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In this paper we calculate first order radiative QCD corrections to the decay process b — ¢W™(— £7D,)
of a polarized bottom quark. Taking into account both the bottom and charm quark masses, the analytical
expressions given in this paper allow for a detailed analysis of the differential decay rate of the polarized
quark in dependence on the polar and azimuthal angles of the lepton pair and the angle of the polarization
vector of the quark relative to the momentum direction of the W boson. The results are given for different
polarization states of the charged lepton. In addition, we calculated nonperturbative corrections and

estimated their contribution.
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I. INTRODUCTION

The top quark as the heaviest known fermion is an ideal
test particle, as it decays before the hadronization process
can take place. Therefore, the quantum state of this particle
is transferred mostly unperturbed to the decay products.
While top quarks and antiquarks produced in pairs are
mostly unpolarized [1,2], top quarks produced in single top
production are found to be highly polarized due to parity
violation [3-7]. As the top quark decays with more than
99% probability via the channel 1 — bW, the question
arises whether the polarization of the top quark gained in
the production process is passed on to the decay products,
i.e., the W boson and the bottom quark.

The Standard Model (SM) of elementary particle physics
describes the polarization states of the W boson, measured by
the subsequent decay of the W boson into, e.g., a pair
of lepton and antineutrino. Any deviation from this predic-
tion opens a window for beyond Standard Model (BSM)
physics. Therefore, QCD and electroweak radiative correc-
tions for the process t — bW have been calculated in order to
distinguish BSM effects from perturbative and nonperturba-
tive SM contributions (cf., e.g., Refs. [8—10]). In a couple
of publications, we have given our contribution to this
analysis, calculating electroweak corrections to next-to-
leading (NLO) order [11,12] and QCD corrections to NLO
[13,14] and next-to-next-to leading (NNLO) order [15].
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Another channel for the production of polarized bottom
quarks is the decay of the Z boson. If it is possible to
separate the Z boson from the photon with which it is
mixed, e.g., on eTe” annihilations, the decay of the Z
boson to a heavy quark-antiquark pair also shows a
significant degree of longitudinal polarization which
amount to (P,) = —0.94 for bottom quarks and (P.) =
—0.68 for charm quarks [16]. In a sequence of papers the
possibility to measure the polarization of bottom (and
charm) quarks at ATLAS and CMS has been analyzed
[17-20]. The authors come to an affirmative answer,
though the quarks are observed only as a jet of hadrons.
As noted already in Ref. [21], at least in the heavy quark
limit the polarization transfer from a heavy quark to the
heavy hadron approaches 100%, i.e., a hadron like B or A,
can be considered to carry the same polarization as the
bottom quark. For a less idealistic situation, Falk and
Peskin have estimated the reduction factor to be of the order
of 75% [22].

In this paper we analyze the polarization of the bottom
quark by considering the energy and angular distribution of
the leptons in the cascade process b — cW™(— £ 0y),
taking into account both QCD corrections and the exact
masses of both bottom and charm quark. In Born approxi-
mation, the differential rate is given by [23,24]

dry) _ Grmy(1—x—y?)
dxdcos® 3275  6(1—x)?
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where y = m_./m,, is the scaled charm quark mass and
x =2E;/my, is the scaled energy of the charged lepton,
ranging between 0 and 1 — y%. S = 1 corresponds to a fully
polarized bottom quark, while S = 0 gives the result for an
unpolarized bottom quark.

In Ref. [24] it is emphasized that while QCD corrections
modify significantly the decay rate and, therefore, the life
time of the heavy quarks [25], this is not true for the energy
distribution of the charged lepton [26-31]. However, the
parts dependent and independent of the polarization may be
affected differently. Therefore, the calculation of QCD
corrections turns out to be necessary.

QCD corrections to the energy distribution have been
calculated in Refs. [26,28,30] which agree with numerical
results translated from top quark decays [32]. QCD
corrections to the joint energy and angular distribution
have been calculated in Ref. [32]. In Ref. [24] QCD
corrections to the angular distribution has been calculated
for the charm quark decay where the mass of the quark in
the decay channel has been neglected. This, however, is not
appropriate for the decay of a bottom quark into a charm
quark. For this reason, in this publication we calculate QCD
corrections for both energy and angular distributions,
taking into account the masses of both quarks. In addition
to the dependence on the polar angle 6 between the
direction of the W boson and the charged lepton, boosted
back to the rest frame of the W boson, we also take into
account the azimuthal angle ¢ between the plane spanned
by these and the plane spanned by the W momentum and
the polarization vector of the bottom quark with a relative
angle 6p in the rest frame of the bottom quark. This
kinematics is shown in Fig. 1.

The paper is organized as follows. Starting from the
hadron and lepton tensor given separately, in Sec. Il we
calculate the differential decay rate. The hadron tensor,
responsible for the inclusive decay b' — ¢W~, is written in
terms of five unpolarized and nine polarized covariants. In
Sec. III we calculate the corresponding coefficients, called
invariant structure functions, and relate them to another set
of structure functions more appropriate for the angular
distribution and obtained from the hadron tensor by
applying covariant helicity projection operators. In
Secs. IV and V we calculate the first order QCD three
graph and one loop corrections. In Sec. VI we integrate the
former over the energy of the intermediate W boson and
add up both contributions. In Sec. VII we give non-
perturbative corrections. In Appendix we give explicit
results for the integrated helicity rates.

|

FIG. 1. Definition of the angles 0p, 0, and ¢ in the decay
process b' — ¢+ £~ +D,. Op is the polar angle between the
direction of the W boson momentum in positive z direction and
the polarization vector of the bottom quark in the rest frame of the
bottom quark which define the hadron plane. 6 is the polar angle
between the z direction and the lepton momentum in the rest
frame of the W boson which define the lepton plane. The
azimuthal angle between hadron and lepton plane is denoted

by ¢.

II. DIFFERENTIAL DECAY RATE

The differential decay rate for the process

lﬁ(pb) - I’ﬂ_(pf) + Df(pv) +Xc(pc) (2)

is given by the contraction of the hadron tensor with the
lepton tensor,

dr _ G%|Vbc|2
dg*dE,  (2z)’m,

W/w(pbvsbv Q)Lﬂy(pt”pl/)’ (3)

where ¢ = p, + p, is the four momentum of the W boson
and E, is the charged lepton energy in the rest frame of the
decaying bottom quark. In addition to the dependencies on
momenta, we consider the dependence on the spin s, of the
bottom quark. For massless neutrinos the lepton tensor is
given by

L = phpl + pupl — pe - g™ + i€ py,p,,  (4)

where we use the convention €53 = +1. Based on Lorentz
covariance and CP symmetry, the hadron tensor can be
written in terms of five unpolarized and nine polarized
invariant structure functions,

W/w(pb’ Shs q) = _g;le (X) + vyquZ(x) - ieuupavpx6W3 (x) + XMXDW4()C) + (Uﬂxu + xﬂvu)WS (x)
- (x ’ Sb)[_g;wwf(x) + vﬂv,,Wg(x) - ieﬂupavpxawg(x) + xuwif(x) + (quv + xﬂvu)Wg(x)]
+ (sh.ﬂvll + sh.uvy)Wg(x) + (sb,yxu + sh,ux;t)WéJ (x) + ieﬂv/)ﬁyl)szwg(x) + ieuw)o'x/)szwg(x)’ (5)
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where v = p,/m;, and x = g/m,, are momenta normalized In the rest frame of the b quark and with the z axis
to the mass of the bottom quark. ! Note that instead of the along the momentum of the W boson, the parametrization
traditional notation we use WY = G; for the polarized  of the momentum and polarization four vectors explic-
structure functions. This helps to keep track of the different itly reads

structure functions.

pp = (my,0,0,0), s, = (0,sin0p,0,cosbp),
pr=(Ez.—|ps|sinOcos ¢, —|p|sinOsing. [p,[cos®), g =1(go.0.0,|q]),

pPetPc=pPp—9.  Pv=q—Pe (6)
Inserting lepton and hadron tensors, using €,,,,e*™ = =2(5,67 — 676;) and
2004 =4+ p;—pi=q+m;  2p,q=q’—p;+p;=q —my (7)

one obtains for the differential decay rate

dr o (;1%‘|Vbc|2
dg*dE,  (27)°
2 2

m 2m 1] 1
+5,5 2 (q2 ?)W4—m—h(Ef—qo)Ws+ hcosé’p (4? —mf)WP—5(4E —4E,qy + q* — m2)W¥

