðsÞ
mm0

2rþsþtþm0

×
Xrþt

b¼0

Xm0þt

c¼0

ðrþ tÞ!
b!ðrþ t − bÞ!

ð−1Þcðm0 þ tÞ!
c!ðm0 þ t − cÞ!

×Kðs−tþ1;m0þtþb−c;rþt−bþc;0;0Þ
kl→ij

�
; ðC18Þ

G2ðsÞklr;n ¼ −
dkdlW

ðsÞ
l

ð2πÞ12ð2sþ 1Þs!

×
XN
i;j¼1

eαkþαi
Xs
t¼0

XNs

m¼n

Xm
m0¼0

�
Fs;ta

ðsÞ
mna

ðsÞ
mm0

2rþ2sþm0

×
Xrþt

b¼0

Xm0þt

c¼0

Xs−t
d¼0

ðrþ tÞ!
b!ðrþ t − bÞ!

ðm0 þ tÞ!
c!ðm0 þ t − cÞ!

×
ðs − tÞ!

d!ðs − t − dÞ!K
ðs−t−dþ1;bþc;rþt−b;m0þt−c;dÞ
ki→lj

�
;

ðC19Þ

and

G3ðsÞklr;n ¼ −
dkdlW

ðsÞ
l

ð2πÞ12ð2sþ 1Þs!
XN
i;j¼1

eαkþαj

×
Xs
t¼0

XNs

m¼n

Xm
m0¼0

Fs;ta
ðsÞ
mna

ðsÞ
mm0

2rþ2sþm0

×
Xrþt

b¼0

Xm0þt

c¼0

Xs−t
d¼0

�
ð−1Þm0þt−cþd ðrþ tÞ!

b!ðrþ t − bÞ!

×
ðm0 þ tÞ!

c!ðm0 þ t − cÞ!
ðs − tÞ!

d!ðs − t − dÞ!

×Kðs−t−dþ1;bþc;rþt−b;m0þt−c;dÞ
kj→li

�
: ðC20Þ

Here, aðsÞmn and WðsÞ
k are respectively the coefficients and

thermal weights defined in Appendix A, For massless
particles, they read

aðsÞ00 ¼ 1; ðC21Þ

aðsÞ11 ¼ βffiffiffiffiffiffiffiffiffiffiffiffiffi
2sþ 2

p ; aðsÞ10 ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2sþ 2

p
; ðC22Þ

aðsÞ22 ¼ β2

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðsþ 1Þð2sþ 1Þp ; aðsÞ21 ¼ −2β

ffiffiffiffiffiffiffiffiffiffiffiffiffi
sþ 1

2sþ 1

r
;

aðsÞ20 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsþ 1Þð2sþ 1Þ

p
; ðC23Þ

aðsÞ33 ¼ β3

6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 6sþ 10s2

p ;

aðsÞ32 ¼ −β2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ 31s− 15s2

2þ 70s− 32s2

s
; aðsÞ31 ¼ β

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
36þ 8sþ s2

4

r
;

aðsÞ30 ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 6sþ 10s2

p
; ðC24Þ

for s ¼ 0, 1, 2 and the thermal weights are
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WðsÞ
k ¼ ð−1Þs

Jk2s;s
¼ ð−1Þs

ð2sÞ!!
2π2

dk
β2sþ2e−αk : ðC25Þ

2. Computing the J and K integrals

So far, we have expressed BðsÞk
r;n and GðsÞkl

r;n into the

summation of Kða;b;dþ1;e;fÞ
kl→ij , and in this subsection, we

move on to lower the integration order of such terms. From
the definition (C7)–(C9), one can see

