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We investigate the two-photon transitions H,.; — y*y of the charmonium system in light-front dynamics.
The light-front wave functions were obtained from solving the effective Hamiltonian based on light-front
holography and one-gluon exchange interaction within the basis light-front quantization approach. We
compute the two-photon transition form factors as well as the two-photon decay widths for S- and P-wave
charmonia, 7. and y.; and their excitations. Without introducing any free parameters, our predictions are in
good agreement with the recent experimental measurements by BABAR and Belle, shedding light on the

relativistic nature of charmonium.
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I. INTRODUCTION

Charmonium is an intriguing system with entangled
scales Agcp < agm.c* < m.c* [1]. Typical estimates put
the average velocity of the quarks v2 ~ 0.3. Thus, there may
be large relativistic corrections for observables sensitive to
short-distance physics. The two-photon transition of char-
monium, viz. H. — yy, is one of the leading examples
(see Refs. [2-5] for reviews), where predictions based on
nonrelativistic dynamics appear deficient. Typical symp-
toms include the slow convergence in nonrelativistic
effective theories (e.g., NRQCD [6,7]), large differences
among various nonrelativistic potential model calculations
and discrepancies with the experimental measurements
[8,9]. Driven by recent progress on experimental measure-
ments, the call for fully relativistic approaches is clear.

Lattice computation of the two-photon transition with
off-shell photons is particularly challenging, as demon-
strated by the large discrepancy between theoretical pre-
dictions and the PDG value, since the energetic virtual
photon is not an eigenstate of the QCD Hamiltonian [10].
Nevertheless, strides have been made to access the two-
photon width [11-15], and transition form factors [11,12].
Calculations from other relativistic approaches, notably
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DSE/BSE, have also been reported in the literature and
appear successful [16].

In this work, we report the calculation of the two-photon
transition form factors (TFFs) of charmonium in a light-
front Hamiltonian approach. This approach solves for the
light-front wave functions (LFWFs) directly from a low-
energy relativistic effective Hamiltonian for QCD [17].
The advantage of this approach is evident from the short-
distance z> ~ 1/Q% < Age, behavior of the transition
amplitude [ d*xe'@*(0|T{J#(z)J*(0)}|H(p)), where the
leading contribution comes from the light-cone distribution
amplitude (LCDA) ¢p [18,19],

Q >>A
Frg(@)" 2 [Ty (e (v 0. (1)
The hard kernel Ty = effp/(x(1 — x)Q?) is computable
from perturbation theory.
This result can be extended to the full range of Q? by

using the LFWFs yp(x, kl) [18],

o= [lo [Cr, @i ok @

where the hard kernel 75 is known to the next-to-leading
order [20]. The LFWFs and the associated LCDAs play a
dominant role in exclusive processes [18,19,21].

The LFWFs adopted in this work were previously
obtained in a light-front Hamiltonian approach to the
charmonium spectra [22,23].

We compute the two-photon widths and TFFs of the
pseudoscalar 7., scalar y ., axial vector y,.;, and tensor y .,
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FIG. 1. The BLFQ prediction of charmonia mass and dilepton

or diphoton width as compared with the PDG values as well as
with the predictions from various lattice QCD and DSE/BSE.

and compare with the recent experimental data wherever
available [24-27]. The same LFWFs have been used to
compute the decay constants, radiative transitions, semi-
leptonic transitions, form factors, (generalized) parton
distributions and cross sections of diffractive vector meson
production with reasonable agreement over a remarkable
wide range of experimental measurements and theoretical
predictions [22,28-33]. All these results, as well as those
of the present work, represent predictions of the original
model Hamiltonian for charmonia without adjusting its
parameters [22].

A comparative summary of our results for the combined
predictions of the charmonium masses and dilepton (for
vectors) or diphoton (for the rest) widths is shown in Fig. 1.

TABLE 1.

'] q2

1*1.*1&

FIG. 2. Leading order diagrams of the transition form factor
r'y = H.

