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Based on the potential nonrelativistic QCD formalism, we compute the nonrelativistic QCD long-distance
matrix elements (LDMEs) for inclusive production of S-wave heavy quarkonia. This greatly reduces the
number of nonperturbative unknowns and brings in a substantial enhancement in the predictive power of the
nonrelativistic QCD factorization formalism. We obtain improved determinations of the LDMEs and find
cross sections and polarizations of J/w, y(2S), and excited T states that agree well with LHC data. Our
results may have important implications in pinning down the heavy quarkonium production mechanism.
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Production of heavy quarkonia in high energy collisions
provide a unique opportunity to probe the interplay
between perturbative and nonperturbative aspects of
QCD, as well as the hot and dense phase of QCD [1-4].
Especially, inclusive production rates of S-wave heavy
quarkonia such as J/y, w(2S), and T have been studied
extensively in collider experiments such as the RHIC,
Tevatron, B factories, HERA, and the LHC, and will
continue to be an important subject in future colliders
including the Electron-lon Collider.

Phenomenological studies of heavy quarkonium produc-
tion have mostly been carried out in the context of non-
relativistic effective field theories, which make use of the
hierarchy of energy scales m > mv > muv? associated with
a heavy quarkonium state. Here, m is the heavy quark mass,
and v is the velocity of a heavy quark in the heavy
quarkonium rest frame. Nonrelativistic QCD (NRQCD)
follows from integrating out the scale of the heavy quark
mass m [5,6]. NRQCD provides a factorization formalism
that describes the inclusive cross section of a heavy
quarkonium in terms of sums of products of perturbatively
calculable short-distance coefficients (SDCs) and
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nonperturbative long-distance matrix elements (LDMEs).
The LDMEs have known scalings in », so that in practice
the factorization formula is truncated at a desired accuracy
in v. NRQCD factorization for inclusive production is
expected to be accurate up to relative order m?/p?. in the
expansion in powers of m?/ p%, where py is the transverse
momentum of the quarkonium produced in the collision
[6-10]. Hence, large-py cross sections of heavy quarkonia
are described by the NRQCD factorization formalism in
terms of a limited number of LDMEs, which depend only
on the nonperturbative nature of the heavy quarkonium
state but are process independent.

For decades a huge effort has been put into computing
the SDCs and determining the LDMEs. As it has not been
known how to compute the LDMEs from first principles,
the determinations of the LDMEs have mostly relied on
measured cross section data. This approach has led to
inconsistent sets of LDMEs that give contradicting pre-
dictions, depending on the choice of data and the organi-
zation of the QCD perturbation series [11-21]. Also the
signs of the LDMEs can differ between different determi-
nations. As none of the existing determinations are able to
give a comprehensive description of important observables,
it is fair to say that the production mechanism of heavy
quarkonium still remains elusive [22].

Recently, a formalism for computing the production
LDMEs has been developed in Refs. [23,24] based on
the effective field theory potential NRQCD (pNRQCD),
which is obtained by integrating out the scale of order mv
[25-27]. The pNRQCD formalism provides expressions for
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the LDME:s in terms of quarkonium wave functions at the
origin, which can be computed by solving the Schrodinger
equation, and gluonic correlators, which are universal
quantities that do not depend on the specific heavy
quarkonium state and can in principle be computed in
lattice QCD. This results in a reduction of the number
of nonperturbative unknowns which greatly enhances the
predictive power of NRQCD factorization. The pNRQCD
formalism has been successfully applied to the production
of P-wave heavy quarkonia, and the phenomenological
results agree well with available measurements at the LHC
[23,24]. It has been anticipated that the application of the
PNRQCD formalism to production of S-wave heavy
quarkonia may help scrutinize the LDMEs and the appli-
cability of the NRQCD factorization formalism.

In this work we compute, for the first time, the NRQCD
LDME:s for production of S-wave heavy quarkonia in the
pNRQCD formalism. We work in the strongly coupled
regime, v 2 Agcp/m, which we assume to be appropriate
for J/w, w(2S), and excited Y states. Based on the results
for the LDMEs that we obtain, we compute production
rates of S-wave quarkonia at the LHC and compare them
with data.