1 1
{(42 - m?’)Wl D) (4E§ —4E,q, + q2 - mfﬂ)Wz - mil, (2Ef612 - QO(CI2 + m%))W3

1 % 2my
QB ~ DS + (P =W =2 (5 - g W

2
—2(E/|q|cosOp — (g — 2E;)|ps|(cos Op cos @ — sin Op sin O cos ) )WE — 2ﬂ(|31| cos@p — |ps|(cosOp cos O
ny,
— sin@p sin@ cos ¢))Wh — 2(E,|g| cos Op — qo|ps|(cos Op cos @ — sin Op sin O cos ) ) WE

1 N o . .
——((¢%> + m2)|q| cos 0p — 2¢*| p¢|(cos Op cos @ — sin Op sin & cos d)))Wg}. (8)
my,

The angle 6 is reexpressed by the energy E, of the lepton via

ﬁf'zi 2Efq0 q _mf (9)

Pelldl 5 2~y Z =

III. INVARIANT STRUCTURE FUNCTIONS

cosf =

The Born term results to the unpolarized and polarized invariant structure functions read

W, (Born, x?) = %(1 —x2 +y?), W, (Born, x?) = 2, W;(Born, x?) = 1,

W, (Born, x?) = 0, Ws(Born, x?) = —1,

W?(Born, x?) = —1, W¥(Born, x?) = 0, W¥(Born, x?) = 0,

W¥(Born, x?) = 0, WE(Born, x?) = 0, WP (Born, x?) = 1,

W (Born, x?) = —1, WE(Born, x?) = —1, WP (Born,x?) =1 (10)

"Note that while x is defined as scalar in the Introduction, at this point we use the same symbol for a four-vector. Still, this should not
cause problems, as p, = g — p, for vanishing lepton masses leads to ¢> = m? — m% + 2qp, = 2E;\/q*, \/¢* = 2E, and, therefore,

2700 A2 )2 o2
x, Xt = q7/my = 4E;/mj, = x°.
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where y = m_/m,, is the scaled mass of the ¢ quark. Note that
for the Born term results the final state ¢ quark is kinemat-
ically connected directly to the vertex with the b quark and
the W boson. Because of this, the on-shell condition

i=@w-x?=-y’=1=-2x+x*=y>*=0 (11)
is satisfied. In this case, the scaled energy x, of the W boson is

not an independent variable but is fixed by x> and y? to the
!

value xpy = (1 + x> — y?)/2. Therefore, Born term results
depend only on x? as a dynamical variable. This is different
from radiative corrections including a gluon as considered in
the next section. In this case the hadron tensor explicitly
depends on x, (if essential, this will be indicated in the
argument) and has to be integrated over x, and over the
energy of the gluon. The invariant structure functions W, and
WP can be written in terms of the helicity structure
functions Wy,

1
Wl (X) = E WU?
X2
Wa(x) = 25 (W, — W),
1
W3(x) = — % W,
1
Wy(x) = yere (=x*Wy + Zx%WL + 2(3x(2) — X)Wy — 8x0diWy,),
1 R
Ws(x) = %2 (xo(Wy =2W, —2Wg) 4 4iWy; ),
1
W‘,D(x) = % Wye,
1
WE(x) = TS (x*(2Wpr = Wyr) — 4xgV 2x°We),
1 Vours Vours
Wg(x) = 2 ) (—XZWFP + 2)C0 ZXZWAP + 2.% 2x2 WSNP),
XX
1
WP(x) = TS (=xX®Wyr + 2x3W,r + 2(3x3 = x2)Wer — 8xgiWrr — 4xgV 22 W e + 4%V 2x2 Wgpe),
1
Wg(x) =520 (Pxg(Wye —=2Wpr —2Wr) + 4x23W g, r + Z(x% + X))V 22 Wpr = 2x0% V 2x> Wpe),
2x2
Wg( ) = Wi,
2x2 R
Wf(x) = - 23 (xoWpr — ZWgrr),
2x2
Wg( ) = % Wne.
» 2x%
W (x) = — 2% (AW 4r + xoWenr), (12)

where xq = go/m,,

-

J?ZM: vex)?—x2
2= Jlweap -, (13)

and 432 = A(1,x%,y%) = 1 +x* +y* = 2x? = 2y?> — 2x?y?. The helicity structure functions can be calculated from the hadron

tensor by using the covariant helicity projection operators
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xHx¥
HY _ v
Py =—-9"+ 2

phv L, X x? AR , Uex
v="" e\ )\ e )

X

w X VX L vex
Py =S (vV——7Fx {0V =——F5x"],
% x x

i
P = ——eroyp
X

o

iz . .
Py = 2—\/)%56 [S’;<U” —%X”> + (v" —%x")ﬁ],

w xHx¥
Py = 2
MY 1 v v v-x v
Py = —— | "X + 20" = 2—x"x" |,
2x X
PMD _ 1 (S”XD—FX”SD)
ST = 5 5T T)»
2V 2x
i
HY OT U vpoT
Py =—— > (eHPoTxY — xHevP )vpxgsT,, (14)
2XV2x

and the longitudinal or transverse polarization vectors of
the bottom quark,

(x*=(v-x)v*)=(0,0,0,1), s4=(0,1,0,0). (15)

H_
ST =

The helicity structure functions Wyr for X = U, L, F, S, SL
depend on the longitudinal polarization vector while W
for X =1, A, ST, SN depend on the transverse polarization
vector. Note that the relations between the helicity structure
functions Wy and the invariant unpolarized and polarized
structure functions W, are expressed with coefficients
depending on X and x,. This means that after integration
over x; the relations will mix. However, because the
helicity structure functions describe angular distributions
with angles being the same for Born term and first order
contributions, in the following we will use the helicity
structure functions only. With

WU :2W1,
562
W, =W, —i—;Wz,

WF - —25\CW3,

2
WS = —W1 + jc_ng + X2W4 + 2XOW5,

2 2

1 2x5—x 5
WSL = —= —.X'()Wl +—2 .X'()Wz + xopx W4
2% X

L (GR2- x2>ws),
WUP — 2)?W{),

a2 2
W, :x<wf + 5w +%W§),
Wpr = =2(22WE5 + WE + xoWh),
&
—WP,
V2x? 0
= —— (xoWE +x°WP),

V2x2

W =

W yp

2 2
Wer = x(-wlf + fc—gwg +X2WE 4+ 25 WP +§W§
+ 2W§’),
1 2 2 2

(16)

we perform the transition from the invariant structure
functions to the helicity structure functions which are dealt
with in the following.

IV. FIRST ORDER TREE GRAPH
CONTRIBUTIONS

We calculate the tree graph contributions with a finite
gluon mass m, to regularize the infrared divergence which
arises in the phase space integration. To isolate the
divergence it is necessary to write the result as a sum of
a singular (or soft) part W*(tree) which contains the
divergence and an IR-finite (regular) part W’ (tree),
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W (tree) = W*(tree) + W' (tree) (17)

(W stands for W; or for Wy). The singular part can be
written in the form

C
W (tree, x, xo) :"Z LW (Born, x?,x0)S,(x2. x0.A).  (18)
~ .

where the scaled gluon mass A = m,/m,, is introduced.
The soft gluon factor is defined by

1 1 1- i
Sy(x?, %0, A) = = 7= ———— 4~ xozln<lf—+>
u_ iy i—A u_
1+x2—=2xy— A2
e 51D

where &t = 1 + x*> — y? — 2x, is the off-shell parameter and

(1= x0) (@ + A?) £ /x5 — 22/ (i — N?)> — 4y> \?
1+)C2—2X0 '

(20)

