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In this paper we calculate first order radiative QCD corrections to the decay process b → cW−ð→ l−ν̄lÞ
of a polarized bottom quark. Taking into account both the bottom and charm quark masses, the analytical
expressions given in this paper allow for a detailed analysis of the differential decay rate of the polarized
quark in dependence on the polar and azimuthal angles of the lepton pair and the angle of the polarization
vector of the quark relative to the momentum direction of the W boson. The results are given for different
polarization states of the charged lepton. In addition, we calculated nonperturbative corrections and
estimated their contribution.
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I. INTRODUCTION

The top quark as the heaviest known fermion is an ideal
test particle, as it decays before the hadronization process
can take place. Therefore, the quantum state of this particle
is transferred mostly unperturbed to the decay products.
While top quarks and antiquarks produced in pairs are
mostly unpolarized [1,2], top quarks produced in single top
production are found to be highly polarized due to parity
violation [3–7]. As the top quark decays with more than
99% probability via the channel t → bWþ, the question
arises whether the polarization of the top quark gained in
the production process is passed on to the decay products,
i.e., the W boson and the bottom quark.
The Standard Model (SM) of elementary particle physics

describes the polarization states of theW boson,measured by
the subsequent decay of the W boson into, e.g., a pair
of lepton and antineutrino. Any deviation from this predic-
tion opens a window for beyond Standard Model (BSM)
physics. Therefore, QCD and electroweak radiative correc-
tions for the process t → bW have been calculated in order to
distinguish BSM effects from perturbative and nonperturba-
tive SM contributions (cf., e.g., Refs. [8–10]). In a couple
of publications, we have given our contribution to this
analysis, calculating electroweak corrections to next-to-
leading (NLO) order [11,12] and QCD corrections to NLO
[13,14] and next-to-next-to leading (NNLO) order [15].

Another channel for the production of polarized bottom
quarks is the decay of the Z boson. If it is possible to
separate the Z boson from the photon with which it is
mixed, e.g., on eþe− annihilations, the decay of the Z
boson to a heavy quark-antiquark pair also shows a
significant degree of longitudinal polarization which
amount to hPbi ¼ −0.94 for bottom quarks and hPci ¼
−0.68 for charm quarks [16]. In a sequence of papers the
possibility to measure the polarization of bottom (and
charm) quarks at ATLAS and CMS has been analyzed
[17–20]. The authors come to an affirmative answer,
though the quarks are observed only as a jet of hadrons.
As noted already in Ref. [21], at least in the heavy quark
limit the polarization transfer from a heavy quark to the
heavy hadron approaches 100%, i.e., a hadron like B or Λb
can be considered to carry the same polarization as the
bottom quark. For a less idealistic situation, Falk and
Peskin have estimated the reduction factor to be of the order
of 75% [22].
In this paper we analyze the polarization of the bottom

quark by considering the energy and angular distribution of
the leptons in the cascade process b → cW−ð→ l−ν̄lÞ,
taking into account both QCD corrections and the exact
masses of both bottom and charm quark. In Born approxi-
mation, the differential rate is given by [23,24]
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b
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¼G2
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where y ¼ mc=mb is the scaled charm quark mass and
x ¼ 2El=mb is the scaled energy of the charged lepton,
ranging between 0 and 1 − y2. S ¼ 1 corresponds to a fully
polarized bottom quark, while S ¼ 0 gives the result for an
unpolarized bottom quark.
In Ref. [24] it is emphasized that while QCD corrections

modify significantly the decay rate and, therefore, the life
time of the heavy quarks [25], this is not true for the energy
distribution of the charged lepton [26–31]. However, the
parts dependent and independent of the polarization may be
affected differently. Therefore, the calculation of QCD
corrections turns out to be necessary.
QCD corrections to the energy distribution have been

calculated in Refs. [26,28,30] which agree with numerical
results translated from top quark decays [32]. QCD
corrections to the joint energy and angular distribution
have been calculated in Ref. [32]. In Ref. [24] QCD
corrections to the angular distribution has been calculated
for the charm quark decay where the mass of the quark in
the decay channel has been neglected. This, however, is not
appropriate for the decay of a bottom quark into a charm
quark. For this reason, in this publication we calculate QCD
corrections for both energy and angular distributions,
taking into account the masses of both quarks. In addition
to the dependence on the polar angle θ between the
direction of the W boson and the charged lepton, boosted
back to the rest frame of the W boson, we also take into
account the azimuthal angle ϕ between the plane spanned
by these and the plane spanned by the W momentum and
the polarization vector of the bottom quark with a relative
angle θP in the rest frame of the bottom quark. This
kinematics is shown in Fig. 1.
The paper is organized as follows. Starting from the

hadron and lepton tensor given separately, in Sec. II we
calculate the differential decay rate. The hadron tensor,
responsible for the inclusive decay b↑ → cW−, is written in
terms of five unpolarized and nine polarized covariants. In
Sec. III we calculate the corresponding coefficients, called
invariant structure functions, and relate them to another set
of structure functions more appropriate for the angular
distribution and obtained from the hadron tensor by
applying covariant helicity projection operators. In
Secs. IV and V we calculate the first order QCD three
graph and one loop corrections. In Sec. VI we integrate the
former over the energy of the intermediate W boson and
add up both contributions. In Sec. VII we give non-
perturbative corrections. In Appendix we give explicit
results for the integrated helicity rates.

II. DIFFERENTIAL DECAY RATE

The differential decay rate for the process

b↑ðpbÞ → l−ðplÞ þ ν̄lðpνÞ þ XcðpcÞ ð2Þ

is given by the contraction of the hadron tensor with the
lepton tensor,

dΓ
dq2dEl

¼ G2
FjVbcj2

ð2πÞ3mb
Wμνðpb; sb; qÞLμνðpl; pνÞ; ð3Þ

where q ¼ pl þ pν is the four momentum of the W boson
and El is the charged lepton energy in the rest frame of the
decaying bottom quark. In addition to the dependencies on
momenta, we consider the dependence on the spin sb of the
bottom quark. For massless neutrinos the lepton tensor is
given by

Lμν ¼ pμ
lp

ν
ν þ pν

lp
μ
ν − pl · pνgμν þ iϵμνρσpl;ρpν;σ ð4Þ

where we use the convention ϵ0123 ¼ þ1. Based on Lorentz
covariance and CP symmetry, the hadron tensor can be
written in terms of five unpolarized and nine polarized
invariant structure functions,

Wμνðpb; sb; qÞ ¼ −gμνW1ðxÞ þ vμvνW2ðxÞ − iϵμνρσvρxσW3ðxÞ þ xμxνW4ðxÞ þ ðvμxν þ xμvνÞW5ðxÞ
− ðx · sbÞ½−gμνWP

1 ðxÞ þ vμvνWP
2 ðxÞ − iϵμνρσvρxσWP

3 ðxÞ þ xμxνWP
4 ðxÞ þ ðvμxν þ xμvνÞWP

5 ðxÞ�
þ ðsb;μvν þ sb;νvμÞWP

6 ðxÞ þ ðsb;μxν þ sb;νxμÞWP
7 ðxÞ þ iϵμνρσvρsσbW

P
8 ðxÞ þ iϵμνρσxρsσbW

P
9 ðxÞ; ð5Þ

FIG. 1. Definition of the angles θP, θ, and ϕ in the decay
process b↑ → cþ l− þ ν̄l. θP is the polar angle between the
direction of the W boson momentum in positive z direction and
the polarization vector of the bottom quark in the rest frame of the
bottom quark which define the hadron plane. θ is the polar angle
between the z direction and the lepton momentum in the rest
frame of the W boson which define the lepton plane. The
azimuthal angle between hadron and lepton plane is denoted
by ϕ.

M. FISCHER and S. GROOTE PHYS. REV. D 106, 014003 (2022)

014003-2



where v ¼ pb=mb and x ¼ q=mb are momenta normalized
to the mass of the bottom quark.1 Note that instead of the
traditional notation we use WP

i ¼ Gi for the polarized
structure functions. This helps to keep track of the different
structure functions.

In the rest frame of the b quark and with the z axis
along the momentum of the W boson, the parametrization
of the momentum and polarization four vectors explic-
itly reads

pb ¼ ðmb; 0;0; 0Þ; sb ¼ ð0; sin θP; 0; cos θPÞ;
pl ¼ ðEl;−jp⃗lj sin θ cosϕ;−jp⃗lj sin θ sinϕ; jp⃗lj cos θÞ; q ¼ ðq0; 0; 0; jq⃗jÞ;

pc þ pG ¼ pb − q; pν ¼ q− pl: ð6Þ

Inserting lepton and hadron tensors, using ϵμνρσϵ
μντω ¼ −2ðδτρδωσ − δωρ δ

τ
σÞ and

2plq ¼ q2 þ p2
l − p2

ν ¼ q2 þm2
l; 2pνq ¼ q2 − p2

l þ p2
ν ¼ q2 −m2

l; ð7Þ

one obtains for the differential decay rate

dΓ
dq2dEl

¼ G2
FjVbcj2
ð2πÞ3

�
ðq2 −m2

lÞW1 −
1

2
ð4E2

l − 4Elq0 þ q2 −m2
lÞW2 −

1

mb
ð2Elq2 − q0ðq2 þm2

lÞÞW3

þ m2
l

2m2
b

ðq2 −m2
lÞW4 −

2m2
l

mb
ðEl − q0ÞW5 þ

jq⃗j
mb

cos θP

�
ðq2 −m2

lÞWP
1 −

1

2
ð4E2

l − 4Elq0 þ q2 −m2
lÞWP

2

−
1

mb
ð2Elq2 − q0ðq2 þm2

lÞÞWP
3 þ m2

l

2m2
b

ðq2 −m2
lÞWP

4 −
2m2

l

mb
ðEl − q0ÞWP

5

�

− 2ðEljq⃗j cos θP − ðq0 − 2ElÞjp⃗ljðcos θP cos θ − sin θP sin θ cosϕÞÞWP
6 − 2

m2
l

mb
ðjq⃗j cos θP − jp⃗ljðcos θP cos θ

− sin θP sin θ cosϕÞÞWP
7 − 2ðEljq⃗j cos θP − q0jp⃗ljðcos θP cos θ − sin θP sin θ cosϕÞÞWP

8

−
1

mb
ððq2 þm2

lÞjq⃗j cos θP − 2q2jp⃗ljðcos θP cos θ − sin θP sin θ cosϕÞÞWP
9

�
: ð8Þ

The angle θ is reexpressed by the energy El of the lepton via

cos θ ¼ p⃗l · q⃗
jp⃗ljjq⃗j

¼ 2Elq0 − q2 −m2
l

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
l −m2

l

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q20 − q2

p : ð9Þ

III. INVARIANT STRUCTURE FUNCTIONS

The Born term results to the unpolarized and polarized invariant structure functions read

W1ðBorn; x2Þ ¼
1

2
ð1 − x2 þ y2Þ; W2ðBorn; x2Þ ¼ 2; W3ðBorn; x2Þ ¼ 1;

W4ðBorn; x2Þ ¼ 0; W5ðBorn; x2Þ ¼ −1;

WP
1 ðBorn; x2Þ ¼ −1; WP

2 ðBorn; x2Þ ¼ 0; WP
3 ðBorn; x2Þ ¼ 0;

WP
4 ðBorn; x2Þ ¼ 0; WP

5 ðBorn; x2Þ ¼ 0; WP
6 ðBorn; x2Þ ¼ 1;

WP
7 ðBorn; x2Þ ¼ −1; WP

8 ðBorn; x2Þ ¼ −1; WP
9 ðBorn; x2Þ ¼ 1 ð10Þ

1Note that while x is defined as scalar in the Introduction, at this point we use the same symbol for a four-vector. Still, this should not
cause problems, as pν ¼ q − pl for vanishing lepton masses leads to q2 ¼ m2