The inclusive cross section of a spin-1 S-wave heavy
quarkonium V is given in the NRQCD factorization
formalism at relative order v* accuracy by

ovix = Gigu(0V () + by (O (ST))
+6,00{0" (155)) + 645 (OVCP)). (1)
Here, the 6y are the SDCs, which correspond to the

production rate of a heavy quark Q and antiquark Q in
the color and angular momentum state N. The SDC 6'3P[g]
J

includes contributions from J =0, 1, and 2. We use
spectroscopic notation for the angular momentum state
of the QQ, while the superscripts [1] and [8] denote the

color state of the QQ: color singlet (CS) and color octet
(CO), respectively. The LDMEs are defined by [6-9]

(0Y (D) = QU o'y Py ooy oix|Q), (2a)

<OV(3S[18])> — <QI)HUiTal//(p;abpv(p:o)(I)?CU/TGI-TC)(|Q>v
(2b)

(OY(ISEh) = (QU TYDI™ Py (p_gy DLW T |Q),  (2¢)
OV 3P[8] — l Q T _iB . Ta (D”i'abp
(O (°Py)) 3< r 3 4 YO, Fyp=0)

x oty (150 )10, ()

where |Q) is the QCD vacuum, T are SU(3) generators, o'
are Pauli matrices, and y and y are Pauli spinors that
annihilate and create a heavy quark and antiquark, respec-

<>
tively. The covariant derivative D is defined by

1Dy = "Dy — (Dy)"w, with D=V —igA, and A is
the gluon field. The operator Pg(p) projects onto a state
consisting of a quarkonium Q with momentum P. The
path-ordered Wilson line along the spacetime direction 7,
defined by ®, = Pexp[—ig [§° dA - A™V(£1)], where A
is the gluon field in the adjoint representation, ensures the
gauge invariance of the CO LDME:s [7-9]. The direction ¢
is arbitrary.

In existing studies of S-wave heavy quarkonium pro-
duction, the CO LDMEs are determined by comparing
Eq. (1) to cross section data. One major difficulty in this
approach is that in existing studies based on hadroproduc-
tion, only certain linear combinations of the CO LDMEs
are strongly constrained, while individual LDMEs are often
poorly determined.

Now we compute the LDMEs in Egs. (2) in pNRQCD
using the formalism developed in Refs. [23,24]. We work at
leading nonvanishing order in the quantum-mechanical
perturbation theory (QMPT), where we expand in powers
of U2 and AQCD/m.

For the CS LDME (0" (35!")), we obtain at leading
order in QMPT

0
31RY (0)

1
(©V(s))) = 2N, x ===

(3)

where Rg))(r) is the radial wave function of the quarko-
nium V at leading order in w». This reproduces the
result obtained in the vacuum-saturation approximation
in Ref. [6].

The expressions for the CO LDMEs are given by

©) /12

oy, L 3R (0)
st = o Ol

©) ()12

v 1 3|Ry(0)]
(O"('s, )>76Ncm2 zﬂ ctBoo (4b)

©) /12

1 3R (0
v p = 2R O g

where cf is given in Refs. [28-30] in the MS scheme at the
scale Aby cp = 145 [Cr + C4(1 4 log A/m)] 4+ O(a?),
with Cr = (N2 —1)/(2N,) and C4 = N_; E;0.10, Boo. and
Epo are gluonic correlators of dimension 2 defined by
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Ero0 = ddacl dtltl/ digE> (1)
4l
; df ef 1 |2
X @G (113 1) gE“ (1)) @y (05 1)@ Q)| . (5a)
o ' 2
oo =| [ g e i@ (5b)
. , RE
fw=| [ dugpe o neria)]. (50)

where d¢ = 2w ({T* T}T¢), E*(t), and B*(t) are
chromoelectric and chromomagnetic field components,
respectively, computed at the time ¢ and space coor-
dinate 0, and ®(r,7) = P exp|—ig [ dzA}(z,0)] is a
Schwinger line. The chromoelectric and chromomagnetic
fields in the expressions for £¢,;¢ and By, come from the D?
and o - gB terms in the NRQCD Lagrangian, respectively,

while the chromoelectric fields in £y, come from the B in the
definition of (O (3P([)8] )). Note that the correlators & .10, Boo.
and & are purely gluonic quantities that do not depend on the
heavy quark flavor. The expressions in Eqgs. (4) are accurate
up to corrections of relative order v> and 1/N?2 [23,24].