The procedure would be much easier if the IR singular part
(the logarithmic singularity residing in 1/i1) would be
proportional to the proper Born term contribution.
However, this is not the case. Instead, W(Born,x?, x;)
depends independently on x, as well because the three-
body kinematics is used. In order to get rid of this problem,

|

Ay
A 2,/\ =41 4+2In| —————
o) {+ “((1—x_>2—y

NG

where we have used the definitions

A=21,x2,9?) = 1+ x* + y* — 2x2 — 2y — 2x%y?,

n(l=nx_) 1=x*+y2—+/2
s = = s
T P I N,

2 1 1
+—=(1-x? +y2){—ln(w1) —i—ilnz(wl) - 21n2<1

we add and subtract the two-body Born term contribution
times the soft gluon factor to obtain

W (tree, x2, x)

C
= [W*(tree,x?,xo)] . + aZﬂF W(Born,x?)S,(x*.xg,A).
(21)
The term

a,C
W5 (t , 27 _ s F
[W*(tree, x*, xo)] ;. o

— W(Born, x?))S,(x*. xo. A)  (22)

(W(Born, x2, x)

is IR finite, and the replacement A — 0 allows for an
analytical integration of this contribution, while for the
second part on the right-hand side of Eq. (21) the Born term
factor can be kept out of the integration. This is the benefit
of the plus prescription applied in Eq. (21). We are left with
the integrated soft gluon factor defined by

A (2 A) = / S, (% xo. A)dxo, (23)

where the integration limits are given by

=VE =g R (AR (29)

In the limit A — O this leads to the analytical result

2) —2Liy(x_) + Li (%‘) + Liz(nx_)}

— X_ (77+1)Ay i —w
_”x_> +21n(a)1)1n<7(’7_1)\//_1> +2Lix (1 — oy)

(25)

1+x2 =y + V2
n= 3
X

x =V (26)

To describe the spectrum of the charged lepton in the final state we have to change the lower integration limit x_ in the
integrated soft gluon factor (23) to xo(x,) which depends on the scaled lepton energy x,. A,(x*, A) then changes to the
x,-dependent soft gluon factor

Xt

A (P A xp) = / S,(x, x, A)dx,. (27)

xo(xz)

The change can be performed by calculating
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Xy xo(xz)
Ay A, xp) :/ Sg(xz,xoyl\)dxo—/ 8,02, %, 0)dx,g (28)

because the subtracted integral is IR finite. The limit of integration x((x,) for a finite scaled lepton mass { = m,/m, is

determined by the condition

P = (2 )

-1 <cosf = <l (29)
B —2(x2 =)
This gives two solutions for x,
1
X0+ :ré,z[xf(x2+€2) + /x40 (= 7)), (30)
where the solution x(_ is the physical one which for vanishing lepton mass { = 0 has the limit
X%+ x2
= 31
xo(xz) 2%, (31)

The analytical result for the subtrahend in Eq. (28) is given by

xo(xz) — _
/0 ‘ Sg(x2,x0,0)dx0: {4ln((u2 ) (uuy

uuy

2
- +y2){Li2 (1

U

Vi

U) 4 2Li, (%‘) + 2L (ux_)

) _Li2<uu2— 1> +Li2< uuy — 1 >
Ui, uy(u—x_)

- 1- 1- 1
- L12 i - L12 —M2< ux_) - L12 —sz_ - —1n2(ul/t2)
Uy — X_ Uy — X_ 1 —ux_ 2

U —u

—l—lnuln(
U

+1In((uy — u)x_) In(1 — ux_) — ln<

u uuy —
—In In
1 —upx_ I —upx_

where u, = (1 + x> —y> ++/2)/(2x_). The upper limit
depends on the scaled lepton energy x, and is defined by

) = - o) ol =) (33)

where xg(x,) is the integration boundary defined in
Eq. (31). As the quantity x_ cease from being directly
related to the lower boundary, for simplicity in the
following we will skip the lower minus sign and use the
obvious notation x = v/x2 instead. Our results presented in
the main text are obtained for zero charged lepton mass,
my = 0.

Uy — x_
i 1
M) In(1 = ) = 3 In2(1 = x_)

Uy — XxX_

() Lol

I —upx_ u=1

The infrared finite regular part of the tree graph con-
tribution to the unpolarized and polarized invariant struc-
ture functions of the decay b' — ¢+ ¢~ + 7, can be
calculated directly with zero gluon mass. Employing an
operational notation

F(x0)[Sy(x%, x0. A)]y = (f(x0) = f(x00))Sy(x%, x0,0)
+ f(x00)Sy(x%. X0, A) (34)

for the plus prescription where f(x) is regular in x, = xg,
the tree graph contributions read explicitly
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W, (tree, X2, xo) =

W, (tree, x2, xy) =

Wi(tree, X2, xo) =

W, (tree, X2, xo) =

Ws(tree, X2, xo) =

a,Cr (1
r {— (1 =2 +2)[, (% x0, A,

Az |2
1 2_y2-2 (1 =x3)(1 =5x*+2y% 1 1 —x2)3
+x 2 9—2x2+y2—x0+7( x*)( - +2y7) 1 ( 2X) i
2(xg —x%) 2 1+ x* = 2x, 2 (1 4+ x* = 2xp)
5 2 2 —2x0(2
n +x*+y - xg( +x0)1n(r)]},
XO_x
aSCF 1
dn {4[SQ<X2,XO,A)]+ + W |:—11 - 9X2 + 5y2 — 16X0
3 1 2 _ 2 3 1—x)2 =12

27 (1 +x)(xo +x) 27 (1= x)(xg —x)
N (1=x2)3 +22+ x> =3xH)y? +3(1 +x2)y*  y?(1 = x?)(1 —x2 —l—yz)}

(1=x*)(1+x* = 2x,) (1 + x> —2x)?

N 1 [32_(1—)62)(5—1—)62)—2(2—x2)y2—y4—|—8(1—x2+y2)x0

4y/x5 — x* x5 —x?

3(1-x)?-y’ 3(1+x)° -y
2 T T s g2y 2T T s g2 ) o) Y,
> =) ( X — x>+ y%) 2 (ot a)? (5 +4x —x*+y°)|In(z)
a,Cr 1 (1 — x?)2y?
> =28, (x%, xo, A — |1 +5x* =y + 14 —_—
4n { 1S5 )]++2(x3—x2)[ Ty e T e )
(1—x2)2+4x2y2+2 3—x2—|—y2—2x01n()
_ oL,

(1 + x% = 2x,) 0 x5 — x*
(XSCF 1

_28 —4
4n {2<x3—x2>[ .
(1=x*)y* ¥ 6(1=x*) + (S +x%)y°

ST+ =2x)? T1=42 1+ x? —2x

(1-x)2=y?5—4x—x2+y? (1+x)2—y25+4x—x2+y2]

x(1 —x) Xg— X x(1 4 x) Xg + X

1 [15—36)(2—|—5x4—2(6—1—)(2))12—3)24—1—16)62960_§(1—x)z—yzS—4x—xz—|—y2
23 x*(x3 — x?) 2 x? (xg = x)?
3(14+x)2 =325 +4dx —x? +y?
T o)

aSCF
dn {—2[Sg(x2,x0,/\)]+ + W |:—7(3 - x2) - 3y2 + 18)60 +

(1=x2)3 +2(1 —=x?)(5 + 3x2)y* + 4(2 + x2)y*
(1 =x?)(1+x* = 2xp)
(1=x)2=y>5—dx— x> +y?

+
4

(1 —x?)y*(1 —x2 +2y?)
(1 + x2 - 2XO)2

(14x)? = y*5+4x —x* 4 y?

