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In a quantum gravity theory, it is expected that the classical notion of spacetime disappears, leading to a
quantum structure with new properties. A possible way to take into account these quantum effects is
through a noncommutativity of spacetime coordinates. In the literature, there is not a clear way to describe
at the same time a noncommutativity of spacetime and the phase-space noncommutativity of quantum
mechanics. In this paper we address this issue by constructing a Drinfel’d twist in phase space which deals
with both quantizations. This method can be applied to a noncommutativity which involves only space,
leaving time aside. We apply our construction to the so-called λ-Minkowski and R3

λ noncommutative
spaces.
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I. INTRODUCTION

A significant portion of research on quantum gravity
aims at identifying suitable formalisms to describe the
nontrivial properties of spacetime at the Planck scale. One
of the most studied proposals—and, in fact, the oldest [1]—
is that of spacetime noncommutativity. This takes inspira-
tion from the developments that lead to the formulation of
quantum mechanics as a deformation of the phase space of
classical mechanics into a noncommutative phase space
[2–4].
In quantum mechanics, classical phase-space variables,

xi, pj, are turned into noncommuting operators x̂i; p̂j, that
satisfy the Heisenberg commutation relations, ½x̂i; p̂j� ¼
iℏδij. This implies that the notion of a point in phase space
is lost, due to the fundamental uncertainty relations
ΔxiΔpi ≥ ℏ

2
. The new fundamental constant, ℏ, with the

dimensions of a length by a momentum, sets the amount of
such uncertainty. In analogy to this procedure of quantiza-
tion of phase space in quantum mechanics, the proposal of
spacetime noncommutativity is that spacetime coordinates,

xμ, turn into noncommuting operators, x̂μ, that satisfy the
commutation relations ½x̂μ; x̂ν� ¼ iΘμν.
The quantity Θμν can be a constant matrix (in this case

the noncommutativity is called canonical) or a function of
the coordinates themselves, depending on the model.1 In
any case, these commutation relations imply that one can
no longer talk about points in spacetime, since coordinates
are subject to the fundamental uncertainty ΔxμΔxν ≥ hΘμνi

2
.

The amount of such uncertainty is governed by some length
scale λ, which plays a role analogous to that of the Planck
constant in quantum mechanics. If spacetime noncommu-
tativity is to be ascribed to quantum gravitational effects,
then it would be natural to link this scale to the Planck
length lP ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffi

ℏG=c3
p

. While this is a reasonable
assumption, in principle the two noncommutativity con-
stants, ℏ and λ, are not necessarily related [7,8] (see also
[9], Sec. II.3, and references therein), and one could
consider the two quantization procedures independently.2

*giulia.gubitosi@unina.it
†fedele.lizzi@na.infn.it
‡relancio@unizar.es
§patrizia.vitale@na.infn.it

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

1In the celebrated applications of noncommutative geometry
started in [5,6] the quantity Θ ¼ θ was constant. In other
interesting cases, with noncommutativity of Lie-algebra type,
Θ is a linear function of coordinates; this is the case of
κ-Minkowski, or λ-Minkowski discussed in this paper.

2Two different quantization parameters appear also in [10],
where a deformation of the Moyal-Weyl star product that
generates the quantization of phase space was considered,
producing a quantum group deformation of the Heisenberg
algebra governed by both ℏ and a quantum deformation
parameter.
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The goal of this work is to explore the relation between
the quantization of phase space and that of spacetime. We
will do that by relying mostly on a specific quantization
procedure and a specific noncommutative spacetime
model, which are especially well suited to our scopes.
Specifically, the quantization procedure we will adopt for
both phase-space and spacetime quantization is based on
deformation quantization. The application of this approach
to transition from classical to quantum mechanics can be
traced back to the early developments of quantum mechan-
ics [11,12]: the commutative algebra of functions on phase
space ðx⃗; p⃗Þ is deformed into a noncommutative algebra in
which functions are multiplied using a noncommutative
product ⋆ℏ, so that the star-commutator among coordinate
functions reproduces the desired Heisenberg commutator