J ða;b;d;e;fÞ
kl→ij ¼ Kða;bþ1;d;e;fÞ

kl→ij þKða;b;dþ1;e;fÞ
kl→ij ; ðC26Þ

J ða;b;e;fÞ
kl→ij ¼ Kða;b;0;e;fÞ

kl→ij ; ðC27Þ

and it is not hard to derive the relation that

Kða;b;d;e;fÞ
kl→ij ¼ ð−1ÞdJ ða;bþd;e;fÞ

kl→ij

þ
Xd−1
n¼0

ð−1ÞnJ ða;bþn;d−1−n;e;fÞ
kl→ij : ðC28Þ

Therefore, we only need to calculation J ða;b;d;e;fÞ
kl→ij and

J ða;b;e;fÞ
kl→ij , and then Kða;b;d;e;fÞ

kl→ij follows. The four- and five-
indices J -integrals are computed following the procedures
outlined in Ref. [25]. With the procedures outlined in the
rest of this subsection, we will simplify them from sixteen-
dimensional integrals to one-dimensional ones, and results
will be given in Eq. (C48) and (C49). It might be worth
noting the unit of the integrals are

½J ða;b;d;e;fÞ� ¼ ½E�2aþbþdþeþ2fþ2; ðC29Þ

½J ða;b;c;dÞ� ¼ ½E�2aþbþcþ2dþ1: ðC30Þ

a. Variable substitution

With the variable transformation (C5), we note the
Jacobian of the integral

d3pk

p0
k

d3pl

p0
l

d3pi

p0
i

d3pj

p0
j

¼ dμðPÞdμðP0ÞdμðQÞdμðQ0Þ; ðC31Þ

with

dμðPÞ≡ d4PθðP0ÞθðP2Þ; ðC32Þ

dμðQÞ≡ d4QδðQ2 þ P2ÞδðP ·QÞ; ðC33Þ

and we express the transition rate by the differential cross
section

Wkl→ij ¼ P2σkl→ijðP;−Q̂ · Q̂0Þδð4ÞðP − P0Þ; ðC34Þ

where V̂ ≡ V=
ffiffiffiffiffiffiffiffiffiffiffi
V · V

p
denotes the direction of a four-

vector. Then, the integrals are reexpressed as

J ða;b;d;e;fÞ
kl→ij ¼

Z
dμðPÞðP2Þae−βu·Pðu · PÞb

Z
dμðQÞ

× dμðQ0Þðu ·QÞdðu ·Q0ÞeðQ ·Q0Þf
× σkl→ijðP;−Q̂ · Q̂0Þ; ðC35Þ

J ða;b;e;fÞ
kl→ij ¼

Z
dμðPÞðP2Þae−βu·Pðu · PÞb

Z
dμðQÞ

× dμðQ0Þ ðu ·Q0ÞeðQ ·Q0Þf
u · Pþ u ·Q

× σkl→ijðP;−Q̂ · Q̂0Þ: ðC36Þ

As pointed out in [25], it will be more straightforward to
perform relative-momenta integrals in the center-of-mass
frame of the collisions, where we label the transformed
velocity as Uμ ¼ fU0; U⃗g, and

Pμ ¼ ðP; 0⃗Þ; Qμ ¼ ð0; Q⃗Þ; Q0μ ¼ ð0; Q⃗0Þ;
Q ·Q0 ¼ −P2 cosΘ; u · P ¼ U0P;

u ·Q ¼ −UP cos θ; u ·Q0 ¼ −UP cos θ0: ðC37Þ

with Θ being the angle between Q⃗ and Q⃗0, while θðθ0Þ the
angle between Q⃗ (Q⃗0) and U⃗, the delta function ensures

that jQ⃗j ¼ jQ⃗0j ¼ P. Particularly, the velocity is measured
in the center-of-mass frame of the collisions, they
can be expressed by the lab-frame quantities as U0 ¼
ðu · PÞ=

ffiffiffiffiffiffi
P2

p
, U ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2

0 − 1
p

.

