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We study the Neveu-Schwarz-Ramond (NSR) open superstring theory in the proper-time gauge.
The string field action is obtained by evaluating the Polyakov string path integral. In this study, we focus
on the open-string free-field action, which corresponds to the string path integral on a strip. Depending on the
periodicity of the fermion fields, the open superstring has two sectors: TheNeveu-Schwarz (NS) andRamond
(R) sectors. We can impose the gauge conditions to fix the (super) reparametrization invariance on the two-
dimensional metric and its superpartner on the string world sheet to secure the covariance, in contrast to the
light cone gauge condition. Accordingly, the proper-time emerges in the NS sector and both proper-time and
its superpartner appear in the R-sector. Integration leads to free-string field actions in both sectors.

DOI: 10.1103/PhysRevD.105.126017

I. INTRODUCTION

Quantum field theory describes the dynamics of nature in
terms of the quantum fields of point particles. Since its
introduction by Dirac [1], it has been the language in which
one has attempted to understand fundamental forces.
Quantum field theory flourished as quantum electrody-
namics and quantum chromodynamics, which describes the
strong interaction, and electroweak theory in the 1970s,
which combines electromagnetism and weak interaction in
a unified scheme.
Currently, we are confronting a new challenge of

constructing quantum field theories of strings and replacing
point particles with strings as fundamental objects. For the
superstring, two approaches to construct quantum field
theory are available: the light cone field theory of the NSR
superstring [2–7] and Witten’s superstring field theory
based on the extended BRST symmetry [8]. Each approach
helps us to understand the superstring dynamics and
mechanism of the superstring field theory to a great extent;
however, both approaches have limitations. The light cone
superstring theory is not manifestly covariant and is
plagued with various divergences [9–13]. Witten’s super-
string field theory also suffers from divergence owing to the
midpoint contact interaction [14].
In this study, we propose a new covariant approach based

on the Polyakov string path integral [15]. Because the

Polyakov string path integral is well defined and finite, we
expect that the divergence issues associated with the other
two approaches may be resolved using this approach.
When we evaluate the Polyakov string path integral on a
strip of string worksheet, we can obtain a covariant field
theoretical propagator if we impose the gauge condition to
fix the reparametrization invariance. This approach has
been applied to the bosonic string theory [16–22]. An
important advantage of this approach is that it is easy to
include higher interaction terms, and we can easily evaluate
three -and four-string interactions to confirm local gauge
invariance. The interacting NSR superstring in the proper-
time gauge may be free of the notorious picture changing
problem of conformal field theory formulation, if properly
developed. As I put as the subtitle of the paper, “Free Field
Theory,” this paper will serve as a preliminary to a work
[23] in this direction.
As a first step toward constructing a covariant interacting

superstring theory, in the present study, we will focus on the
free-field action of NSR superstrings. To obtain the free-
field action, we evaluate the Polyakov string path integral on
a strip with two spatial boundaries. By applying canonical
quantization, we determine that the Hamiltonian only
comprises constraints. To secure the covariance, we impose
the gauge condition on the world sheet metric and its
superpartner. Depending on the periodicity of the fermion
fields, the NSR superstring has two sectors: periodic in the
NS sector and antiperiodic in the Ramond sector. We
demonstrate that the NS sector has a bosonic modular
parameter that becomes the proper time, and the R-sector
has both bosonic modular and fermionic supermodular
parameters. After integrating both the modular and super-
modular parameters, we obtain a Dirac propagator in the
Ramond sector. In the NS sector, we obtain a Klein-Gordon
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type propagator, integrating the modular parameter
(proper time).

II. CANONICAL QUANTIZATION
OF NSR SUPERSTRING

The reparametrization-invariant and local supersymmet-
ric actions for the NSR superstring are given by:

I ¼
Z

d2ξL;

L ¼
ffiffiffiffiffiffi
−h

p �
−
1

2
hαβ

∂Xμ

∂ξα
∂Xμ

∂ξβ
−
i
2
ψ̄μγa

∂ψμ

∂ξα
þ 1

2
FμFμ

þ 1

2
χ̄αγ

β ∂X
μ

∂ξβ
γαψμ þ

1

16
ψ̄μψμχ̄αγ

βγαχβ

�
ð1Þ

An auxiliary field Fμ is introduced to render the local
supersymmetric algebra closed off-shell. The action is
invariant under the reparametrization given by

δξ¼ ζa; δXμ ¼ ζα∂αXμ; δψμ ¼ ζα∂αψ
μ;

δeαa ¼ ζβ∂βeαaþeβa∂αζβ; δξα ¼ ζβ∂βχaþχβ∂αζ
β ð2Þ

and local supersymmetric transformation given by

δXμ ¼ iϵψμ; δψμ ¼ γα
�
∂αXμ −

1

2
χ̄aψ

μ

�
ϵ;

δeαa ¼ ϵγαχa; δχa ¼ 2iDαϵ ð3Þ

where the covariant derivative Dα is defined by

Dαe ¼ ∂αϵ −
1

2
ωαγ

5ϵ; ð4Þ

with the connection

ωa ¼ −
1

ϵ
eαaϵβγ∂βeγbηab þ

1

2
χ̄αγ

5γβχβ: ð5Þ

In addition to the local supersymmetric transformation and
reparametrization, the action is laso-invariant under con-
formal transformation.