We find the one-loop evolution equation for &g
given by

d P XZaXN%—4
dlog A1 T E0O T 3N

+0(a2). (6)

This

(O (3 [18])), which cancels the explicit log A that appears

in 6'3P[3] [6,31]. The correlator B, also depends on the scale
J

reproduces the known scale dependence of

in a way that c2By, is scale independent at one-loop level.

We note that our results in Egs. (4) are valid in dimensional
regularization (DR), because in computing the LDMEs we
have discarded scaleless power divergences which vanish in
DR [24,32]. Since the correlators in Egs. (5) contain power
UV divergences which are automatically subtracted in DR,
they may not be positive definite, even though they are
defined as norms of states that are obtained by applying
gluonic operators on the QCD vacuum.

The three correlators in Egs. (5) and \Rgﬁ)) (0)| completely
fix all LDMEs that appear in Eq. (1). Since lattice
determinations of the correlators are not available yet,
we determine the correlators by comparing Eq. (1) to
measured cross section data at the LHC. We employ the
measured data for prompt J/y and w(2S) production rates
in Refs. [33,34] and inclusive Y(2S) and Y(3S) cross
sections in Ref. [35]. We use pr cuts to prevent factori-
zation-breaking effects at small p from affecting the fit. In
order to explore the dependence on the p; cut, we consider
two regions p;/(2m) > 5 and py/(2m) > 3.

In computing the cross sections from Egs. (1) and (4), we
use the values |RY) (0)]> = 0.825 GeV?, [R\(, (0)]? =
0.492 GeV?, |R{g (0)]? = 3.46 GeV?, and [R5 (0)]? =
2.67 GeV?, which we obtain by comparing the measured
leptonic decay rates in Ref. [36] with the pNRQCD
expressions at leading order in » and at next-to-leading
order (NLO) in a, [37]. We compute the SDCs in Eq. (1) at
NLO in «a, by using the FDCHQHP package [38]. We use
m = 1.5 GeV for charm and 4.75 GeV for bottom, and set
A = m for the MS scale of the NRQCD LDMEs. We
consider the runnings of the correlators by using the
renormalization-group improved formulas at one loop;
the effect of the running of B is numerically small, while
the running of &, o depends on the value of &y, We
consider feeddowns from P-wave quarkonia by using the
measurements in Refs. [39,40], and take into account
the decays of y/(2S) into J/y and Y(3S) into Y(2S) using
the measured branching ratios in Ref. [41]. We take the
uncertainties in the theoretical expressions for the charmo-
nium and bottomonium cross sections to be 30% and 10%
of the central values, respectively, which account for
uncalculated corrections of higher orders in v?. We neglect
uncertainties from corrections of order 1/N? and variations
of scales because they are small compared to the uncer-
tainties that we consider.

The pNRQCD results for the LDMEs imply that the ratio
of the large-p; direct production rates of y/(2S) and J/y is
simply given by |R.(,?()2$) 0)?/ |R§%j (0)?, up to corrections of
order v, independently of the values of the correlators. If we
take into account the feeddown contributions from decays of
Xcandy(2S) into J /y, we obtain (B, (25)- - X Oy (25)4x)/
(B jy—ytu= X 61y+x) ~ 0.04, which agrees well with the
measured values in Ref. [33] at large py. Similarly, the ratio
of the large- p direct production rates of Y(35) and Y'(25) is
given by |R£§()35> 0)?/ |R¥)()2s) (0)|?, up to corrections of order
v?. If we take into account the feeddowns from decays
of y,(3P) into Y(3S), as well as y,(3P), y,(2P), and
T(3S) into Y(2S), we obtain (By(3g)—utu- X OrEs)+x)/
(By(28)=utu~ X Or(s)+x) ~ 0.8, which is in fair agreement
with measurements in Ref. [35].

The values of the correlators that are determined from
our fits are listed in Table I. The results from the two py
regions are consistent within uncertainties. The qualities of

TABLE L. Fit results for the correlators &y¢.19, ¢%Bog, and Eyg
for the two p; regions in the MS scheme at the scale
A = 1.5 GeV. The SDC ¢ is computed for the charm quark
mass m = 1.5 GeV.

