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In this paper, we show the equivalency between the existence of fast neutrino flavor instability and that of
neutrino flavor lepton number (NFLN) crossings, which indicates that an NFLN angular distribution takes
both signs. The veracity of this proposition has been uncertain and sometimes controversial despite its
indispensability in the flavor evolutions of dense neutrinos. This study clarifies that the occurrence of an
NFLN crossing is both necessary and sufficient for fast instability.
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I. INTRODUCTION

In an environment such as a supernova where a large
number of neutrinos are present, neutrino oscillations
exhibit nonlinear behaviors due to the self-interaction of
neutrinos [1-11]. It is quite difficult to solve the kinetic
equations that describe this phenomenon, called collective
neutrino oscillations, because of the enormous computa-
tional cost; the spatial and temporal scales of the oscil-
lations are usually much smaller than those of a supernova,
and very fine grids are needed in the momentum space to
obtain even qualitatively correct behaviors [12].

However, collective neutrino oscillations do not always
occur by working against the matter suppression [13,14] of
flavor conversions when dense matter exists. The condi-
tions crucial for the occurrence of collective neutrino
oscillations have been investigated by linear stability
analysis [15-29]. In particular, fast flavor instability
[15,25-28,30-32], which is a kind of unstable mode and
whose spatial and temporal scales are proportional to the
inverse of the density of neutrinos, has attracted much
attention [33-44]. Indeed, some studies have discussed the
possibilities of fast flavor conversion in various regions,
such as the regions inside [45,46] and just above [47] a
protoneutron star and the preshock region [48] in a
supernova. Additionally, asymmetric neutrino emissions
[38,40,49,50] and breaking the degeneracy of heavy
leptonic neutrinos [29,51,52] can affect the possible regions
for fast flavor conversion.

It is important that all of these studies focus on crossings
of the neutrino flavor lepton number (NFLN) angular
distributions. Many studies have suggested that a fast
instability appears when the difference between the
NFLN angular distributions of two flavors crosses with
zero. However, whether an NFLN crossing is necessary
and/or sufficient is not known. In particular, the veracity of
its sufficiency is sometimes dubious and even controversial.
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For example, Ref. [53] concluded that the presence of an
NFLN crossing is not sufficient for fast instability under the
assumption of axisymmetry and spatial homogeneity.
According to Ref. [51], a “shallow crossing” in the electron
lepton number distribution does not generate instability.
However, these results occur because artificially imposed
symmetries hinder the development of unstable modes.

In this paper, we show that the existence of fast
instability is equivalent to that of NFLN crossings.
Mathematical proof of this proposition has been a missing
link in the study of fast flavor conversion. In addition, we
find that spurious instability [12] by the discretization of
spectra does not appear over time, unlike stationary
solutions. If an NFLN crossing exists, at least modes with
the wave vector k around the “crossing direction”, at which
the NFLN angular distributions of two flavors cross each
other, exhibit instability. This study clarifies the condition
for fast neutrino flavor instability and plays a crucial role in
the elucidation of collective neutrino oscillations.

II. FAST NEUTRINO FLAVOR INSTABILITY

A. Kinetic equation

We consider the density matrix of N;-flavor neutrinos
(antineutrinos) f (f), which is N; x N; matrices depending
on the spacetime position x, energy E and flight direction v.
Through the introduction of the density matrix with
negative energy —E < 0 as f(—E) = —f(E), their evolutions
are described collectively by the kinetic equation [54-58]

v 3f(x.T) = —i[H(x.T).f(x.T)], (1)

where I' = (E,v) and (v*) = (1, v), and the Hamiltonian H
is expressed as

2

H(x,T) EZA—E+1)-J()C). (2)
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The first term of H is the vacuum mixing term, which mixes
the neutrino flavors by the off-diagonal components of the
mass square matrix M?. The second term reflects the
forward scattering of neutrinos on leptons with

P (x) = VG [dlag (D) / ari(x, F)v”] 3)

where j, is the lepton number current of charged leptons «
and [ dl' = (27)™3 [% dEE? [ dv.