½xi; pj�⋆ℏ
≡ xi ⋆ℏ pj − pj ⋆ℏ xi ¼ iℏδij: ð1Þ

There are different star products which reproduce Eq. (1).
They agree for coordinate functions, but not for generic
functions. Their difference can be essentially understood in
terms of ordering issues, and a choice must be made as to
the particular form of the product. We will comment on
this later.
In the spacetime canonical noncommutativity case, the

analog of (1) becomes

½xμ; xν�⋆Θ
≡ xμ ⋆Θ xν − xν ⋆Θ xμ ¼ iΘμν; ð2Þ

where the specific form of Θ depends on the noncommu-
tative spacetime model considered, as we mentioned
before. Also in this case the deformed product which for
coordinate functions reproduces (2) is not unique, and in
the following we will fix its form following a standard
prescription.
While formally very similar, the two quantizations

defined, respectively, by Eqs. (1) and (2), are conceptually
very different. We will call ℏ-quantization (or phase-space
quantization) the usual procedure, leading to quantum
mechanics. This quantization is performed in the phase
space of a single particle, in the framework of nonrelativ-
istic Heisenberg and Schrödinger mechanics. The appro-
priate symmetry for this framework is given by the Galilei
group. Spacetime quantization, on the other hand, focuses
on the properties of spacetime itself. We label this quan-
tization by the dimensionful parameter governing non-
commutativity. Therefore, we talk of θ-quantization, or
κ-; λ-, and so on. While the relativistic properties of the
ℏ-quantization are straightforward, it is easy to convince
oneself that this is not the case for spacetime quantization.
Indeed, (2) is not symmetric under the action of the
classical symmetries of spacetime, either Poincaré or
Galilei. Noncommutative geometries can nevertheless
enjoy deformed relativistic symmetries, implemented by
a Hopf algebra [13].

As we mentioned, spacetime quantization is usually
performed ignoring ℏ, since its focus is to highlight the
effects of nontrivial spacetime properties emerging at very
small length scales, and ℏ would become relevant only if
one also considered quantum matter. However, it is
necessary to include matter into the picture at some point,
especially if one aims at doing phenomenological studies.
It seems natural that this would require the presence of
both constants—the phase space noncommutativity con-
stant ℏ and the spacetime noncommutativity constant—on
the same footing, as well as a proper treatment of the
symmetries of spacetime and matter. It is especially
the symmetry aspects that make a double quantization
challenging, since, as we have mentioned, the quantization
of spacetime generically calls for deformed symmetries,
while standard quantization of phase space does not. In this
paper, wewill show that double quantization is nevertheless
possible and leads to a consistent treatment of symmetries.
The main result we present is the construction of a
spacetime and associated phase space in which the algebra
of functions of positions and momenta is deformed via a ⋆
product which is covariant under a deformed Hopf algebra,
compatibly with the deformation of the algebra of functions
on spacetime.
Another issue that arises when attempting a simulta-

neous quantization of phase space and spacetime is the
problem of time. If the latter is a noncommuting quantity
realized in terms of a self-adjoint operator, then it will have
a real, continuous spectrum, ranging from −∞ to ∞. But
this will imply that the Hamiltonian, being its conjugate
observable, should have as spectrum the entire real line as
well. Namely, the Hamiltonian would not be bounded from
below, leading to instability inconsistencies. Nevertheless,
the bulk of the paper, and its examples, deal with a case
in which time is a central element, commuting with all
variables, thus circumventing this specific problem.
The main result of this paper is to develop a simultaneous

quantization of phase space (related to quantummechanics)
and a quantum spacetime which we name3 λ-Minkowski
[14–22], for which the nontrivial spacetime commutators,
of “angular kind,” only involve the spatial components. For
this particular example, as we will see, it is possible to do
such double quantization using a Drinfel’d twist.
The structure of the paper is as follows. In Secs. II and III

we review the noncommutativity of λ-Minkowski space-
time and its relation to a specific Drinfel’d twist. In Sec. IV
we show that it is actually possible to define a twist operator
for the whole phase space, which realizes the sought for
double quantization. In Secs. V and VI, we express the