Pr regiOH 510;10 (GeVz) C%«"BOO (GeVz) 500 (GeVz)
pr/(2m)>5 0.860+0.277 —2.25+7.06 134+4.6
pr/(2m)>3 1174013  —-979+£3.08 18.5+2.1
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TABLE II.  Numerical results for the J/y CO LDMEs in units
of 1072 GeV?. The uncertainties come from the correlators .1,
C%Boo, and 800.

prregion  (O/v(sY)) (@Sl (O EPYY) /m?
pT/(2m) >5 125+040 -1.104+343 2.18 +0.75
pr/(2m) >3 170+£0.18 —476+1.50  3.00 +0.34

the fits are good; we obtain y2. /d.o.f. = 6.30/41 and
14.0/71 for py/(2m) > 5 and p;/(2m) > 3, respectively.
As arepresentative example, we show the numerical results
for the J/yw CO LDMEs in Table II. The uncertainties
shown in Table I are correlated; the correlation matrix of the
uncertainties in £.19, 3By, and &y for each py region is
given by

0.0766 —1.75 127
Cos=| -175 498 -285| GeV*,  (7a)
1 127 -285 213

0.0160 —0.348 0.267
Coy=|—0348 949 -562 | GeV'. (7b)

0267 —562 448

When computing observables, we take into account these
correlations in order to reduce the theoretical uncertainties.
We note that the eigenvectors of the correlation matrix are
almost independent of the p; cut.

Our fits strongly constrain the value of £y to be positive.
This happens because, the ratios of the charmonium and
bottomonium cross sections at comparable values of p;/m

depend mainly on the ratios of |R§9)(0) 2, the quark mass,
and the running of the correlators. Since the running of
E10:10 depends on &y, the pPNRQCD analysis determines
rather precisely &y, and eventually the CO LDME
(0V(PE)) as well. This distinguishes the pNRQCD
analysis from other existing approaches. A positive &y
implies that the value of £, at the scale A = m is larger
for bottomonium than for charmonium. We expect that the
sign of &y, will not change because of corrections of higher
orders in «,, as radiative corrections shall affect the
charmonium and bottomonium SDCs in a similar way.
In Fig. 1 we show our results for the prompt production
rates of J/y and y(2S), and inclusive cross sections of
T(2S) and Y(3S) at the LHC center of mass energy /s =
7 TeV compared with CMS and ATLAS measurements
from Refs. [33-35], which are used in our fits. The
theoretical uncertainties are determined so that they encom-
pass the uncertainties in the correlators in the two pr
regions. The pNRQCD results for the cross sections are in
fair agreement with measurements at large p;. In Fig. 1 we
also show, as dotted outlined bands, the pNRQCD results
where the production rates for each quarkonium state are

boEl Prompt 1(25)
= @ CMS data x 10, |y| < 1.2
E O CMS data, |y| < 1.2
=
£ o010k
IN
S 0.001F
~
8
=
X 107
[Sa}
105k m pNRQCD x 10, |y| < 1.2
pNRQCD, |y| < 1.2
Prompt J/%
_ e, ® CMS data x 10,[y| < 1.2
E O CMS data, |y| < 0.9
= 0.100F
2
35“
_g 0.001F
X
- :
mm pNRQCD x 10, |y| < 1.2 —
10 pNRQCD, Jy| < 0.9
Inclusive T
0.100¢ W ATLAS T(25) data x 10, |y| < 1.2
= 0 ATLAS T(3S) data, |y| < 1.2
D 0.010
~
c)
.. 0.001F
_&.4
3
S
S 10t
X
Q
107k pNRQCD T(25) x 10, |y| < 1.2
pNRQCD T(35), |y| < 1.2
10k | | | |
10 20 50 100
pr (GeV)
FIG. 1. The pp-differential cross sections for J/w, w(2S),

T(25), and Y(3S) at the LHC center of mass energy /s =
7 TeV compared with the CMS and ATLAS measurements
[33-35]. Here, B is the dilepton branching ratio. For each
quarkonium state, the dotted outlined bands are pNRQCD results
obtained by excluding that quarkonium data from the fit.

obtained by excluding that quarkonium data from the fit.
In all cases, the results are consistent with the fits from
all available data.