The plotted results are provided in Table I. The dilepton
width T, and the diphoton width I',, probe the similar
physics since both quantities are proportional to the wave
function at origin in the nonrelativistic quark model. Note
that the diphoton width of y_.; vanishes due to the Landau-
Yang theorem [34,35].

II. FORMALISM

The leading-order contribution of the two-photon tran-
sition amplitude M*** is shown in Fig. 2. It is convenient
to introduce the associated helicity amplitudes, H, ;,.; =
€,(q1.4)e(q2. 22)eq(p. A)MH* (for scalars and pseudo-
scalars, the hadron polarization tensor ¢, = 1), and evalu-
ate the helicity amplitude in terms of the local hadronic
matrix element,

Hj 0= €,(q2: 22)(r (g1, 1) I*(0)[H(p, 2)).  (3)

We choose a frame in which the light-cone dominance

is manifest, ¢; = (¢,,0,411), ¢2 = (0,45,4>1) [8,18].
From momentum conservation, p = (q{,45,¢11 + G2 )-

Here we adopt light-cone coordinate, v = (v*, v™, ', ?)

where v+ = 1% £ 93, and ¥, = (v!,0?). The experimen-

tally relevant case involves at least one photon on-shell. We

choose the momentum of the on-shell photon to be g,.
The helicity amplitudes can be expressed in terms of the

LFWFs as (see Fig. 2),

A compilation of experimental measurements and selected theoretical predictions of the two-photon width I'y_,,, for

charmonium. For y,;, the reduced two-photon width IN“H_,W is listed instead. The uncertainties have been combined in quadrature. See

the text for more details.

”L(IS) }7((2S) )(LO(IP) }(LO(ZP) XLI(IP) )((1(2P) )(LZ(IP) }(LZ(ZP)
Experiment [27]  5.15(35) 2.1(1.6) 2.20(16) 0.02-0.5"  0.56(5)
BLFQ 3.7(6) 1.9(4) 17(4)  0.68(22) 3.0(5)  3(I)  070(13) 0.58(25)
Lattice [14,15] 6.57(20) 3.7(1.1)
Lattice [12] 1.122(14)
Lattice [13] 1.62(19) 1.18(38)
Ly or Lattice [11] 2.65(99) 2.41(1.04)
'y, (keV) NRQCD [7] 9.7-10.8
DSE/BSE [16] 6.39 2.39 0.655
LFQM [36] 4.88
LFQM [37,38] 5.7-9.7 2.36(35) 0.35(1)
NRQM/LF [8,9] 1.7-3.9 0.94-2.45 1.43-2.09
NRQM [8,9] 5.2-21 3.1-8.8 3.1-5.5

“The value is for y,(3872) [26].
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where, v, and gy are the photon and meson
LFWFs, respectively. The former can be computed using
light-front perturbation theory [8,18,39]. The momenta
of the quark before and after the photon emission are,

ky = (xp »kq7k¢+xlsi), ky = (xqf,k’q‘,kl—kxéu),
respectively, where k| =k, + (1 — x)§,, . Note that only
the light-front 3-momenta need to be specified since
partons are always on their mass shells. Similarly, the
momenta of the antiquark before and after the photon
emission are, k; = ((1 —x)p™, kg, =k, +(1-x)p,), ki =
(1 =x)p* K7, =KL + (1 =x)g1.),
k/i =k —xGy,.

In the single-tag case, only one photon is on-shell and the
helicity amplitude H, ; .; can be extracted from the trans-

respectively, where

verse current J |, similar to the M1 transition investigated
in Ref. [28].