B. Dispersion relation of the fast mode
Fast neutrino flavor instability is the instability of the
flavor eigenstates f = diag({f, }) when the vacuum mix-
ing term is neglected because it is minor compared to the
self-interactions of neutrinos [27,28]. To consider this class
of instability, we omit M? and linearize Eq. (1) as

v +{i0 = Joq(x) + Jop(x) }Sp(x.T)
+ (f,, (x.T) —fpﬂ(x,F))\/EGp / dl'v - v'Spp(x,T") =0
(4)

for the Hermitian matrix S given as f = diag({f,,}) + S,
where Ji (x) = V2Gg[ja(x) + [dTf,, (x,T)v"].

We neglect the spatial and temporal variations in {j,}
and {f, } and substitute the plane wave ansatz S(x,I") =
S(k.T)e~** into Eq. (4) to derive the dispersion relation
(DR), where (k*) = (w, k) denotes an angular frequency @
and wave vector k. The diagonal components of Eq. (4)
yield DR » - k = 0, which does not generate instabilities,
and the others do

Aaﬂ(k) = detl'la/;(k) = 0, (5)
where
dv vHyY
I (k) = —G . 6
500 =0+ [ G s O

Ga/f(v) = \/EGF fooo d211;11§2 (fz/,,, (F) - fuﬂ (F)) is the differ-
ence between the NFLN angular distribution for v, and vj.
We note that A,z(k) = Ag,(—k) is satisfied and that all the
[N¢(N¢ — 1)/2]-independent equations of Eq. (5) are can-
didates for instabilities. In the following discussions, we
consider one of them and omit the indices denoting flavor.
Additionally, we set J, = 0 because J, shifts only the real
parts of the wave vector k and does not affect the instability.
In addition, we assume that G is continuous, which is a
natural assumption for treating realistic systems.

Because A(w,k) = A(@, k) is satisfied for k € R3, the
complex conjugate pair (@, k) and (@, k) are both solutions
of Eq. (5). Therefore, if there exist nonreal @ values for

k € R3, S grows exponentially. Note that a nonreal k,
which is sometimes called a “spatial instability”, does not
directly play a role in spatiotemporal evolutions and does
not even guarantee the spatial growth of perturbations
imposed ceaselessly at some spatial point [32,33,59-63].

III. EQUIVALENCY BETWEEN FAST
INSTABILITY AND NFLN CROSSINGS

In this section, we show that the necessary and sufficient
condition for the existence of fast instability is that of
NFLN crossings.

A. Necessary condition

First, we focus on the necessary condition: if there exist
o & R and k € R? such that A(k) =0, G(v) takes both
positive and negative values.

We define

c=Imo, (7)
(k") = (Rew, k) (8)

to separate the real and imaginary parts of w. Then, Il can
be decomposed as

m* (k) = R* (k) — il"* (k), 9)
where we define
dv vt -k
R (k) = —GY) ——5—7, 10
W=+ [ e 0
dv vy
" (k) = —GY) ——5. 11
W=a [ O D

The symmetric tensor I can be diagonalized by an
orthogonal matrix V € O(4,R) as

VH, VY, 1% = DI, (12)

where D is a real diagonal matrix whose (p, ) component
is given as

7 Y 2
(k) = [ 4 G0) 4((: ;()’;)+ EENE)

Then, IT can be expressed as

I = (V- (Va)Y (R — iD) (14)
with R* = V¥ V¥ R, and Eq. (5) is equivalent to
det (R(k) — iD(k)) = 0, which means that there exists a
nontrivial 4-vector a such that R*a, = iD*a,. From
this equation, we can obtain é#fi’””ab = ia,D"a, and
a,R"a, = —ia, D"**a,, whose difference yields
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> Dla,? =o0. (15)
Hn

If G(v) does not change its sign for all v and ¢ # 0, all the
diagonal components of D have the same sign as 6G from
Eq. (13) and cannot satisfy Eq. (15). Therefore, G must take
both positive and negative values for ¢ to be nonzero.