δXμ ¼ 0; δψμ ¼ −
1

2
ϵψμ;

δhαβ ¼ 2ϵhαβ; δχa ¼
1

2
ϵχα ð6Þ

and the superconformal transformation

δXμ ¼ 0; δψμ ¼ 0; δhαβ ¼ 0; δχα ¼ γαϵ: ð7Þ

At the critical dimensions, we set the conformal factor to
eϕ ¼ 1 and fix the superconformal invariance, setting

γαχα ¼ 0: ð8Þ

To construct the Hamiltonian describing the dynamics of
the string, an extended one-dimensional object, we express
the metric hαβ in terms of the lapse and shift functions

hαβ ¼ 1

N1

�−1 N2

N2 ðN1Þ2 − ðN2Þ2
�
: ð9Þ

Accordingly, zweibein eαa is in terms of the lapse, and the
shift functions are expressed as

ðeαaÞ ¼
1ffiffiffiffiffiffi
N1

p
�
1 −N2

0 N1

�
: ð10Þ

Two orthogonal vectors on the world-sheet are given as

e0̂ ¼
1ffiffiffiffiffiffi
N1

p ð∂τ − N2∂σÞ

e1̂ ¼
ffiffiffiffiffiffi
N1

p
∂σ ð11Þ

The Hamiltonian can be obtained by taking the Legendre
transformation of the Lagrangian and defining the canoni-

cal conjugates ðPμ;Πα; ζÞ to ðXμ; Nα; λ ¼ −
ffiffiffi
2

p
N

5
4

1χ̄1Þ:

Pμ ¼ ∂L

∂ _Xμ

; Πα ¼ ∂L

∂ _Na

; ζ ¼ ∂L

∂_λ
: ð12Þ

From the defining equations of the momenta, we obtain

Pμ ¼ 1

N1

ð _Xμ − N2X0μÞ þ χ̄0ψμ; ð13Þ

and the first class primary constraints

Πα ¼ 0; ζ ¼ 0: ð14Þ

With some algebra, we determine

H̄ ¼ Pμ _Xμ − L

¼ N1

2
ðP2 þ X02Þ þ N2PμX0

μ þ
λffiffiffi
2

p ðγ5Pμ þ X0μÞN−1
4

1 ψμ

þ 1

2
ψ̄μγα

∂

∂ξα
ψμ: ð15Þ

Here, we adopt a simple two- dimensional γ matrix algebra
γαγβγα ¼ 0, the Fierz rearrangement

ψ̄aψ2ψ3 ¼ −
1

2

X
i

ψ̄1Γiψ3Γiψ2; Γi ¼ 1; γa; γ5: ð16Þ

We need to scale ψ → N
−1
4

1 ψμ to express the fermion in
canonical form:
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H ¼ N1

2
ðP2 þ X02 þ iψμγ5ψ 0

μÞ þ N2

�
PμX0

μ þ
i
2
ψμψ 0

μ

�

þ λffiffiffi
2

p ðγ5Pμ þ X0μÞψμ − vαΠα − uζ ð17Þ

where Lagrangian multipliers vα and u are introduced to
enforce the primary constraints. The primary constraints
Πα ¼ 0 and ζ ¼ 0 lead to the secondary constraints given
as follows:

P2 þ X02 þ iψμγ5ψ 0
μ ¼ 0;

PμX0
μ þ

i
2
ψμψ 0

μ ¼ 0;

1ffiffiffi
2

p ðγ5Pμ þ X0μÞψμ ¼ 0: ð18Þ

III. NSR OPEN SUPERSTRING

Wemay extend the domain of σ, initially defined as ½0; π�
for the open superstring, to ½−π; π�, such that the field

variables for the open string and those for the closed
superstring are defined in the same domain. Furthermore,
for the open superstring, we impose the following folding
conditions on the dynamical variables:

XμðσÞ ¼ Xμð−σÞ; PμðσÞ ¼ pμð−σÞ;
N1ðσÞ ¼ N1ð−σÞ; N2ðσÞ ¼ −N2ð−σÞ;
Π1ðσÞ ¼ Π1ð−σÞ; Π2ðσÞ ¼ −Π2ð−σÞ;