A e =7y
The two-photon transition amplitude of a pseudoscalar
can be parametrized by a single form factor [40],

MW = 47Taem€”yp0q1/)q2o'FPyy<q%v Q%) (5)

For the important case where one of the photons is on-shell,
it is useful to define a single-variable TFF F Py(qz)z
Fp,(—¢*.0) = Fp,,(0,—¢*). Fp,(g*) is related to the
two-photon width,

FP—>yy 4aemM3|FPy( )| . (6)

The matrix element associated with Eq. (5) has the
structure of pseudoscalar-vector-vector (PVV) coupling,
where each vector meson is substituted by a virtual photon.
Using the techniques developed in Ref. [28] for the M1
transition form factor Vp_y,, we obtain a LFWF repre-
sentation from the helicity amplitude H 1., (viz. matrix
element of J ) [8],

d?k |

o) = 2v2Ne | zm/ o)

Wi sap(r kL)
K+ my+x(1-x)0*

(7)

where m is the quark mass, N = 3, and e, = 2/3. In the
above expression for the single-tag TFF, terms like g, | - k 1

vanish. Note that this decoupling is not generally held
when both photons are off-shell. Alternatively, one can
also extract the TFF from the helicity amplitude H y,
i.e., matrix element of J*. This choice leads to a slightly
different expression, and the difference is expected to
vanish in the NR limit [41]. As a numerical example,
the result differs from Eq. (7) at most 6% over the range of
Q? from 0 to 60 GeV? for the 5, TFF shown in Fig. 3(a).

At large Q > max{Aqcp.m,}, Eq. (7) reduces to the
celebrated partonic interpretation of Brodsky-Lepage [18],

ejszP
o

where, ¢ is the (normalized) pseudoscalar LCDA, and fp is
the pseudoscalar decay constant. Their relations with the
LFWFs are [22],

¢P(x 0)

FP}/(QZ) = X(] —)C)

(8)
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FIG. 3. The two-photon transition form factor of charmed

pseudoscalar mesons (a) 7.(1S) and (b) 7.(2S). The BLFQ
predictions employs (7) whereas the BLFQ/DA prediction
employs (10). For 7.(1S) the result is compared with calculations
from DSE/BSE [16]. A monopole fit with pole mass A = M)
is provided for 7,.(2S) as a reference (see texts).
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2N d’k, >
frdp(x.p) = Vx(1—cx /ﬂ 2ﬂ3wm wyp(x k), (9)

and [J ¢pp(x,p) = 1.
For heavy quarkonia, since m; > Aqcp, Eq. (8) can be

extended to moderate Q* with x(1 —x)Q* + m7 > (k7)
[8] (cf. Ref. [40]),

! ¢p(x. Q)
Fp,(0%) = €2 / dx r . (10
P}’(Q ) effP 0 x(l_x)Q2+m12£ ( )
This expression at Q> = 0 implies (2m; ~ Mp),
RV, /b
Cpoy= e gmM3 _fN4ﬂefa§m M, (11)

However, this is only accurate in the nonrelativistic limit.
At small Q?, these two Egs. (10) and (11) clearly
overestimate the full light-front prediction (7), as we will
see later. For charmonia, the effect is substantial. A further
dilemma is that, for pseudoscalar quarkonia 7., the decay
constant f, cannot be unambiguously extracted from the
experimental measurement. The BLFQ prediction f, =
0.42(7) GeV [22] is in good agreement with model-
dependent value f, = 0.335(75) GeV extracted from
the experiment [42] as well as with predictions from lattice
QCD and DSE/BSE calculations [43-46].

The two-photon TFF of 7. is measured by BABAR
collaboration [24]. The BABAR data can be well described
by a monopole fit with a pole mass A> = 8.5+ 0.6+
0.7 GeV* ~ M3,,. This corroborates the vector meson

dominant (VMD) model with the nearest vector mesons.

The BABAR data along with the monopole fit are shown
in Fig. 3(a). The BLFQ prediction (7) is in excellent
agreement with the BABAR data. Following the analysis
in Ref. [22] for the decay constants, our calculation uses the
N pmax = 8 results, which corresponds to a UV resolution
Huv = Ky/Npax = 2.8 GeV. The basis sensitivity shown as
uncertainty band is estimated as the difference between the
Npax = 8 and N, = 16 results.

A DSE/BSE result is included for comparison [16]. Two
recent lattice calculations are less successful due to the
difficulty to represent the photon with large virtuality
[12,13]. More recent lattice calculations instead focus on
the on-shell amplitude.