+3 +3
1—x Xg— X 1 +x Xo+x
1 3(1-x)2=y?5—dx—x>+)?
+22[_8+( ) -y +
4y/x2 —x 2 X (xg — x)
5—1dx +7x* + 263 — (3+2x)y* 3(1+x)2—y?5+4dx—x* +?
x(xp — x) 2 X (x0 +x)?
5+ 14x + 7x% = 2x3 — (3 = 2x)y?
n + 14x + Tx x = ( x)y]ln(r)}’
x(xg + x)
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(1 —x2)2+4x2y2—2y4

P 2\ _%Cr 2 1 2_5.2
W1 (tree,x*,xp) = yp {—Z[Sg(x ,xO,A)L—I—W[ﬂ—Iﬂx =5y +10x— T2,

(1=x)%?  3((1=x)>=y*)* 3((1+x)*=y*)?
(1+x2=2x0)> x  xo—x X xo+x
3(1-x)((1-x)*=y*)*  3(1+x)((1+x)°—»?)?
8 x5 —x° x*(xo—x)? (20 +x)?
231827 —x* = 6(1-x7)y* +3y* +4x* (3+x7 = %) x
2 72 In(z) ¢,
x xg—x
1 4 1-x2)2=2(342x2)y2 9—6x+7x2((1—x)2—y?)2
Wé’(tree’xz,xo):ascF L y223( x°) 2(3+ x*)y* 9 6x+ﬁ;(( x)*—=y")
Ar | 2(x5—x7) [(1—x7) 1+ x*—2xq 2x(1-x) Xo—X
9+6x+7x>((1+x)2—y?)? 4y* C15((1=x)=y*)> 15((1+x)*=y?)*
2x(1+x)? xo+x (1+x2=2xy)> 2 (xg—x)? 2 (xp+x)?
I [<1—x2)(3 7 =23+ 522 +3y* 3(1=3x)((1=x2 =y 3(1+43x)((14x)2—y?)?
2

+ 4x% (x3—x%) 8 x%(xg—x)2 8 x?(xg+x)?

4 x -X
15(1=x)((1=x)2=y%)? 15(1+x)((14x)>=y?)?
4 x(xp—x)3 * 4 x(xp+x)3 ]ln(r)},
aSCF{ 1 [ 3y? 31+2x(1—x)z—y2_31—2x(1—|—x)2—y2}
(x5 —x?)

WE (tree,x?, xy) = -
3 (tree %, %) dr z 1+x*=2x) 2 «x Xo—X 2 x Xo+x

x5 —x B
3(1=x)(1+2x)(1—x)*>—y?

1
—1-2x24+2y*+
4 Xo—X

=]
1 1-2x)(1 2_y2
EIERE TS = Y
4 X Xo+x
a,Cp [1+x*—y*—2x, g (1-x2)2=10y? y? (1-x)2—y?
4z 4(xt—x?) (1=x2)2(1+x*=2x))  (1+x>=2x;)? x*(xg—x)?

(14+x)>=y? +2(1 —x2)2(15-19x%) =5(3 = 8x% +x*)y* +20x2y?x,

WP (tree,x?,xq) =

x?(xg+x)? x?(1=x2)? (x5 —x%)
1—x0)(5+x2=5y? — 10x( +4x3
—6( o) j}x%_xf)sp ot O)In(r)]},
» _a,Cy 1 2y* 3(1-x?)?=4(4+x%)y* 4y* 15((1—x)2—y*)?
W3 (tree. % xg) = 4z {Z(x%—xz)[_ T (1=x2)? 1+x2—2x, _(1+x2—2x0)2+2 x(xg—x)2
A5((14x)=y7) (1-x)=y*4(1=x)*(3-2x) +(3+2x)y>
2 x(xp+x)? x(1=x)2 Xo—X
(1+x)2—y24(1—|—x)2(3+2x)+(3—2x)y2]
x(1+4x)? Xo+Xx
1 [(1—xz)(3+5x2)—2(3—x2)y2—|—3y4_3(1—x)z—yz(l—x)(5+16x—9x2)—(5+x)y2
16 2 —x7 x*(xg—x?) 20X (xg—x)?
3(14+x)>=y?(14+x)(5-16x—9x%) — (5—x)y?
20X (x0+x)?
15(1=x)((1=x)2=y*)> 15(1+x)((14x)>=y?)?
. T L)
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a,Cr 1 (1=x2)%+ (1 4+320%)y* +2y*
W (tree.x? xo) == {—2[59(x27x0’/‘)h+m{13+15x2-1oy2+16x0— 1+x2—2x,
(1_x2)2y2 _3((]_x)z_y2)2_3((1+x)2_y2)2
(1+X2—2X0)2 Xo—X XO+X
: [‘32_3(1—16)((1—16)2—y2)2 3(14+x)((1+x)° =)
8/ x5 —x* x(x9 —x)? x(xo +x)?
— 224322+ v +4(1 = 2x2 +2y2
L3 X =224y Ty Al =2 2y ”‘”} 1n(r)},
XO—X
a,Cr (1=x7)>+ (14+3x%)y* +-2y*
W;’(tree,xz’xo): Ar {Z[Sg<x2,X(),A)]++(x%_x2 |:5<3+x2_2y2)_16x0+ 1+X2—2X0
L (1=27)%? +3((1—X)2—y2)2_3((1+X)2—y2)2
(1+27=2x0)> " x(x—x) x(xo +x)
Lo 8_3—8x2—23x4—6(1—2x2)y2+3y4+4x2(6+x2—y2)xo
TN S
Jr3(1—x)((1—x)2—y2)zJr (1+x)((1+x)*=y*)? In(z)
2 xz(xo—x)z 2 2(x0+x) ,
c (1-x2)2+ (34222 (1-22)%2
W (tree.x2, xg) = 2E 8 —2[S, (6%, x0. A)], +=———5 |3+ 22+ 16x)—
g (tree, x*, xo) e [Sy(x%,x0 )}++2(x%—x2) a7+ 16x 1+x%—2x, +(1+x2—2x0)2
1
el 24
1 (1= (1=2")+CB+x%)y’
WP (t 2[8 ’ ———— |15+ 3x2 —4y> —8x; —
o (tree, x*,xg) = { (x%,x0. A ++2(x%—x2)[ XAy 8% (1+)€2—2x0)2+ 1+x%—2x,

1 [8 1(1=x)(743x=2x2) + (1 —2x)y?
3

4 xo—x X Xo—X
1(1 7—3x—2x2 142x)y?
140 (7-3x-22) 4 (14 W]m@}, 35)
X Xo+X
where the argument 7 of the logarithm is given by
Cl—xg— /x5 —x? (36)

Cl—xg+ /A

V. ONE LOOP CONTRIBUTIONS

Finally, the contributions to one-loop corrections of unpolarized and polarized invariant structure functions are given by

A CF
8

W, (loop, x?) = {—Ao(l -x*+y?) —x%(l —y)(1 =x* +y*) In(y) —I—g(l —3x2 +y2)ln(a)1)},

- {—Ao e LREEEe ln(wo},
{A0+ 2 (1=y)In(y) - L—lz\/i—\/%m —x? +y2)] ln(a)l)},

W, (loop, x?) =

W5 (loop, x?) =
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a,C \/Z 1
Waltoop. ) = St {2 S (1 -20 ) + [ = 2 (1= - 7)o}
Wsttoop. 2) = %7 (a0 + 2 (1 =y 4 2( A =1 ) == (14 22— YA 2 (1= )| (o)
5 P, - Ar 0 xz y x4 y xz y X2 \//_1 1 ’
WP (loop, x?) *Cr A +£(1 ) In(y) ﬁ—i(l 2+ | In(e)
1 P, - 4x 0 xz y y xz \//—1 y 1 )
a,Cr 2 1
W(loop.2) = “5 7 { S = 2 (1 =7 =57 (e
a,Cr 2 (VA 1 —x2—=3y2
WE (loop, x?) = s {2 —I—?(l —2x% —y*)In(y) — iR/ In(w) ¢,
WP (loop, x?) = 0,
‘ 2 [ 1
WZ (loop, x*) = aACg {2 +5(1=2¢ =y*) In(y) - @——(1 —x* = 3y2>] ln(wl)},
drx X | x )
C 2 1 4
Witloop.?) = 8 {24y 4 2 (142 -2 - |5 = - 402) (o
asCF 2 2 A
WE (loop, x?) = yn {24, - ;(1 —x?=y?) - 2 <; +1+x% - 3y2> In(y)
—I—i —/1(1 —|—2x2—y2)—i(1 x4+ ) (1 +x*=y?)| In(w)
xz xz \/Z 1 s
a,C 2 Vi o4
WE (loop, x?) = = 7zF {ZAO -4 _F(l =3x* = y?)In(y) + [74—%(1 -x? +y2)} ln(a)l)},
o asCF

x2

2 22
{—2A0 +F(1 +x2 =y} + [FJF 1—3x% + Syz] In(y)