3Alternative names have been used in the literature for this
kind of angular noncommutativity, in which the central element is
either a time or a space component. We retain the name
ϱ-Minkowski for the case in which the central element is spatial,
but will use λ-Minkowski in case the central element is timelike.
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phase-space twist in terms of generators of the Galilean
group and compute the coproducts of translation and
rotation generators. The new twist depends both on the
quantum constant ℏ and the parameter λ related to space
noncommutativity, but we find that it is always possible to
take the limit in which one of the two goes to zero in a
consistent way, thus reproducing either standard quantum
mechanics, or spacetime quantization. In Sec. VII we
analyze the so-calledR3

λ noncommutativity, namely a linear
noncommutativity of suð2Þ type [15,23], of which the
λ-Minkowski Lie algebra is a kind of Inönoü-Wigner
contraction. We do find a double quantization in terms
of a twist operator, but we find that it is not possible to
disentangle space noncommutativity from the full phase-
space one. Namely, the limit ℏ → 0; λ finite is ill defined.
Finally, we summarize our results and discuss possible
directions in Sec. VIII.

II. λ-MINKOWSKI WITH PHASE-SPACE
QUANTIZATION

In order to investigate the relation between phase-space
and spacetime quantizations we consider a model where
noncommutativity only affects spatial coordinates, in order
to avoid, in this exploratory work, having to deal with the
ambiguity added by the role of time in the two construc-
tions. Thus, wewill focus on specific aspects inherent to the
double quantization we are proposing and we will inves-
tigate the role of symmetries in this scenario.
The noncommutative spacetime model is characterized

by the following relations:

½x3;x1�¼ iλx2; ½x3;x2�¼−iλx1; ½x1;x2�¼0; ½x0;xi�¼0:

ð3Þ

We will call it λ-Minkowski in order to emphasize its
similarity with the more famous κ-Minkowski [24–26],
where a similar structure of the commutators holds between
time and spatial coordinates. Moreover, the model is related
to R3

λ [15,23,27–30], a noncommutative spacetime with
linear noncommutativity of suð2Þ type, such that the
algebra (3) is recovered by first considering a contraction
of the suð2Þ algebra and then adding a commutative time
coordinate (also see [31] where such a limit has been
extensively studied in relation with noncommutative gauge
theory and L∞ algebras). This model will be studied in
Sec. V. Spaces with this kind of angular noncommutativity,
which share with κ-Minkowski a Lie-algebra type non-
commutativity, have been well studied, often in a variant,
called ϱ-Minkowski, where x3 and x0 exchange their role
[16,17,20,32–41].
As we mentioned, spacetime noncommutativity is in

principle independent of the usual phase-space noncom-
mutativity governed by ℏ, and indeed the commutators (3)
only contain the spacetime noncommutativity parameter λ.

This commutator can be understood in terms of a star
product as in Eq. (2), which only affects the algebra of
functions on spacetime. If one is interested in studying
the phenomenological consequences of (3), it is however
necessary to introduce matter into the picture, and with this
comes the necessity to provide a compatible picture of
phase space. In particular, one may ask whether the
relations (3) are compatible with a ℏ-quantized phase
space, which would be needed in order to introduce
quantum matter on such noncommutative spacetime.
As in standard quantum mechanics, a semiclassical

approximation of spacetime noncommutativity may be
helpful to get an idea of the physical implications and of
the mathematical structures. Therefore, spacetime commu-
tators may be replaced by nontrivial spacetime Poisson
brackets and spacetime symmetries may be implemented as
canonical transformations. We therefore preliminarily
address the problem in a semiclassical limit, where the
spatial commutators in (3) are replaced by Poisson brackets.