ψμþðσÞ ¼ ψμ−ð−σÞ; λμþðσÞ ¼ −λμ−ð−σÞ ð19Þ

The conditions are also read in terms of normal modes as
follows

Xμ
n¼Xμ

−n; Pμ
n¼Pμ

−n; N1
n¼N1

−n; N2
n¼−N2

−n ð20Þ

and

�ψμþ
n ¼ ψμ−

n ; λþn ¼ −λ−−n for the Ramond sector;

ψμþ
nþ1

2

¼ ψμ−
nþ1

2

; λþ
nþ1

2

¼ −λ−−n−1
2

for the Neuveu-Schwarz sector:
ð21Þ

With these conditions, we can write action S in the Ramond
sector as follows:

S¼
Z

τf

τi

dτ
X
n

�
Pμ
n _Xμnþ

i
2
ψμ
−n _ψμnþ Π̄n

_̄Nnþ ζ̄n
_̄λn− N̄nLR

n

− λ̄nFnþvnΠ̄nþunζ̄n

�
; ð22Þ

where in the Ramond sector

N̄n ¼
1

2
ðN1nþN2nÞ; N̄0¼N10; Π̄n¼

1

2
ðΠ1nþΠ2nÞ;

Π̄0¼Π10; n≠ 0;

λ̄n ¼ λþn þλ−n ; ζ̄n ¼ ζþn þζ−n ; ð23Þ

and in the Neveu-Schwarz sector

S¼
Z

τf

τi

dτ
X
n

�
Pμ
n _Xμnþ

i
2
ψμ
−n−1

2

_ψμnþ1
2
þΠ̄n

_̄Nnþ ζ̄nþ1
2

_̄λ1nþ1
2

−N̄nLR
n − λ̄nþ1

2
Gnþ1

2
þvnΠ̄nþunþ1

2
ζ̄nþ1

2

�
; ð24Þ

with

N̄n ¼
1

2
ðN1n þN2nÞ; N̄0 ¼ N10;

Π̄n ¼
1

2
ðΠ1n þΠ2nÞ; Π̄0 ¼ Π10; n ≠ 0;

λ̄nþ1
2
¼ λþ

nþ1
2

þ λ−
nþ1

2

; ζ̄nþ1
2
¼ ζþ

nþ1
2

þ ζ−
nþ1

2

; ð25Þ

IV. COVARIANT PROPER-TIME GAUGE
CONDITION FOR THE NSR OPEN SUPERSTRING

A. Neveu-Schwarz Sector

In the Neveu-Schwarz sector, the secondary constraints
LR
n , Gnþ1

2
form the super-Virasoro algebra with the central

charge

½LNS
n ; LNS

m � ¼ ðn −mÞLNS
nþm þ d

8
nðn2 − 1ÞδðnþmÞ;

½LLS
n ; Gmþ1

2
� ¼

�
n
2
− n −

1

2

�
Gnþmþ1

2
;

½Gnþ1
2
; Gm−1

2
� ¼ 2LNS

nþm þ d
2
nðnþ 1ÞδðnþmÞ: ð26Þ

The canonical generator that generates the reparametriza-
tion and local supersymmetric transformation is con-
structed to be in the NS sector.
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ΩNSðϵ;ωÞ ¼ _ϵnP̄in þ ϵn

�
LNS
n − ið2n − jÞN̄j−nΠ̄j

þ i

�
3

2
n − j −

1

2

�
λ̄j−nþ1

2
ζ̄jþ1

2

�

þ _ωnþ1
2
ζ̄nþ1

2
− ωnþ1

2

�
Gnþ1

2
þ 2iλ̄j−n−1

2
Π̄j

−
i
2
ð3n − jþ 1ÞN̄j−nζ̄jþ1

2

�
ð27Þ

To secure the Lorentz covariance, it is desirable to impose
gauge fixing conditions on the Lagrangian multipliers N̄n

and λ̄nþ1
2
. The Lagrangian multipliers transform the gauge

transformations by

δN̄n ¼ _ϵn þ iðn − 2mÞϵmN̄n−m − 2iωmþ1
2
λ̄n−m−1

2
;

δλ̄nþ1
2
¼ − _ωnþ1

2
þ i

�
n −

3

2
nþ 1

2

�
ϵmλ̄n−mþ1

2

−
i
2
ðn − 3m − 1Þωmþ1

2
N̄n−m: ð28Þ

We may choose the covariant gauge condition for the NSR
open superstring in the Neveu-Schwarz sector by

N̄nð≠0Þ ¼ 0; _̄N0 ¼ 0; λ̄nþ1
2
¼ 0: ð29Þ

We can confirm that this proper-time gauge fixes the
gauge degrees of freedom associated with the reparamet-
rization and local supersymmetry completely and consis-
tently. Near the gauge-fixing hypersurface defined by
Eq. (29), the infinitesimal gauge transformation that
restores the gauge-fixing condition along the gauge orbits
is determined by