ν −m2
l þ 2qpl ¼ 2El

ffiffiffiffiffi
q2

p
,

ffiffiffiffiffi
q2

p
¼ 2El and, therefore,

xμxμ ¼ q2=m2
b ¼ 4E2

l=m
2
b ¼ x2.
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wherey ¼ mc=mb is the scaledmass of thec quark.Note that
for the Born term results the final state c quark is kinemat-
ically connected directly to the vertex with the b quark and
the W boson. Because of this, the on-shell condition

û ¼ ðv − xÞ2 − y2 ¼ 1 − 2x0 þ x2 − y2 ¼ 0 ð11Þ

is satisfied. In this case, the scaled energyx0 of theW boson is
not an independent variable but is fixed by x2 and y2 to the

value x00 ¼ ð1þ x2 − y2Þ=2. Therefore, Born term results
depend only on x2 as a dynamical variable. This is different
from radiative corrections including a gluon as considered in
the next section. In this case the hadron tensor explicitly
depends on x0 (if essential, this will be indicated in the
argument) and has to be integrated over x0 and over the
energy of the gluon. The invariant structure functionsWi and
WP

i can be written in terms of the helicity structure
functions WX,

W1ðxÞ ¼
1

2
WU;

W2ðxÞ ¼
x2

2x̂2
ð2WL −WUÞ;

W3ðxÞ ¼ −
1

2x̂
WF;

W4ðxÞ ¼
1

2x2x̂2
ð−x2WU þ 2x20WL þ 2ð3x20 − x2ÞWS − 8x0x̂WSLÞ;

W5ðxÞ ¼
1

2x̂2
ðx0ðWU − 2WL − 2WSÞ þ 4x̂WSLÞ;

WP
1 ðxÞ ¼

1

2x̂
WUP;

WP
2 ðxÞ ¼

1

2x̂3
ðx2ð2WLP −WUPÞ − 4x0

ffiffiffiffiffiffiffi
2x2

p
WIPÞ;

WP
3 ðxÞ ¼

1

2x2x̂2
ð−x2WFP þ 2x0

ffiffiffiffiffiffiffi
2x2

p
WAP þ 2x̂

ffiffiffiffiffiffiffi
2x2

p
WSNPÞ;

WP
4 ðxÞ ¼

1

2x2x̂3
ð−x2WUP þ 2x20WLP þ 2ð3x20 − x2ÞWSP − 8x0x̂WSLP − 4x0

ffiffiffiffiffiffiffi
2x2

p
WIP þ 4x̂

ffiffiffiffiffiffiffi
2x2

p
WSTPÞ;

WP
5 ðxÞ ¼

1

2x2x̂3
ðx2x0ðWUP − 2WLP − 2WSPÞ þ 4x2x̂WSLP þ 2ðx20 þ x2Þ

ffiffiffiffiffiffiffi
2x2

p
WIP − 2x0x̂

ffiffiffiffiffiffiffi
2x2

p
WSTPÞ;

WP
6 ðxÞ ¼

ffiffiffiffiffiffiffi
2x2

p

x̂
WIP;

WP
7 ðxÞ ¼ −

ffiffiffiffiffiffiffi
2x2

p

x2x̂
ðx0WIP − x̂WSTPÞ;

WP
8 ðxÞ ¼

ffiffiffiffiffiffiffi
2x2

p

x̂
WSNP;

WP
9 ðxÞ ¼ −

ffiffiffiffiffiffiffi
2x2

p

x2x̂
ðx̂WAP þ x0WSNPÞ; ð12Þ

where x0 ¼ q0=mb,

x̂ ¼ jq⃗j
mb

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðv · xÞ2 − x2

q
; ð13Þ

and 4x̂2¼ λð1;x2;y2Þ¼ 1þx4þy4−2x2−2y2−2x2y2. The helicity structure functions can be calculated from the hadron
tensor by using the covariant helicity projection operators
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Pμν
UþL ¼ −gμν þ xμxν

x2
;

Pμν
U ¼ −gμν þ xμxν

x2
−
x2

x̂2

�
vμ −

v · x
x2

xμ
��

vν −
v · x
x2

xν
�
;

Pμν
L ¼ x2

x̂2

�
vμ −

v · x
x2

xμ
��

vν −
v · x
x2

xν
�
;

Pμν
F ¼ −

i
x̂
ϵμνρσvρxσ;

Pμν
I ¼

ffiffiffiffiffi
x2

p

2
ffiffiffi
2

p
x̂

�
sμT

�
vν −

v · x
x2

xν
�
þ
�
vμ −

v · x
x2

xμ
�
sνT

�
;

Pμν
A ¼ −

i
ffiffiffiffiffi
x2

p

2
ffiffiffi
2

p
x̂2

�
ϵμρστ

�
vν −

v · x
x2

xν
�

−
�
vμ −

v · x
x2

xμ
�
ϵνρστ

�
vρxσsT;τ;

Pμν
S ¼ xμxν

x2
;

Pμν
SL ¼ −

1

2x̂

�
vμxν þ xμvν − 2

v · x
x2

xμxν
�
;

Pμν
ST ¼ −

1

2
ffiffiffiffiffiffiffi
2x2

p ðsμTxν þ xμsνTÞ;

Pμν
SN ¼ −

i

2x̂
ffiffiffiffiffiffiffi
2x2

p ðϵμρστxν − xμϵνρστÞvρxσsT;τ ð14Þ

and the longitudinal or transverse polarization vectors of
the bottom quark,

sμL¼
1

x̂
ðxμ−ðv ·xÞvμÞ¼ð0;0;0;1Þ; sμT ¼ð0;1;0;0Þ: ð15Þ

The helicity structure functionsWXP for X ¼ U;L; F; S; SL
depend on the longitudinal polarization vector while WXP

for X ¼ I; A; ST; SN depend on the transverse polarization
vector. Note that the relations between the helicity structure
functions WX and the invariant unpolarized and polarized
structure functions Wi are expressed with coefficients
depending on x̂ and x0. This means that after integration
over x0 the relations will mix. However, because the
helicity structure functions describe angular distributions
with angles being the same for Born term and first order
contributions, in the following we will use the helicity
structure functions only. With

WU ¼ 2W1;

WL ¼ W1 þ
x̂2

x2
W2;

WF ¼ −2x̂W3;

WS ¼ −W1 þ
x20
x2

W2 þ x2W4 þ 2x0W5;

WSL ¼ 1

2x̂

�
−x0W1 þ

2x20 − x2

x2
x0W2 þ x0x2W4

þ ð3x20 − x2ÞW5

�
;

WUP ¼ 2x̂WP
1 ;

WLP ¼ x̂

�
WP

1 þ x̂2

x2
WP

2 þ 2x0
x2

WP
6

�
;

WFP ¼ −2ðx̂2WP
3 þWP

8 þ x0WP
9 Þ;

WIP ¼ x̂ffiffiffiffiffiffiffi
2x2

p WP
6 ;

WAP ¼ −1ffiffiffiffiffiffiffi
2x2

p ðx0WP
8 þ x2WP

9 Þ;

WSP ¼ x̂

�
−WP

1 þ x20
x2

WP
2 þ x2WP

4 þ 2x0WP
5 þ 2x0

x2
WP

6

þ 2WP
7

�
;

WSLP ¼ 1

2

�
−x0WP

1 þ 2x0 − x2

x2
x0WP

2 þ x2x0
2

WP
4

þ ð3x20 − x2ÞWP
5 þ 4x20 − x2

x2
WP

6 þ 3x0WP
7

�
;

WSTP ¼ 1ffiffiffiffiffiffiffi
2x2

p ðx0WP
6 þ x2WP

7 Þ;

WSNP ¼ 1ffiffiffiffiffiffiffi
2x2

p x̂WP
8 ð16Þ

we perform the transition from the invariant structure
functions to the helicity structure functions which are dealt
with in the following.

IV. FIRST ORDER TREE GRAPH
CONTRIBUTIONS

We calculate the tree graph contributions with a finite
gluon mass mg to regularize the infrared divergence which
arises in the phase space integration. To isolate the
divergence it is necessary to write the result as a sum of
a singular (or soft) part WsðtreeÞ which contains the
divergence and an IR-finite (regular) part WrðtreeÞ,
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WðtreeÞ ¼ WsðtreeÞ þWrðtreeÞ ð17Þ

(W stands for Wi or for WX). The singular part can be
written in the form

Wsðtree;x2;x0Þ¼
αsCF

4π
WðBorn;x2;x0ÞSgðx2;x0;ΛÞ; ð18Þ

where the scaled gluon mass Λ ¼ mg=mb is introduced.
The soft gluon factor is defined by

Sgðx2; x0;ΛÞ ¼ −
�
1

û−
−

1

ûþ
− 4

1 − x0
û − Λ2

ln

�
ûþ
û−

�

þ 4
1þ x2 − 2x0 − Λ2

ðû − Λ2Þ2 ðûþ − û−Þ
�
; ð19Þ

where û ¼ 1þ x2 − y2 − 2x0 is the off-shell parameter and

û� ¼ ð1 − x0Þðûþ Λ2Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x20 − x2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðû − Λ2Þ2 − 4y2Λ2

p
1þ x2 − 2x0

:

ð20Þ

The procedure would be much easier if the IR singular part
(the logarithmic singularity residing in 1=û) would be
proportional to the proper Born term contribution.
However, this is not the case. Instead, WðBorn; x2; x0Þ
depends independently on x0 as well because the three-
body kinematics is used. In order to get rid of this problem,

we add and subtract the two-body Born term contribution
times the soft gluon factor to obtain

Wsðtree;x2;x0Þ

¼ ½Wsðtree;x2;x0Þ�þþαsCF

4π
WðBorn;x2ÞSgðx2;x0;ΛÞ:

ð21Þ
The term

½Wsðtree; x2; x0Þ�þ ¼ αsCF

4π
ðWðBorn; x2; x0Þ

−WðBorn; x2ÞÞSgðx2; x0;ΛÞ ð22Þ
is IR finite, and the replacement Λ → 0 allows for an
analytical integration of this contribution, while for the
second part on the right-hand side of Eq. (21) the Born term
factor can be kept out of the integration. This is the benefit
of the plus prescription applied in Eq. (21). We are left with
the integrated soft gluon factor defined by

Agðx2;ΛÞ ¼
Z

xþ

x−

Sgðx2; x0;ΛÞdx0; ð23Þ

where the integration limits are given by

x− ¼
ffiffiffiffiffi
x2

p
; xþ ¼ 1

2
ð1þ x2 − ðyþ ΛÞ2Þ: ð24Þ

In the limit Λ → 0 this leads to the analytical result

Agðx2;ΛÞ ¼ 4

�
1þ 2 ln

�
Λy

ð1 − x−Þ2 − y2

�
− 2Li2ðx−Þ þ Li2

�
x−
η

�
þ Li2ðηx−Þ

�

þ 2ffiffiffi
λ

p ð1 − x2 þ y2Þ
�
− lnðω1Þ þ

1

2
ln2ðω1Þ − 2ln2

�
1 − x−
1 − ηx−

�
þ 2 lnðω1Þ ln

�ðηþ 1ÞΛy
ðη − 1Þ ffiffiffi

λ
p

�
þ 2Li2ð1 − ω1Þ

− 4Li2

�ðη − 1Þx−
1 − x−

�
− 4Li2

�ðη − 1Þx−
η − x−

��
; ð25Þ

where we have used the definitions

λ ¼ λð1; x2; y2Þ ¼ 1þ x4 þ y4 − 2x2 − 2y2 − 2x2y2; η ¼ 1þ x2 − y2 þ ffiffiffi
λ

p

2x

ω1 ¼
ηð1 − ηx−Þ
η − x−

¼ 1 − x2 þ y2 −
ffiffiffi
λ

p

1 − x2 þ y2 þ ffiffiffi
λ

p ; x− ¼
ffiffiffiffiffi
x2

p
: ð26Þ

To describe the spectrum of the charged lepton in the final state we have to change the lower integration limit x− in the
integrated soft gluon factor (23) to x0ðxlÞ which depends on the scaled lepton energy xl. Agðx2;ΛÞ then changes to the
xl-dependent soft gluon factor

