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and chiral anomaly

G. Yu. Prokhorov® and O. V. Teryaev'

Joint Institute for Nuclear Research, Joliot-Curie street 6, Dubna 141980, Russia
and Institute of Theoretical and Experimental Physics,
NRC Kurchatov Institute, B. Cheremushkinskaya 25, Moscow 117218, Russia

V. I. Zakharov®*
Institute of Theoretical and Experimental Physics, NRC Kurchatov Institute,
B. Cheremushkinskaya 25, Moscow 117218, Russia

and Pacific Quantum Center, Far Eastern Federal University,
10 Ajax Bay, Russky Island, Vladivostok 690950, Russia

® (Received 20 September 2021; accepted 1 December 2021; published 16 February 2022)

We consider the theory of Rarita-Schwinger field interacting with a field with spin 1/2, in the case of
finite temperature, chemical potential and vorticity, and calculate the chiral vortical effect for spin 3/2. We
have clearly demonstrated the role of interaction with the spin 1/2 field, the contribution of the terms with
which to CVE is 6. Since the contribution from the Rarita-Schwinger field is —1, the overall coefficient in
CVE is 6 — 1 = 5, which corresponds to the recent prediction of a gauge chiral anomaly for spin 3/2. The
obtained values for the coefficients y> and T? are proportional to each other, but not proportional to the
spin, which indicates a possible new universality between the temperature-related and the chemical
potential-related vortical effects. The results obtained allow us to speculate about the relationship between

the gauge and gravitational chiral anomalies.
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I. INTRODUCTION

The Rarita-Schwinger spin 3/2 theory is an essential
element of supergravity theories [1] and grand unification
models [2], in which it is used for anomaly cancellation.
Rarita-Schwinger fields are also used to describe hadronic
resonances [3] and have applications in solid state physics
when describing Rarita-Schwinger-Weyl semimetals [4].

However, the Rarita-Schwinger theory of fields is char-
acterized by a number of pathologies [5—8], in particular, the
singular Dirac bracket turns out to be in the weak-field limit
and there is the discontinuity in the number of degrees of
freedom when an external field is present. These problems
were overcome in [7] by introducing a field with spin 1/2,
which ultimately made it possible to construct a consistent
quantum field perturbation theory and calculate the chiral
quantum anomaly. An interesting observation is that the
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coefficient in the chiral anomaly turned out to be 5, which is
different from the previous calculations for spin 3/2.

The question that interests us in this work is the
manifestation of quantum anomalies in hydrodynamics.
In particular, it was shown in a number of works that the
chiral vortical effect (CVE) is directly related to the chiral
quantum anomaly [9-15]. Namely, the coefficient x? in the
mean value of the axial current in a medium with vorticity
corresponds to the coefficient in the chiral anomaly

CVE: (J4) = (AT? + Cu?)a”,

N C

H) = —ge P FuFay. (L)
where @* = Je"%u,d,u; is the vorticity, u, is the
4-velocity of the fluid, u is the chemical potential and T
is the temperature. This relationship has been well studied
in the case of spin 1/2, for which

Anomaly: (0,

8/ 1 1 v

Anomaly: (9,/4) = — e PEF . (1.2)

1672

Recently a test of the connection with the anomaly was
carried out for spin 3/2 for another phenomenon in an
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external magnetic field, the chiral separation effect (CSE)
[16]. The direct verification in the case of higher spins also
in the case of CVE (1.1) would be a reliable test of the
relationship between the CVE and the chiral anomaly.

In this work, we for the first time obtain the CVE for spin
3/2 within the framework of the theory [7]. We will
explicitly demonstrate its correspondence with the quantum
anomaly. However, as we will show, this correspondence is
achieved in a nontrivial way, in which an essential role is
played by the interaction with the additional field with
spin 1/2.

We use the notations g, = diag(1,—1,-1,-1), €
1, in the rest frame u, = (1,0,0,0), and we use the system
ofunitse=h=c=kyz=1.

0123 _

II. THE THEORY OF RARITA-SCHWINGER
FIELD COUPLED TO A FIELD WITH SPIN 1/2

In this section, we present the main relations for the
theory of spin 3/2 field, interacting with spin 1/2 field [7]
(see also [8]). The action has the form

S = / d*x(—=e"" 57,0, + iy 0,A — imAyty,

+ imp,y* ), (2.1)

where v, is the Rarita-Schwinger field, 4 is the field with
spin 1/2, m is the interaction constant.

