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The influence of the hard photon emission on the charge asymmetry in the lepton- and antilepton-proton
elastic scattering was evaluated for the first time beyond the ultrarelativistic limit, while retaining the lepton
mass at all steps of the calculation. This contribution—responsible for the charge asymmetry—is induced by
interference between real photon emission from the lepton and proton. During the calculation any excited
states of the intermediated proton were not considered, allowing us to use the standard fermionic propagator
for this particle. The infrared divergence extracted using Lorenz-invariant approach of Bardin-Shumeiko is
canceled by the corresponding soft part of the two-photon exchange contribution. Numerical analysis was
performed within kinematic conditions of Jefferson Lab measurements and MUSE experiment in PSI.
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I. INTRODUCTION

The elastic form factors of the proton play an essential role
in our understanding the nucleon electromagnetic structure.
However Q2-dependence of the ratio of the electric to
magnetic proton form factors, GEðQ2Þ=GMðQ2Þ, obtained
from the unpolarized [1,2] and polarized [3,4] electron elastic
scattering data disagreed with each other, and the disagree-
ment was attributed to two-photon exchange effects. The
challenge in computing two-photon exchange contribution is
in the need for modeling nucleon’s structure. It motivated a
dedicated program of both direct and indirect experimental
measurements of two-photon effects in electron scattering,
along with a significant theory effort; the recent status of the
problem is reviewed in, e.g., Ref. [5]. Moreover, two-photon
effects may have an impact on determination of proton’s
radius and resolution of the “proton radius puzzle” [6]. Direct
measurements of the two-photon effect on the unpolarized
scattering cross section [7–10] are based on the observation
that this contribution changes its sign with a sign of the
scattering lepton, therefore it can be evaluated via measure-
ments of the charge asymmetry. However, the charge
asymmetry is caused not only by the two-photon exchange,

but also—as required to cancel the infrared divergence—by
interference of real photon emission from the lepton and the
proton, which is a subject of this paper.
Current research efforts aimed at resolving the above-

mentioned proton radius puzzle [6] include, in particular,
comparison—with a subpercent accuracy—of muon/
antimuon and electron/positron scattering on a proton
target in an ongoing MUSE experiment [11] in PSI. In
MUSE, the muon momenta are in 100–200 MeV range, of
the order of muon’s mass, requiring that both the leading-
order expressions for the scattering cross section and QED
corrections include muon’s mass with no ultrarelativistic
approximations usually applied for scattering of electrons.
In many cases for the estimation of the high order QED

effects to the exclusive processes the loop corrections (with
the additional virtual particle contributions) are calculated
exactly or within ultrarelativistic approximation (with
respect to lepton’s mass) while the real photon emission is
considered within the soft photon approximation. For exam-
ple, in the papers [12] and [13] for Möller and virtual
Compton scattering processes, respectively, the virtual QED
corrections have been calculated beyond the ultrarelativistic
limit but only the soft part of the real photon emission was
taken into account.
The charge asymmetry in the leading order of QED in the

soft photon approximation was calculated in Ref. [14], while
treating the lepton mass exactly. In the present paper we go
beyond the soft photon approximation and include, for the
first time, the effects of hard photon emission and its
influence on the charge asymmetry in elastic lepton- and
antilepton- proton scattering.We study effects of hard photon
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emission in various kinematic conditions of experiments
targeting the charge asymmetry: MeV energies of MUSE
[11] and GeVenergies of JLab [7,8]. The infrared divergence
is canceled with the corresponding soft part from the two-
photon exchangeusingLorentz-invariant approachofBardin-
Shumeiko [15]. All calculations were performed without
using an ultrarelativistic limit, making them applicable for
both low and high energies of scattering leptons.

II. METHOD OF CALCULATION

During the calculation we assume that there is no excited
states of the intermediated proton-photon vertices. As a
result, the proton propagator has a standard for a pointlike
fermion. The second assumption is that the on-shell proton-
photon vertex,

ΓμðqÞ ¼ γμFdð−q2Þ þ
iσμνqν

2M
Fpð−q2Þ; ð1Þ

is applicable for the off-shell region. Here σμν ¼ i½γμ; γν�=2,
M is a proton mass and q is a four-momentum of the virtual
photon. The Dirac and Pauli form factors can be expressed
through the electric and magnetic ones:

Fdð−q2Þ ¼
GEð−q2Þ þ τGMð−q2Þ

1þ τ
;