Agðx2;Λ; xlÞ ¼
Z

xþ

x0ðxlÞ
Sgðx2; x0;ΛÞdx0: ð27Þ

The change can be performed by calculating
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Agðx2;Λ; xlÞ ¼
Z

xþ

x−

Sgðx2; x0;ΛÞdx0 −
Z

x0ðxlÞ

x−

Sgðx2; x0; 0Þdx0 ð28Þ

because the subtracted integral is IR finite. The limit of integration x0ðxlÞ for a finite scaled lepton mass ζ ¼ ml=mb is
determined by the condition

−1 ≤ cos θ ¼ x2xl − x0ðx2 þ ζ2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x20 − x2

p
ðx2 − ζ2Þ ≤ 1: ð29Þ

This gives two solutions for x0,

x0� ¼ 1

4ζ2
½xlðx2 þ ζ2Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2l − 4ζ2

q
ðx2 − ζ2Þ�; ð30Þ

where the solution x0− is the physical one which for vanishing lepton mass ζ ¼ 0 has the limit

x0ðxlÞ ¼
x2 þ x2l
2xl

: ð31Þ

The analytical result for the subtrahend in Eq. (28) is given by

Z
x0ðxlÞ

x−

Sgðx2; x0; 0Þdx0 ¼
�
4 ln

�ðu2 − uÞðuu2 − 1Þ
uu2

�
þ 2Li2

�
x−
u

�
þ 2Li2ðux−Þ

þ 2ffiffiffi
λ

p ð1 − x2 þ y2Þ
�
Li2

�
u
u2

�
− Li2

�
uu2 − 1

uu2

�
þ Li2

�
uu2 − 1

u2ðu − x−Þ
�

− Li2

�
u − x−
u2 − x−

�
− Li2

�
u2ð1 − ux−Þ
u2 − x−

�
− Li2

�
1 − u2x−
1 − ux−

�
−
1

2
ln2ðuu2Þ

þ ln u ln

�
u2 − u
u2

�
þ lnðu2Þ lnðuu2 − 1Þ − lnðu − x−Þ ln

�
u2 − u
u2 − x−

�

þ lnððu2 − uÞx−Þ lnð1 − ux−Þ − ln

�ðuu2 − 1Þx−
u2 − x−

�
lnð1 − ux−Þ −

1

2
ln2ð1 − ux−Þ

− ln

�
u2

1 − u2x−

�
ln

�
uu2 − 1

1 − u2x−

�
þ 1

2
ln2

�
u2ðu − x−Þ
1 − u2x−

�
−
1

2
ln2ð1 − u2x−Þ

��
uðxlÞ

u¼1

; ð32Þ

where u2 ¼ ð1þ x2 − y2 þ ffiffiffi
λ

p Þ=ð2x−Þ. The upper limit
depends on the scaled lepton energy xl and is defined by

uðxlÞ ¼
1

x−
ðx0ðxlÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x0ðxlÞ2 − x2

q
Þ; ð33Þ

where x0ðxlÞ is the integration boundary defined in
Eq. (31). As the quantity x− cease from being directly
related to the lower boundary, for simplicity in the
following we will skip the lower minus sign and use the
obvious notation x ¼

ffiffiffiffiffi
x2

p
instead. Our results presented in

the main text are obtained for zero charged lepton mass,
ml ¼ 0.

The infrared finite regular part of the tree graph con-
tribution to the unpolarized and polarized invariant struc-
ture functions of the decay b↑ → cþ l− þ ν̄l can be
calculated directly with zero gluon mass. Employing an
operational notation

fðx0Þ½Sgðx2; x0;ΛÞ�þ ¼ ðfðx0Þ − fðx00ÞÞSgðx2; x0; 0Þ
þ fðx00ÞSgðx2; x00;ΛÞ ð34Þ

for the plus prescription where fðx0Þ is regular in x0 ¼ x00,
the tree graph contributions read explicitly
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W1ðtree; x2; x0Þ ¼
αsCF

4π

�
1

2
ð1 − x2 þ y2Þ½Sgðx2; x0;ΛÞ�þ

þ 1þ x2 − y2 − 2x0
2ðx20 − x2Þ

�
9 − 2x2 þ y2 − x0 þ

1

2

ð1 − x2Þð1 − 5x2 þ 2y2Þ
1þ x2 − 2x0

þ 1

2

ð1 − x2Þ3
ð1þ x2 − 2x0Þ2

þ 5þ x2 þ y2 − 2x0ð2þ x0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x20 − x2

p lnðτÞ
��

;

W2ðtree; x2; x0Þ ¼
αsCF

4π

�
4½Sgðx2; x0;ΛÞ�þ þ 1

x20 − x2

�
−11 − 9x2 þ 5y2 − 16x0

þ 3

2
x

ð1þ xÞ2 − y2

ð1þ xÞðx0 þ xÞ ð5þ 4x − x2 þ y2Þ − 3

2
x

ð1 − xÞ2 − y2

ð1 − xÞðx0 − xÞ ð5 − 4x − x2 þ y2Þ

þ ð1 − x2Þ3 þ 2ð2þ x2 − 3x4Þy2 þ 3ð1þ x2Þy4
ð1 − x2Þð1þ x2 − 2x0Þ

−
y2ð1 − x2Þð1 − x2 þ y2Þ

ð1þ x2 − 2x0Þ2
�

þ 1

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x20 − x2

p
�
32 −

ð1 − x2Þð5þ x2Þ − 2ð2 − x2Þy2 − y4 þ 8ð1 − x2 þ y2Þx0
x20 − x2

−
3

2

ð1 − xÞ2 − y2

ðx0 − xÞ2 ð5 − 4x − x2 þ y2Þ − 3

2

ð1þ xÞ2 − y2

ðx0 þ xÞ2 ð5þ 4x − x2 þ y2Þ
�
lnðτÞ

�
;

W3ðtree; x2; x0Þ ¼
αsCF

4π

�
−2½Sgðx2; x0;ΛÞ�þ þ 1

2ðx20 − x2Þ
�
1þ 5x2 − y2 þ 14x0 þ

ð1 − x2Þ2y2
ð1þ x2 − 2x0Þ2

−
ð1 − x2Þ2 þ 4x2y2

ð1þ x2 − 2x0Þ
þ 2x0

3 − x2 þ y2 − 2x0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x20 − x2

p lnðτÞ
��

;

W4ðtree; x2; x0Þ ¼
αsCF

4π

�
1

2ðx20 − x2Þ
�
−28 − 4x0

− 2
ð1 − x2Þy4

ð1þ x2 − 2x0Þ2
þ 2

y2

1 − x2
6ð1 − x2Þ þ ð5þ x2Þy2

1þ x2 − 2x0

− 3
ð1 − xÞ2 − y2

xð1 − xÞ
5 − 4x − x2 þ y2

x0 − x
þ 3

ð1þ xÞ2 − y2

xð1þ xÞ
5þ 4x − x2 þ y2

x0 þ x

�

þ 1

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x20 − x2

p
�
15 − 36x2 þ 5x4 − 2ð6þ x2Þy2 − 3y4 þ 16x2x0

x2ðx20 − x2Þ −
3

2

ð1 − xÞ2 − y2

x2
5 − 4x − x2 þ y2

ðx0 − xÞ2

−
3

2

ð1þ xÞ2 − y2

x2
5þ 4x − x2 þ y2

ðx0 þ xÞ2
�
lnðτÞ

�
;

W5ðtree; x2; x0Þ ¼
αsCF

4π

�
−2½Sgðx2; x0;ΛÞ�þ þ 1

2ðx20 − x2Þ
�
−7ð3 − x2Þ − 3y2 þ 18x0 þ

ð1 − x2Þy2ð1 − x2 þ 2y2Þ
ð1þ x2 − 2x0Þ2

−
ð1 − x2Þ3 þ 2ð1 − x2Þð5þ 3x2Þy2 þ 4ð2þ x2Þy4

ð1 − x2Þð1þ x2 − 2x0Þ

þ 3
ð1 − xÞ2 − y2

1 − x
5 − 4x − x2 þ y2

x0 − x
þ 3

ð1þ xÞ2 − y2

1þ x
5þ 4x − x2 þ y2

x0 þ x

�

þ 1

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x20 − x2

p
�
−8þ 3

2

ð1 − xÞ2 − y2

x
5 − 4x − x2 þ y2

ðx0 − xÞ2

−
5 − 14xþ 7x2 þ 2x3 − ð3þ 2xÞy2

xðx0 − xÞ −
3

2

ð1þ xÞ2 − y2

x
5þ 4x − x2 þ y2

ðx0 þ xÞ2

þ 5þ 14xþ 7x2 − 2x3 − ð3 − 2xÞy2
xðx0 þ xÞ

�
lnðτÞ

�
;
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WP
1 ðtree;x2;x0Þ¼

αsCF

4π

�
−2½Sgðx2;x0;ΛÞ�þþ

1

2ðx20−x2Þ½27þ7x2−5y2þ10x0−
ð1−x2Þ2þ4x2y2−2y4

1þx2−2x0

þ ð1−x2Þ2y2
ð1þx2−2x0Þ2

þ3

x
ðð1−xÞ2−y2Þ2

x0−x
−
3

x
ðð1þxÞ2−y2Þ2

x0þx

�

þ 1

8
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x20−x2

p
�
−16þ3ð1−xÞðð1−xÞ2−y2Þ2

x2ðx0−xÞ2 þ3ð1þxÞðð1þxÞ2−y2Þ2
x2ðx0þxÞ2

−
2

x2
3−18x2−x4−6ð1−x2Þy2þ3y4þ4x2ð3þx2−y2Þx0

x20−x2

�
lnðτÞ

�
;

WP
2 ðtree;x2;x0Þ¼

αsCF

4π

�
1

2ðx20−x2Þ
�

4y2

ð1−x2Þ2
3ð1−x2Þ2−2ð3þ2x2Þy2

1þx2−2x0
−
9−6xþ7x2

2xð1−xÞ2
ðð1−xÞ2−y2Þ2

x0−x

þ9þ6xþ7x2

2xð1þxÞ2
ðð1þxÞ2−y2Þ2

x0þx
þ 4y4

ð1þx2−2x0Þ2
−
15

2

ðð1−xÞ2−y2Þ2
ðx0−xÞ2 −

15

2

ðð1þxÞ2−y2Þ2
ðx0þxÞ2

�

þ 1

4
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x20−x2

p
�ð1−x2Þð3−7x2Þ−2ð3þ5x2Þy2þ3y4

4x2ðx20−x2Þ −
3

8

ð1−3xÞðð1−xÞ2−y2Þ2
x2ðx0−xÞ2 −

3

8

ð1þ3xÞðð1þxÞ2−y2Þ2
x2ðx0þxÞ2

−
15

4

ð1−xÞðð1−xÞ2−y2Þ2
xðx0−xÞ3 þ15

4

ð1þxÞðð1þxÞ2−y2Þ2
xðx0þxÞ3

�
lnðτÞ

�
;

WP
3 ðtree;x2;x0Þ¼

αsCF

4π

�
1

ðx20−x2Þ
�
−1−

3y2

1þx2−2x0
þ3

2

1þ2x
x

ð1−xÞ2−y2

x0−x
−
3

2

1−2x
x

ð1þxÞ2−y2

x0þx

�

þ 1

ðx20−x2Þ3=2
�
−1−2x2þ2y2þ3

4

ð1−xÞð1þ2xÞ
x

ð1−xÞ2−y2

x0−x

−
3

4

ð1þxÞð1−2xÞ
x

ð1þxÞ2−y2

x0þx

�
lnðτÞ

�
;

WP
4 ðtree;x2;x0Þ¼

αsCF

4π

�
1þx2−y2−2x0

4ðx20−x2Þ
�
−8

ð1−x2Þ2−10y2

ð1−x2Þ2ð1þx2−2x0Þ
−8

y2

ð1þx2−2x0Þ2
−15

ð1−xÞ2−y2

x2ðx0−xÞ2

−15
ð1þxÞ2−y2

x2ðx0þxÞ2 þ2
ð1−x2Þ2ð15−19x2Þ−5ð3−8x2þx4Þy2þ20x2y2x0

x2ð1−x2Þ2ðx20−x2Þ

−6
ð1−x0Þð5þx2−5y2−10x0þ4x20Þ

ðx20−x2Þ5=2 lnðτÞ
��

;