b. Relative momentum integral

To compute the integrals, we perform the relative
momentum integration (

R
dμðQÞdμðQ0Þ). We sequentially

apply the following mathematical relations:
(i) Partial-wave expansion—expand the collision kernel

over the Legendre polynomials, PlðxÞ,

xdσkl→ijðP; xÞ ¼
X∞
g¼0

σðd;gÞkl→ijðPÞPgðxÞ; ðC38Þ

σðd;gÞkl→ijðPÞ≡2gþ1

2

Z
1

−1
xdPgðxÞσkl→ijðP;xÞdx; ðC39Þ
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(ii) Additional theorem of the Legendre polynomials,Z
dϕdϕ0PgðcosΘÞ

¼ ð2πÞ2Pgðcos θÞPgðcos θ0Þ; ðC40Þ

(iii) Integral of the Legendre polynomials (cf. Eq. (7.126)
of [34])

Z
1

−1
xePgðxÞdx ¼

( ð1þð−1Þe−gÞe!
ðe−gÞ!!ðeþgþ1Þ!! ; g ≤ e;

0; g > e:
ðC41Þ

when z ∈ R and z > 1,

Z
1

−1

PgðxÞ
z− x

dx¼
X∞
m¼0

z−m−1
Z

1

−1
xmPgðxÞdx

¼
X∞
n¼0

2z−2n−g−1
ðgþ 2nÞ!

ð2nÞ!!ð2gþ 2nþ 1Þ!! :

ðC42Þ

For later convenience, we use the shorthand that

Ce;g ≡ 1þ ð−1Þe−g
2

e!
ðe − gÞ!!ðeþ gþ 1Þ!! : ðC43Þ

With these, we can integrate out the relative momenta,Q
and Q0, and reach the following relations respective for
five- and four-indices J integral

Z
dμðQÞdμðQ0Þðu ·QÞdðu ·Q0ÞeðQ ·Q0Þf

× σkl→ijðP;−Q̂ · Q̂0Þ

¼ ð−1Þf4π2
Xminðd;eÞ

g¼0

Cd;gCe;gPdþeþ2fUdþeσðf;gÞkl→ijðPÞ; ðC44Þ

and

Z
dμðQÞdμðQ0Þ ðu ·Q0ÞeðQ ·Q0Þf

u · Pþ u ·Q
σkl→ijðP;−Q̂ · Q̂0Þ

¼
X½e=2�
h¼0

2π2ð−1ÞeþfCe;e−2hPeþ2f−1Ueσðf;e−2hÞkl→ij ðPÞ

×
Z

1

−1
d cos θ

Pe−2hðcos θÞ
U0 −U cos θ

: ðC45Þ

c. Total momentum integral

Finally, the integrals over the total-momentum would be
highly simplified in the fluid comoving frame, u ¼ ð1; 0⃗Þ,
and with the variable substitution that P2 ¼ β−2v2,
P0 ¼ β−1v cosh ξ, so that dμðPÞ ¼ β−4v3dv sinh2 ξdξdΩP
Following steps will be taken in order:
(i) Variable substitution: P¼β−1v, u · P ¼ β−1v cosh ξ,

U0¼ðu ·PÞ=
ffiffiffiffiffiffi
P2

p
¼ coshξ, U¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
U2

0−1
p

¼ sinhξ,
(ii) The trick that coshb ξe−v cosh ξ ¼ ð−1Þb ∂

b

∂vb e
−v cosh ξ,

(iii) Integral expression of modified Bessel function of
the second kind (see Eq. (10.32.8) of [35]):

Z
∞

0

dξe−z cosh ξ sinh2n ξ ¼ ð2n − 1Þ!!KnðzÞ
zn

; ðC46Þ

(iv) The following integral (see Appendix C 2 d for
proof)

Z
1

−1
PlðxÞdx

Z
∞

0

dξ
sinhlþ2hþ2ξ

cosh ξ − x sinh ξ
e−v cosh ξ

¼ 2ðl!Þð∂2v − 1Þh K0ðvÞ
vlþ1

: ðC47Þ

Eventually, we have simplify the integrals into one-
dimensional ones, which will be performed numerically in
practical calculations,