1
- N [(1=x2)(1=x%+4x*) — (1 +x2)(3 = 7x2)y* + (3 — 2x?)y* — yG] ln(a)l)}. (37)
The IR divergent part is proportional to the product of the Born result times the factor
2 . . Yy
Ao(xz, A) = 7} (1 - )C2 + yz){—Zle(l - a)z) -+ 2L12(1 - 0)3) - ln(a)l) In <p>
1
—In (E(l —x2+y? —l—x/D) ln(w2w3)} —4{1n<%> —2}, (38)
where
1+x2—y2 =2 -2 =2 =2
14 x> —y* + V2 1-x2=y2+V2

VI. INTEGRATED HELICITY STRUCTURE
FUNCTIONS

In this section we integrate the invariant structure
functions Wy (tree, x%,xy) over the scaled energy x, of
the W boson and combine it with the Born term and loop
results,

014003-11
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(Xe{U,L,F,S,SL,U? LY FF I? A? SP SLY ST* SN'}), where W{((loop,xz) and Wf((tree, x%,x,) contain only finite
parts where the contributions of A,(x?,A) and Ay(x?, A) are skipped. In calculating the difference A, — Ay, the IR
singularities cancel according to the Kinoshita—Lee—Nauenberg theorem, and the IR-finite factor A is defined by

AG) = lim[A, (2, A) = Ag(x2, A)]

= 4{1n(y) —1+42In {ﬁ} — 2Li,(x) + Li, (n) + le(nx)} (41)

2 5 5 I, S, T—x
+\//_1(1 X —i—y){ ln(w1)+2ln (@) = 2In I

+ In(w;) [2ln (”;*: ) +ln<l)] +1In Ba -2+ + \/Z)} In(w,w5)

+41In(p) In (’7 ) + 2Ly (x) — 2Li, (%)
AR IPCETE -

where the dilogarithmic identity

Liy(1 — @) + Liy(1 — @) — Lis(1 — 3) = Liy(nx) — Li <:7> +2In(y) In <’7 ; x) (43)
is employed. According to Egs. (16), the unintegrated inclusive helicity structure functions Wy (tree, x2, x) are linear
combinations of the invariant structure functions W,(tree, x, x;). In the following we discuss the results for the differential
decay rates with respect to x> and three angles 6p, 6 and ¢ which are defined in Fig. 1. The helicity structure functions are
the coefficients of the angular dependence in the angular decay distribution of the decay process.

The angular decay distributions of the process b' — ¢+ #~ + I, into leptons with negative or positive helicity,
respectively, are given by

dr- 3 (dly  dbye 3 (dl7 dl7,
Pcos@p | (1 + cos?d) + > (L P cos 0 |sin’0
dx’dcos OdcosOpddy 4 [8 <dx 2 oS ”>( - eos )+4<dx2 g Peos ”)Sm
3 df; dF;P
2 (ME 0
* 4 (a’x dx? ) cos
3dfp9 6 cos 0 ¢+3deP6’ 6 cos ¢
sin @p sin @ cos @ cos p + — sin @p sin @ cos
ey : ﬁ dx? P
dr+ 3 (dfy df), dif db
5 I3 —z U= PcosOp |sin’0 —= Pcos@P cos’6
dx*dcosOdcosOpdp 4rm |4 \ dx dx dx?
3 (dif  dl) dl'y;
+§<d—§+d2Pcosﬁp>+3(d dSL PCOSHP)COSH
dE
+3\/_ ST Ps1n9ps1n9c0s¢+3\/_ e Psm6’p s1n900secos¢} (44)

where
_ G|V, P
b 19273

is the total decay rate of the bottom quark in the limit m, — 0. The angular decay distributions for the transverse
components of the spin for the charged lepton read

(45)
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- L3 ¥ —+— dfx Pcos@p | sinf
dx2dcosOdcosOpdg  4m |22 \dx? ' dx? P
X dl—vc o dfvc
3 dF U PcosOp —2 dF,g S 5-Pcosfp || sinfcosd
2f dx? dx dx?

A

ars,
2 P sin p cos(260) cos ¢

( SLP P cos Hp) i

A

dFSN
Ps1n9P cosfcos¢p—3 P sin@p cos ¢
dl_,y F S . ’ dﬁv A)
ddcos 0dcos 0,dd —4— Psin@psing + 3 e 2 + FE 2 ") Psin@pcosOsing|. (46)
The reduced rates are given by
diy (¥ =%)? ary 20 (2 =2)?
—5=2—-—T , = ——T )
o W), GE = )
aty _CE-CP. o Ay % (@-0)P
e T, G = e T () (47

with
a,Cr 1
Ty =21 =+ Vi S 2fa(1 2 4 P =02 = U =06 40 + 7N

[(1+x)2 =214+ x)(5 = x) + y} N3 —I-)?\/E(l — x4+ y2)(1 —6x% = y?) In(y) — 8VA(1 — x2 +y2)ln<z>

><\'—

[(1=x2)%(1 = 6x%) = (1 +4x* = 3x")y? — (1 + 2x%)y* + y°] In(w))

=

—4[7 +3x% = (4 = 5x2)y* = 3y*| In() + VA(19 + x> —Sy)} (48)

C
Tyr = =22+ "ZJ X 2{4\/1(1 — X2+ YNy = 4[11 4322 4+ x* = 2(3 + 2)y? + y* N5

T
2 2 VA 2 4 2132 1A
+ 541 —6x* — y?) In(y) + 84In (1 — x) —y]—7[7+21x +2x* — (8 4+ 3x%)y* + y*| In(w,)

=

—j—Q[(l —x2) (3 + 14x? = 2x*) — (6 — Tx* — x*)y? + (3 — x?)y¥ ln<1 ;x)
—%[(1 —x)? = y?][12 = 55x + 6x% — x* —3(4+x)y2]} (49)
T, :x—lz[/l+x2(l — x> +y)Va- aTE;Fxl {4(1 -2+ YA+ 221 = X2+ yH)N

= 2x[(1 = x)? = YJ[(1 = %) (5 + x) + ¥ N2 + 2x[(1 + x)* = »?][(1 +2)(5 = x) + Y’]N3
—2VA5(1 = x2) = (12 4 722)y2 + 7y*] In(y) — 8VA[1 — x* — (2 + x2)y* + y*]In (E)
+[5(1 = 2%)* = (34202 = x)y? + (9 = 22%)y* + ¥ In(w;) = 8(1 + 2% = y?)[1 = 7x* = (2 + x%)y* + y*] In(n)

— VA5 +4Tx% —dxt — (22 + )y + 5y4]} (50)
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1 a,C
Tr=—(1—y> s
L x2( y) 477:

+2(2 + x)y* = ¥SIN5 = 24(5 = 7y*) In(y) + 84(1 = y*) In [(1 — x)? — y?]

1
Ex= {4\//—1(1 — V) (1 =2 + YNy — 412+ 2222 + 11x* = (54 1222 4 x*)y?
X

_ \//_1[17 +53x% — (18 +x2)y2 +y4] In(w;) —4[(1 —=x)(11 + 24x2) — (13- 15x2)y2 +2)4] ln<1 ;X)

+ [(1 = x)% = y?][15 = 22x + 105x? — 24x% + 4x* — (12 — 22x + x?)y? —3y}} (51)
T iz[/ler (1—x%+y)Va- a4inl {4(1—x + )2+ 221 =2+ YNV,
- x—zﬂ[(l —x2)(2 4 3x2) = 3(2 4 4x% + 3x*)y? + (6 + 11x2)y* — 2y%] In(y)
—8VA[l =22 — (24 x2)y? + ] ln(z> +xl [(1=x%)2(2 4 3x%) — (8 = 3x? + 4x* — 3x6)y?
+3(4 4507y = (84 5x7)y° + 2y In(wy) = 8(1 = y?)[1 = x% = (24 x%)y* + y*] In(y)
—3V2[3(1 — x2) — (10 + 3x2)y? + 3y4}} (52)
TSp:%(l—yz)/l—aj;F 12(1— ){4@(1—x2+y2)N4—4[2+x4—(3+2x2)y2+y4]/\/5