WP
5 ðtree;x2;x0Þ¼

αsCF

4π

�
1

2ðx20−x2Þ½−6−
2y2

ð1−x2Þ2
3ð1−x2Þ2−4ð4þx2Þy2

1þx2−2x0
−

4y4

ð1þx2−2x0Þ2
þ15

2

ðð1−xÞ2−y2Þ2
xðx0−xÞ2

−
15

2

ðð1þxÞ2−y2Þ2
xðx0þxÞ2 −

ð1−xÞ2−y2

xð1−xÞ2
4ð1−xÞ2ð3−2xÞþð3þ2xÞy2

x0−x

þð1þxÞ2−y2

xð1þxÞ2
4ð1þxÞ2ð3þ2xÞþð3−2xÞy2

x0þx

�

þ 1

16
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x20−x2

p
�ð1−x2Þð3þ5x2Þ−2ð3−x2Þy2þ3y4

x2ðx20−x2Þ −
3

2

ð1−xÞ2−y2

x3
ð1−xÞð5þ16x−9x2Þ−ð5þxÞy2

ðx0−xÞ2

þ3

2

ð1þxÞ2−y2

x3
ð1þxÞð5−16x−9x2Þ−ð5−xÞy2

ðx0þxÞ2

þ15ð1−xÞðð1−xÞ2−y2Þ2
x2ðx0−xÞ3 þ15ð1þxÞðð1þxÞ2−y2Þ2

x2ðx0þxÞ3
�
lnðτÞ

�
;
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WP
6 ðtree;x2;x0Þ¼

αsCF

4π

�
−2½Sgðx2;x0;ΛÞ�þþ 1

2ðx20−x2Þ
�
13þ15x2−10y2þ16x0−

ð1−x2Þ2þð1þ3x2Þy2þ2y4

1þx2−2x0

þ ð1−x2Þ2y2
ð1þx2−2x0Þ2

−3
ðð1−xÞ2−y2Þ2

x0−x
−3

ðð1þxÞ2−y2Þ2
x0þx

�

þ 1

8
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x20−x2

p
�
−32−

3ð1−xÞðð1−xÞ2−y2Þ2
xðx0−xÞ2 þ3ð1þxÞðð1þxÞ2−y2Þ2

xðx0þxÞ2

þ2
3þx4−2ð2þx2Þy2þy4þ4ð1−2x2þ2y2Þx0

x20−x2

�
lnðτÞ

�
;

WP
7 ðtree;x2;x0Þ¼

αsCF

4π

�
2½Sgðx2;x0;ΛÞ�þþ 1

ðx20−x2Þ
�
5ð3þx2−2y2Þ−16x0þ

ð1−x2Þ2þð1þ3x2Þy2þ2y4

1þx2−2x0

−
ð1−x2Þ2y2

ð1þx2−2x0Þ2
þ3ðð1−xÞ2−y2Þ2

xðx0−xÞ −
3ðð1þxÞ2−y2Þ2

xðx0þxÞ
�

þ 1

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x20−x2

p
�
8−

3−8x2−23x4−6ð1−2x2Þy2þ3y4þ4x2ð6þx2−y2Þx0
x2ðx20−x2Þ

þ3

2

ð1−xÞðð1−xÞ2−y2Þ2
x2ðx0−xÞ2 þ3

2

ð1þxÞðð1þxÞ2−y2Þ2
x2ðx0þxÞ2

�
lnðτÞ

�
;

WP
8 ðtree;x2;x0Þ¼

αsCF

4π

�
−2½Sgðx2;x0;ΛÞ�þþ 1

2ðx20−x2Þ
�
3þx2þ16x0−

ð1−x2Þ2þð3þx2Þy2
1þx2−2x0

þ ð1−x2Þ2y2
ð1þx2−2x0Þ2

�

þ 1

2ðx20−x2Þ3=2 ½1þx2−y2þ2ð3x0−4x20Þ� lnðτÞ
�
;

WP
9 ðtree;x2;x0Þ¼

αsCF

4π

�
2½Sgðx2;x0;ΛÞ�þþ 1

2ðx20−x2Þ
�
−15þ3x2−4y2−8x0−

ð1−x2Þ2y2
ð1þx2−2x0Þ2

þð1−x2Þ2þð3þx2Þy2
1þx2−2x0

�

þ 1

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x20−x2

p
�
8−

1

x
ð1−xÞð7þ3x−2x2Þþð1−2xÞy2

x0−x

þ1

x
ð1þxÞð7−3x−2x2Þþð1þ2xÞy2

x0þx

�
lnðτÞ

�
; ð35Þ

where the argument τ of the logarithm is given by

τ ¼ 1 − x0 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x20 − x2

p
1 − x0 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x20 − x2

p : ð36Þ

V. ONE LOOP CONTRIBUTIONS

Finally, the contributions to one-loop corrections of unpolarized and polarized invariant structure functions are given by

W1ðloop; x2Þ ¼
αsCF

8π

�
−A0ð1 − x2 þ y2Þ − 2

x2
ð1 − y2Þð1 − x2 þ y2Þ lnðyÞ þ

ffiffiffi
λ

p

x2
ð1 − 3x2 þ y2Þ lnðω1Þ

�
;

W2ðloop; x2Þ ¼
αsCF

2π

�
−A0 −

3ffiffiffi
λ

p ð1 − x2 þ y2Þ lnðω1Þ
�
;

W3ðloop; x2Þ ¼
αsCF

4π

�
A0 þ

2

x2
ð1 − y2Þ lnðyÞ −

�
1

x2
ffiffiffi
λ

p
−

2ffiffiffi
λ

p ð1 − x2 þ y2Þ
�
lnðω1Þ

�
;
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W4ðloop; x2Þ ¼
αsCF

2πx2

�
−2 −

2

x2
ð1 − 2x2 − y2Þ lnðyÞ þ

� ffiffiffi
λ

p

x2
−

1ffiffiffi
λ

p ð1 − x2 − 3y2Þ
�
lnðω1Þ

�
;

W5ðloop; x2Þ ¼
αsCF

4π
fA0 þ

2

x2
ð1 − y2Þ þ 2

�
λ

x4
− 1

�
lnðyÞ − 1

x2
ð1þ x2 − y2Þ

� ffiffiffi
λ

p

x2
−

2ffiffiffi
λ

p ð1 − x2Þ
�
lnðω1Þ

�
;

WP
1 ðloop; x2Þ ¼

αsCF

4π

�
A0 þ

2

x2
ð1 − y2Þ lnðyÞ −

� ffiffiffi
λ

p

x2
−

2ffiffiffi
λ

p ð1 − x2 þ y2Þ
�
lnðω1Þ

�
;

WP
2 ðloop; x2Þ ¼

αsCF

2π

�
2

x2
lnðyÞ − 1ffiffiffi

λ
p

x2
ð1 − x2 − y2Þ lnðω1Þ

�
;

WP
3 ðloop; x2Þ ¼

αsCF

4πx2

�
2þ 2

x2
ð1 − 2x2 − y2Þ lnðyÞ −

� ffiffiffi
λ

p

x2
−
1 − x2 − 3y2ffiffiffi

λ
p

�
lnðω1Þ

�
;

WP
4 ðloop; x2Þ ¼ 0;

WP
5 ðloop; x2Þ ¼

αsCF

4πx2

�
2þ 2

x2
ð1 − 2x2 − y2Þ lnðyÞ −

� ffiffiffi
λ

p

x2
−

1ffiffiffi
λ

p ð1 − x2 − 3y2Þ
�
lnðω1Þ

�
;

WP
6 ðloop; x2Þ ¼

αsCF

8π

�
2A0 þ

2

x2
ð1þ x2 − y2Þ lnðyÞ −

� ffiffiffi
λ

p

x2
−

4ffiffiffi
λ

p ð1 − x2 þ y2Þ
�
lnðω1Þ

�
;

WP
7 ðloop; x2Þ ¼

αsCF

8π
f−2A0 −

2

x2
ð1 − x2 − y2Þ − 2

x2

�
λ

x2
þ 1þ x2 − 3y2

�
lnðyÞ

þ 1

x2

� ffiffiffi
λ

p

x2
ð1þ 2x2 − y2Þ − 2ffiffiffi

λ
p ð1 − x2 þ y2Þð1þ x2 − y2Þ

�
lnðω1Þ

�
;

WP
8 ðloop; x2Þ ¼

αsCF

8π

�
2A0 − 4 −

2

x2
ð1 − 3x2 − y2Þ lnðyÞ þ

� ffiffiffi
λ

p

x2
þ 4ffiffiffi

λ
p ð1 − x2 þ y2Þ

�
lnðω1Þ

�
;

WP
9 ðloop; x2Þ ¼

αsCF

8π

�
−2A0 þ

2

x2
ð1þ x2 − y2Þ þ 2

x2

�
λ

x2
þ 1 − 3x2 þ 5y2

�
lnðyÞ

−
1ffiffiffi
λ

p
x4

½ð1 − x2Þð1 − x2 þ 4x4Þ − ð1þ x2Þð3 − 7x2Þy2 þ ð3 − 2x2Þy4 − y6
�
lnðω1Þ

�
: ð37Þ

The IR divergent part is proportional to the product of the Born result times the factor

A0ðx2;ΛÞ ¼
2ffiffiffi
λ

p ð1 − x2 þ y2Þ
�
−2Li2ð1 − ω2Þ þ 2Li2ð1 − ω3Þ − lnðω1Þ ln

�
y
Λ2

�

− ln

�
1

2
ð1 − x2 þ y2 þ

ffiffiffi
λ

p
Þ
�
lnðω2ω3Þ

�
− 4

�
ln

�
y
Λ2

�
− 2

�
; ð38Þ

where

ω2 ¼
1þ x2 − y2 −

ffiffiffi
λ

p

1þ x2 − y2 þ ffiffiffi
λ

p ; ω3 ¼
1 − x2 − y2 −

ffiffiffi
λ

p

1 − x2 − y2 þ ffiffiffi
λ

p : ð39Þ

VI. INTEGRATED HELICITY STRUCTURE
FUNCTIONS

In this section we integrate the invariant structure
functions WXðtree; x2; x0Þ over the scaled energy x0 of
the W boson and combine it with the Born term and loop
results,

WXðincl; x2Þ ¼ WXðBorn; x2Þ
�
1þ αsCF

4π
Aðx2Þ

�

þWf
Xðloop; x2Þ þ

Z
Wf

Xðtree; x2; x0Þdx0
ð40Þ
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(X∈fU;L;F;S;SL;UP;LP;FP;IP;AP;SP;SLP;STP;SNPg), where Wf
Xðloop; x2Þ and Wf

Xðtree; x2; x0Þ contain only finite
parts where the contributions of Agðx2;ΛÞ and A0ðx2;ΛÞ are skipped. In calculating the difference Ag − A0, the IR
singularities cancel according to the Kinoshita–Lee–Nauenberg theorem, and the IR-finite factor A is defined by