J ða;b;d;e;fÞ
kl→ij ¼ ð−1Þf4π2

Xminðd;eÞ

g¼0

Cd;gCe;g

Z
dμðPÞe−βu·Pðu · PÞbP2aþdþeþ2fUdþeσðf;gÞkl→ijðPÞ

¼ ð−1Þf16π3ðdþ eþ 1Þ!!
β2aþbþdþeþ2fþ4

Xminðd;eÞ

g¼0

Cd;gCe;g

Z
∞

0

dvv2aþbþdþeþ2fþ3σðf;gÞkl→ijðv=βÞ

× ð−1Þb ∂
b

∂vb
½v−dþe

2
−1Kdþe

2
þ1ðvÞ�; ðC48Þ
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and

J ða;b;e;fÞ
kl→ij ¼

X½e=2�
h¼0

2π2ð−1ÞeþfCe;e−2h

Z
dμðPÞe−βu·Pðu · PÞbP2aþeþ2f−1Ueσðf;e−2hÞkl→ij ðPÞ

Z
1

−1
d cos θ

Pe−2hðcos θÞ
U0 − U cos θ

¼ ð−1Þbþeþf16π3

β2aþbþeþ2fþ3

X½e=2�
h¼0

ðe − 2hÞ!Ce;e−2h

Z
∞

0

dvv2aþbþeþ2fþ2σðf;e−2hÞkl→ij

�
v
β

�

×
Xh
g¼0

ð−1Þh−g ∂
bþ2g

∂vbþ2g

K0ðvÞ
ve−2hþ1

: ðC49Þ

d. Proof of Eq. (C47)

In this subsubsection, we provide a proof of the relation
outlined in Eq. (C47). We denote that

Fl;hðvÞ≡
Z

1

−1
PlðxÞdx

Z
∞

0

dξ
e−vcoshξ sinhlþ2hþ2 ξ

coshξ−xsinhξ
; ðC50Þ

and one can find the iteration relations

Flþ1;hðvÞ≡
Z

1

−1
Plþ1ðxÞdx

Z
∞

0

dξ
sinhlþ1þ2hþ2 ξ

coshξ− x sinhξ
e−vcoshξ

¼−
2lþ 1

lþ 1
∂vFl;hðvÞ−

l
lþ 1

ð∂2vFl−1;hðvÞ

−Fl−1;hðvÞÞ− 2δl;0ð2hþ 1Þ!!Khþ1ðvÞ
vhþ1

ðC51Þ

Fl;hþ1ðvÞ ¼ ∂
2
vFl;hðvÞ − Fl;hðvÞ; ðC52Þ

Flþ1;hðvÞ ¼ −
2lþ 1

lþ 1
∂vFl;hðvÞ

−
l

lþ 1
ð∂2vFl−1;hðvÞ − Fl−1;hðvÞÞ

− 2δl;0ð2hþ 1Þ!!Khþ1ðvÞ
vhþ1

: ðC53Þ

Noting that F0;0ðvÞ ¼ 2v−1K0ðvÞ can be computed
directly, therefore,

Fl;0ðvÞ ¼ 2ðl!ÞK0ðvÞ
vlþ1

; ðC54Þ

Fl;hðvÞ ¼ 2ðl!Þð∂2v − 1Þh K0ðvÞ
vlþ1

: ðC55Þ

APPENDIX D: HARD-SPHERE POTENTIAL

In this Appendix, we take the hard-sphere potential,

σkl→ijðPÞ ¼ σkl→ij; ðD1Þ

σðd;gÞkl→ijðPÞ ¼ ð2gþ 1ÞCd;gσkl→ij; ðD2Þ

and evaluate the J and K integrals, which will be used to
compute the collision matrix and the transport coefficients.
To compute the five-index J integrals, following steps will
be performed in order:

(i) Integration by parts—for function fðvÞ satisfying
certain boundary conditions,

Z
∞

0

vnð−1Þb ∂
bfðvÞ
∂vb

dv ¼ n!
ðn − bÞ!