fx3;x1g¼ λ̄x2; fx3;x2g¼−λ̄x1; fx1;x2g¼ 0; ð4Þ

with λ̄ directly proportional to λ by some dimensional
parameter, to be further specified. In such a context, the
problem is well posed and amounts to look for extended
Poisson brackets for the whole phase space, T�R3, which
reduce to (4) on spacetime. Once a consistent Poisson
algebra is obtained, we shall look for a transformation in
phase space, ðx; pÞ → ðx̃ðx; pÞ; p̃ðx; pÞÞ, which maps the
latter to the canonical Poisson bracket fx̃i; p̃jg ¼ δij. The
quantization of this structure is known. It is performed in the
context of Weyl-Moyal quantization, with a well defined
twist operator, which we shall transform back in terms of the
original physical coordinates ðxi; piÞ. This new twist oper-
ator will provide the double quantization we are seeking.
A generic Poisson bracket for the algebra of phase-space

functions may be associated with a bivector field Λ such
that ff; gg ¼ Λðdf; dgÞ. In the usual (canonical) case the
structure is simply ∂

∂xi ∧ ∂

∂pi
, where ∧ indicates the anti-

symmetrized tensor product a ∧ b ¼ a ⊗ b − b ⊗ a. The
search for a Poisson structure on T�R3, with a nice
projection to the Poisson tensor underlying (4), say Π,
amounts to a lift procedure (so-called symplectic embed-
ding4) from space to phase space. It can be recast in the
following form:

4Here we follow an approach recently formalized in [42],
where by symplectic embedding it is intended a specific
generalization of the symplectic realization procedure due to
Weinstein [43,44]. The relation among the two is discussed in
some detail in [41]. However, in a wider significance than here,
symplectic and Poisson embeddings, as lifting procedures, are
largely employed in the literature as useful tools in many different
contexts.
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Π¼Πij ∂

∂xi
∧ ∂

∂xj
→Λ¼Πij ∂

∂xi
∧ ∂

∂xj
−γji

∂

∂xi
∧ ∂

∂pj
: ð5Þ

We require that the lifted bracket be canonical in some new
coordinates ðx̃ðx; pÞ; p̃ðx; pÞÞ, namely that Λ ¼ ∂

∂x̃i ∧ ∂

∂p̃i
,

and this imposes that the matrix γðx; pÞ be the inverse of the
Jacobian matrix J ¼ ð∂x̃i=∂xjÞ. Moreover, the requirement
that Jacobi identity holds yields an equation for γ,

γnm
∂

∂pm
γkl − γkm

∂

∂pm
γnl þ Πnm ∂

∂xm
γkl

− Πkm ∂

∂xm
γnl − γml

∂

∂xm
Πnk ¼ 0: ð6Þ

A solution, easily checked by a direct calculation, is

x̃1¼x1; x̃2¼x2; x̃3¼x3þ λ̄ðx2p1−x1p2Þ; ð7Þ

p̃i ¼ pi: ð8Þ

When passing to commutators, canonical quantization for
the algebra of phase-space coordinates reads

½x̃i; x̃j� ¼ 0; ½x̃i; p̃j� ¼ iℏδij; ½p̃i; p̃j� ¼ 0; ð9Þ

with the time coordinate x̃0 ¼ x0 in the center of the
algebra. This implies that, on choosing λ̄ ¼ λ=ℏ, the “true”
phase-space coordinates xi and pj satisfy

½x3; xi� ¼ iλϵ3ikxk; ½x1; x2� ¼ 0

½xi; pj� ¼ iℏδij þ iλδi3ϵ3jkpk; ½pi; pj� ¼ 0: ð10Þ

Therefore, standard quantum mechanics is recovered in the
limit λ → 0 while spacetime quantization is obtained in the
limit ℏ → 0.
Notice that the choice (7)–(8) is not unique. Other

solutions are possible. Also notice that Eq. (5) does not
contain terms of the form ∂pi