We note that the bulk of the cross section comes from the

remnant of the cancellation between the 3P and 351
channels (6, Pl is negative at large py, while 6, S8 is positive);
J 1

moreover, the contribution from the 'Sgs] channel is small.

We have tested the stability of our results against the large
cancellations between channels by imposing an upper pr
cut, and found that it has negligible effects to our fits.

An important observable that lets us put the CO con-
tributions to the test is the polarization of the quarkonium at

L111503-4



PRODUCTION AND POLARIZATION OF S-WAVE QUARKONIA ...

PHYS. REV. D 105, L111503 (2022)

T T T T

1.01 b

pNRQCD direct J/1, |y| < 1.2

0.51

0.0 é I% ﬂ; é I'
0.5k @ (25) CMS data, |y| < 0.6 ]

OJ/y CMS data, |y| < 0.6 O (25) CMS data, 0.6 < |y| < 1.2
O0J/¢ CMS data, 0.6 < [y| < 1.2 H¥(2S) CMS data, 1.2 < |y| < 1.5

Ao

Lof . . . . 1
pNRQCD direct T, |y| < 1.2

41 |

O T(25) CMS data, |y| < 0.6

_0.5F O Y(2S) CMS data, 0.6 < |y| < 1.2 ]
® T(3S) CMS data, |y| < 0.6

O Y(35) CMS data, 0.6 < |y| < 1.2

-1.0r 1

P S S S S S S R S S

10 20 30 40 50

pr  (GeV)

FIG. 2. The polarization parameter 1y in the helicity frame for
directJ /y,y(2S), and Y compared to CMS measurements [45,46].

large pr. We consider the polarization parameter 4, in the
helicity frame, which takes values +1, 0, and —1 when the
quarkonium is transverse, unpolarized, and longitudinal,
respectively [42—-44]. The pNRQCD expressions for the
CO LDME:s in Egs. (4) imply that the polarization of
directly produced quarkonium is independent of the radial

excitation, up to corrections of higher orders in 7.

Although the 38[18] and 3P[18] channels are strongly trans-
verse, the large cancellation between the two channels
result in smaller values of Ay. Because & is positive, we
expect that Y is more transverse than J/y or w(2S) at
comparable values of py/m, due to the running of &0
which makes it take a greater value at the scale of the
bottom quark mass compared to the charmonium case.
These expectations are supported by the pNRQCD results
for Ay in the helicity frame shown in Fig. 2, which also
agree with CMS measurements [45,46].

Other observables that provide tests of the CO LDMEs
include production rates of J/w at ep and lepton
colliders, and production of 7.. As have been pointed
out in Refs. [47,48], many LDME determinations
based on hadroproduction data are known to overestimate
these cross sections compared to the measurements in

Refs. [49-52]. A small or negative value of <OJ/"’('S([)8])),
similar to what we obtain from our result for ¢%By,
can reduce the size of these cross sections compared
to existing hadroproduction-based approaches in
Refs. [14,16,20,53], diminishing in this way the tension
with measurements [54].

The pNRQCD calculation of the NRQCD LDMEs of
S-wave heavy quarkonia that we have presented in this paper
provides expressions for the color-singlet and color-octet
LDME:s in terms of quarkonium wave functions and uni-
versal gluonic correlators. This brings in a reduction of the
number of nonperturbative unknowns and significantly
enhances the predictive power of the factorization formalism
for inclusive production of heavy quarkonia. The universality
of the gluonic correlators lets us determine the LDMEs from
charmonium and bottomonium data, which leads to strong
constraints on the LDMESs. Especially, the P-wave CO
LDMEs are strongly constrained, which may be more robust
against radiative corrections compared to existing determi-
nations. The pNRQCD results for the inclusive cross sections
of J/w, w(2S), and excited Y states and their polarizations
at the LHC are shown in Figs. 1 and 2. They agree with
measurements at the LHC. More measurements of produc-
tion rates of excited Y states at large p; will help further
reduce theoretical uncertainties. The pNRQCD calculation
of the NRQCD LDMEs for production of S-wave heavy
quarkonia presented in this paper may be important in
resolving the longstanding puzzle of the heavy quarkonium
production mechanism.
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