Aðx2Þ ¼ lim
Λ→0

½Agðx2;ΛÞ − A0ðx2;ΛÞ�

¼ 4

�
lnðyÞ − 1þ 2 ln

�
y

ð1 − xÞ2 − y2

�
− 2Li2ðxÞ þ Li2

�
x
η

�
þ Li2ðηxÞ

�
ð41Þ

þ 2ffiffiffi
λ

p ð1 − x2 þ y2Þ
�
− lnðω1Þ þ

1

2
ln2ðω1Þ − 2ln2

�
1 − x
1 − ηx

�

þ lnðω1Þ
�
2 ln

�
ηþ 1

η − 1
y

�
þ ln

�
y
λ

��
þ ln

�
1

2
ð1 − x2 þ y2 þ

ffiffiffi
λ

p
Þ
�
lnðω2ω3Þ

þ 4 lnðηÞ ln
�
η − x
η

�
þ 2Li2ðηxÞ − 2Li2

�
x
η

�

− 4Li2

�ðη − 1Þx
1 − x

�
− 4LiLi2

�ðη − 1Þx
η − x

��
; ð42Þ

where the dilogarithmic identity

Li2ð1 − ω1Þ þ Li2ð1 − ω2Þ − Li2ð1 − ω3Þ ¼ Li2ðηxÞ − Li2

�
x
η

�
þ 2 lnðηÞ ln

�
η − x
η

�
ð43Þ

is employed. According to Eqs. (16), the unintegrated inclusive helicity structure functions WXðtree; x2; x0Þ are linear
combinations of the invariant structure functionsWiðtree; x2; x0Þ. In the following we discuss the results for the differential
decay rates with respect to x2 and three angles θP, θ and ϕ which are defined in Fig. 1. The helicity structure functions are
the coefficients of the angular dependence in the angular decay distribution of the decay process.
The angular decay distributions of the process b↑ → cþ l− þ ν̄l into leptons with negative or positive helicity,

respectively, are given by

dΓ−

dx2d cos θd cos θPdϕ
¼ Γb

4π

�
3

8

�
dΓ̂−

U

dx2
þ dΓ̂−

UP

dx2
P cos θP

�
ð1þ cos2θÞ þ 3

4

�
dΓ̂−

L

dx2
þ dΓ̂−

LP

dx2
P cos θP

�
sin2θ

þ 3

4

�
dΓ̂−

F

dx2
þ dΓ̂−

FP

dx2
P cos θP

�
cos θ

þ 3ffiffiffi
2

p dΓ̂−
IP

dx2
P sin θP sin θ cos θ cosϕþ 3ffiffiffi

2
p dΓ̂−

AP

dx2
P sin θP sin θ cosϕ

�

dΓþ

dx2d cos θd cos θPdϕ
¼ Γb

4π

�
3

4

�
dΓ̂þ

U

dx2
þ dΓ̂þ

UP

dx2
P cos θP

�
sin2θ þ 3

2

�
dΓ̂þ

L

dx2
þ dΓ̂þ

LP

dx2
P cos θP

�
cos2θ

þ 3

2

�
dΓ̂þ

S

dx2
þ dΓ̂þ

SP

dx2
P cos θP

�
þ 3

�
dΓ̂þ

SL

dx2
þ dΓ̂þ

SLP

dx2
P cos θP

�
cos θ

þ 3
ffiffiffi
2

p dΓ̂þ
STP

dx2
P sin θP sin θ cosϕþ 3

ffiffiffi
2

p dΓ̂þ
IP

dx2
P sin θP sin θ cos θ cosϕ

�
ð44Þ

where

Γb ¼
G2

Fm
5
bjVbcj2

192π3
ð45Þ

is the total decay rate of the bottom quark in the limit mc → 0. The angular decay distributions for the transverse
components of the spin for the charged lepton read
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dΓx

dx2d cos θd cos θPdϕ
¼ Γb

4π

�
3

2
ffiffiffi
2

p
�
dΓ̂x

F

dx2
þ dΓ̂x

FP

dx2
P cos θP

�
sin θ

−
3

2
ffiffiffi
2

p
�
dΓ̂x

U

dx2
þ dΓ̂x

UP

dx2
P cos θP − 2

�
dΓ̂x

L

dx2
þ dΓ̂x

LP

dx2
P cos θP

��
sin θ cos θ

þ 3ffiffiffi
2

p
�
dΓ̂x

SL

dx2
þ dΓ̂x

SLP

dx2
P cos θP

�
sin θ − 3

dΓ̂x
IP

dx2
P sin θP cosð2θÞ cosϕ

− 3

�
dΓ̂x

AP

dx2
þ dΓ̂x

STP

dx2

�
P sin θP cos θ cosϕ − 3

dΓ̂x
SNP

dx2
P sin θP cosϕ

�

dΓy

dx2d cos θd cos θPdϕ
¼ Γb

4π

�
3

�
dΓ̂y

AP

dx2
þ dΓ̂y

STP

dx2

�
P sin θP sinϕþ 3

�
dΓ̂y

IP

dx2
þ dΓ̂y

SNP

dx2

�
P sin θP cos θ sinϕ

�
: ð46Þ

The reduced rates are given by

dΓ̂−
X

dx2
¼ 2

ðx2 − ζ2Þ2
x2

TXðx2Þ;
dΓ̂x

X

dx2
¼ 2ζffiffiffiffiffiffiffi

2x2
p ðx2 − ζ2Þ2

x2
TXðx2Þ;

dΓ̂þ
X

dx2
¼ ζ2

x2
ðx2 − ζ2Þ2

x2
TXðx2Þ;

dΓ̂y
X

dx2
¼ 2ζffiffiffiffiffiffiffi

2x2
p ðx2 − ζ2Þ2

x2
TXðx2Þ ð47Þ

with

TU ¼ 2ð1 − x2 þ y2Þ
ffiffiffi
λ

p
−
αsCF

4π
× 2

�
4ð1 − x2 þ y2Þ2N 1 þ

1

x
½ð1 − xÞ2 − y2�½ð1 − xÞð5þ xÞ þ y2�N 2

−
1

x
½ð1þ xÞ2 − y2�½ð1þ xÞð5 − xÞ þ y2�N 3 þ

2

x2
ffiffiffi
λ

p
ð1 − x2 þ y2Þð1 − 6x2 − y2Þ lnðyÞ − 8

ffiffiffi
λ

p
ð1 − x2 þ y2Þ ln

�
x
λ

�

−
1

x2
½ð1 − x2Þ2ð1 − 6x2Þ − ð1þ 4x2 − 3x4Þy2 − ð1þ 2x2Þy4 þ y6� lnðω1Þ

− 4½7þ 3x2 − ð4 − 5x2Þy2 − 3y4� lnðηÞ þ
ffiffiffi
λ

p
ð19þ x2 − 5y2Þ

�
ð48Þ

TUP ¼ −2λþ αsCF

4π
× 2

�
4

ffiffiffi
λ

p
ð1 − x2 þ y2ÞN 4 − 4½11þ 3x2 þ x4 − 2ð3þ x2Þy2 þ y4�N 5

þ 2

x2
λð1 − 6x2 − y2Þ lnðyÞ þ 8λ ln ½ð1 − xÞ2 − y2� −

ffiffiffi
λ

p

x2
½7þ 21x2 þ 2x4 − ð8þ 3x2Þy2 þ y4� lnðω1Þ

−
4

x2
½ð1 − x2Þð3þ 14x2 − 2x4Þ − ð6 − 7x2 − x4Þy2 þ ð3 − x2Þy4� ln

�
1 − x
y

�

−
1

x
½ð1 − xÞ2 − y2�½12 − 55xþ 6x2 − x3 − 3ð4þ xÞy2�

�
ð49Þ

TL ¼ 1

x2
½λþ x2ð1 − x2 þ y2Þ�

ffiffiffi
λ

p
−
αsCF

4π

1

x2

�
4ð1 − x2 þ y2Þ½λþ x2ð1 − x2 þ y2Þ�N 1

− 2x½ð1 − xÞ2 − y2�½ð1 − xÞð5þ xÞ þ y2�N 2 þ 2x½ð1þ xÞ2 − y2�½ð1þ xÞð5 − xÞ þ y2�N 3

− 2
ffiffiffi
λ

p
½5ð1 − x2Þ − ð12þ 7x2Þy2 þ 7y4� lnðyÞ − 8

ffiffiffi
λ

p
½1 − x2 − ð2þ x2Þy2 þ y4� ln

�
x
λ

�

þ ½5ð1 − x2Þ2 − ð3þ 20x2 − x4Þy2 þ ð9 − 2x2Þy4 þ y6� lnðω1Þ − 8ð1þ x2 − y2Þ½1 − 7x2 − ð2þ x2Þy2 þ y4� lnðηÞ

−
ffiffiffi
λ

p
½5þ 47x2 − 4x4 − ð22þ x2Þy2 þ 5y4�

�
ð50Þ
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TLP ¼ 1

x2
ð1 − y2Þλ − αsCF

4π
×

1

x2

�
4

ffiffiffi
λ

p
ð1 − y2Þð1 − x2 þ y2ÞN 4 − 4½2þ 22x2 þ 11x4 − ð5þ 12x2 þ x4Þy2

þ 2ð2þ x2Þy4 − y6�N 5 − 2λð5 − 7y2Þ lnðyÞ þ 8λð1 − y2Þ ln ½ð1 − xÞ2 − y2�

−
ffiffiffi
λ

p
½17þ 53x2 − ð18þ x2Þy2 þ y4� lnðω1Þ − 4½ð1 − x2Þð11þ 24x2Þ − ð13 − 15x2Þy2 þ 2y4� ln

�
1 − x
y

�

þ ½ð1 − xÞ2 − y2�½15 − 22xþ 105x2 − 24x3 þ 4x4 − ð12 − 22xþ x2Þy2 − 3y4�
�

ð51Þ

TS ¼
1

x2
½λþ x2ð1 − x2 þ y2Þ�

ffiffiffi
λ

p
−
αsCF

4π

1

x2

�
4ð1 − x2 þ y2Þ½λþ x2ð1 − x2 þ y2Þ�N 1

−
2

x2
ffiffiffi
λ

p
½ð1 − x2Þð2þ 3x2Þ − 3ð2þ 4x2 þ 3x4Þy2 þ ð6þ 11x2Þy4 − 2y6� lnðyÞ

− 8
ffiffiffi
λ

p
½1 − x2 − ð2þ x2Þy2 þ y4� ln

�
x
λ

�
þ 1

x2
½ð1 − x2Þ2ð2þ 3x2Þ − ð8 − 3x2 þ 4x4 − 3x6Þy2

þ 3ð4þ 5x2Þy4 − ð8þ 5x2Þy6 þ 2y8� lnðω1Þ − 8ð1 − y2Þ½1 − x2 − ð2þ x2Þy2 þ y4� lnðηÞ

− 3
ffiffiffi
λ

p
½3ð1 − x2Þ − ð10þ 3x2Þy2 þ 3y4�

�
ð52Þ

TSP ¼ 1

x2
ð1 − y2Þλ − αsCF

4π
×

1

x2
ð1 − y2Þ

�
4

ffiffiffi
λ

p
ð1 − x2 þ y2ÞN 4 − 4½2þ x4 − ð3þ 2x2Þy2 þ y4�N 5

−
2

x2
1

1 − y2
λ½2þ 3x2 − ð4þ 9x2Þy2 þ 2y4� lnðyÞ þ 8λ ln ½ð1 − xÞ2 − y2�

þ
ffiffiffi
λ

p

x2
½2 − 9x2 þ x4 − ð4þ 3x2Þy2 þ 2y4� lnðω1Þ − 4½ð1 − x2Þð5 − 2x2Þ þ 2ð2 − x2Þy2� ln