We notice that the above discussion is valid even if G is
discretized as G(v) = >, G;6(v —v;). If we consider sta-
tionary solutions, the discretization of spectra sometimes
suffers from spurious instabilities [12]. On the other hand,
when we solve time evolutions, spurious instability does
not appear by discretization.

B. Sufficient condition
The remaining task is to show the sufficient condition: if
G(v) takes both positive and negative values, there exist

w ¢ R and k € R? such that A(k) = 0.
By introducing

i
= 16
=" (16)
IT can be expressed as
1
(k) = +—T"(n), (17)
1)
where
dv vho¥
T = | —G , 18
= [ o (18)

whose integral converges for m in the open unit ball
B={neR’||n| <1}. Here, r T =0 due to v*v, =0,
where the trace of the natural powers of a tensor A is
defined as tr A™ = A" A¥2, ---A¥» . Then, the DR is the

zeros of the quartic function of @ (see the Appendix A):
A(w,n) = —w*A(k) = det (w8} + T*,(n))
1 1
=t - St T?(n)w* + 3t T} (n)w
1 1
+§(trT2(n))2 —ZtrT“(n). (19)

Henceforth, we express a solution for @ of A(k) =0 as
w(k) and that of A(w,n) = 0 as w(n). It should be noted
that w(n) is four-valued while (k) is multivalued but not
always four-valued.

In the following discussions, we assume that G(v) takes
both positive and negative values and prove that (k) can
be nonreal for some k € R>. This proposition can be shown
by proving the following three lemmas instead:

Lemma 1. If some of the 4 branches of w(n = 0) are
nonreal, there is a nonreal (k) for some k € R3.

Lemma 2. ®(n) is nonreal for some n € B.

Lemma 3. ®(r) does not diverge to infinity for
all n € B.

3 7 7
k k k
FIG. 1. Schematic pictures of the DRs for the cases in which

(a) wisreal forallm € B, (b) w diverges atn € B and (c) w has a
branch point (red dot). The black solid lines show
w(k = ke) € R, where we choose some direction e, and the
gray regions are the zones of avoidance.

From lemma 1, we have only to consider the case in
which all four branches of w(n = 0) are real; otherwise, the
proposition is already proven. Then, the DR with real @ can
be categorized into three cases as shown in Fig. 1 by paying
attention to n = k/w. If all the branches of w(n) are real for
all n € B [case (a)] or some branches of w(n) diverge to
infinity for some r € B [case (b)], w(k) is not necessarily
nonreal; otherwise, some branches of w(n) must merge for
some n € B [case (c)] and a branch point, at which the
gradient Vw(k) diverges and nonreal w(k) begins, appears
at some k. Since lemma 2 excludes case (a) and lemma 3
excludes case (b), the three lemmas lead to the existence of
nonreal w(k) for some k € R, which is the proposition
to prove.

Lemma 1 can be easily proven; since k = wn yields
w(k =0) = w(n = 0), the existence of nonreal w(n = 0)
immediately means that of nonreal w(k = 0). Lemma 3 is
also confirmed from Eq. (19) because tr T (n) is finite for
n € B. In the following, we prove lemma 2 by showing that
there exists n € B such that the coefficient of ? of A(w, n)
is positive; for such n, A(w, n) has only one local minimum
for w, meaning that the number of real solutions of the
quartic equation A(w,n) = 0 is at most two and that the
remaining solutions are nonreal.

We define e: as one of the unit vectors satisfying
G(ez) = 0; we refer to these directions as crossing direc-
tions. e, is also defined as a unit vector parallel to VG (e;),
and e, = e; X e, [see Fig. 2(a)]. Hereinafter, the indices 7, &,
n and ¢ of vectors and tensors are used to denote their
temporal, e;, e, and e; components, respectively.