∧ ∂pj
, implying that the

Poisson bracket of momenta is chosen to be zero right from
the beginning.5 In the symplectic realization procedure [43]
this is a consequence of the formalism, whereas in the
symplectic embedding approach it is a starting assumption,
a kind of minimal deformation. Our choice could anyways
be relaxed, yielding to a generalization of Eq. (6), with a
new family of solutions. This choice has a nontrivial
consequence, as we will see later, that terms which combine
two derivatives with respect to the momentum will not
appear in the twist.

Clearly this observation is a good starting point, since we
have produced a phase space whose commutation relations
are compatible with those of spacetime [Eqs. (3) and (10)
close the Jacobi identities] and reduce to those of standard
quantum mechanics in the limit λ → 0. However, a few
issues need to be addressed in order for the model defined
by (3) and (10) to make sense. First of all, while the
commutators in (9) can be understood in terms of the star
product of quantum mechanics (1), we still have to work
out the star product which gives rise to the commutators in
(10). Secondly, while the symmetries of an algebra of
the kind of (9) are the Galilei symmetries, clearly this is not
the case for the algebra defined by (3) and (10). In the
following we will show that a fundamental aspect in
solving both of these issues is that the noncommutativity
of (3) and (10) can be derived from a uniqueDrinfel’d twist.

III. DRINFEL’D TWISTS OF HOPF ALGEBRA

In this section we review the concept of twist and how it
is used to deform the algebra of smooth functions C∞ðMÞ
on spacetime M, together with the associated symmetries.
The twist operatorF is defined in terms of elements of the

tensor productUðgÞ ⊗ UðgÞ, with g someLie algebra acting
on the algebra of functions C∞ðMÞ, and UðgÞ its universal
enveloping algebra. Given an invertibleF ∈ UðgÞ ⊗ UðgÞ,
it is possible to define a noncommutative star product in
C∞ðMÞ, which is associative, provided F satisfies the
cocycle condition

ðF ⊗ 1ÞðΔ ⊗ idÞF ¼ ð1 ⊗ F Þðid ⊗ ΔÞF ; ð11Þ

with Δ∶ X ∈ g → X ⊗ 1þ 1 ⊗ X the primitive coproduct
for the Lie algebra. Given μ∶ f ⊗ g → f · g the standard
pointwisemultiplication inC∞ðMÞ, the deformedproduct of
functions is then defined according to

f ⋆ g ≔ μ ∘F−1ðf ⊗ gÞ: ð12Þ

The twist is further supplemented with the normalization
condition

μðϵ ⊗ 1ÞF ¼ μð1 ⊗ ϵÞF ¼ 1; ð13Þ

where ϵ is the co-unit.
A special family of twist operators is represented by the

Abelian twists, so named because they have support in an
Abelian algebra. Among them, in the next section we shall
make use of the Moyal-Weyl twist of quantum mechanics,
which is defined in terms of translation generators. But also
the algebra of λ-Minkowski spacetime (3), when realized in
terms of star commutators, is associated with an Abelian
twist [13]:

5From a physical point of view, we notice that ∂pi
∧ ∂pj

terms
would induce nonvanishing commutators between spatial mo-
menta, usually linked to nonvanishing spacetime curvature,
which is not present in this context.
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F ¼ exp

�
−
iλ
2
½∂3⊗ ðx2∂1−x1∂2Þ−ðx2∂1−x1∂2Þ⊗∂3�

�
:

ð14Þ

The search for a consistent double quantization which
reduces to the latter when ℏ → 0 is the object of the
forthcoming sections.
Before proceeding further, let us first recall that the

existence of a well-behaved twist operator allows for the
twisting of any other geometric structure (see for example
[45], chap.7) related to thequantumspacetimeunder analysis.
We briefly sketch how the procedure applies to symmetries.
In the twist approach, two slightly different quantum