_ϵn − inϵnn̄þ N̄n ¼ 0; n ≠ 0; ̈ϵ0 þ N̄0 ¼ 0;

_ωnþ1
2
−
�
nþ 1

2

�
ωnþ1

2
n̄ − λ̄nþ1

2
¼ 0 ð30Þ

where n̄ denotes constant N̄0 in the covariant gauge. This
linear differential equation for ϵn and ωnþ1

2
has a unique

solution:

ϵnðτÞ ¼ einn̄τ
�
−
Z

τ

τi

e−inn̄τ
0
N̄ndt0 þ cn

�
; n ≠ 0;

ϵ0ðτÞ ¼
�
τ− τiÞ
T

Z
τf

τ
þ τ− τfÞ

T

Z
τ

τi

�
N̄0dτ0; T ¼ τf − τi

ωnþ1
2
¼ eðnþ1

2
Þn̄τ
�Z

τ

τi

e−iðnþ1
2
Þn̄τ0 λ̄nþ1

2
dτ0 þ dnþ1

2

�
ð31Þ

where

cn ¼ ð1 − e−2inn̄TÞ−1
�Z

τf

τi

e−inn̄τ
0
N̄ndτ0

þ e−2inn̄τf
Z

τf

τi

einn̄τ
0
N̄−ndτ0

�

dnþ1
2
¼ ð1 − e−2iðnþ1

2
Þn̄TÞ−1

×

�
e−2iðnþ1

2
Þn̄τf

Z
τf

τi

; eiðnþ1
2
Þn̄τ0 λ̄−n−1

2
dτ0

−
Z

τf

τi

e−iðnþ1
2
Þn̄τ0 λ̄nþ1

2
dτ0

�
: ð32Þ

B. Ramond sector

In the Ramond sector, the constraint operators form a
super-Virasoro algebra given by

½LR
n ; LR

m� ¼ ðn −mÞLR
nþm þ d

8
n3δðnþmÞ;

½LR
n ; Fm� ¼

�
n
2
−m

�
Fnþm;

½Fn; Fm� ¼ 2LR
nþm þ d

2
n2δðnþmÞ: ð33Þ

The canonical generator of symmetric transformation is
obtained in the Ramond sector as

ΩRðϵ;ωÞ ¼ _ϵnΠ̄n þ ϵn

�
LR
n − ið2n − jÞN̄j−nΠ̄j

þ i

�
3n
2
− i

�
λ̄j−nζ̄j

�

þ _ωnζ̄n − ωn

�
Fn þ 2iλ̄j−nΠ̄j

þ i

�
3n
2
−
j
2

�
N̄j−nζ̄j

�
: ð34Þ

We observe that the Lagrangian multipliers, N̄n and λ̄n,
transform under the representation and local supersym-
metric transformation by

δN̄n ¼ _ϵn þ iðn − 2mÞϵmN̄n−m − 2iωmλ̄n−m

δλ̄n ¼ − _ωn þ i

�
n −

3m
2

�
ϵmλ̄n−m −

i
2
ðn − 3mÞωmN̄n−m:

ð35Þ

We choose the covariant gauge condition in the Ramond
sector by

N̄n ¼ 0; _̄N0 ¼ 0; λ̄n ¼ 0; _̄λ0 ¼ 0; n≠ 0: ð36Þ
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The covariant gauge condition in Eq. (36) properly fixes
gauge symmetry, we examine the equation for infinitesimal
gauge parameters that restore the gauge-fixing condition
along the gauge orbits near gauge fixing hypersurface by

_ϵn − inϵnn̄ − 2iωnνþ N̄n ¼ 0;

_ωn þ
n
2
iϵnν − inωnn̄ − λ̄n ¼ 0;

̈ϵ0 − 2i _ω0νþ _̄N0 ¼ 0;

ω̈0 − _̄λ0 ¼ 0;

where n ≠ 0,n̄, and ν denote N̄0 and λ̄0, respectively. The
existence of a unique solution to Eqs. (37) ensures that the
chosen covariant gauge condition is complete and consis-
tent. With some algebra, we explicitly determine a unique
solution:

ϵnðτÞ¼einn̄τ
�
−
Z

τ

τi

e−inn̄τ
0 ðN̄n−2iωnνÞdτ0 þcn

�
;

ϵ0ðτÞ¼
�
τ−τiÞ
T

Z
τf

τ
þðτ−τfÞ

T

Z
τ

τf

�
ðN̄0−2iω0νÞdτ0;