Fpð−q2Þ ¼
GMð−q2Þ −GEð−q2Þ

1þ τ
; ð2Þ

where τ ¼ −q2=4M2.
The lowest-order (Born) contribution to the elastic l∓p

scattering is presented by Feynman graphs in Fig. 1 and it
can be described by the following matrix elements:

M−
b ¼ ie2

Q2
ūðk2Þγμuðk1ÞŪðp2ÞΓμðqÞUðp1Þ;

Mþ
b ¼ ie2

Q2
ūð−k1Þγμuð−k2ÞŪðp2ÞΓμðqÞUðp1Þ; ð3Þ

where Q2 ¼ −q2 ¼ −ðk1 − k2Þ2 and e ¼ ffiffiffiffiffiffiffiffi
4πα

p
. Since the

squares of these two matrix elements are identical and are
insensitive to the sign of lepton’s charge, it is not possible to
distinguish the lepton-proton from antilepton-proton scat-
tering processes at the one-photon exchange level. Their
contribution to the cross section can be written as

dσB ¼ 1

2
ffiffiffiffiffi
λS

p jM∓
b j2dΓ2; ð4Þ

where λS ¼ S2 − 4m2M2, S ¼ 2p1k1, m is a lepton mass.
Following [16,17] we will consider the elastic cross section
as a function of Q2. As a result the phase space reads:

dΓ2 ¼ ð2πÞ4δ4ðp1 þ k1 − p2 − k2Þ
d3k2

ð2πÞ32k20
d3p2

ð2πÞ32p20

¼ dQ2

8π
ffiffiffiffiffi
λS

p : ð5Þ

The Feynman graphs with the real photon emission both
from the lepton and proton legs are shown in Figs. 2(a)–2(d)
for l−p scattering. The matrix elements corresponding to
these processes, as well as the real photon emission in lþp
scattering, read:

M−
lR ¼ −

ie3

t
ūðk2ÞεαΓμα

lRuðk1ÞŪðp2ÞΓμðq − kÞUðp1Þ;

Mþ
lR ¼ ie3

t
ūð−k1ÞεαΓ̄μα

lRuð−k2ÞŪðp2ÞΓμðq − kÞUðp1Þ;

M−
hR ¼ ie3

Q2
ūðk2Þγμuðk1ÞŪðp2ÞεαΓμα

hRUðp1Þ;

Mþ
hR ¼ ie3

Q2
ūð−k1Þγμuð−k2ÞŪðp2ÞεαΓμα

hRUðp1Þ; ð6Þ

where t ¼ −ðq − kÞ2 ¼ −ðp2 − p1Þ2, εα is the photon
polarized vector and

k1 k2

p1 p2

-k1 -k2

p1 p2

(b)(a)

FIG. 1. Feynman graphs for the lowest-order contribution to
elastic l−p (a) and lþp (b) scattering.
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FIG. 2. Feynman graphs for the real photon emission from the
lepton (a,b) and proton (c,d) legs as well as the direct (e) and cross
(f) two-photon exchange within l−p-scattering. The similar
graphs for lþp scattering processes have an opposite direction
for the leptonic arrows and a negative sign for its momenta.
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Γμα
lR ¼

�
k1α
kk1

−
k2α
kk2

�
γμ −

γμk̂γα

2k1k
−
γαk̂γμ

2k2k
;

Γ̄μα
lR ¼

�
k1α
kk1

−
k2α
kk2

�
γμ −

γαk̂γμ

2k1k
−
γμk̂γα

2k2k
;

Γμα
hR ¼ ΓμðqÞ p̂1 − k̂þM

2p1k
Γαð−kÞ

− Γαð−kÞ p̂2 þ k̂þM
2p2k

ΓμðqÞ: ð7Þ

The part of the cross section with the interference
between the real photon emissions from hadron and lepton
lines reads:

dσ∓R ¼ 1

2
ffiffiffiffiffi
λS

p ðM∓
lRM

∓†
hR þM∓

hRM
∓†
lR ÞdΓ3; ð8Þ

where, according to the definitions of Refs. [16,17], the
phase space can be presented as

dΓ3 ¼ ð2πÞ4δ4ðp1 þ k1 − p2 − k2 − kÞ

×
d3k

ð2πÞ32k0
d3k2

ð2πÞ32k20
d3p2

ð2πÞ32p20

¼ dQ2dvdtdϕk

28π4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λSQ2ðQ2 þ 4M2Þ

p : ð9Þ

Here v ¼ ðp1 þ qÞ2 −M2 is a photonic variable defining
inelasticity,ϕk is an angle between (k1,k2) and (k,q) planes
in the rest frame (p1 ¼ 0). It should be noted that for the
radiative process the energy of the scattering lepton reads:

E0 ¼ S −Q2 − v
2M

: ð10Þ

The upper limit of integration with respect to the variable
v is defined as

vm ¼ 1

2m2

� ffiffiffiffiffi
λS

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2ðQ2 þ 4m2Þ

q
− 2m2Q2 −Q2S

�
: ð11Þ

In experiment, however, the influence of the hard real photon
emission to the asymmetry can be essentially reduced by
applying a kinematic cut vcut on the inelasticity which
is ameasured quantity in the elastic lepton-proton scattering.
Performing the direct calculation, one can find that the

interference terms for l−p and lþp have opposite signs,

dσþR ¼ −dσ−R: ð12Þ
In order to estimate this contribution to the elastic

process, it is necessary to integrate dσ∓R over three photonic
variables: v, t and ϕk. However, since the expressions (8)
contain the infrared divergent terms at k → 0, it is not
possible to perform the integration in the straightforward
way. Following to the Bardin-Shumeiko approach [15] for
the extraction of the infrared (IR) divergence, the identity
transformation has to be performed:

dσ∓R ¼ dσ∓R − dσ∓IR þ dσ∓IR ¼ dσ∓F þ dσ∓IR: ð13Þ
In the infrared-free term dσ�F the integration can be

performed over three photonic variables without any restric-
tions. The infrared term dσ�IR can be obtained by the
substitution to the expressions (6) the soft parts of the vertexes
with a real photon emission (7) that survive when k → 0:

Γμα
lR soft ¼

�
k1α
kk1

−
k2α
kk2

�
γμ;

Γ̄μα
lR soft ¼

�
k1α
kk1

−
k2α
kk2

�
γμ;

Γμα
hR soft ¼

�
p1α

kp1

−
p2α

kp2

�
ΓμðqÞ: ð14Þ

As a result, dσ�IR is factorized in front of the Born
contribution the following way:

dσ∓IR
dQ2

¼∓ α

π
ðδS þ δHÞ

dσB
dQ2

: ð15Þ

The quantities δS and δH appear after splitting the integra-
tion region over the inelasticity v by introducing the
infinitesimal parameter v̄

δS ¼
1

π

Z̄v

0

dv
Z

d3k
k0

FIRδððp1 þ q − kÞ2 −M2Þ;

δH ¼ 1

π

Zvcut
v̄

dv
Z

d3k
k0

FIRδððp1 þ q − kÞ2 −M2Þ; ð16Þ

where

FIR ¼ −
1

2

�
k1
k1k

−
k2
k2k

��
p1

p1k
−

p2

p2k

�
: ð17Þ

Performing the integration in δS (using the photon mass λ
for the infrared divergence regularization) and δH, we can
find that

δS ¼ δ1S − 2ðSLS − XLXÞ log
�
v̄
Mλ

�
;

δH ¼ δ1H − 2ðSLS − XLXÞ log
�
vcut
v̄

�
; ð18Þ

where

LS ¼
1ffiffiffiffiffi
λS

p log
Sþ ffiffiffiffiffi

λS
p

S −
ffiffiffiffiffi
λS

p ;

LX ¼ 1ffiffiffiffiffi
λX

p log
X þ ffiffiffiffiffi

λX
p

X −
ffiffiffiffiffi
λX

p ; ð19Þ

X ¼ S −Q2 and λX ¼ X2 − 4M2m2. The quantities δ1S and
δ1H have a rather complicated structure and depend neither on
v̄ nor on λ. Some specific detail of calculations, as well as the
explicit expressions for δ1S and δ1H, can be found in [15].
Notice that both of these quantities vanish when Q2 ¼ 0.
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As a result, the sum of δS and δH is free of the separation
parameter v̄ but it contains dependence on the fictitious
photon mass λ. Such dependence means that δS (as well as
the sum of δS and δH) contains the infrared divergence that
should be canceled by adding the two-photon exchange
contribution. However, as we can see below, the latter has a
rather complicated structure due to the integration over the
virtual 4-momentum. Therefore in order to remove the

dependence on λ analytically it is necessary to extract the
infrared divergence from the two-photon exchange con-
tribution into a separate term.
As shown in Figs. 2(e) and 2(f), the matrix elements with

two-photonexchangecontributiontotheelastic l∓pscattering
can be separated into the directM∓

d2γ and crossM
∓
x2γ terms

that can be presented as loop integrals in a following way:

M−
d2γ ¼

e4

ð2πÞ4
Z

d4l
l2ðl − qÞ2 ūðk2Þγ

ν k̂1 − l̂þm
l2 − 2k1l

γμuðk1ÞŪðp2ÞΓνðq − lÞ p̂1 þ l̂þM
l2 þ 2p1l

ΓμðlÞUðp1Þ;

Mþ
d2γ ¼

e4

ð2πÞ4
Z

d4l
l2ðl − qÞ2 ūð−k1Þγ

μ l̂ − k̂1 þm
l2 − 2k1l

γνuð−k2ÞŪðp2ÞΓνðq − lÞ p̂1 þ l̂þM
l2 þ 2p1l

ΓμðlÞUðp1Þ;

M−
x2γ ¼

e4

ð2πÞ4
Z

d4l
l2ðl − qÞ2 ūðk2Þγ

ν k̂1 − l̂þm
l2 − 2k1l

γμuðk1ÞŪðp2ÞΓμðlÞ
p̂2 − l̂þM
l2 − 2p2l

Γνðq − lÞUðp1Þ;

Mþ
x2γ ¼

e4

ð2πÞ4
Z

d4l
l2ðl − qÞ2 ūð−k1Þγ

μ l̂ − k̂1 þm
l2 − 2k1l

γνuð−k2ÞŪðp2ÞΓμðlÞ
p̂2 − l̂þM
l2 − 2p2l

Γνðq − lÞUðp1Þ: ð20Þ

Note that all of these matrix elements contain the infrared
divergence at l ¼ 0 and l ¼ q points.
The lowest-order two-photon exchange contribution to

the elastic l∓p cross section has a form

dσ∓2γ ¼
1

2
ffiffiffiffiffi
λS

p ½M∓
b ðM∓

d2γ þM∓
x2γÞ†

þ ðM∓
d2γ þM∓

x2γÞM∓†
b �dΓ2: ð21Þ

Once again we can find that

dσþ2γ ¼ −dσ−2γ: ð22Þ
The required term with the infrared divergence is

extracted from two-photon exchange contribution accord-
ing to the prescription presented in [14] and it has a form

dσ∓2γIR
dQ2

¼ ∓ α

π

�
δ12γðQ2Þ þ ðSLS − XLXÞ log

�
Q2

λ2

��
dσB
dQ2

;

ð23Þ
where the quantity δ12γðQ2Þ has a rather complicated
structure and does not depend on the fictitious photon
mass λ. Its explicit expression can be found in [14].
During the calculation of radiative corrections to the

leptonic current (see, e.g., [16,17]) the ultraviolet diver-
gences from the additional virtual particle contributions
such as the vertex and lepton self-energies are removed by
using an on-shell renormalization scheme: the considered
ultraviolet-free contributions are obtained by subtraction of
their value at Q2 ¼ 0. As a result, these contributions
vanish atQ2 → 0. Similar behavior we can observed for the
charge asymmetry (see, e.g., [18]). However, as opposed to
δS and δH, direct calculations give δ12γð0Þ ≠ 0. Since the
two-photon exchange process also belongs to radiative

corrections but without ultraviolet divergence, in order to
fix this disagreement, an on-shell renormalization pro-
cedure can be applied. As a result, the corrected contribu-
tion reads:

dσ̂∓2γIR
dQ2

¼∓ α

π

�
δ̂12γ þ ðSLS − XLXÞ log

�
Q2

λ2

��
dσB
dQ2

; ð24Þ

where δ̂12γ ¼ δ12γðQ2Þ − δ12γð0Þ. Notice that in the ultra-
relativistic approximation the obtained expression exactly
matches Eq. (2.20) from the review [5].
The sum of Eq. (15) with Eq. (24)

dσ∓IR
dQ2

þ dσ̂∓2γIR
dQ2

¼ ∓ α

π
δVR

dσB
dQ2

ð25Þ

is infrared-free since

δVR¼
�
ðSLS−XLXÞ log

�
Q2M2

v2cut

�
þδ1Sþδ1Hþ δ̂12γ

�
ð26Þ

does not depend on λ, either.
Finally, the lowest order of the charge-odd contribution