We focus on the behaviors of w(n) around the crossing
direction by considering

T (nRy(0)e;) = /%G(v) 1—ny '1]:;}::(9)85}
= Réﬂa(e)Rﬁy/)(e)Tgﬂ(n)’ (20)

where R;(0) is the rotation operator around e, with the
angle 6 and

Ty = [ ROm @)
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FIG.2. (a) The difference between the NFLN angular distributions of two flavors G(v) = 3(v%)* — 1 and {e;. e
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s+ €} and e, The black

solid lines on the sphere show the crossing directions. The scales of e;,, are adjusted for visibility. (b) The DR for G(v) = 3(v9)? — zl_r
The black, cyan and red lines are w(ke;), w(ke..) and w(ke_), respectively. The complex w(ke_) values for real k are indicated by the red
areas, whose center lines are Rew, and the difference between the center lines and the boundaries of the areas is 10 Im w. The gray
regions are the zone of avoidance. (c) The relation between w and n for G(v) = 3(v%)? — . The directions of n are e; (black), e, (cyan)

and e_ (red).

Now, tr T (nR;(0)e;) = tr Ty (n) is satisfied because R,
is a Lorentz transformation.

n > 1 corresponds to the “zone of avoidance” [27], in
which T diverges to infinity and there is no solution
satisfying Eq. (19). At the limit of n 1 1, Ty(n) seems
to diverge as well. All the components of T,y(n) whose
indices include # or £, however, converge to a finite value
because »" and v¢ are proportional to /1 — (v)%. On the
other hand, the other components diverge and asymptoti-
cally behave as

G(R(0)e;) 1
I
2 g 1—-n

Tj(n) ~ T (n) ~ T5 (n) ~ (22)

asn 1 1 for @ = +e with small € > 0. At =0, v° = 1 is
zero for G, and all the components of T,g(n) converge to a
finite value as n 1 1.

The components that converge at @ = +¢ as n 1 1 are
continuous for € at € = 0 and n = 1. From Eq. (22), the
other components for & = ¢ and 8 = —e diverge to infinity

with different signs from each other as n 1 1. Although
these components diverge, the differences

3 5 ot

colin) = T(n) = Thim) = = [ 426 (ReOW) ;s
23)

- - — (152

doln) = 5 )= T = - [ 26 Relop) =0
(24)

converge to a finite value as n 1 1, and hence, those as
6 1 0 and 60 coincide with each other at n = 1. Then,
straightforward computation yields asymptotic behavior

3w T3 ) ~ [2eo(1) — dp(D)T5(m)  (25)
as n 1 1. This is the coefficient of @? in Eq. (19) and takes
positive values for either = € or § = —e with sufficiently
large n [64]. Therefore, for at least one of @ = ¢ or § = —e,
there exist nonreal @ values for sufficiently large n, and
lemma 2 has been proven.

We note that the proof of the sufficient condition here is
not valid for discrete spectra, unlike the case of the
necessary condition. Whether the sufficient condition holds
also for the discrete case is left for future research.

We focus on the distribution G(v) =3(v%)* -1 to
exemplify the above discussion [see Fig. 2(a)]. In this
case, all the points satisfying v* = ile are the crossing

directions. Here, we choose {e:.e,. e } as

VIT 1
2z 0 2 3\ (e
e = 1 V1T e, 26
n 0 - 33 23 y ( )
€ 1 0 0 €

and define e, = R/ (+7/8)e;.

The DRs for k parallel to e; .. are shown in Fig. 2(b). We
can confirm that nonreal w values appear only for k = ke_
and begin at the points at which dw/dk diverges to infinity.
We note that the solution w(k) can vanish at large |k|. If
A(k) was holomorphic on C*, w(k) € C would exist for all
k € R®. In reality, however, A(k) has the branch cut on
€ (—|k|, |k|), which corresponds to the zone of avoid-
ance, and the zeros of A(k) can terminate on the branch cut.