Z
∞

0

vn−bfðvÞdv;

ðD3Þ

(ii) Eq. (10.43.19) of Ref. [35], i.e.,

Z
∞

0

xμKνðxÞdx

¼ 2μ−1Γððμþ 1þ νÞ=2ÞΓððμþ 1 − νÞ=2Þ: ðD4Þ

We find

J ða;b;d;e;fÞ
kl→ij ¼ ð−1Þf 16π

3ðdþ eþ 1Þ!!
β2aþbþdþeþ2fþ4

2aþfσkl→ij

×
ð2aþ bþ dþ eþ 2f þ 3Þ!
ð2aþ dþ eþ 2f þ 3Þ!! ðaþ fÞ!

×
Xminðd;e;fÞ

g¼0

ð2gþ 1ÞCd;gCe;gCf;g; ðD5Þ
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and

J ða;b;e;fÞ
kl→ij ¼ ð−1Þeþf16π3

β2aþbþeþ2fþ3
σkl→ij

X½e=2�
h¼0

Xh
g¼0

�
ð−1Þh−g

× ðe − 2hÞ!ð2e − 4hþ 1ÞCe;e−2hCf;e−2h

×
ð2aþ bþ eþ 2f þ 2Þ!
ð2aþ eþ 2f þ 2 − 2gÞ! 2

2aþ2f−2gþ2h

× ððaþ f − gþ hÞ!Þ2
�
: ðD6Þ

APPENDIX E: COLLISION INTEGRALS FOR
LEADING-ORDER PQCD-CROSS SECTIONS

In this appendix, we compute collisions integrals taking
leading order pQCD cross sections in consideration. For
completeness, we list the differential cross sections for
different processes as follows.

σgg→gg ¼
9α2s
8s

�
3 −

tu
ðsþm2

DÞ2
−

su
ðt −m2

DÞ2
−

st
ðu −m2

DÞ2
�
;

ðE1Þ

σqg→qg ¼
α2s
4s

�
−
4

9

su
ðsþm2

qÞ2
−
4

9

su
ðu −m2

qÞ2

−
2su

ðt −m2
DÞ2

−
su

ðt −m2
DÞðsþm2

qÞ

−
su

ðt −m2
DÞðu −m2

qÞ
�
; ðE2Þ

σqq0→qq0 ¼
α2s
9s

s2 þ u2

ðt −m2
DÞ2

; ðE3Þ

σqq→qq ¼
α2s
9s

�
s2 þ u2

ðt −m2
DÞ2

þ s2 þ t2

ðu −m2
DÞ2

−
2

3

s2

ðu −m2
DÞðt −m2

DÞ
�
; ðE4Þ

σqq̄→qq̄ ¼
α2s
9s

�
s2 þ u2

ðt −m2
DÞ2

þ t2 þ u2

ðsþm2
DÞ2

−
2

3

u2

ðsþm2
DÞðt −m2

DÞ
�
; ðE5Þ

σqq→q0q̄0 ¼
α2s
9s

t2 þ u2

ðsþm2
DÞ2

; ðE6Þ

σqq̄→gg ¼
2α2s
3s

�
4

9

tu
ðt −m2

qÞ2
þ 4

9

tu
ðu −m2

qÞ2

þ 2
tu

ðsþm2
DÞ2

þ tu
ðsþm2

DÞðt −m2
qÞ

þ tu
ðsþm2

DÞðu −m2
qÞ
�
; ðE7Þ

with following relations due to symmetry,

σgg→qq̄ ¼
9

64
σqq̄→gg; ðE8Þ

σq̄q̄0→q̄q̄0 ¼ σqq̄0→qq̄0 ¼ σqq0→qq0 ; ðE9Þ

σq̄g→q̄g ¼ σqg→qg; ðE10Þ

σq̄ q̄→q̄ q̄ ¼ σqq→qq: ðE11Þ

Here screen masses mD and mq are introduced for gluons
and quarks to avoid infrared divergence. In detailed
calculation, they are nontrivial dependent on temperature
and chemical potentials, and the dependence relies on the
details of interaction included [33],