to the elastic lepton-proton cross section reads:

dσ∓odd
dQ2

¼ dσ∓F
dQ2

∓ α

π
δVR

dσB
dQ2

: ð27Þ

Since the hard photon contribution to the charge asym-
metry was evaluated for the first time, there is no explicit
expression in the literature for dσ∓F =dQ2. This quantity has
a structure similar to Eq. (43) of [17], i.e., it can be
expressed as a three-dimensional integral with respect to
ϕk, τ and v of the difference dσR − dσIRR .
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III. NUMERICAL RESULTS

Based on the obtained expressions for the numerical
estimation of radiative effects, a new version of the
FORTRAN code MASCARAD [16] is being developed.
The parametrization of proton form factors were taken
from Kelly’s paper [19].
The dependence of the charge asymmetry

A ¼ dσþodd=dQ
2 − dσ−odd=dQ

2

dσB=dQ2
; ð28Þ

on the value of the upper integration limit over the
inelasticity vcut for different lepton beams and Q2 is
presented in Fig. 3 under MUSE kinematic conditions
[11]. The dashed lines correspond to the contribution of
only the soft photon approximation calculated in [14],
while the solid lines include the hard photon emission
presented in this paper. From these plots one can see that at
the fixed lepton momentum the asymmetry decreases more
rapidly with growing vcut without hard photon contribution.
It can be also seen that the magnitude of the asymmetry is
reduced with increasing Q2. Moreover, the value of this
asymmetry is higher for the lighter lepton.
Another important quantity is the ratio of eþp=e−p cross

sections that can be defined as

R ¼ dσB=dQ2 þ dσþodd=dQ
2

dσB=dQ2 þ dσ−odd=dQ
2
: ð29Þ

The dependence of this quantity on the virtual photon
polarization ε at JLab kinematic conditions is shown in
Fig. 4. Since, according to [20], ε beyond the ultrarelativ-
istic approximation has a form

ε ¼
�
1þ 2ð1þ τÞ ðQ2 − 2m2Þ

4EbeamE0 −Q2

�
−1

ð30Þ

and for the bremsstrahlung process E0 depends on v as
defined in Eq. (10), it is necessary to integrate this effect
over v (from 0 to vcut) to estimate its contribution to the
elastic process. As a result for the fixed electron beam
energies (solid lines) the small ε corresponds to the hard
photon contribution in the region where the ratio is closer to
unity. Analogously to the previous plots, the soft photon
approximation is presented by dashed lines, while the solid
lines contain the hard photon emission. Similar to the
experimental observation [7,8], the cross section ratio with
the soft photon emission (upper dotted lines) decreases with
growing ε. The lowest dotted lines correspond the pion
threshold when the quantity W2 ¼ ðp1 þ qÞ2 reaches a
value ðM þmπÞ2 and, together with the soft photon, one
undetected pion could to be produced.

IV. CONCLUSION

The contribution of the hard photon emission to
the charge asymmetry in lepton-proton scattering was
estimated for the first time beyond the ultrarelativistic
limit, while retaining lepton mass during the entire
calculation.
Only two assumptions were used in the calculation:

(I) We did not consider inelastic excitations of the inter-
mediate proton and used a standard fermionic propagator
for it; (II) The on-shell proton vertex with the Dirac and
Pauli form factors were used in the off-shell region.
The numerical results shown that if the final lepton

momentum is fixed, the asymmetry decreases with growing
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FIG. 3. A charge asymmetry defined in (28) vs the value of the
inelasticity cut for elastic e∓p and μ∓p scattering with the beam
momenta 115 MeV and 210 MeV defined in the rest frame
(p1 ¼ 0). The dashed lines correspond to the soft photon
approximation [14]. The solid lines include the hard photon
emission.
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energy of the unobserved photon. This asymmetry is
sensitive to the lepton mass: its value is higher for the
lighter lepton.
The next planned steps consist in the update of

FORTRAN code MASCARAD on the calculation of radiative
corrections from the lepton current similarly to [17]. It will

also be interesting to consider in the future the contribution
of baryonic (Δ etc.) intermediate states since it is not
obvious that their contribution is negligible. In addition, we
will implement the obtained results into a Monte-Carlo
generator ELRADGEN [21,22] for simulation of hard
photon emission in future experiments.
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