�
1 − x
y

�

þ ½ð1 − xÞ2 − y2�ð11 − 6x − 7x2 þ 7y2Þ
�

ð53Þ

TF ¼ −2λþ αsCF

4π
× 2

�
4

ffiffiffi
λ

p
ð1 − x2 þ y2ÞN 4 þ 4ð1þ 3x2 − x4 þ 2x2y2 − y4ÞN 5

þ 2

x2
λð1 − 6x2 − y2Þ lnðyÞ þ 8λ ln ½ð1 − xÞ2 − y2� −

ffiffiffi
λ

p

x2
½1 − 9x2 þ 2x4 − ð2þ 3x2Þy2 þ y4� lnðω1Þ

þ 4½ð1 − x2Þð1þ 2x2Þ − ð1þ x2Þy2� ln
�
1 − x
y

�
− 2½ð1 − xÞ2 − y2�ð3 − 4x − 3y2Þ

�
ð54Þ

TFP ¼ 2
ffiffiffi
λ

p
ð1 − x2 þ y2Þ − αsCF

4π
× 2

�
4ð1 − x2 þ y2Þ2N 1 þ

2

x
ð1 − xÞð1þ 2xÞ½ð1 − xÞ2 − y2�N 2

−
2

x
ð1þ xÞð1 − 2xÞ½ð1þ xÞ2 − y2�N 3 þ

2

x2
ffiffiffi
λ

p
ð1 − x2 þ y2Þð1 − 6x2 − y2Þ lnðyÞ − 8

ffiffiffi
λ

p
ð1 − x2 þ y2Þ ln

�
x
λ

�

−
1

x2
½ð1 − x2Þ2ð1 − 6x2Þ − ð1 − 8x2 − 3x4Þy2 − ð1þ 4x2Þy4 þ y6� lnðω1Þ

− 4½4 − 9x2 − ð2 − 5x2Þy2 − 2y4� lnðηÞ − 2
ffiffiffi
λ

p
ð4þ x2 þ 2y2Þ

�
ð55Þ
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TIP ¼ −
1ffiffiffi
2

p
x
λþ αsCF

4π
×

1ffiffiffi
2

p
x

�
4

ffiffiffi
λ

p
ð1 − x2 þ y2ÞN 4 − 2½7þ 15x2 þ 4x4 − ð11þ 8x2Þy2 þ 4y4�N 5

þ 1

x2
λð1 − 11x2 − y2Þ lnðyÞ þ 8λ ln ½ð1 − xÞ2 − y2� −

ffiffiffi
λ

p

2x2
½1þ 30x2 þ 21x4 − 2ð1þ 11x2Þy2 þ y4� lnðω1Þ

− 2½ð1 − x2Þð21þ 5x2Þ − ð11 − 15x2Þy2 − 4y4� ln
�
1 − x
y

�
þ 2½ð1 − xÞ2 − y2�ð12 − 7xþ 12x2 − 9y2Þ

�
ð56Þ

TAP ¼ 1ffiffiffi
2

p
x

ffiffiffi
λ

p
ð1 − x2 − y2Þ − αsCF

4π
×

1ffiffiffi
2

p
x

�
4ð1 − x2 þ y2Þð1 − x2 − y2ÞN 1 − ð1 − xÞð1þ 2xÞ½ð1 − xÞ2 − y2�N 2

− ð1þ xÞð1 − 2xÞ½ð1þ xÞ2 − y2�N 3 þ
1

x2
ffiffiffi
λ

p
½ð1 − x2Þð1 − 11x2Þ − 2ð1 − 8x2Þy2 þ y4� lnðyÞ

− 8
ffiffiffi
λ

p
ð1 − x2 − y2Þ ln

�
x
λ

�
−

1

2x2
½ð1 − x2Þ2ð1 − 11x2Þ − ð1þ x2Þð3 − 11x2Þy2 þ ð3 − 7x2Þy4 − y6� lnðω1Þ

− 2½ð1þ x2Þð4 − 7x2Þ − ð8 − 7x2Þy2 þ 4y4� lnðηÞ − 2
ffiffiffi
λ

p
ð1þ 2x2 − 4y2Þ

�
: ð57Þ

TSL ¼ 1

x2
ð1 − y2Þλ − αsCF

4π
×

1

x2

�
4

ffiffiffi
λ

p
ð1 − y2Þð1 − x2 þ y2ÞN 4 þ 4½1þ 5x2 − x4 − ð1þ x2 − x4Þy2 − ð1þ 2x2Þy4 þ y6�N 5

−
2

x2
λ½1þ 4x2 − 2ð1þ 4x2Þy2 þ y4� lnðyÞ þ

ffiffiffi
λ

p

x2
½1þ 7x2 þ 2x4 − ð3þ 8x2Þy2 þ ð3þ x2Þy4 − y6� lnðω1Þ

þ 8ð1 − y2Þλ ln ½ð1 − xÞ2 − y2� þ 4½ð1 − x2Þð2þ 3x2Þ − ð7 − 4x2 − x4Þy2 − ð1þ x2Þy4� ln
�
1 − x
y

�

− ½ð1 − xÞ2 − y2�½7 − 10xþ 13x2 − ð26þ 2xþ 7x2Þy2 þ 7y4�
�

ð58Þ

TSLP ¼
ffiffiffi
λ

p

x2
½λþ x2ð1 − x2 þ y2Þ� − αsCF

4π

1

x2

�
4ð1 − x2 þ y2Þ½λþ x2ð1 − x2 þ y2Þ�N 1

− 2½ð1 − xÞ2 − y2�½3ð1 − xÞ − ð3 − 2xÞy2�N 2 − 2½ð1þ xÞ2 − y2�½3ð1þ xÞ − ð3þ 2xÞy2�N 3

−
2

x2
ffiffiffi
λ

p
½ð1 − x2Þð1þ 4x2Þ − ð3þ 12x2 þ 8x4Þy2 þ 3ð1þ 3x2Þy4 − y6� lnðyÞ

− 8
ffiffiffi
λ

p
½1 − x2 − ð2þ x2Þy2 þ y4� ln

�
x
λ

�
þ 1

x2
½ð1 − x2Þ2ð1þ 4x2Þ − 2ð2 − 6x2 þ 2x4 − x6Þy2 þ ð6 − 12x2 − x4Þy4

− 2ð2þ x2Þy6 þ y8� lnðω1Þ − 4ð1 − y2Þ½2þ 13x2 þ x4 − ð4þ 3x2Þy2 þ 2y4� lnðηÞ

þ
ffiffiffi
λ

p
½13þ 19x2 − ð8 − 5x2Þy2 − 5y4�

�
ð59Þ

TSTP ¼−
1ffiffiffi
2

p
x

ffiffiffi
λ

p
ð1−x2−y2ÞþαsCF

4π
×

1ffiffiffi
2

p
x

�
4ð1−x2þy2Þð1−x2−y2ÞN 1þ

1

x
½ð1−xÞ2−y2�½3ð1−xÞ− ð3−2xÞy2�N 2

−
1

x
½ð1þxÞ2−y2�½3ð1þxÞ− ð3þ2xÞy2�N 3−

ffiffiffi
λ

p

x2
½ð1−x2Þð1þ9x2Þ−2ð1þ10x2Þy2þy4� lnðyÞ

−8
ffiffiffi
λ

p
ð1−x2−y2Þ ln

�
x
λ

�
þ 1

2x2
½ð1−x2Þ2ð1þ9x2Þ−3ð1−x4Þy2þð3þ5x2Þy4−y6� lnðω1Þ

−2½ð2þx2Þð5þx2Þ− ð20þ3x2Þy2þ10y4� lnðηÞþ2
ffiffiffi
λ

p
ð5þ4x2−2y2Þ

�
ð60Þ
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TSNP ¼ λffiffiffi
2

p
x
þ αsCF

4π
×

1ffiffiffi
2

p
x

�
4

ffiffiffi
λ

p
ð1 − x2 þ y2ÞN 4 þ 2½1þ 7x2 − 2x4 þ ð1þ 4x2Þy2 − 2y4�N 5

−
1

x2
λð1þ 9x2 − y2Þ lnðyÞ þ 1

2x2
ffiffiffi
λ

p
½1þ 10x2 þ x4 − 2ð1þ x2Þy2 þ y4� lnðω1Þ þ 8λ ln ½ð1 − xÞ2 − y2�

þ 2½ð1 − x2Þð1þ 5x2Þ − ð7 − 3x2Þy2� ln
�
1 − x
y

�
− 2½ð1 − xÞ2 − y2�ð2 − 3xþ 4x2 − 5y2Þ

�
ð61Þ

The dilogarithmic decay rate terms occurring in these expressions are

N 1 ¼ 2

�
2Li2ð1 − ω1Þ − Li2ðηxÞ þ Li2

�
x
η

��
þ 2 lnðω1Þ lnð1 − ω1Þ − lnðω1Þ lnðxÞ − 2 lnðηÞ lnðyÞ

N 2 ¼
�
2Li2ð1 − ω1Þ − Li2ðηxÞ þ Li2

�
x
η

��
þ 2

�
Li2

�
−
ω1

η

�
− Li2

�
−
1

η

��
− 2 lnðηÞ lnð1 − xÞ þ 2 lnðω1Þ ln

�
1þ ω1

η

�

N 3 ¼
�
2Li2ð1 − ω1Þ − Li2ðηxÞ þ Li2

�
x
η

��
þ 2

�
Li2

�
ω1

η

�
− Li2

�
1

η

��
− 2 lnðηÞ lnð1þ xÞ þ 2 lnðω1Þ ln

�
1 −

ω1

η

�

N 4 ¼
�
2Li2ð1 − ω1Þ − Li2ðηxÞ þ Li2

�
x
η

��
þ 2

�
Li2

�
−
ω1

η

�
− Li2

�
−
1

η

��
þ 2 lnðω1Þ lnð1 − ω1Þ − lnðω1Þ lnðηxÞ

N 5 ¼ Li2ðηxÞ þ Li2

�
x
η

�
− 2Li2ðxÞ: ð62Þ

As an illustration of our results, in Fig. 2 we plot the
dependence of the normalized decay rate Γ̂− in dependence
on the cosine of the polar angle θ for different azimuthal
angles ϕ. The polarization angle is chosen to be θP ¼ π=2,
i.e., orthogonal to the momentum of theW boson. The plots
show the typical enhancement in the backwards direction of
the charged lepton for ϕ ¼ 0while for ϕ ¼ π the rate in this
direction is nearly extinguished. The OðαsÞ corrections
reduce the rate uniformly by about 13%.

VII. NONPERTURBATIVE CORRECTIONS

Both bottom and charm quarks are enclosed in heavy
hadrons. This is accounted for by adding nonperturbative
corrections to the decay width. The analysis done here is
based on Ref. [33] and a series of publications of our
working group on semileptonic decays of B mesons [34–
36] and Λb baryons [37–44]. Note that the results of
Ref. [33] have been independently checked by the authors
of Refs. [45,46]. The calculations are done in the
framework of the heavy quark effective theory (HQET)
and the method of operator product expansion (OPE) as
applied to heavy hadron decays. As before, the dynamics
of the hadron-side transitions is embodied in
the hadron tensor Wμν. However, in this case this tensor
is given by the absorptive part of the current-current
correlator,

W̃μν ¼ −
1

π
ImðΠμνÞ; ð63Þ

where the correlator

Πμνðq2;q0Þ¼−ihΛbðp;sÞj

×
Z

d4xe−iqxT fJμ†ðxÞJνð0ÞgjΛbðp;sÞi ð64Þ

can be written again in terms of five unpolarized and nine
polarized invariant structure functions. These can be
calculated in HQET and read up to order Oð1=m2

bÞ [33]

FIG. 2. Dependence of the normalized decay rate Γ̂− on the
cosine of the polar angle θ for azimuthal angles ϕ ¼ 0, ϕ ¼ π=2
and ϕ ¼ π. The polarization of the b quark is orthogonal to the
momentum of the W boson, θP ¼ π=2.
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Π1 ¼
1