mD ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8αs
π

ðNc þ NfÞ
r

T; ðE12Þ

mq ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðN2

c − 1Þαs
πNc

s
T; ðE13Þ

with number of colorNc ¼ 3 and number of flavorNf ¼ 2,
and the coupling constant is evaluated at the thermal energy
scale αs ¼ αsðμ2R ¼ 4π2T2Þ. The running of the coupling is
driven by

μ2R
dαsðμ2RÞ
dμ2R

¼ −ðb0α2s þ b1α3s þ b2α4sÞ; ðE14Þ

with fixed point αsðμ2R ¼ 25 GeV2Þ ¼ 0.2034 and coeffi-

cients b0 ¼ 33−2Nf

12π , b1 ¼ 153−19Nf

24π2
and b2 ¼ 2857−5033

9
Nfþ325

27
N2

f

128π .
We express the Mandelstam variables as

s¼v2; t¼−
v2

2
ð1−xÞ; u¼−

v2

2
ð1þxÞ; ðE15Þ

and evaluate the J and K integrals, and compute the
collision matrix as well as the transport coefficients.
Performing integral by part and expanding the Legendre
polynomial, we express the five-index and four-index J
integrals as
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J ða;b;d;e;fÞ
kl→ij ¼ ð−1Þf 16π

3ðdþ eþ 1Þ!!
β2aþbþdþeþ2fþ4

α2s
2

Xminðd;eÞ

g¼0

�
Cd;gCe;g

×
2gþ 1

2gþ1

X½g2�
h¼0

� ð−1Þhð2g − 2hÞ!
h!ðg − hÞ!ðg − 2hÞ!

×
X½b2�
m¼0

�ð−1Þmð2m − 1Þ!!b!
ð2mÞ!ðb − 2mÞ!

× I
ðdþe

2
þ1þb−m;aþfþ1;fþg−2hÞ

kl→ij

���
; ðE16Þ

and

J ða;b;e;fÞ
kl→ij ¼ ð−1Þeþf16π3

β2aþbþeþ2fþ3

α2s
2

X½e=2�
h¼0

Xh
g¼0

Xbþ2g

m¼0

X½bþ2g−m
2

�

n¼0

�
ð−1Þnþhþg

×
2e − 4hþ 1

2e−2hþ1
Ce;e−2h

×
ðbþ 2gÞ!ð2n − 1Þ!!ðe − 2hþmÞ!

m!ð2nÞ!ðbþ 2g −m − 2nÞ!

×
X½e−2h2

�

j¼0

� ð−1Þjð2e − 4h − 2jÞ!
j!ðe − 2h − jÞ!ðe − 2h − 2jÞ!

× I ðbþ2g−m−n;aþfþh−gþ1;fþe−2h−2jÞ
kl→ij

��
; ðE17Þ

where

I ðν;n;lÞ
ab→cd ≡ 2

α2s

Z
1

−1
xldx

Z
∞

0

dv

× vνþ2n−1KνðvÞσab→cdðv; xÞ: ðE18Þ

General result of such integration terms will be given in the
succeeding subsection.

1. Calculation of I ðν;n;lÞ

We note that the express of differential cross sections
contain many repeated pieces. Hence, to simplify the
calculation, we define the following integrals which will
be used later,