Note that we present the TFF Fp,(Q?) instead of the
normalized TFF Fp,(Q?%)/Fp,(0) to avoid the propagation
of errors from Fp,(0) present in both theory and experi-
ment. The value Fp,(0) « /I'p_,,, can also be compared
from Fig. 3(a), where we add the PDG value combining
measurement of the two-photon width from various proc-
esses [27]. The prediction using the LCDA (“BLFQ/DA”)
are also included in Fig. 3(a) for comparison. At Q> = 0,

the prediction clearly overshoots the BLFQ prediction as
expected.

The on-shell two-photon width from PDG as well as
from selected theoretical predictions are collected in
Table I. A comparison of selected recent predictions with
quantified uncertainties is shown in Fig. 4. Without adjust-
ing any parameter, our predictions appear very competitive
with other theoretical approaches.

There is no measurement of the 5.(2S) TFF at the
present. Thus, our results Fig. 3(b) are predictions. F,,,(0)
can be accessed via other processes and are also shown in
Fig. 3(b). Our prediction is again in good agreement with
the PDG value [27]. The monopole fit with a pole mass
A =M, 5 is depicted for comparison.

In the literature, one of the major sources of uncertainty
is the quark mass m. In various models, it is known that
both the shape of the TFF Fp,(Q?)/Fp,(0) and the two-
photon width I'p_,, are sensitive to the value of the quark
mass my, in opposing directions. When confronted by the
experimental data, the former, dictated by the pole mass

2
A’ x <%> typically favors a lower value m; ~ 1.3 GeV

close to the current quark mass whereas the latter favors a
larger value close to the effective quark mass. Indeed, (11)
is more accurate if m> = m> v+ + (k%). In our calculation, the

effective quark mass m, = 1.57 GeV is determined from

NRQMY/LF (Babiarz 2019) e
NRQM (Babiarz 2019) =
NNLO NRQCD (Feng 2017) —
Lattice (Chen 2016) o
Lattice (Chen 2020) o
BLFQ (this work) e
PDG 2020 e
0.0 2.0 40 6.0 8.0 10.0
Dysyy (keV)
NRQM/LF (Babiarz 2019) | +—
NRQM (Babiarz 2019)
Lattice (Chen 2020) —e—i
BLFQ (this work) —e—i
PDG 2020 re
00 10 20 80 40
Ty (keV)

FIG. 4. Comparison of selected recent theoretical predictions
of the two-photon transition widths for 77.(1S) and y.o(1P) with
quantified uncertainties. See Table I for more comparisons of the
widths.
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the mass spectroscopy, leaving no room for parameter
manipulation. Therefore, it is remarkable that our LFWFs
can reproduce the two-photon TFF and the two-photon
width simultaneously.

B. xc0 > 7y

The transition amplitude of this process can be para-
metrized by two TFFs [9,40,47],

4ra,
M =— 5 {Mﬁ[(ql )" — 5 IF (7. 43)
S
+ 139" + (a1 - @2)d\ a5 — aid5 a5 — B
x FS(q%.a3) }. (12)
With this definition, the two-photon width is,
2
Q.
FS—’}’}’ 4emMg|FS(0 0)| (13)

If one photon is off-shell, as in “single tagged” experi-
ments, the two-photon width I', _ .-, can be solely
described by TFF F}. Thus, it is convenient to introduce
a single-variable TFF F, (g%) = F§(—¢*.0) = F;(0, —¢?).

Its relation with the single-tag two-photon width I is,

20777
M3+ Q%)
r ”aem (
S=r'y — 2 M*

Fs,(Q*)7.  (14)
The LFWF representation of the TFF is,

v efZ\/ZNC/

Fg,(Q

zm/ =

S (1=2x)x(1 —x)Q2+m}]

X x, k
{"’T“WS( YR (- 00 ]

ﬁ V2m(k, + iky) }

+ x, k
wat/s(e kL) K3 +x(1-x)0*+ mzf]2

(15)

Similar to the pseudoscalar case, the approximate result
using the LCDA representation reads,

ra@ = [ s

. (16)

where the scalar meson LCDA is defined as,

2N > d’k -
st = [z [ GrwastefL). (17)

and is normalized by [J dx(1 — 2x)¢g(x, u) = 1. Here, we
only kept the leading-twist contribution.