21—y

A2+ 302 = (4 4 92%)y? 4+ 2y In(y) + 84In[(1 = x)? = 3]

+ g [2—9x2 + x* — (4 4 3x2)y% 4+ 2y*] In(w; ) — 4[(1 — x2)(5 — 242) + 2(2 — x2)y?] m(l ;x>

+[(1=x)2 =y?](11 — 6x — 7x? +7y)} (53)

C
Tp=-21 +aZ—F X 2{4ﬂ(1 — 2+ YN, +4(1 4 332 — x* +2x%y? = y N5
T

2 A
+ A1 —6x? —y*) In(y) + 84In [(1 — x)* — y?] — 4 [1—=9x% 4+ 2x* — (2 4 3x2)y? + y*| In(w;)
x x

+4[(1 =) (1 +2x2) = (1 + x2)y?] ln(l —t

y

) 2[(1=x)*=y*(3 - 4x—3y)} (54)

T = 2Vi(1 =22 4 y2) = 50 2{4(1 — 24N 2 (1= )1+ 20)[(1 -3~ N,

—%( 1+ x)(1=2x)[(1 +x)? =y} N3 —l—%\//_l(l —x2 +y?)(1 — 6x% — y?) In(y) — 8VA(1 — x2 —I—yz)ln(%)
— 1= (1= 62) = (1 =82 =385 = (1 +42)* + 9] In(w)
— 4[4 —9x% — (2 = 5x2)y2 = 2yY In() — 2VA(4 + x* + 2y2)} (55)
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1 C 1
Tp=— H“ Ex {4\/_(1—x + YNy = 2[7 + 152 4 4x* — (11 + 8x2)y? 4 4y N5
\/ix fx
VA

1
+ A1 = 11x* — y?) In(y) + 82In (1 — x)* — y?] - 2 (14 30x2 + 21x* = 2(1 + 11x2)y? + y*] In(w; )
X x

=2[(1 = x?)(21 + 5x%) — (11 = 15x%)y? — 4y*] ln<1 ;x) +2[(1 = x)* = y?](12 = 7x + 12x*> = 9y )} (56)

T = Vi1 =2 = 32) = 5 L1 =2 4 2)(1 =22 = PN = (1= (1 4 20[(1 =2 = A

— (1)1 = 20)[(1 42 = 2 + 5 VA = 22)(1 = 112) = 2(1 = 8257 + 3] n(y)

—8VA(1 —x2 —y?) ln(/1> 212 [(1=x2)2(1=11x%) = (1 +x*)(3 = 11x?)y? + (3 = 7x%)y* = y*] In(w))

—2[(1 + x2)(4 = 7x2) — (8 = 7x2)y2 + 4y*| In(y) — 2VA(1 4 2x% — 4y2)}. (57)

As CF

1
T =—(1—-y)A—
SL x2( y) dx

1
p {AVA =30 = 4 SN 450 = (142 =07 = (14 200

2 A
- Pﬂ[l +4x? = 2(1 +4x?)y* + y*] In(y) + % [1+7x% +2x* — (34 8x?)y> + (3 + x*)y* = y°] In(w))

+8(1 = y)AIn[(1 —x)> = y?] +4[(1 = x2)(2 + 3x%) — (7 — 4x> — x*)y? — (1 +x2)y"] ln<1 ;x)
—[(1=x)? = y2J[7 = 10x + 132% = (26 + 2x + 7a%)y” + 7y4]} (58)
Tyir =fu+x2<1 =2 +y%)] - a4inl {4(1 =+ ) A+ (1 -2 )V,

=2[(1=x) =y?|3(1 = x) = (3 = 2x)y*]N2 = 2[(1 + x)? = Y’|[3(1 + x) = (3 + 2x)y’]N5
—%\/E[(l —x?)(1 4+ 4x%) — (3 + 12x% + 8x*)y* + 3(1 + 3x?)y* — y°] In(y)
—8VA[1 =22 = (24 x2)y? + y*]In (;) + é [(1=x2)2(1 + 4x?) — 2(2 = 6x2 + 2x* — x8)y? + (6 — 12x% — x*)y*

=22+ x1)y° +y¥ In(w) —4(1 = y?)[2 + 13x2 + x* — (4 + 3x%)y? + 2y*] In()

+ VA[13 + 1952 — (8 = 5x2)y% — 5y4]} (59)
_ 1 Vi 2 ooy G 1 2.2 2.2 1 2_ .2 2
Tsrr == Al =x*=y*) + XE{4(1—X )L =27 =y )N (1 =x)" =y7][3(1 =) = (3= 2x)y° |V

—%[(1 +x)2=3?][3(1 +x) = (3+2x)y* N3 —g[(l —x2)(149x%) =2(1 4 10x2)y* + y*]In(y)

-8V =) (}) 52 (1P 937) =31 -)y7 4 (4524 =] n(on)

—2[(24x2)(5+x2) — (204 3x2)y2 + 10y*]In(17) + 2V/A(5 + 4x> —2y2)} (60)
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T A n a,Cp o 1
P =
SN \/EX 4 \/ZX
1 1
- le(l +9x2 =y} In(y) + o

+2[(1 = x2)(1 +5x2) — (7 = 3x2)y?] ln(l ;x

)-2l-x07-

{4\/1(1 — X2+ YN, +2[1 + 7x2 = 2x* + (1 + 4x%)y? — 294 N5

VAL 4 1062 4+ x* = 2(1 + x2)y? + y*] In(@,) + 82In [(1 — x)? — y?]

¥?](2 = 3x + 4x> — 5y )} (61)

The dilogarithmic decay rate terms occurring in these expressions are

N =2|2Liy(1 = w;) — Liy(nx) + Li, <%>} +2In(w;) In(1 — ;) — In(w;) In(x) — 21n(y) In(y)

./\/2:

N3:

N4:

N's = Liy(nx) + Lis G) — 2Ly (x).

As an illustration of our results, in Fig. 2 we plot the
dependence of the normalized decay rate '~ in dependence
on the cosine of the polar angle 6 for different azimuthal
angles ¢. The polarization angle is chosen to be 8p = 7/2,
i.e., orthogonal to the momentum of the W boson. The plots
show the typical enhancement in the backwards direction of
the charged lepton for ¢» = 0 while for ¢p = # the rate in this
direction is nearly extinguished. The O(a,) corrections
reduce the rate uniformly by about 13%.

1.6 —— ——
;_ i T TTTTTTTTTs orn erm;
°o 12 F =
g 1 ; Qe =7/2 ,
(6] b ]
B 08 e
E 0.6
B 0.4
e K
6 0.2 b0 __ e
C O - A ) ) ) ) ) ) ) ) ) J

-0.5 0] 0.5 1
cos @

FIG. 2. Dependence of the normalized decay rate I~ on the
cosine of the polar angle 0 for azimuthal angles ¢ = 0, ¢ = /2
and ¢ = z. The polarization of the b quark is orthogonal to the
momentum of the W boson, 0p = 7/2.

2Lip(1 — @) — Lip (nx) + Lip <x> +2 :le <— %) Li, <— %)] —21In()In(1 — x) + 2In(w;) In (1 +%>
2Lis(1 — @) — Liy (x +L12< ) 2L, (%) — Li, Gﬂ —2In(y) In(1 + x) + 2In(@,) In (1 _ﬂ>

n n

2Liy(1 = ;) = Lia () + Li (;) +2|Li, <—%) ~Li, <—%)] +2In(wy) In(1 = @) = In(w;) In(x)

(62)

VII. NONPERTURBATIVE CORRECTIONS

Both bottom and charm quarks are enclosed in heavy
hadrons. This is accounted for by adding nonperturbative
corrections to the decay width. The analysis done here is
based on Ref. [33] and a series of publications of our
working group on semileptonic decays of B mesons [34—
36] and A, baryons [37-44]. Note that the results of
Ref. [33] have been independently checked by the authors
of Refs. [45,46]. The calculations are done in the
framework of the heavy quark effective theory (HQET)
and the method of operator product expansion (OPE) as
applied to heavy hadron decays. As before, the dynamics
of the hadron-side transitions is embodied in
the hadron tensor W#*. However, in this case this tensor
is given by the absorptive part of the current-current
correlator,