AðnÞ
ν ðzÞ≡

Z
∞

0

dx
xνþ2nþ1KνðxÞ

x2 þ z

¼ ð−zÞnAð0Þ
ν ðzÞ þ

Xn−1
k¼0

½2νþ2n−2−2k

× Γðνþ n − kÞΓðn − kÞð−zÞk�; ðE19Þ

BðnÞ
ν ðzÞ≡ −

d
dz

AðnÞ
ν ðzÞ

¼ ð−zÞn−1 2ðνþ nÞAð0Þ
ν ðzÞ −Að0Þ

νþ1ðzÞ
2

þ
Xn−1
k¼1

½k2νþ2n−2−2kΓðνþ n − kÞ

× Γðn − kÞð−zÞk−1�; ðE20Þ

Cðn;mÞ
ν ðzÞ≡ 1

z

Z
∞

1

dt
tmþ1

AðnÞ
ν ðtzÞ; ðE21Þ

Tðn;mÞ
ν ðy; zÞ≡

Z
∞

1

t−mdt
tz − y

ðAðnÞ
ν ðtzÞ −AðnÞ

ν ðyÞÞ; ðE22Þ

for z > 0, ν ≥ 0, n ≥ 0.
where y≡ 2

1−x, x ¼ ð1 − 2=yÞ, ð1þ xÞ ¼ 2ð1 − 1=yÞ,
dx ¼ 2dy=y2. Then, we can calculate the I ðν;n;lÞ integrals,
defined in Eq. (E18), for all channels:

I ðν;n;lÞ
qq̄→q0q̄0 ¼

2ð1þ ð−1ÞlÞð2þ lÞ
9ð1þ lÞð3þ lÞ BðnÞ

ν ðm2
DÞ; ðE23Þ

I ðν;n;lÞ
qq0→qq0

¼ 4ð−1Þl
9m2

D
AðnÞ

ν ðm2
DÞ −

8

9

X
k

ð−2Þl−kl!
k!ðl − kÞ!

×

�
ðl − kÞCðn;l−kÞ

ν ðm2
DÞ − ðl − kþ 1ÞCðn;l−kþ1Þ

ν ðm2
DÞ

þ l − kþ 2

2
Cðn;l−kþ2Þ

ν ðm2
DÞ
�
; ðE24Þ

I ðν;n;lÞ
qq→qq ¼ ð1þ ð−1ÞlÞ

�
I ðν;n;lÞ
qq0→qq0 þ

8δl0
27

Tðn;1Þ
ν ð2m2

D;m
2
DÞ

þ 8ð1− δl0Þ
27

X
k

ð−2Þl−1−kðl− 1Þ!
k!ðl− 1− kÞ! Cðn;l−kÞ

ν ðm2
DÞ
�
;

ðE25Þ

I ðν;n;lÞ
qq̄→qq̄ ¼

4

9m2
D

�
ð−1Þl þ ð−1Þl þ 2lþ 3

6ð1þ lÞð2þ lÞ
�
AðnÞ

ν ðm2
DÞ

þ 2ð1þ ð−1ÞlÞð2þ lÞ
9ð1þ lÞð3þ lÞ BðnÞ

ν ðm2
DÞ

−
8

9

X
k

ð−2Þl−kl!
k!ðl − kÞ!

�
ðl − kÞCðn;l−kÞ

ν ðm2
DÞ

−
�
l − kþ 2

3

�
Cðn;l−kþ1Þ

ν ðm2
DÞ

þ
�
l − k
2

þ 2

3

�
Cðn;l−kþ2Þ

ν ðm2
DÞ
�
; ðE26Þ
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I ðν;n;lÞ
gg→gg ¼ 9ð1þ ð−1ÞlÞ

lþ 1

�
22nþν−63Γðn − 1ÞΓðnþ ν − 1Þ −BðnÞ

ν ðm2
DÞ

8ð3þ lÞ þ lþ 1

2

X
k

ð−2Þl−kl!
k!ðl − k − 1Þ!

×

�
l − kþ 1

l − k
Cðn;l−kþ1Þ

ν ðm2
DÞ −Cðn;l−kÞ

ν ðm2
DÞ
��

; ðE27Þ

I ðν;n;lÞ
qq̄→gg ¼

4ð1þ ð−1ÞlÞ
3ð3þ lÞð1þ lÞB

ðnÞ
ν ðm2

DÞ þ ð1þ ð−1ÞlÞ 8
3

X
k

ð−2Þl−kl!
k!ðl − kÞ!