ωnðτÞ¼einn̄τ
�Z

τ

τi

e−inn̄τ
0
�
λ̄n−

n
2
iϵnν

�
dτ0 þdn

�

ω0ðτÞ¼
�ðτi−τÞ

T

Z
τf

τ
þðτf−τÞ

T

Z
τ

τi

�
λ̄0dτ0; n≠0: ð37Þ

where

cn ¼ð1−e−2inn̄TÞ−1
�Z

τf

τi

e−inn̄τ
0 ðN̄n−2iωnνÞdτ0

þe−2inn̄τf
Z

τf

τi

einn̄τ
0 ðN̄n−2iω−nνÞdτ0

�

dn ¼ð1−e−2inn̄TÞ−1
�
e−2inn̄τf

Z
τf

τi

einn̄τ
0
�
λ̄−nþ

n
2
iϵ−nν

�
dτ0

−
Z

τf

τi

e−inn̄τ
0
�
λ̄n−

n
2
iωnν

�
dτ0

�
ð38Þ

In contrast to the Neveu-Schwarz sector, we cannot
gauge away the fermionic zero mode of the Lagrangian
multipliers λ̄0 completely. This leads to the main difference
between the two sectors is that in the Ramond sector,
modular and supermodular parameters exist, while only
modular parameters exist in the Neveu-Schwarz sector.

V. THE OFF-SHELL PROPAGATOR FOR THE
NSR OPEN SUPERSTRING

In this section, we apply BRST quantization to the NSR
open superstring. The path integral adopted to represent the
off-shell propagator is evaluated explicitly.

A. Neveu-Schwarz sector

First, we construct the BRST generator QNS with the
given structure constants in Eq. (26), introducing the
fermionic ghost variables ηn, η̄n, ξn, and the bosonic ghost
variables βnþ1

2
; β̄nþ1

2
; γnþ1

2

QNS¼ ηnLNS
n þ η̄nΠ̄nþβnþ1

2
Gnþ1

2
þ β̄nþ1

2
ζ̄nþ1

2

−
1

2
ðn−mÞηnηmξnþm;

þ
�
n
2
−m−

1

2

�
ηnβmþ1

2
γnþmþ1

2
−βnþ1

2
βm−1

2
ξnþm; ð39Þ

(the BRST ghost variables ηn and ξn may be identified in
terms of the usual bc ghost variables as ηn ¼ c−n, and
ξn ¼ bn.)
Second, the BRST invariant effective action is con-

structed as

S ¼
Z

τf

τi

dτ

�
Pμ _Xμn þ

i
2
ψμ
−n−1

2

_ψμðnþ1
2
Þ þ Π̄n

_̄Nn þ ζ̄nþ1
2

_̄λnþ1
2

þ iξn _ηn þ iξ̄n _̄ηn;þiγnþ1
2

_βnþ1
2
þ iγ̄nþ1

2

_̄βnþ1
2

− i½QNS;Δ�
�
; ð40Þ

Here we choose Δ by

Δ ¼ ξnN̄n þ η̄nχn − γnþ1
2
λ̄nþ1

2
− γ̄nþ1

2
fnþ1

2
; ð41Þ

with

χn¼
1

α
N̄n; ðn≠ 0Þ; χ0¼ 0; fnþ1

2
¼ 1

α
λ̄nþ1

2
ð42Þ

to produce covariant gauge conditions at limit α → 0.
Scaling of dynamic variables

ðΠ̄n; η̄nÞ → αðΠ̄n; η̄nÞ; n ≠ 0;�
ζ̄nþ1

2
; β̄nþ1

2

�
→ α

�
ζ̄nþ1

2
; β̄nþ1

2

�
; ð43Þ

we find, α → 0 in the limit,
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S ¼
Z