Hopf algebras of symmetries may be defined, indicated in
[45], chap. 7, by UF ðgÞ and U⋆ðgÞ, which are however
isomorphic. Here we shall work with UF ðgÞ, while we refer
to the cited literature for details on the alternative con-
struction. As for UF ðgÞ, the Lie algebra generators act
undeformed on a single copy of the algebra of observables,
with standard Lie brackets. However, in order to act on
products of observables [and therefore on the star-
commutators which are associated with (3)], the coproduct
of Lie algebra generators has to be twisted for the
consistency of the whole quantum enveloping algebra,
according to

ΔF ¼ FΔF−1: ð15Þ
This entails a twisted Leibniz rule, so that for X ∈ g,
f; g ∈ C∞ðMÞ

X ⊳ f ⋆ g ≔ μ⋆ ∘ΔF ðXÞðf ⊗ gÞ: ð16Þ

We shall exhibit in the forthcoming sections an explicit
realization for the twisted coproducts of the generators of
the Galilei relativity group associated with the noncom-
mutative spaces of interest.

IV. THE TWIST FOR DOUBLE QUANTIZATION

In the previous section we reviewed how the Drinfel’d
twist applies to the algebra of functions on spacetime in
order to turn it into a noncommutative algebra and work out
the corresponding relativistic symmetries as Hopf algebra
deformations of the classical ones.
In fact, a twist procedure can also be used to quantize

phase space into the one of quantum mechanics.
Specifically, the ℏ-quantization producing the commutation
relations (9) is induced from the following twist acting on
the algebra of functions on phase space:

F ℏ ¼ exp

�
−
iℏ
2

�
∂

∂x̃i
∧ ∂

∂p̃i

��
; ð17Þ

This is an Abelian twist, since ∂

∂x̃i commutes with ∂

∂p̃j
, and

as such it satisfies the cocycle conditions.

In order to produce a doubly quantized model, with both
phase-space noncommutativity, governed by ℏ, and space-
time noncommutativity, governed by λ, one cannot simply
apply the two twists, (14) and (17), one after the other, since
they would not be acting on the correct algebra of
functions. The solution is represented by the symplectic
embedding worked out in Sec. II, which allows for
expressing the Poisson tensor of λ-deformed spacetime
as a projection of a Poisson tensor on the full phase space,
according to the mapping (5). The latter is in turn mapped to
the canonical Poisson tensor of phase space, P ¼ ∂

∂x̃i ∧ ∂

∂p̃i
,

through the nonlinear transformations (7)–(8). This pro-
cedure can be extended to the quantum setting, where we
will show that it is possible to obtain a new twist operator
comprising both quantizations at once, by simply exponen-
tiating the phase-space Poisson tensors described above.
Roughly speaking, this can be worked out by starting
from the ℏ-twist (17) and applying to it the change of
variables (7)–(8)

∂

∂x̃i
¼ ∂

∂xi
þ λ

ℏ
ϵi

j3pj
∂

∂x3
;

∂

∂p̃i
¼ ∂

∂pi
−
λ

ℏ
ϵij3xj

∂

∂x3
: ð18Þ

With this change of variables the Moyal twist (17) of
standard quantum mechanics becomes

F ¼ exp

�
−
iℏ
2

�
∂

∂xi
∧ ∂

∂pi

�
þ iλ

2

∂

∂x3
∧
��

x1
∂

∂x2
− x2

∂

∂x1

�

þ
�
p1

∂

∂p2

−p2

∂

∂p1

���
: ð19Þ

This twist provides the double quantization. It is worth
noting that there are no terms of the form ∂=∂pi ∧ ∂=∂pj.
This is due to the fact that p̃i ¼ pi, so when computing (18),
terms proportional to ∂=∂pi do not appear in ∂=∂x̃i.
It is now possible to see the following limits of the

noncommutativity constants. The limit λ → 0 gives quan-
tum mechanics with standard, i.e., commutative, configu-
ration space. The limit ℏ → 0 gives the λ-Minkowski space
we started with a caveat. The twist (19) gives nontrivial
commutations between x3 and pi, analogous to the ones
between the x’s:

½x3; p1� ¼ iλp2; ½x3; p2� ¼ −iλp1: ð20Þ

These terms are necessary for phase-space coordinates to
close a Lie algebra. Indeed, starting form Eq. (3) and
computing its commutator with momenta, one has

½½x3; x1�; p2� ¼ −i½λx2; p2� ¼ λℏ: ð21Þ

A simple calculation shows that, in order to satisfy Jacobi
identity one has to impose (20). In the ℏ → 0 limit, while
the commutators (20) survive, one can be content with just
studying the spacetime noncommutativity, consistently
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ignore the commutators (20) and reduce to the λ-Minkowski
spacetime model we started with. The commutators (20) are
only needed if one wants to study the full phase space
associated to λ-Minkowski spacetime. They appear in the
ℏ → 0 limit because we are taking the limit on the full phase
space, but reduction to spacetime can be done consistently.
The new twist (19) provides the sought-for double

quantization of both phase space and spacetime, with
spacetime noncommutativity ruled by Eq. (3) and star
product expressed in terms of the twist as usually done:

ðf ⋆ gÞðx; pÞ ¼ F ⊳ ðf; gÞ: ð22Þ

As expected, given our comments earlier in this section,
the twist (19) cannot be written as the product of two twists,
one only involving ℏ and the other only λ, but we can
separately consider the limits of standard quantum mechan-
ics, λ → 0, and of pure spacetime noncommutativ-
ity, ℏ → 0.
Having defined a consistent ⋆ product compatible with

the double quantization defined by the commutation
relations (3) and (10), so that these commutators are well
defined, the issue remains of establishing whether such
model is compatible with some deformation of the standard
relativistic symmetries of quantum mechanics, namely of
the Galilean symmetries. This aspect is addressed in the
following section.

V. SYMMETRIES OF THE DOUBLY QUANTIZED
PHASE SPACE

As we discussed in Sec. III, the twist that turns a
commutative algebra of functions into a noncommutative
one also affects the symmetries of this algebra, turning a
classical algebra of symmetries into a Hopf algebra.
Before going to the doubly quantized phase space

defined by the twist (19), let us review how standard
quantization is performed within a twisting procedure. The
noncommutative phase space of quantummechanics results
from Moyal-Weyl quantization [via the twist (17)] of the
classical nonrelativistic phase space, that enjoys Galilean
symmetries generated by the time translation P0, space
translations Pi, rotations Ji, and Galilean boosts Ki:

½Ji;Jj�¼ iϵijkJk; ½Ji;Pj�¼ iϵijkPk; ½Ji;Kj�¼ iϵijkKk;

½Ki;Kj�¼0; ½Ki;Pj�¼0; ½Ki;P0�¼ iPi;

½P0;Pi�¼0; ½Pi;Pj�¼0; ½P0;Ji�¼0: ð23Þ

Then the twist (17) should be applied to the Galilei algebra
in order to find the symmetries of standard (nonrelativistic)
quantum mechanics. It turns out that such twist acts
trivially on the Galilei algebra, leaving the coproducts of
its generators unaffected. Namely, as is well known,
quantum nonrelativistic symmetries are described by the
same undeformed Galilei algebra [46] as classical

mechanics. To see this explicitly, we recall that the twist
procedure acts on the coproducts of the generators G of the
algebra according to

ΔFG ¼ F ∘Δð0ÞG ∘F−1; ð24Þ

while leaving the commutators invariant. In order to
explicitly compute the coproducts, we need to express
the twist (17) in terms of the generators of the Galilei
algebra.
The standard procedure is to realize the infinitesimal

generators as differential operators in configuration space
and perform the so-called cotangent lift (see for example
[47]):