Figure 2(c) shows the asymptotic behaviors of wasn 1 1
for n parallel to e, .. For n = ne;, all the branches of w(n)
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converge to finite values as n 1 1 because all the compo-
nents of T converge. On the other hand, for n = ne_, only
two of them converge, and the remaining two logarithmi-
cally diverge to infinity because some components of T
diverge, as shown in Eq. (22). For n = ne_, while two
branches converge, the remaining two merge at nx
1 —e773, and @ becomes nonreal for n larger than this
branch point; for sufficiently large n, the number of real
branches is less than four, which is the number of real
branches of the £ = 0 mode, meaning that there is some
branch point of w(ke_) for k € R.

IV. CONCLUSION

We showed that fast flavor instability is present if and
only if the NFLN angular distributions of two flavors cross
each other. To find fast instability, we have only to seek
NFLN crossings. In contrast, once an NFLN crossing
appears, the flavor coherence grows in the linear regime,
and nonlinear oscillations are expected to begin after
several times the linear growth timescale.

We also find that unstable modes appear at least in k
around the crossing directions. We have to consider that the
fast instabilities may not be able to be captured if some
symmetries are imposed a priori. Determining which
modes are actually unstable is important for reasonable
results when we conduct nonlinear calculations.

To crystallize the effect of collective neutrino oscillations
on astrophysical systems, nonlinear behaviors should also
be elucidated. The resultant distributions after a sufficiently
long time in the regions where instabilities have propagated
might be simply flavor-decohered distributions. Whatever
the results of nonlinear evolutions are, it is important to
accurately understand the behaviors in the linear regime,
including how instabilities propagate in spacetime
[32,33,59-63], and this study has achieved one of the
major goals toward this understanding.
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APPENDIX A: PROOF OF EQ. (19)

We consider the characteristic polynomial pj(z) =
det(zIy — A) for N x N matrix A. A(w,n) in Eq. (19)
is A(w,n) = P—(rv,)m)(@). In general, the coefficients of
pa(z) can be expressed as the summation of products of
trA¥(k =1,...,N), and their explicit expressions can be
calculated by the recursion formula derived below [65].

pa(z) is factorized as py(z) =[[Y,(z—4;), where
Ay ..., Ay are the eigenvalues of A. It is also expanded
as pA(Z) = Z{V:O éi(ﬂ‘l’ ...,/IN)ZN_i, where ek(xl, ...,xn)

is the elementary symmetric polynomial of degree k in n
variables x|, ..., x, and &, = (=1)*e.

The elementary symmetric polynomials satisfy Newton’s
identity

k=1
Zpk_i(xl, s X))@ (X1, . Xy,)
i=0

+key(xy,...,x,) =0 fork=1,...,n, (Al)

where pi(xy,...,x,) = >0, x5 Since pp(dy, ..., dy) =

tr A* is satisfied, &;(4;, .. ,/1N) which is the coefficients
of pa(z), is given by

ey Ay :——ZtrAk’ (Ao dy)

fork=1,...N (A2)

Beginning with &y(4;,...,Ay) = 1, &;(4;, ..., dy) for k =
1,...,N can be calculated recursively.

APPENDIX B: PROOF OF EQ. (22)
To prove Eq. (22), we consider
v f(v)
I Bl
(n) = /471 1 —not’ (B1)

where f is a continuous function on the unit sphere that
satisfies f(ez) # 0. This integral can be decomposed as

1) /1 dv¢ /27[ dp f(v) B /1 dv® F(v°)
N 27 1 —nvft 1 2 1=m¥’
where ¢ is the azimuthal angle when we choose the zenith

374 £ (v). For arbitrary
n € (—1,1), by dividing the integral domain at 1* = 1 —¢
with € > 0 and applying the mean-value theorem, we
obtain v¥ € [-1,1 —¢] and v € [1 —e, 1] such that I is
expressed as

(B2)

as the e; direction and F(v%) =

1 1+n

(B3)

Regardless of how small of ¢ we choose, the second term
dominates at the limit of n 1 1. Because F' (vi) - F(1) =
f(eg) as €0, asymptotic behavior

&log !

I ~
(n) ~=5 1—n

(B4)

1s obtained.
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