2Δ0

ðmb − v · qÞð1þ XbÞ þ
2mb

3
ðKb þ GbÞ

�
−1
2Δ0

þ q2 − ðv · qÞ2
Δ2

0

�
þmbðKb þ GbÞ

2Δ0

−
m2

bGb

3Δ2
0

ðmb − v · qÞ

Π2 ¼
mb

Δ0

ð1þ XbÞ þ
2mb

3
ðKb þGbÞ

�
1

Δ0

þ 2mbðv · qÞ
Δ2

0

�
þmbðKb þ GbÞ

Δ0

þ 4m2
bKbðv · qÞ
3Δ2

0

þ 2m3
bGb

3Δ2
0

Π3 ¼
1

2Δ0

ð1þ XbÞ −
2mb

3
ðKb þGbÞ

mb − v · q
Δ2

0

þ 2m2
bKb

3Δ2
0

−
m2

bGb

3Δ2
0

Π4 ¼
4mb

3Δ2
0

ðKb þ GbÞ

Π5 ¼
−1
2Δ0

ð1þ XbÞ −
2mb

3
ðKb þGbÞ

2mb þ v · q
Δ2

0

þm2
bGb

3Δ2
0

ΠP
1 ¼ −

1þ ϵb
2Δ0

−
5mb

3Δ2
0

ðv · qÞKb þ
4m2

bKb

3Δ3
0

ðq2 − ðv · qÞ2Þ

ΠP
2 ¼ 4m2

bKb

3Δ2
0

ΠP
3 ¼ 2mbKb

3Δ2
0

ΠP
4 ¼ 0

ΠP
5 ¼ −

2mbKb

3Δ2
0

ΠP
6 ¼ −

mbð1þ ϵbÞ
2Δ0

−
5mbKb

6Δ0

−
5m2

b

3Δ2
0

ðv · qÞKb þ
4m3

bKb

3Δ3
0

ðq2 − ðv · qÞ2Þ

ΠP
7 ¼ 1þ ϵb

2Δ0

þ ð2mb þ 3v · qÞmbKb

3Δ2
0

−
4m2

bKb

3Δ3
0

ðq2 − ðv · qÞ2Þ

ΠP
8 ¼ mbð1þ ϵbÞ

2Δ0

þmbKb

6Δ0

þ 5m2
b

3Δ2
0

ðv · qÞKb −
4m3

bKb

3Δ3
0

ðq2 − ðv · qÞ2Þ

ΠP
9 ¼ −

1þ ϵb
2Δ0

−
ð2mb þ 3v · qÞmbKb

3Δ2
0

þ 4m2
bKb

3Δ3
0

ðq2 − ðv · qÞ2Þ ð65Þ

where

Xb ¼ −
2ðmb − v · qÞmbðKb þ GbÞ

Δ0

−
8m2

bKb

3Δ2
0

ðq2 − ðv · qÞ2Þ þ 2m2
bKb

Δ0

ð66Þ

and the denominator factor Δ0 is given by

Δ0 ¼ ðmbv − qÞ2 −m2
c þ iϵ: ð67Þ

Kb is related to the mean kinetic energy of the heavy
bottom quark

Kb ¼−
X
s

hΛbðp;sÞjb̄vðxlÞ
ðiDÞ2
2m2

b

bvðxlÞjΛbðp;sÞi¼
μ2π
2m2

b

;

ð68Þ

where we can use μ2π ≈ 0.6 GeV2 [40]. The spin dependent
contribution ϵb is defined by

hΛbðp; sÞjb̄γλγ5bjΛbðp; sÞi ¼ ð1þ ϵbÞsλ ð69Þ

and is of the order Λ2
QCD=m

2
b. Finally, the chromomagnetic

contribution Gb is given by

Gb ¼
X
s

hΛbðp; sÞjb̄vðxlÞ
�
−gFαβσ

αβ

4m2
b

�
bvðxlÞjΛbðp; sÞi

¼ μ2G
2m2

b

ð70Þ

of the same order. Invariant structure functions Wi are
defined accordingly by

OðαsÞ PERTURBATIVE AND NONPERTURBATIVE … PHYS. REV. D 106, 014003 (2022)

014003-17



W̃i ¼ −
1

π
ImðΠiÞ: ð71Þ

The imaginary parts of the inverse powers of Δ0, which are
needed for obtainingWi, can be calculated with the help of

Im

�
1

Δ0

�
¼ −π

2mb
δ

�
q0 −

�
m2

b −m2
c þ q2

2mb

��

Im

�
1

Δ2
0

�
¼ −π

4m2
b

d
dq0

δ

�
q0 −

�
m2

b −m2
c þ q2

2mb

��

Im

�
1

Δ3
0

�
¼ −π

16m3
b

d2

dq20
δ

�
q0 −

�
m2

b −m2
c þ q2

2mb

��
: ð72Þ

Accordingly, the invariant structure functions are given by

W̃i ¼
1

2mb
Πi

				
�

1

Δ0

→ δðq0 − EqÞ;
1

Δ2
0

→
1

2mb
δ0ðq0 − EqÞ;

1

Δ3
0

→
1

8m2
b

δ00ðq0 − EqÞ
�

ð73Þ

where Eq ¼ ðm2
b −m2

c þ q2Þ=ð2mbÞ.
The helicity structure functions W̃X can be obtained by

linear combinations of the invariant structure functions

W̃ðPÞ
i with the help of Eqs. (16). By integrating over the W

energy scale x0, one obtains the integrated structure
functions

TXðx2Þ ≔ 8mb

Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x20 − x2

q
W̃Xðx2; x0Þdx0 ð74Þ

which are given by

TU ¼ 2ð1 − KbÞ
ffiffiffi
λ

p
ð1 − x2 þ y2Þ þ 16

3
Kb

ffiffiffi
λ

p
þ Gb

3
ffiffiffi
λ

p f2λ½15ðx2 − y2Þ − 11� þ 8x2ð3ðx2 − y2Þ − 7Þ þ 32ð1 − y2Þg

TUP ¼ −2ð1þ ϵbÞλþ
2

3
Kbð3λþ 8x2Þ

TL ¼ ð1 − KbÞ
ffiffiffi
λ

p

x2
½λþ x2ð1 − x2 þ y2Þ� − 16

3
Kb

ffiffiffi
λ

p
þ Gb

3
ffiffiffi
λ

p
x2

fλ½15ð−λþ x4 − x2y2Þ − 59x2 þ 12ð1 − y2Þ�

þ 4x2½x2ð3ðx2 − y2Þ − 7Þ þ 4ð1 − y2Þ�g

TLP ¼ ð1þ ϵbÞ
λ

x2
ð1 − y2Þ − Kb

1 − y2

3x2
ð3λþ 8x2Þ

TS ¼ ð1 − KbÞ
ffiffiffi
λ

p

x2
½λþ x2ð1 − x2 þ y2Þ� þ Gbffiffiffi

λ
p

x2
fλ½−5ðλ − x4 þ x2y2Þ − 9x2 þ 4ð1 − y2Þ� − 4x4ð1 − x2 þ y2Þg

TSP ¼ ð1þ ϵbÞ
λ

x2
ð1 − y2Þ − Kb

1 − y2

3x2
ð3λþ 8x2Þ

TF ¼ −2λþ 2

3
Kbð3λþ 8x2Þ þ 2

3
Gb½15λþ 16x2 − 24ð1 − y2Þ�
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ffiffiffi
λ

p
ð1 − x2 þ y2Þ þ 2

3
Kb

ffiffiffi
λ

p
ð3ðx2 − y2Þ þ 5Þ

TIP ¼ −ð1þ ϵbÞ
λffiffiffi
2

p
x
− 2Kb

λ − 4x2

3
ffiffiffi
2

p
x

TAP ¼ ð1þ ϵbÞ
ffiffiffi
λ

p
ffiffiffi
2

p
x
ð1 − x2 − y2Þ − 2Kb

ffiffiffi
λ

p

3
ffiffiffi
2

p
x
ð1þ x2 − y2Þ

TSL ¼ λ

x2
ð1 − y2Þ − Kb

1 − y2

3x2
ð3λþ 8x2Þ −Gb

1 − 5y2

3x2
ð3λþ 8x2Þ
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ffiffiffi
λ

p

x2
½λþ x2ð1 − x2 þ y2Þ� − Kb

ffiffiffi
λ

p

3x2
½3λ − x2ð3ðx2 − y2Þ − 11Þ�

TSTP ¼ −ð1þ ϵbÞ
ffiffiffi
λ

p
ffiffiffi
2

p
x
ð1 − x2 − y2Þ − 2Kb

ffiffiffi
λ

p

3
ffiffiffi
2

p
x
ð1þ x2 − y2Þ

TSNP ¼ ð1þ ϵbÞ
λffiffiffi
2

p
x
− 2Kb

λþ 4x2

3
ffiffiffi
2

p
x

; ð75Þ
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where Kb, ϵb, and Gb are defined in Eqs. (68), (69), and
(70), respectively. Taking typical values for these param-
eters advised for instance in Refs. [33,40], the corrections
to Fig. 2 are below the 1% level and, therefore, outplayed
by the first order radiative QCD corrections.

VIII. SUMMARY

In this paper we have given analytical expressions for
first order radiative QCD corrections (cf. Fig. 3) to the ten
helicity structure functions that determine the angular
decay distribution of the semileptonic decay of a polarized
bottom quark. We have shown that the radiative corrections
change the Born term result significantly. At the same time,
we have found that nonperturbative corrections calculated
in some detail in the last part of this paper are subdominant.
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APPENDIX: INTEGRATED HELICITY RATES

We integrate the analytical results for the helicity rates
dΓ̂ðinclÞ

i =dx2 defined in (47) over the scaled W boson
momentum squared x2. The limits of integration in case
of massive leptons are ζ2 ≤ x2 ≤ ð1 − yÞ2, and the ana-
lytical results for the integrated helicity rates are given by

Γ̂ ¼
Z ð1−yÞ2

ζ2

dΓ̂
dx2

dx2: ðA1Þ

With the definitions

u1 ¼
1 − ζ2 þ y2 −

ffiffiffiffi
R

p

2y
; u2 ¼

1þ ζ2 − y2 −
ffiffiffiffi
R

p

2ζ
;

u3 ¼
ð1 − yÞ2

ζ2
ðA2Þ

we obtain the integrated rates into negative helicity leptons

Γ̂−
U¼

1

3

ffiffiffiffi
R

p
½ð1þy2Þð1−8y2þy4Þ−ð7−12y2þ7y4Þζ2−7ð1þy2Þζ4þζ6�−8y4ð1−ζ4Þlnðu1Þ−8ð1−y4Þζ4 lnðu2Þ

þKb

�
1

9

ffiffiffiffi
R

p
½13þ181y2þ37y4−3y6−ð59þ116y2−21y4Þζ2−ð11−21y2Þζ4−3ζ6�

þ8

3
y2½8þ11y2−16ζ2þð8−3y2Þζ4�lnðu1Þ−

8

3
ð1−y2Þð5−3y2Þζ4 lnðu2Þ

�

þGb

�
1

9

ffiffiffiffi
R

p
½41þ185y2þ65y4−15y6−ð127þ124y2−105y4Þζ2þð41þ105y2Þζ4−15ζ6�

þ8

3
y2½12þ11y2−16ζ2þð4−15y2Þζ4�lnðu1Þ−

8

3
ð5−4y2þ15y4Þζ4 lnðu2Þ

�

Γ̂−
UP¼ð1þϵbÞ

�
1

3
½ζ2−ð1−yÞ2�½ð1−yÞ4ð1þ6yþy2Þ−ð1−yÞ2ð7þ26yþ7y2Þζ2−ð7þ2yþ7y2Þζ4þζ6�−4ð1−y2Þ2ζ4 lnðu3Þ