τf

τi

dτ

�X
n

�
Pμ
n _Xμn þ

i
2
ψμ
−n−1

2

_ψμnþ1
2
þ iξn _ηn þ iγnþ1

2

_βnþ1
2

�
þ
X
n

�
N̄nLNS

n − _̄λnþ1
2
Gnþ1

2

�

−
X
n;m

�
ðn −mÞηnN̄mξnþm;þ

�
n
2
−m −

1

2

�
N̄nβmþ1

2
γnþmþ1

2
þ
�
n
2
−m −

1

2

�
ηnλ̄mþ1

2
γnþmþ1

2
þ 2βnþ1

2
λ̄m−1

2
ξnþm

�

−
X
n

�
ζ̄nþ1

2
λ̄nþ1

2
þ iβ̄nþ1

2
γ̄nþ1

2

�
;−

X0

n

ðΠ̄nNn − iη̄nξnÞ þ Π̄0
_̄N0 þ iξ̄ _̄η0 − iξ0η̄0

�
ð44Þ

We integrate the conjugates of Lagrangian multipliers Π̄n

and ζ̄nþ1
2
, and obtain the action parametrized by modular

parameter n̄. Ghost variables ðη̄n; ξ̄nÞ, n ≠ 0, and
ðβ̄nþ1

2
; γ̄nþ1

2
Þ can be trivially integrated. By further integrat-

ing over the ghost zero modes ðη0; ξ0Þ and ðη̄0; ξ̄0Þ, we
obtain the factor

Det½∂2τ � ¼ T: ð45Þ

Finally, we obtain the resultant action as

S¼
Z

τf

τi

dτ

�X
n

�
Pμ
n _Xμnþ

i
2
ψμ
−n−1

2

_ψμnþ1
2
þ iγnþ1

2

_βnþ1
2

�

þ i
X0

n

ξn _ηn

− n̄

�
LNS
0 þ

X
n

�
nηnξn−

�
nþ1

2

�
βnþ1

2
γnþ1

2

���
; ð46Þ

That is the off-shell propagator for the Neveu-Schwarz
sector

GNS ¼ T
Z

dn̄
Z

D½X;P�D½ψ �D½η; ξ�D½β; γ�eiS; ð47Þ

We observe that the path integral in Eq. (47), represent-
ing the off-shell propagator, is a typical path integral
representation for the transition matrix element with
Hamiltonian H:

H ¼ LNS
0 þ LNS

gh ;

LNS
0 ¼ 1

2

X
n

ðP2
n þ n2X2

nÞ þ
X
n≥0

�
nþ 1

2

��
ψμ
−n−1

2

ψμnþ1
2

�
;

LNS
gh ¼

X
n

�
nηnξn −

�
nþ 1

2

�
βnþ1

2
γnþ1

2

�
: ð48Þ

Defining proper time s ¼ Tn̄, we obtain the off-shell
propagator in the NS sector as follows:

GNS¼
Z

∞

0

dshXf;ψf;ηf;βfj

×expf;−sðLNS
0 þLNS

gh ÞgjXi;ψ i;ηi;βii

¼ hXf;ψf;ηf;βfj
1

LNS
0 þLNS

gh − iϵ
; jXi;ψ i;ηi;βii ð49Þ

B. Ramond sector

We can construct the BRST generator QR for the
Ramond sector using the structural constants given in
Eq. (33). Similarly,

QR ¼ ηnLR
n þ η̄nΠ̄n þ βnFn þ β̄nζ̄n −

1

2
ðn −mÞηnηmξnþm

þ
�
n
2
−m

�
ηnβmγnþm − βnβmξnþm ð50Þ

The BRST invariant action may be written as

S ¼
Z

τf

τi

dτ

�X
n

�
Pμ
n _Xμn þ

i
2
ψμ
−n _ψμn þ iξn _ηn þ iγn _βn

�
þ Π̄0

_̄N0 þ ζ̄0
_̄λ0

þ iξ̄0 _̄η0 þ iγ̄0
_̄β0 −

X
n

ðN̄nLR
n þ λ̄nFnÞ þ

X
n;m

�
ðn −mÞN̄nηmξnþm

−
�
n
2
−m

�
N̄nβmγnþm þ

�
n −

m
2

�
λ̄nηmγnþm þ 2λ̄nβmξnþm

�

−
X0

n

ðΠ̄nN̄n − ζ̄nλ̄n − iη̄nξ̄n − iβnγ̄nÞ
�
; ð51Þ

We integrate π̄n and ζ̄n, and as a result, obtain the action parametrized by the modular and supermodular parameters in the
covariant gauge
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Z
dn̄dνeiS: ð52Þ

Integrations over the ghost variables ðη̄n; ξ̄nÞ n ≠ 0

and ðβ̄n; γ̄nÞ, n ≠ 0 are trivial. We perform further integra-
tions over the ghost zero modes ðη0; ξ0Þ, ðβ0; γ0Þ, ðη̄0; ξ̄0Þ,
and ðβ̄0; γ̄0Þ which do not induce a nontrivial factor in
the measure, however, in contrast to the Neveu-Schwarz
sector.
Furthermore, we reach the point where the off-shell

propagator for the Ramond sector is explicitly evaluated.

S ¼
Z

τf

τi

dτ

�X
n

�
Pμ
n _Xμn þ

i
2
ψμ
−n _ψμn

�

þ i
X0

n

ðξn _ηn þ γn _βnÞ

− n̄

�
LR
0 þ

X0

n

nðηnξn − βnγnÞ
�

− ν

�
F0 −

X0

n

�
n
2
ηnγn þ 2βnξn

���
; ð53Þ

after ghost zero modes were integrated. The precise
definition of the path integral representation of the off-
shell propagator in the Ramond sector is as follows:

GRðXf;ψf; ηf; βf;Xi;ψ i; ηi; βiÞ

¼
Z

dn̄dν
Z

D½X;P�D½ψ �D½η; ξ�D½β; γ�eiS̄: ð54Þ

Defining the proper time s ¼ Tn̄ and its supersymmetric
counterpart ϱ ¼ Tν, we rewrite the path integral as