3 1
Wi = — ~Im(I™), (63)
V3

where the correlator

(g, qo) == i{Ay(p.5)|
< [ dte e T @)} A (p.9) (64)
can be written again in terms of five unpolarized and nine

polarized invariant structure functions. These can be
calculated in HQET and read up to order O(1/m?) [33]
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1 Zm,, 1 2 (1} . q)2 mb(K,, + Gh) miGb
0 =——(my—v-q)(1+X,) +—22(K, +G - —-
1 2A0(mb veog)(1+X,) + 3 (K, + b)(2A0+ A2 + 28, 342 (my —v-q)
m, 2m 1 2my(v-q)\  my(K,+Gy) 4miK,(v-q) 2m;G,
I, = 14+ X — (K G
: AO( X)) 3 ~(Ky + b)<A0+ A2 T 3A2 3A2
1 2m b m, —v-q ZmiKb m%Gb
IT 1+X K G -
3= 2A0( + b) ( b+ b) A(z) 3A% 3A(2)
4mh
I, = 3a2 (Ky + Gy)
—1 2my, 2my+v-q miG,
IT 14+ X G
5= 2A0( +Xp) - 3 — (K, +Gy) A2 342
1 + €p Smb 4m2Kb
HP _ _ b . K b 2 _ . 2
i 2Ag 3A%(v q)Ky + 3A] (¢° = (v-q)%)
ng = 7
3A2
gy —
362
nr =0
;- -2
3A2
m (1 + eb) Smbe 5m 4m3Kb
HP _ b _ " K b _ 2
1 + €p (Zmb + 31] . q)mbe 4m%Kb
nr = _ 2 (N2
e Y 3a; (@~ (0))
my(1+e€,) m,K, 5m? Aam3K,
e = "M by VK, — _ 2
8 oA, 6A0+3A3(v q)K, 3A] (4> = (v-9)*)
l+e, (2my,+3v-q)m,K, 4miK,
n? — — _ b 2 (N2 65
where
2(my —v-q)m,(K, + G,) 8m3K, , , o 2miK,
v _ — (- My h 66
b A, 3A2 (¢° = (v-q)°) + A, (66)
and the denominator factor A, is given by (A (p.5)|by*ysb|Ay(p.s)) = (1 +€,)s*  (69)

Ay = (myv — q)? — m? + ie. (67)

K, is related to the mean kinetic energy of the heavy
bottom quark

i 2 2
=S s () b, (1) A o 5)) = 55
n,

s b
(68)

K, =

where we can use 2 ~ 0.6 GeV? [40]. The spin dependent
contribution ¢, is defined by

and is of the order Ag,/mj. Finally, the chromomagnetic
contribution G, is given by

_ - o
Gy = _(Mp(p.s)[By(x)) (%) by (x)|Ap(p.5))
_ K
- (70)

of the same order. Invariant structure functions W, are
defined accordingly by
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W, = —7—1tIm(Hi). (71)

The imaginary parts of the inverse powers of A, which are
needed for obtaining W, can be calculated with the help of

1 - m; —m2 + q*
Iml—) =—"65lg, = (2" 1
" <A0> 2my, [qo < 2my, ) }

1 - d ms —m? + ¢*
Im| — — 5 _(Zp e T H
m(5) w2 )]

4mb qu
1 mi —m? + g*
I = S — (= e T )], 72
n(s) - ))

- &’

16m; dqj
Accordingly, the invariant structure functions are given by
|

Ty =2(1 = K,)VA(1 = x% + y? )+ be+ G {22[15(x2 = y2) = 11] + 8x2(3(x2 — y?)

\/,
2
TUP = —2(1 + €b)ﬂ +§Kb(3ﬂ + 8)62)
T, =(1- Kb)

+ 4x?[x? (3(x =) =T7) +4(1 -y}

A 1—y?

TLP = (1 +€b)x2 (1 _y2) -K (3A+8X2)
VA

Tg = (1—Kb)x—2[,1+x2(1—x2+y2)] \[ 5
A 2 1=y 2

TSP = (1 +€b)—2(1—y )—Kb—2(31—|—8x)
X 3x

2 2

Trr =2(1 +€,)VA(1 —x2 +y2) + = K,,\/—( (x> =y») +5)

{A=5(1 = x* +x%?)

w Do 8(q0— E,). ! ! 8 (qo— E,)

L= — . —_— —_ [ —_

! 2mb ! AO o AZ 2mb o a7
1 1

— = =—=8"(q —E 73
= @) 73)

where E, = (m} — m2 + ¢*)/(2my,).

The helicity structure functions Wy can be obtained by
linear combinations of the invariant structure functions

Wl(-P) with the help of Egs. (16). By integrating over the W
energy scale x,, one obtains the integrated structure

functions
xz) = Smb/ \/X% — X2WX(X2, XO)dX() (74)

which are given by

=7)+32(1 -y}

2 16
A+ x2(1 = x> +y?)] - ?Kb\/ﬁ +%{l[15(—ﬂ +x* = x2y%) = 59x% + 12(1 — y?)]
X

—0x2 4 4(1 — y2)] — dxt(1 — 2% +y2)}

)]

A A — 4x2
Tr=—(14+¢)——2K,——
I ( b)\/zx b3\/§x
VA VA
Tw=(14¢)—(1—-x%>-y*)=2K 1+x%—
A ( b>ﬂx( )’) b3\/§x( y
A 1—y2 1 = 5y2
T =2 (1= %) = Ky~ (34 + 82%) = G —— (34 + 8x?)
X 3x 3x
A A
Tor=(1 +€b)x£[/1+x2(1 -x*+ )] - Kb§[3/1—x2(3(x2 -y —11)]
VA v
Teor =—(14+¢,)— (1 —x2—y?) =2K 14+ x2—y?
STP ( b)\/ix( )’) b3\/§x< J’)
A /1+4x
Tove = (1 +¢€ 75
SN ( b)\/— 3\/_)6 ( )
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FIG. 3.

where K, €, and G, are defined in Egs. (68), (69), and
(70), respectively. Taking typical values for these param-
eters advised for instance in Refs. [33,40], the corrections
to Fig. 2 are below the 1% level and, therefore, outplayed
by the first order radiative QCD corrections.

VIII. SUMMARY

In this paper we have given analytical expressions for
first order radiative QCD corrections (cf. Fig. 3) to the ten
helicity structure functions that determine the angular
decay distribution of the semileptonic decay of a polarized
bottom quark. We have shown that the radiative corrections
change the Born term result significantly. At the same time,
we have found that nonperturbative corrections calculated
in some detail in the last part of this paper are subdominant.
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APPENDIX: INTEGRATED HELICITY RATES

We integrate the analytical results for the helicity rates
dr E’"Cl) /dx* defined in (47) over the scaled W boson
momentum squared x”. The limits of integration in case

of massive leptons are {* < x> < (1—1y)?, and the ana-
lytical results for the integrated helicity rates are given by

. (1=9)* df
P / ) (A1)
(_:2 dx
With the definitions
_1-24y-VRE  148-2-\F
ul — 2y 5 MZ — 24, )
1 —y)?
iy — % (A2)

we obtain the integrated rates into negative helicity leptons

fazl\/ﬁ[(l +32) (1=8y? +y*) = (7T=12y*+7y") > =T7(1 +y*)* +£0] = 8y* (1 =¢H)In(u; ) —8(1—y*)¢*n(u,)

3

1
+K1,{9\/l_e[13+181y2+37y4—3y6—(59+116y2—21y4)§2—(11—21y2)§4—3§6]

5B 117160 (830 i) =5 (137)(5-357)¢ i) |

1
+G,, {g\/ﬁ[ﬂ +185y24+65y* —15y6 — (127 +124y> —105y*) %+ (41 +105y%)¢* - 15¢°]

+§y2[12—|— 11y? =162+ (4—15y*)¢4In(u) —2(5—4)/2—{— 15y4)§’41n(u2)}

e =(+e) {518 = (1013 (14 6-432) = (=P (T 264 720 = (T4 2+ T =4(1 -2 ) |

1
9

—Kb{—[f:z—(l =) ][(1=y)*(35+18y+3y?) = (1—y)?(85+78y+21y*)&*+ (11 -6y —21y*){* +3¢°]

—4(1—y2>2¢4ln<u3>}
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V3 Zg\/ﬁ[(l +32)(1=8y2 +y) +10(1 = y* +y") 2 + (14 y*)¢* - 8y* 2= (3 —y*) 2 + &*In(uy)

F82(1 =132+ (1) In(a)

+1<,,{—§\/1_e[11 +59y% — 13y* +3y0 = 10(1 +7y> = 3y*)2 = (13 = 3y?)¢]

- SR 7) = (16-54 30+ (837 nlin) ~ 51 2B =7 = (5= 357) ] nGs)

+ Gb{—ix/ﬁw + 115y = 53y* +15y° = 2(1 4+ 97y? = 75y*)¢* — (17 = 15y*)¢4] —§y2[2(6 +?)