To calculate the stress-energy tensor, it is necessary to go
to a curved space-time with an arbitrary metric g,, and vary
the action with respect to the metric.As a result, we obtain
[6,17]

1 _
™ = 53'1(’/}/’111,175(7”55 + 7 8u) 0w,
<O (EPPysya(lr" 1165 + Y v105)w,)

+ L—l‘ (A 02 — D Ty" A+ Iph A — Ty 2)

+ %m(lﬂ”m — AWt A - Ay, (22)
Currents can be constructed from Noether’s theorem
J = APy sr W, + A7,
Ja = —iE5y,w, + Ay, rsa. (2.3)
It is easy to check that
0,T" =0, 7" =0, 0,y =0. (24)

The conservation of the axial current is violated by the chiral
quantum anomaly, calculated in [7] in the limit m — oo

(2.5)

N 5
<8;4.]l/l\> - 1672 EﬂuaﬂFﬂtzFaﬂ

Note that the coefficient 5 recently found in [7] is different
from the previous evaluations, and is associated with the
interaction with the field A. However, one can see, that it is
equal to the sum of the previously known contributions of a
nonghost part of free spin 3/2 and free spin 1/2 fields.

Propagators at finite temperature can be constructed
according to the standard procedure [18]. When passing to
the finite temperature T = |B|~!, it is convenient to intro-
duce new notations

Lp(v) = —Ly(t = —iz),

aﬂ = iéﬂuéﬂ, v, = l‘soﬂy/”,Pi (pn , —p),
pr=n2n+1)/|p| tin (n:O +1,+2, ),

n=—oo

Yu = iéoﬂ_l?ﬂ’yﬁ =7s,

P =P, (P*) = PSP}, (2.6)

The propagators at finite temperature have a form similar
to the real-time form in [7]. Substituting the Fourier
transforms, we obtain the Euclidean action

se= Y op) ie)m (V;(i:) )

P
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The propagators are defined by the elements of the
inverse matrix \, for which MN = (5"7 9

i
2(P*)?

(T X0, (X)) = Y et 027
P
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7Py +2[ }P*P,,*}”J’) ,
( ‘ g (P+)2 g ab
+
(T A,(X, = Y eiPa(X—Xy) PiPa
P+)2’
P
—-P; Pl
<T‘rl//a;¢(X1 /117 XZ Z: ZP” Xy X2 T)Qy
P

(Teda(X1)Ap(X2))7 = (2.8)
where u, v are Lorentz indices and a, b are bispinor
indices, and T, means ordering by the imaginary time <.
When deriving (2.8), we assumed that the subsystems of
the fields with spin 3/2 and 1/2 are in equilibrium
and p,, = p; = p. Finally, we note that following [7,8],
the ghost fields should be considered nonpropagating
and noninteracting with the rest of the fields, due to
which ghosts do not contribute to the quantities we are

considering.
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III. CHIRAL VORTICAL EFFECT FOR SPIN 3/2

The properties of the medium in the state of global
thermodynamic equilibrium are described by the density
operator of Zubarev [19-22]

1 1
p= el AP+ Jm, 0 0l Gy

where w,, = —%(Gﬂf)’y —0d,p,) is the thermal vorticity

tensor, { = % P* is the 4-momentum operator, Q is the

charge operator, and J4* are the Lorentz transformation
generators shifted by the vector x#, which are expressed in
terms of the shifted operators of the stress-energy tensor

e~ / A, (y) - y ().

where dZ,; is a volume element on an arbitrary spacelike
hypersurface (arbitrariness of the hypersurface follows from
the conditions of global thermodynamic equilibrium).
Density operator (3.1) provides a universal and fundamental
approach to the description of effects in a relativistic moving
and charged medium [21-27]. In particular, it was used to
find a lot of chiral effects [20,28], corrections to them [25],
and also to prove the Unruh effect from the point of view of
statistics as well as the duality between statistics and field
theory in a space with a conical singularity [21,23,29,30].

In a particular case of rigidly rotating medium, the
operator (3.1) can be transformed to the more well-known
form of the density operator for an equilibrium rotating
medium [31-33].

The mean value of the local operator O(x) can be
obtained using the perturbative expansion for (3.1)

w Iﬂ\d p P
N|ﬁ|NN'/ 7147y...ATy

X <Trj—irlu . 'J—irNu0<0)>ﬁ(x),c’

(3.2)

A

(0(x)) = (0(0

Ms

N=1

(3.3)

where each tensor J* is convolved with one tensor @,
Connected correlators are taken, this fact is reflected in the
subscript ¢, and the subscript #(x) means that the mean
values are taken at w = 0.