GRðXf;ψf; ηf; βf;Xi;ψ i; ηi; βiÞ

¼
Z

∞

0

ds
Z

dϱhXf;ψf; ηf; βfj expf−isðLR
0 þ LR

ghÞ

− iϱðF0 þ FghÞgjXi;ψ i; ηi; βii; ð55Þ

We define

LR
0 ¼

1

2

X
n

ðP2
nþn2X2

nÞþ
1

2

X
n>0

nðψm
−nψμn−ψμ

nψμð−nÞÞ;

LR
gh¼

X0

n

nðηnξn−βnγnÞ;

F0¼
X
n≥0

1ffiffiffi
2

p ðPμ
nþ inXμ

nÞψμnþ
X
n>0

1ffiffiffi
2

p ðPμ
n− inXμ

nÞψμð−nÞ;

Fgh¼
X0

n

�
n
2
ηnγn−2βnξn

�
: ð56Þ

Observing that

½LR
0 þ LR

gh; F0 þ Fgh� ¼ 0; ð57Þ

and

ðF0 þ FghÞ2 ¼ LR
0 þ LR

gh; ð58Þ

we can simply perform integration over the modular and
supermodular parameters

GRðXf;ψf; ηf; βf;Xi;ψ i; ηi; βiÞ

¼ hXf;ψf; ηf; βfj
F0 þ Fgh

LR
0 þ LR

gh − iϵ
jXi;ψ i; ηi; βii

¼ hXf;ψf; ηf; βfj
1

F0 þ Fgh
jXi;ψ i; ηi; βii: ð59Þ

VI. FREE FIELD ACTION FOR THE NSR
OPEN SUPERSTRING

The expressions of the propagators obtained in the
previous sections reveal the structure of the free-field
actions for the NSR open superstring. The free-field action
is constructed such that the off-shell propagators can be
deduced in terms of the action through the quantum
field theoretical expression. The free-string field action is
given by:

S ¼
Z

D½X;ψ ; η; β�NSΦðLNS
0 þ LNS

gh − iϵÞΦþ;
Z

D½X;ψ ; η; β�RΨðF0 þ FghÞΨ: ð60Þ

We discuss the structure of action S in detail. We may
define the “creation” and “annihilation” operators

ψμ†
j ¼ ψμ

−j; r†j ¼ βj; rj ¼ −γj;

s†j ¼ γ−j; sj ¼ β−j ð61Þ

where j can appropriately be a positive integer or half-
integer. They satisfy the commutation relations of harmonic
oscillators or anticommutation relations of Grassman har-
monic oscillators:

½ψμ
i ;ψ

†ν
j �þ ¼ ημνδij; ½ri;r†j � ¼ δij; ½si;s†j � ¼ δij ð62Þ

The structure of field action becomes transparent in
terms of creation and annihilation operators. In the Neveu-
Schwarz sector, the kinetic operator is given as
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LNS
0 ¼ p2 þ NNS −

d
16

¼ p2 þ
X
n>0

na†μn aμn þ
X
n≥0

�
nþ 1

2

�
ψ†μ
nþ1

2

ψμnþ1
2
−

d
16

:

LNS
gh ¼ NNS

gh þ 1

8

¼
X
n>0

X2
i¼1

na†ighna
i
ghn

þ
X
n≥0

�
nþ 1

2

��
r†
nþ1

2

rnþ1
2
þ s†

nþ1
2

snþ1
2

�
; ð63Þ

where a1ghn ; a
2
ghn may be written in terms of the usual bc

ghost variables as

bzzðσÞ ¼
b0
2
þ 1

2

X
n¼1

ðagh1ne−inσ − Ia†gh2n einσÞ; ð64aÞ

bz̄ z̄ðσÞ ¼
b0
2
þ 1

2

X
n¼1

ðagh1neinσ − ia†gh2n e−inσÞ; ð64bÞ

czðσÞ ¼ c0
2
þ 1

2

X
n¼1

ða†gh1n einσ þ iagh2ne
−inσÞ; ð64cÞ

cz̄ðσÞ ¼ c0
2
þ 1

2

X
n¼1

ða†gh1n e−inσ þ iagh2ne
inσÞ: ð64dÞ

They satisfy

½a†ighn ; ajghm �þ ¼ δnmδ
ij: ð65Þ

In the Ramond sector,

F0¼pμψ
μ
0þ

X
n>0

ffiffiffi
n

p ða†μn ψμnþaμnψ
†
μnÞ;

Fgh¼−
X
n>0

�
n
2
ða1†ghnþa2ghns

†
nÞþ2ðr†na1ghnþsna

2†
ghnÞ

�
: ð66Þ

Because ψμ
0 satisfies the Clifford algebra

½ψμ
0;ψ

ν
0�þ ¼ ημν; ð67Þ

we may represent them by ten dimensional G matrices

ψμ
0 ¼ Γμ: ð68Þ

We can define a mass operatorM to make the structure of
the action in the Ramond sector more apparent.