�
−
4ðl − kþ 1Þ

9
Cðn;l−kþ1Þ

ν ðm2
qÞ

þ 4ðl − kþ 2Þ
9

Cðn;l−kþ2Þ
ν ðm2

qÞ þ Tðn;l−kþ2Þ
ν ðm2

D;m
2
qÞ − Tðn;l−kþ3Þ

ν ðm2
D;m

2
qÞ
�
; ðE28Þ

and

I ðν;n;lÞ
qg→qg ¼ ð−1Þl þ 2lþ 3

9ð1þ lÞð2þ lÞB
ðnÞ
ν ðm2

qÞ þ
X
k

ð−2Þl−kl!
k!ðl − kÞ!

�
4ð−1Þl
9m2

q
AðnÞ

ν ðm2
qÞ −

4ð−1Þlðl − kþ 1Þ
9

Cðn;l−kþ1Þ
ν ðm2

qÞ

− 2ðl − kÞCðn;l−kÞ
ν ðm2

DÞ þ 2ðl − kþ 1ÞCðn;l−kþ1Þ
ν ðm2

DÞ þ Tðn;l−kþ1Þ
ν ðm2

q; m2
DÞ

− Tðn;l−kþ2Þ
ν ðm2

q; m2
DÞ − Tðn;l−kþ1Þ

ν ðm2
D þm2

q;m2
DÞ þ Tðn;l−kþ2Þ

ν ðm2
D þm2

q;m2
DÞ

− ð−1ÞlTðn;l−kþ2Þ
ν ðm2

D þm2
q; m2

qÞ
�
: ðE29Þ

One may wonder that computing those newly defined
functions with different ν, n, and m indices might also be
computational expansive. Here, we derive their recurrence
relations so that one can compute a small number of
functions and then generate others accordingly. We note
that t−1ðtz − yÞ−1 ¼ ðz=yÞððtz − yÞ−1 − ðtzÞ−1Þ, exploiting
the recurrence relations of modified Bessel functions
KνðxÞ, the following useful recurrence relations are
obtained.

Tðn;mþ1Þ
ν ðy; zÞ ¼ z

y
Tðn;mÞ
ν ðy; zÞ − z

y
Cðn;mÞ

ν ðzÞ

þ 1

my
AðnÞ

ν ðyÞ; ðE30Þ

Tðn;mÞ
νþ1 ðy; zÞ ¼ 2νTðn;mÞ

ν ðy; zÞ þ Tðnþ1;mÞ
ν−1 ðy; zÞ; ðE31Þ

AðnÞ
νþ1ðzÞ ¼ 2νAðnÞ

ν ðzÞ þAðnþ1Þ
ν−1 ðzÞ; ðE32Þ

Aðnþ1Þ
ν ðzÞ ¼ −zAðnÞ

ν ðzÞ
þ 2νþ2nΓðνþ nþ 1ÞΓðnþ 1Þ; ðE33Þ

Cðn;mÞ
νþ1 ðzÞ ¼ 2νCðn;mÞ

ν ðzÞ þCðnþ1;mÞ
ν−1 ðzÞ: ðE34Þ

Cðn;mÞ
ν ðzÞ ¼ 2νþ2n−2Γðνþ nÞΓðnÞ

mz

− zCðn−1;m−1Þ
ν ðzÞ: ðE35Þ

It shall be useful to note the asymptotic behavior ofAðnÞ
ν ðzÞ

at large z limit,

AðnÞ
ν ðzÞ ¼ 1

z

XNk

k¼0

ð−1Þk
zk

Z
∞

0

dxxνþ2nþ2kþ1KνðxÞ

¼ 1

z

XNk

k¼0

ð−1Þk
zk

2νþ2nþ2kΓðνþ nþ kþ 1Þ

× Γðnþ kþ 1Þ: ðE36Þ
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