For the axial current j in the first order of the
perturbation theory formulas (3.1)-(3.3) give (see
[20,25] for details)
|

aﬂﬂl /ﬁ /d3xd3pd3 e Z -1
ll/l,'/'l/l// /)>|2 ”8;1+11))4(P+)2<Q—)2
91:” +

2
X tr[ alff(lQ

8on+80z-+60,+30;

<}’,§>(1) = Wa", W = CO2I1 — 0132

: I R .
coprli = / dr / Bxx (T, T (—iz, x)],(0)) 7. (3.4)
0

where the scalar coefficient W can be evaluated in the
rest frame g, = (T71,0,0,0), which is expressed by
the subscript 7, and in the following we denote
7% (—iz,x) —» T%(z,x). Now the main goal is to find
the correlators of the form C%"li. To do this, let us

first split 7** and }ﬁ into terms with a different set of
fields

=10, + T+ T + T4

T = Ty + T (3:5)

where the notation is obvious. Then we get that W is split
into 8 terms depending on the set of the fields

W= Wiy + Woyis + Wagy + Wi + Wiy
+ Woii + Wi + Wiins (3.6)
where the first two indices denote fields in 7#*, and the
second two—in J4. From the equality (A1) =0 it is
obvious that W;;;, = Wj, 7, = Wy, = 0. Since we are
interested in the limit of m — oo, it is also clear in
advance that WWM,W;MW — 0 at m = oo. Thus, only
three terms remain W = Wy\5, + Wosgy, + Wiyg,-
All operators are to be presented in split form. The term

Wiy 18 expressed through the operators
?311—1/ (X) = X, 1)1(1;11)){[60114'505’2)((7"6) bl/~/;7a (Xl )Jlfb (XZ) ’

Dir (Dx,. Ox,) =

I\JI>—‘

1=800+005 gnéeh <y5 7y 5;(2

- Tl A 43 + (0 1),

Xll)l(lelxlé"ﬁé"* jA ) ab‘l~/qa(X1 Wep(X2). (3.7)

Using Wick’s theorem, the mean value of four fields can be
transformed into a product of two propagators Using the
propagators (2.8), we obtain

ei(pn+ql)re_i(p+q)x

){w’% " 2[% -7 ] +P+}J”fw, {w-n " 2[% —ﬁ] Q;Q;Q-H.

(3.8)
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Summation over the Matsubara frequencies should be
made taking into account the poles ((p, =+ iu)> + E*)™"
where r=1, 2, according to the formulas from
Appendix A.4 of (22],} in particular, for the pole r = 1

Pn + z,u ei(putin)
Iﬂl (pn & ip)* + E?
1 : :
=3E (—isE)*e™E[0(—st) —np(E £su)],  (3.9)
s==%1

where np(E) = (1 + e%T)~! is the Fermi-Dirac distribu-
tion. The explicit dependence on the coordinate x’ can be
absorbed into the derivative of the exponent. After that, the
integration and summation over one of the momenta is
removed by the delta function. Finally, integration over the
angles at d®p = sin(9)p>dpdpdd and integration over t
and differentiation % can be done directly. As a result, we
get that each of the coefficients is expressed as a combi-
nation of an infinite and a finite momentum integrals, for

example

Wi 322 /°° pdp"'AOOdTI;
< (2 et +np 07+ (2L o
e+ (- 2+ 24 2D ) )] ).

(3.10)

where x = p + u,y = p — u. The finite parts can be found
analytically as they are expressed in terms of polynomial
combinations of polylogarithms [29,34]

2 0 TZ Iu2
W o - = dp—— -1
Ty ”/0 pap 7

(3.11)

Despite the fact that each of the terms has an ultraviolet
divergence, the sum is finite. Thus, ultraviolet divergences
appear at intermediate stages of calculations, but mutually
cancel out between different contributions in the final
formula for the physical effect

'G.P. thanks M. Buzzegoli for discussing this issue.

572 5u°
Wiy + Wiy + Wiygy == 55

(3.12)
where np(E) =np(E). As a result, we obtain the
following expression for the axial current, which corre-
sponds exactly to the chiral anomaly (2.5)

R 572 542
AL <6 +L2>w (3.13)

2w

In this case, the coefficients 5 in the terms 72 and u”> were
obtained as a result of summation 6 — 1 = 5, where 6 is the
contribution of the interaction terms, and —1 is the
contribution of the pure Rarita-Schwinger field. This
distinguishes the above calculation from the calculation
of the chiral anomaly and CSE in [7,16], where the
additional field did not contribute. Thus, the anomaly is
reconstructed, but in a qualitatively different way.

IV. DISCUSSION: QUANTUM ANOMALIES IN
HYDRODYNAMICS

We have shown an exact correspondence between
hydrodynamics and quantum field theory: the coefficient
in front of the chiral anomaly (2.5) corresponds to the
coefficient in CVE (3.13). Such a correspondence of the
two theories is not accidental and was predicted in a
number of papers [9,10]. Our result confirms the accuracy
of the predictions made not only in the case of spin 1/2, but
also for higher spins and demonstrates how this correspon-
dence is realized at the level of microscopic theory.