The Belle collaboration provided the first measurement
of the TFF F, ,(Q?), albeit with limited statistics [25]. The
extracted data are shown in Fig. 5. A recent result from

0.05 I‘ L | 1T 1T | 1T 1T | 1T 1T | 1T 1T | 1T 1T
- ___BLFQ -
~ 0.04- BLFQ/DA _|
n ---- DSE/BSE
> \ 1
O 0.03 \ 4 Belle 2017 |
< i %+ PDG2020 |
 0.02" 1\ -
S
2 L
= 0.01+
0.0t 1t | | |.| T I | R R A N R R R A A B R A
-0 10 20 30 40 50 60
0* (GeV?)
FIG. 5. The TFF for y.(1P). The DSE/BSE results are

included for comparison [16].

DSE/BSE is also shown for comparison [16]. The TFF at
0? = 0 s accessed from the two-photon decay width LCs_yy
from various processes as compiled by PDG [27]. Our
predictions using the LFWFs (15) as well as using the
LCDA (17) are both in agreement with the experimental
data despite the low statistics. The BLFQ/DA prediction is
scaled by Fy,(0) obtained from BLFQ. The value is also in
agreement with that extracted from the two-photon decay
width I'g_,,, (see Table D).

C. X1 = vy
The two-photon width of an axial vector 17" vanishes
due to the Landau-Yang theorem [34,35]. Instead, one can
define the reduced width as,

FA_W = lim —~
ql—>0 ql

F(A - 7irr)- (18)

The Belle collaboration recently measured the reduced width
of ;(L1(3872) using single-tag events [26]. The obtained
result is, ') (3872)-y, = 20-500 eV.

On the theory side, the amplitude of A — yy can be
parametrized by three TFFs, F7{ ;:

idra '
Mua — =8 {6"”/’/ql/;qzy(q1 - ¢,)"Fi (47, 93)
4
+ [ 41502, 4 + € q25q7]F5 (a7, 43)
+ [ 150205 + P i FA (. 63) . (19)
where F4(q3,q3) = —F4(q3,¢3) owing to the boson sta-

tistics of photons.
The reduced width is related to the TFFs F3 and F% as,

o,

FA—>yy 6 M3|FAJ/( )| ’ (20)

where Fu,(¢%) = F4(—¢*.0)/M, = —F5(0,—¢*)/M,.

LO71901-5
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The LFWF representation of this TFF is,

8M,, I dx
F(@) =3 e Ve | 2/A =)
A=-1)

/dsz_ (ky + ik, )W(¢¢+¢T/A(x ki)
27)* kL +x(1 - x)Q* + m3

(21)

Using the BLFQ LFWFs, the reduced two-photon width of

Xc1(1P) is predicted tobe I', _,,, = (3.0 £ 0.5) keV. Our
BLFQ calculation further predicts an excited pure cc axial
vector meson with the mass M, = 3.948(31)(17) GeV.

The two-photon width of this state is predicted to be
Fx’ —yy = (3% 1) keV, a value significantly above the
recent Belle measurement for the 2P candidate y ., (3872),

suggesting that the state possesses a large portion of non-c¢
component [26].

D. X2 =77

The two-photon decay width of the tensor y. is
measured by various experiments as compiled by PDG,
and the average value is, T', _,, = 0.56(5) keV [27].
Physically, this process is determined by two helicity
amplitudes,

1 1

Tonsar, (Hevol +1HioP). - (22)

The LFWFs representation of the helicity amplitudes are,

&k,
H++0—€ ef\/ZNc/ 3/'(271:)3

(1=x)

§ 12 (2x — I)W(Tl_+iT/T(x’ ki)
K +x(1-x)0*+ m?