- (28-3357 4 157)07 (16 1597)¢ () - 301 =3P (1 =53%) = (51657 + 1577 i) |
= (1) {30 =137 == 4y 132410013470+ 01
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(L3P +4y+77) =201 =Sy =5P)C + €1 -3 (1B =P - (1-37) nGus)

A

£ =—5[1=2 =1 =) (1 +6y+7?)
—(1=9)*(T+26y +7y*)0* = (T+2y + Ty*)* + ] = 4(1 = y*)*¢* In(us)
+Kb{é[(1 =) =&J[(1=y)*(35+ 18y +3y%) = (1 = y)* (85 + 78y +21y?)¢* + (11 = 6y = 21y*)¢* + 3(°]
+4(1 —y2)2g41n(u3)}
+Gh{—$[(1 —y)2=C[(1=y)3(65+ 133y + 75y* + 15y3) — (1 = y) (199 + 275y + 285y + 105y3) {2
+ (41 430y + 105y2)¢* — 1506] —4(1 — y2) (3 + 5y2)¢* ln(u3)}
[ = (1 +€b){;\/l_?[(1 +2) (1 =8y +34) = (7= 120> + Ty*)* = T(1+y*)* + 0] = 8y* (1 = ¢*) In(uy)
8¢ (1-y")n(us)
+Kb{;\/l_€[13—|— 181y2 +37y* =36 — (59+ 116y% — 21y*)¢2 — (11 = 21y2)¢* = 326
#1157 167 (83570 n() =361 =5 =) ) |

=1 +eh)M(l —y =0 =) (1 45y +y?) +4(1 +5y +y*)¢ —4(1 = y)* = ]

105
16v2

315 (1=y =P ((1=y)2(19 =10y =2y?) +3(1 = ) (19 = 10y =2y*)¢ +8(9 43y +2y*)¢% - 6(1 - y)¢* = 2¢7]

+K,
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= e {2 EVRR 13 -5yt 1= 38+ 20+ S 2 17 - 108y - 5
— 14(2 = 7y* = 3y")¢? = 35(2 — y*)¢H[E(K?) — E(g. k)] — %fy[(l Fy)(2 = 3y — 13y2 — 4593 — 5y%)
— 14(1+y)(2 = 3y = 3y%)¢? - 35(2 = )¢ [K(K) — F(g. kz)]}
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— 14(3 + 7y? = 2y")¢? = 35(1 — 2y*)¢H[E(K?) — E(g, k)] — % W1+ y)(5 + 45y + 13y + 33 — 23
“14(1 + )3 + 3y = 292)&% = 35(1 — 2y)Z4[K(K2) — F(g, kz)]}_ a3

The integrated rates into positive helicity leptons read

4

l—y2

4 o4
1 =3 VREI(1 =3+ 100143202+ =835 (1= =) i) + 87251 =31 +3%) + (1432 in(ue)
8y
§l—y2

K SVRCL 6=y 1001202 =14 5 -32) = (157) (83970 + (4= 3¢ i)

8 4
W8e -
31—y

[<1—y2>2<s—3y2>+<1+4y2—3y4>¢:2]1n<u2>}

2
+Gb{§“klfyz[<1 =) (74652 = 5y) —2(3+ 14y? =252 = 5(1 = y*)¢']

P8 o2 (-2 - 15— (23 - 15)¢ )
3(1-y%) |
%W[(l —y2)2(5 =4y 4+ 15y*) — (T + 2 +23y* — 15y°)¢?] ln(uz)}

e = (-4 {5E = (10 =014y 13241000y 4220+ 4481 =07+ (1 )|

—Kb{géz[éz —(1=y)?[(1=y)*(5+4y+y*) —2(1 =5y =5y*)* + ¢

5B -2 = (-3 ()

)
fL :—\/EC2[3—4);2 —|—3y4—|—3(1 +y2>C2] _2]y_€y2 (1 _yz)(3_y2) —4(1 —yz)Cz+C4]ln(u1)
2
‘Zlfyz[(l—y2)4+4(1—y2)2(1+y2)c2+(1+y4)g4}1n(u2)
272
+Kb{%\/l_e§2[l—2Oy2—|—9y4_(31—9y2)é’2]_gly_gyz[(l_y2)(16_9y2+3y4)_4(1_y2>(8_3y2)€2

2

F16=357)¢ i) 455 B0 =32)* =41 =322(5 =320 = (1341657 =33 nl) |

2
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014003-21



M. FISCHER and S. GROOTE PHYS. REV. D 106, 014003 (2022)

i(ly i o l(1 =57 (28= 337 1559 = 4(1 =3P (16~ 15y)C% + (36 47% + 15)( | In(un)
%ﬁml =y (1=5y%) —4(1 = y?)2(5 - 16y? + 15y*) (% — (17 +23y* —47y* +15y°)¢*] ln(uz)}
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{421”[42 (=PI =y2(1 + 12y 4+ 9y2) + (1= 12y +9y2)7]
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FL=0+ ){Cz 12— (1=y)2)[(1-y)2(3+4y+3y?) + (3—dy+3y2) 2] + (1 =) [(1 - y2)?

I+y
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I+y
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402
P = =1+ ) { VRO =4+ 350 4304590+ 2255 (1= 26 =) - 400 =202 + )
2
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! 2 2 4 s 2V ) 5 .
+ K3 VREE - 162 4 95 = (11 =97 - 35 (1 =28 - 957 437

2

— 4=y 3N + (8 =3 In(uy + 2 [B3(1—y2)* —4(1 = y*)2(1 = 3y*) &2

31—y?

(548 3 1n<u2>}

. 42 3 42 2
Lo =(1+ 6&{%\/1_?1 Eyz [(1=y*)(8=7y%) + (8 = 3y*)¢?] —%1 C_y [(1=y)(2 =7y =3y")
2
+10(2 =3y% + 452 +5(2 = )Y [E(K) - E(g, k)] + % ly_é“ A=) +5)(2 =3y = 3y%)
100152 )2 + 52 = NEIK() - F )}
82 3
+ Kb{;g\/l_?l Eyz [(1=3)(7=8y*) = (3 - 8y*)?]
2
-2 -3 £ 720 #1001 =) - 202 = 50 -2 BR) ~ Bl )
1632 y&2
+ % ly_(:yg [(1=y*)(1+y)(3+3y =2y%) + 10(1 = y*)(1 = 2y)¢* = 5(1 = 2)¢*][K(K*) — (o, kz)]}
R 8v2 2 82 2
= +€h)1—\5f1§_y(1 —y =01 +3y+y* = (1-y)¢] —Kbi—sflc_y(l -y=¢)
X [(1=y)(3 =6y —=2y%) + (19 + 2y +4y*){ = 2(1 = y){?] (A4)
[for K, €,, and G, cf. again Egs. (68)—(70)]. The function R is defined by
R=A1,y%0%) = 14+y* + =202 + & +y207). (A5)

In the analytical expressions for the polarized rates f;p and f;rp occur the elliptical integrals E, F, and K which are
defined by

E(p, k?) = A(p 1 — k?sin’tdt, E(k?) = E<g,k2>

® dt T
F(gp, k? :/ —_—, K(k? ZF(—,k2>. A6
(. E) 0 V1 - Kk’sin’t ) 2 (A6)

The argument ¢ and the parameter k of the elliptical integrals read

¢ ) (A7)

k=—, (p:arcsin<
1—y
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