In particular, it was shown in [10,35] that hydrodynamics
can be considered as an effective field theory with addi-
tional interaction corresponding to the substitution

A, —> A, +p-u,. (4.1)

Using the well-known expression for the chiral anomaly,
but now for the effective field (4.1), one can clearly obtain a
number of chiral phenomena. It is necessary to use the
substitution (4.1) in the anomaly (1.1) and collect all the
additional terms into the divergence of the effective current

C
9, (nsu* + Cu’w” + CuB*) = -3 HPF Fap.  (4.2)

The second term on the left-hand side of (4.2) corresponds
to CVE, and the third—to the CSE.

The same relationship was substantiated from the point
of view of the equations of relativistic hydrodynamics and
the second law of thermodynamics in [9]. Equation (2.5) is
to be included into the system of equations of hydro-
dynamics. From the condition of non-negativity of the
divergence of the entropy current it follows that the currents
arise, directly related to the anomaly.

L041701-4
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Both [9,10] approaches deal with the > term, while the
temperature term 72 and the coefficient A in (1.1) are
assumed to be associated with either the gravitational
anomaly [11-13,34,36] (see also [37,38] on transport phe-
nomena related to the gravitational anomaly) or the global
one [39]. In particular, [34] considers radiation from an
analogue of a rotating black hole, a quantum anomaly on the
horizon of which serves as a pump that creates an anomalous
axial current. Such a relationship between the 72 term and the
gravitational anomaly has been verified for the case of spin
1/2 [34], and recently for spin 1 [13].

Now we could hypothesize that the gravitational chiral
anomaly is also 5 times higher for system of interacting
spin 3/2 and spin 1/2 fields than for spin 1/2 and,
moreover, there is a sign of a possible relationship between
different types of chiral anomalies. An indication of the
possible existence of such a relationship between gravita-
tional and gauge anomalies was recently found in a
completely different context in [40]. However, the pecu-
liarities of the theory of higher spins may lead to a very
nontrivial realization of the gravitational anomaly in hydro-
dynamics, and it is possible, that there is no such a direct
relationship between the coefficients.

On the other hand, the comparison of (3.13) and (1.2)
indicates the existence of possible universality A ~ C of the
vortical effects associated with temperature (74) =
A - T?@" and with chemical potential (}4) = C - p?w”. A
similar proportionality of the two coefficients also follows
from the analysis of the semiclassical equations of motion
for free particles in a rotating frame and the chiral kinetic
theory [41]. In this approach the relation A ~ C ~ S follows

from the spin-vorticity effective coupling S-Q. Now we
see that the proportionality of the coefficients A ~ C also
arises in a different context for a system of two interacting
quantum fields. Thus, the universality A ~ C is probably a
more general phenomenon than A ~ C ~ §.

We also note that the result [41] for the CVE for arbitrary
spin is also in agreement with the quantum anomaly for free
fermions obtained in [42], where the coefficient in the
anomaly is also proportional to the spin.

In [16] another phenomenon, the CSE, was calculated in
the framework of the theory [7], and the result was

S
CSE:(j4) = 5 5 B".

5 (4.3)

where B* is the magnetic field. Thus, the CSE also satisfies
the chiral anomaly (2.5). Technically the correspondence

between the CSE and the anomaly is clear, since both of them
can be described by the same diagrams, but with the
replacement of one of the fields in one of the vertices by
the chemical potential in the case of CSE. In the case of CVE,
similar reasoning cannot be used, since the operators of the
stress-energy tensor are located in the vertices instead of the
current operators.

The relationship between CSE and anomalies (2.5)
follows from [9,10] and also from the recent analysis in
[22]. The conditions of global thermodynamic equilibrium
fix the chemical potential

1
g(X) = gO - /BUFAGXA + Ewnpprlax,lv (44)

where { = % Using (4.4) for differentiating (4.3) results in
B,54) = - T(0,¢(x))B* = —— e, F 45
< u.]A> - ﬁ ( UC('X)) - 167[28 uvt ap- ( . )

V. CONCLUSION

We consider the extended Rarita-Schwinger-Adler
theory [7] at finite temperature, finite chemical potential,
and nonzero vorticity. We calculated the chiral vortical
effect in this theory and verified that the coefficient in front
of the y? term corresponds to the coefficient 5 in the chiral
anomaly. This is achieved by summing of the contribution
of the interaction terms equal to 6, and the contribution
from only the Rarita-Schwinger field equal to —1. There is
a cancellation of ultraviolet divergences between different
contributions to CVE, each of which diverges separately.
We discussed the possible consequences for the gravita-
tional anomaly.

Comparison of the obtained formulas for CVE with the
case of spin 1/2 suggests the existence of a new univer-
sality between the coefficients A ~ C of the vortical effects
associated with temperature and with chemical potential.
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