. A=0 7
\/sz(kx + lky)l//(TT/T) (X’ kL) (23)
k3 + x(1=x)Q* + mj '

d’k
H+ +2—€ ef\/ZNc/ 1 g/\ J;X
x 2

(27)

(1=+2) (=42) , =
X(2X‘1>‘/’N+WT(X ) (kL)

I +x(1-x)0* +m}

| Vg ik)y s (k)
K2 +x(1-x)0? —|—mf

(24)

From these expressions, we obtain the width
I, —,, = 0.70(13) keV, consistent with the PDG value
0.56(5) keV. Similarly, we can make a prediction for the 2P
tensor as pure ¢ state. The value I’y _,, = 0.58(25) keV
is consistent with the PDG lower bound T,
0.17 keV for the 2P candidate y.,(3930).

2(3930) >

10_' T 17T I L I L I LI I L I T 17T |_

- ___BLFQ A

-l _

s LT 4 Belle 2017 ]
o

S -

— [

& _

Q _
s

= _
1

501 -

PR T T Y T T T T T N T IS B

0 10 20 30 40 50 60
0% (GeV?)

FIG. 6. The single tagged two-photon decay width of y.,(1P).

The Belle collaboration provided the first measurement
of the single tagged width T, -, (Q?), albeit with limited
statistics [25]. The data are compared with our result in
Fig. 6, where our BLFQ prediction is in good agreement
with the experimental measurements.

E. Asymptotic limit
The large Q% asymptotic behavior of the TFFs can be
computed from perturbative QCD [40],

Q—>oo

Q2FP;/(Q2) = 662fP7 (25)

QZFSy(Qz)Q =76 6erfs(u)-

Figure 7 shows Q*Fy, as a function of Q? up to large Q?
from various approaches. The BLFQ results (solid blue)
and the BLFQ/DA results (dashed orange) are computed
with fixed scale y = pyy ~ kv/Npax- For the pseudoscalar,
their agreement at large Q2 is excellent as expected. For
large Q?, the evolution of the DAs may not be negligible.
We thus evolve the LCDA using the ERBL evolution [18].
The evolved results (BLFQ/DA, 1 = Q, green dotted) show
some small deviation from the fixed scale results. However,

(26)

T T T T T T T [ T T T T [ T T T T T T 7T
| - BaBar 2009 7
1.20— B/3) fn.
> |
[
<) - =
— 0.80F N
S |
s | -~ — _ —— BLFQ ]
%, 040" BLFQ/DA, p=ptuy |
= 9© L BLFQDA, ;=Q |
—— DSE/BSE ]
0.00L+t 1 [ T T T T T T T T A N M A
0 100 200 300 400 500
0* (GeV?)

FIG. 7. Large Q? behavior of the TFF.
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up to Q% =500 GeV? all results are below the pQCD
asympotic limit, confirming the long-standing observation
that the convergence to the pQCD asymptotic limit is very
slow [19].

III. SUMMARY

In this work, we investigated the two-photon transitions
of heavy quarkonia in the light-front approach using wave
functions directly computed from an effective Hamiltonian
inspired by light-front holography and one-gluon exchange
from light-front QCD. We computed the two photon decay
widths and the transition form factors of pseudoscalar,
scalar, axial vector and tensor mesons. The results are in
good agreement with the available experimental measure-
ments. This is significant since all results reported here are
pure predictions—no parameter fitting is performed to
obtain these results. We also make predictions for two-
photon processes yet to be measured.

The success of our work and a similar success of the
DSE/BSE calculation imply the relativistic nature of the
charmonium system. For describing observables sensitive
to the short-distance physics at ~a,M_ .z, the relativistic
formulation is required. The light-front formalism is
intrinsically relativistic and has the further advantage that
it is directly related to the partonic picture at large
momentum transfer.

In combination with the successes in charmonium
spectroscopy as well as other observables, e.g., decay
constant, radiative transitions, leptonic transitions,
electromagnetic form factors, and parton distributions,
our work provides a unified framework to describe

the relativistic structure of the charmonium system. We
also compare the results with those computed from the
extracted light-cone distribution amplitudes, laying the
foundation for applications to exclusive processes at high
energy.
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