�

−Kb

�
1

9
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W −

c
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W −

c
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W −

c

b

W −

c

FIG. 3. Feynman diagrams for Born term, QCD first order tree and loop contributions.
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Γ̂−
L ¼
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AP ¼ ð1þ ϵbÞ
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2

p

315
ð1þ yÞ½5þ 108y2 þ 17y4 − 2y6

− 14ð3þ 7y2 − 2y4Þζ2 − 35ð1 − 2y2Þζ4�½Eðk2Þ − Eðφ; k2Þ� − 32
ffiffiffi
2

p

315
y½ð1þ yÞð5þ 45yþ 13y2 þ 3y3 − 2y4Þ

− 14ð1þ yÞð3þ 3y − 2y2Þζ2 − 35ð1 − 2yÞζ4�½Kðk2Þ − Fðφ; k2Þ�
�
: ðA3Þ

The integrated rates into positive helicity leptons read

Γ̂þ
U ¼ 2

3

ffiffiffiffi
R

p
ζ2½ð1−y2Þ2þ10ð1þy2Þζ2þζ4�−8

y4ζ4

1−y2
ð1−y2−ζ2Þ lnðu1Þþ8

ζ4

1−y2
½ð1−y2Þ2ð1þy2Þþð1þy4Þζ2� lnðu2Þ

þKb

�
2

3

ffiffiffiffi
R

p
ζ2½3þ6y2−y4þ10ð1−y2Þζ2−ζ4�þ8

3

y2ζ2

1−y2
½4ð1−y2Þ− ð1−y2Þð8−3y2Þζ2þð4−3y2Þζ4� lnðu1Þ

þ8

3

ζ4

1−y2
½ð1−y2Þ2ð5−3y2Þþð1þ4y2−3y4Þζ2� lnðu2Þ

�

þGb

�
2

3

ffiffiffiffi
R

p ζ2

1−y2
½ð1−y2Þð7þ6y2−5y4Þ−2ð3þ14y2−25y4Þζ2−5ð1−y2Þζ4�

þ8

3

y2ζ2

ð1−y2Þ2 ½4ð1−y2Þ2− ð1−y2Þ2ð4−15y2Þζ2−y2ð23−15y2Þζ4� lnðu1Þ

þ8

3

ζ4

ð1−y2Þ2 ½ð1−y2Þ2ð5−4y2þ15y4Þ− ð7þy2þ23y4−15y6Þζ2� lnðu2Þ
�

Γ̂þ
UP ¼ð1þ ϵbÞ

�
2

3
ζ2½ζ2− ð1−yÞ2�½ð1−yÞ2ð1þ4yþy2Þþ10ð1þyþy2Þζ2þζ4�þ4ζ4½ð1−y2Þ2þð1þy2Þζ2� lnðu3Þ

�

−Kb

�
2

3
ζ2½ζ2− ð1−yÞ2�½ð1−yÞ2ð5þ4yþy2Þ−2ð1−5y−5y2Þζ2þζ4�

þ4

3
ζ4½3ð1−y2Þ2− ð1−3y2Þζ2� lnðu3Þ

�

Γ̂þ
L ¼−

ffiffiffiffi
R

p
ζ2½3−4y2þ3y4þ3ð1þy2Þζ2�−2

y4ζ2

1−y2
½ð1−y2Þð3−y2Þ−4ð1−y2Þζ2þζ4� lnðu1Þ

−2
ζ2

1−y2
½ð1−y2Þ4þ4ð1−y2Þ2ð1þy2Þζ2þð1þy4Þζ4� lnðu2Þ

þKb

�
1

3

ffiffiffiffi
R

p
ζ2½1−20y2þ9y4− ð31−9y2Þζ2�−2

3

y2ζ2

1−y2
½ð1−y2Þð16−9y2þ3y4Þ−4ð1−y2Þð8−3y2Þζ2

þð16−3y2Þζ4� lnðu1Þþ
2

3

ζ2

1−y2
½3ð1−y2Þ4−4ð1−y2Þ2ð5−3y2Þζ2− ð13þ16y2−3y4Þζ4� lnðu2Þ

�

þGb

�
1

3

ffiffiffiffi
R

p ζ2

1−y2
½ð1−y2Þð3−58y2þ45y4Þ− ð37−86y2þ45y4Þζ2�
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−
2

3

y2ζ2

ð1−y2Þ2 ½ð1−y2Þ2ð28−33y2þ15y4Þ−4ð1−y2Þ2ð16−15y2Þζ2þð36−47y2þ15y4Þζ4� lnðu1Þ

þ2

3

ζ2

ð1−y2Þ2 ½3ð1−y2Þ4ð1−5y2Þ−4ð1−y2Þ2ð5−16y2þ15y4Þζ2− ð17þ23y2−47y4þ15y6Þζ4� lnðu2Þ
�

Γ̂þ
LP ¼ð1þ ϵbÞ

�
ζ2
1þy
1−y

½ζ2− ð1−yÞ2�½ð1−yÞ2ð3þ4yþ3y2Þþð3−4yþ3y2Þζ2�

þð1−y2Þζ2½ð1−y2Þ2þ4ð1þy2Þζ2þζ4� lnðu3Þ
�

−Kb

�
1

3
ζ2
1þy
1−y

½ζ2− ð1−yÞ2�½ð1−yÞ2ð1þ12yþ9y2Þþð1−12yþ9y2Þζ2�

þ1

3
ð1−y2Þζ2½3ð1−y2Þ2−4ð1−3y2Þζ2þ3ζ4� lnðu3Þ

�

Γ̂þ
S ¼−

ffiffiffiffi
R

p
ζ2½3−4y2þ3y4þ3ð1þy2Þζ2�−2

y4ζ2

1−y2
½ð1−y2Þð3−y2Þ−4ð1−y2Þζ2þζ4� lnðu1Þ

−2
ζ2

1−y2
½ð1−y2Þ4þ4ð1−y2Þ2ð1þy2Þζ2þð1þy4Þζ4� lnðu2Þ

þKb

� ffiffiffiffi
R

p
ζ2½3−4y2þ3y4þ3ð1þy2Þζ2�þ2

y4ζ2

1−y2
½ð1−y2Þð3−y2Þ−4ð1−y2Þζ2þζ4� lnðu1Þ

þ2
ζ2

1−y2
½ð1−y2Þ4þ4ð1−y2Þ2ð1þy2Þζ2þð1þy4Þζ4� lnðu2Þ

�

þGb

� ffiffiffiffi
R

p ζ2

1−y2
½ð1−y2Þð1−14y2þ15y4Þþð9þ2y2−15y4Þζ2�−2

y2ζ2

ð1−y2Þ2 ½ð1−y2Þ2ð4−11y2þ5y4Þ

þ20y2ð1−y2Þ2ζ2− ð4þ5y2−5y4Þζ4� lnðu1Þþ2
ζ2

ð1−y2Þ2 ½ð1−y2Þ4ð1−5y2Þ

þ4ð1−y2Þ2ð1−5y4Þζ2þð5þ3y2þ5y4−5y6Þζ4� lnðu2Þ
�

Γ̂þ
SP ¼ð1þ ϵbÞ

�
ζ2
1þy
1−y

½ζ2− ð1−yÞ2�½ð1−yÞ2ð3þ4yþ3y2Þþð3−4yþ3y2Þζ2�þζ2ð1−y2Þ½ð1−y2Þ2

þ4ð1þy2Þζ2þζ4� lnðu3Þ
�
−Kb

�
1

3
ζ2
1þy
1−y

½ζ2− ð1−yÞ2�½ð1−yÞ2ð1þ12yþ9y2Þþð1−12yþ9y2Þζ2�

þ1

3
ζ2ð1−y2Þ½3ð1−y2Þ2−4ð1−3y2Þζ2þ3ζ4� lnðu3Þ

�

Γ̂þ
SL¼ ζ2

1þy
1−y

½ζ2− ð1−yÞ2�½ð1−yÞ2ð3þ4yþ3y2Þþð3−4yþ3y2Þζ2�þζ2ð1−y2Þ½ð1−y2Þ2þ4ð1þy2Þζ2þζ4� lnðu3Þ

þKb

�
−
1

3
ζ2
1þy
1−y

½ζ2− ð1−yÞ2�½ð1−yÞ2ð1þ12yþ9y2Þþð1−12yþ9y2Þζ2�

−
1

3
ζ2ð1−y2Þ½3ð1−y2Þ2−4ð1−3y2Þζ2þ3ζ4� lnðu3Þ

�

þGb

�
−
1

3
ζ2

1−5y2

ð1−yÞ2 ½ζ
2− ð1−yÞ2�½ð1−yÞ2ð1þ12yþ9y2Þþð1−12yþ9y2Þζ2�

−
1

3
ζ2ð1−5y2Þ½3ð1−y2Þ2−4ð1−3y2Þζ2þ3ζ4� lnðu3Þ

�
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Γ̂þ
SLP ¼ −ð1þ ϵbÞ

� ffiffiffiffi
R

p
ζ2½3 − 4y2 þ 3y4 þ 3ð1þ y2Þζ2� þ 2

y4ζ2

1 − y2
½ð1 − y2Þð3 − y2Þ − 4ð1 − y2Þζ2 þ ζ4� lnðu1Þ

þ 2
ζ2

1 − y2
½ð1 − y2Þ4 þ 4ð1 − y2Þ2ð1þ y2Þζ2 þ ð1þ y4Þζ4� lnðu2Þ

�

þ Kb

�
1

3

ffiffiffiffi
R

p
ζ2½5 − 16y2 þ 9y4 − ð11 − 9y2Þζ2� − 2

3

y2ζ2

1 − y2
½ð1 − y2Þð8 − 9y2 þ 3y4Þ

− 4ð4 − 7y2 þ 3y4Þζ2 þ ð8 − 3y2Þζ4� lnðu1 þ
2

3

ζ2

1 − y2
½3ð1 − y2Þ4 − 4ð1 − y2Þ2ð1 − 3y2Þζ2

− ð5þ 8y2 − 3y4Þζ4� lnðu2Þ
�

Γ̂þ
STP ¼ ð1þ ϵbÞ

�
4

ffiffiffi
2

p

15

ffiffiffiffi
R

p ζ3

1 − y2
½ð1 − y2Þð8 − 7y2Þ þ ð8 − 3y2Þζ2� − 4

ffiffiffi
2

p

15

ζ2

1 − y
½ð1 − y2Þð2 − 7y2 − 3y4Þ

þ 10ð2 − 3y2 þ y4Þζ2 þ 5ð2 − y2Þζ4�½Eðk2Þ − Eðφ; k2Þ� þ 8
ffiffiffi
2

p

15

yζ2

1 − y2
½ð1 − y2Þð1þ yÞð2 − 3y − 3y2Þ

þ 10ð1 − y2Þð2 − yÞζ2 þ 5ð2 − yÞζ4�½Kðk2Þ − Fðφ; k2Þ�
�

þ Kb

�
8

ffiffiffi
2

p

45

ffiffiffiffi
R

p ζ3

1 − y2
½ð1 − y2Þð7 − 8y2Þ − ð3 − 8y2Þζ2�

−
8

ffiffiffi
2

p

45

ζ2

1 − y
½ð1 − y2Þð3þ 7y2 − 2y4Þ þ 10ð1 − y2Þð1 − 2y2Þζ2 − 5ð1 − 2y2Þζ4�½Eðk2Þ − Eðφ; k2Þ�

þ 16
ffiffiffi
2

p

45

yζ2

1 − y2
½ð1 − y2Þð1þ yÞð3þ 3y − 2y2Þ þ 10ð1 − y2Þð1 − 2yÞζ2 − 5ð1 − 2yÞζ4�½Kðk2Þ − Fðφ; k2Þ�

�

Γ̂þ
IP ¼ ð1þ ϵbÞ

8
ffiffiffi
2

p

15

ζ2

1 − y
ð1 − y − ζÞ4½1þ 3yþ y2 − ð1 − yÞζ� − Kb

8
ffiffiffi
2

p

45

ζ2

1 − y
ð1 − y − ζÞ3

× ½ð1 − yÞð3 − 6y − 2y2Þ þ ð19þ 2yþ 4y2Þζ − 2ð1 − yÞζ2� ðA4Þ

[for Kb, ϵb, and Gb cf. again Eqs. (68)–(70)]. The function R is defined by

R ¼ λð1; y2; ζ2Þ ¼ 1þ y4 þ ζ4 − 2ðy2 þ ζ2 þ y2ζ2Þ: ðA5Þ

In the analytical expressions for the polarized rates Γ̂−
IP and Γ̂þ

STP occur the elliptical integrals E, F, and K which are
defined by

Eðφ; k2Þ ¼
Z

φ

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2sin2t

p
dt; Eðk2Þ ¼ E

�
π

2
; k2

�

Fðφ; k2Þ ¼
Z

φ

0

dtffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − k2sin2t

p ; Kðk2Þ ¼ F

�
π

2
; k2

�
: ðA6Þ

The argument φ and the parameter k of the elliptical integrals read

k ¼ 1 − y
1þ y

; φ ¼ arcsin

�
ζ

1 − y

�
: ðA7Þ
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