M ¼
X
n>0

ffiffiffi
n

p ða†μn ψμn þ aμnψ
†
μnÞ Mgh ¼ Fgh;

M2 ¼
X
n>0

nða†μn Aμn þ ψ†μ
n ψμnÞ ¼ NR

M2
gh ¼

X
n>0

nða†1ghna1ghn þ a†2ghna
2
ghn þ r†nrn þ s†nsnÞ ¼ NR

gh

ð69Þ
Thus, the excited state of the superstring in the Neveu-
Schwarz sector describes a particle with a mass given by the
eigenvalues of mass operators m2 ¼ NNS þ NNS

gh − 1=2 at
the critical dimensions d ¼ 10. The ground state of the
superstring in the Neveu-Schwarz sector is tachyonic. This
tachyonic ground state is removed by the GSO (Gliozzi-
Scherk-Olive) projection operator [24]. However, a Dirac-
type particle that has a mass m, m2 ¼ NR þ NR

gh, can
realize an excited state of the superstring in the Ramond
sector. The ground state in the Ramond sector has ten-
dimensional spinor index with Eground ¼ 0.
The GSO-projected free-field action is defined in terms

of the total fermion number, F, which is BRST invariant.

F ¼
8<
:

P
n¼1

ðψ†μ
n ψμn þ r†nrn þ s†nsnÞ; Ramond sector

;
P
n¼0

ðψ†μ
nþ1

2

ψμnþ1
2
þ r†

nþ1
2

rnþ1
2
þ s†

nþ1
2

snþ1
2
Þ; Neveu-Schwarz sector

by

S¼1

2

Z
½X;ψ ;η;β�NSΦð1−ð−1ÞFÞ

�
−∂μ∂μþNNSþNNS

gh −
1

2

�
Φ;

þ1

2

Z
½X;ψ ;η;β�RΨð1þΓ11ð−1ÞFÞð∂μΓμþMþMghÞΨ: ð70Þ
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VII. CONCLUSIONS AND DISCUSSIONS

We studied the Polyakov string path integral of an NSR
open superstring on a strip. The evaluation of the path
integral was performed in a manifestly covariant manner.
This was achieved by choosing the covariant gauge con-
ditions that were imposed on the metric and its super-
symmetric counterpart (gravitino) on the strip. The NSR
open superstring had two sectors, depending on the
periodicity of the fermion field: the NS sector with a
periodic condition and the Ramond sector with an anti-
periodic sector. In the proper time gauge, the NS sector had
modular (proper-time) parameter, and the R-sector had
both modular and supermodular parameters. Integration of
modular and supermodular parameters yielded string
propagators in both sectors. We demonstrated that the path
integrals represent field-theoretical off-shell string propa-
gators, which may be obtained from string free-field actions
[25–28]. Hence, this study revealed the connection between
geometric and algebraic approaches.
This study can be extended in various directions. The

immediate extension may be to evaluate the Polyakov
string-path integrals of the NSR super string over the
Riemann surface, describing three and four interacting
strings. Accordingly, we will obtain full string vertex
operators, just as in the case of bosonic string theory.
The (super)string theory in the proper-time gauge is
deformable to Witten’s (super)string. However, in the
proper-time gauge, it is easy to deal with string interactions
of an arbitrary number of strings because the Riemann
surfaces in the proper time gauges are free of conical
singularity, which is the main obstacle in evaluating
the scattering amplitudes of higher string interactions. In
the presence of conical singularity, it is difficult to prove the
local (non-Abelian) gauge invariance of scattering ampli-
tudes on multiple Dp-branes. It is also unclear whether the

extended BRST impedance is violated by higher-order
string interactions. As in the case of bosonic string theory,
we expect that the scattering amplitudes of the NSR
superstring with three and four strings can be calculated
in the proper-time gauge without difficulty.
It is important to derive conventional QFT from corre-

sponding superstring accurately. Otherwise, it may be
difficult to systematically calculate the stringy corrections.
However, the fermionic action is introduced by hand to
compatible with the spectrum of the free superstring. In the
case of the interacting theory, things get even worse if we
employ the (super)conformal field theory. Unlike the
theory in the proper-time gauge, the conventional NSR
superstring, based on the conformal field theory possesses
zero modes. Because the conformal field theory for the
NSR superstring is defined on a sphere in contrast to the
theory in the proper-time gauge, which is defined on a
cylindrical surface. To deal with these zero modes, we need
to insert some (picture changing) operators at the midpoint
of the string. Yet this midpoint insertion is difficult to be
defined properly. In contrast to the conventional approach,
in the proper-time gauge approach the interacting NSR
superstring, which is free of this problem, may be derived
from the Polyakov string path integral consistently. This
work is important as a preliminary work along this
direction.
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