G ¼ fiðxÞ ∂

∂xi
→ GC ¼ fiðx; tÞ ∂

∂xi
þ dfj

dt
δji

∂

∂pi
; ð25Þ

where the second term becomes ¼ −pj
∂fj

∂xi
∂

∂pi
for

t-independent generators (which is not the case for the
boosts, Ki). Through the cotangent lift, the generators of
the Galilei algebra become

Pi ¼
∂

∂xi
→ PC

i ¼ ∂

∂xi

Ji ¼ ϵij
kxj

∂

∂xk
→ JCi ¼ ϵij

kxj
∂

∂xk
þ ϵki

jpj
∂

∂pk

Ki ¼ t
∂

∂xi
→ KC

i ¼ t
∂

∂xi
þm

∂

∂pi

P0 ¼
∂

∂t
→ PC

0 ¼ ∂

∂t
ð26Þ

where we have inserted a mass scale for the boosts
generators for dimensional reasons. Also notice that time
has a special role in nonrelativistic mechanics, meaning that
we have to extend the phase space T�M → T�M × R (and t
has no conjugate variable). By construction, the lifted
generators obey the same algebra as the un-lifted ones.
From here we see that

∂

∂xi
¼ PC

i ;
∂

∂pi
¼ 1

m
KC

i −
t
m
PC
i ; ð27Þ

and the twist of quantum mechanics (17) can be written as

F ℏ ¼ exp

�
−i

ℏ
2m

ðPC
i ∧ KC

i Þ
�
: ð28Þ

With this representation of the twist at hand we can now
compute the coproducts and find that they are undeformed,
as expected. As an example, we compute the coproduct
ΔðP0Þ:
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ΔFℏðP0Þ¼P0⊗1þ1⊗P0

þ iℏ
m
ð−Pi⊗ ½P0;Ki�þ½P0;Ki�⊗PiÞþOðℏ2Þ

¼P0⊗1þ1⊗P0; ð29Þ

where the superscript C for the lifted generators is under-
stood. It is easy to see that there is no modification of the
coproduct of P0 coming from higher orders in ℏ. This is
due to fact that ½P0; Pi� ¼ 0. Similar calculations for all
generators of the Galilei algebra can be performed, yielding
undeformed co products for all of them. Namely, the
symmetries of standard quantum mechanics are unde-
formed in the twist approach, as expected.
Having seen how the twist allows one to correctly

deduce the symmetries of the noncommutative phase space
of quantum mechanics starting from those of the commu-
tative phase space of Newtonian mechanics, we can now
apply a similar procedure in order to find the symmetries
associated to the doubly quantized phase space which is
generated by the twist (19). In this case, we should no
longer act on the algebra of symmetries of Newtonian
mechanics with the twist (17), but with the new twist (19),
that quantizes phase space and spacetime at once.
Following the same steps as before, by using the

relations (27) we write the explicit representation of the
complete twist (19) in terms of the cotangent lift of
generators of the Galilei algebra:

F ¼ exp

�
−

iℏ
2m

ðPC
i ∧ KC

i Þ −
iλ
2
ðJC3 ∧ PC

3 Þ
�
: ð30Þ

We can now show that already at the first order this twist
induces a modification of the coproduct of the Galilei
generators, clearly only dependent on the spacetime non-
commutativity parameter λ (as before, the superscript of the
cotangent lift is understood from now on):

ΔF ðP0Þ¼P0⊗1þ1⊗P0;

ΔF ðPjÞ¼Pj⊗1þ1⊗Pjþ
λ

2
ϵ3j

kPk∧P3;

ΔF ðKjÞ¼Kj⊗1þ1⊗Kjþ
λ

2
ϵ3j

kKk∧P3;

ΔF ðJjÞ¼Jj⊗1þ1⊗Jjþ
λ

2
ϵ3j

kðJk∧P3þJ3∧PkÞ: ð31Þ

All the generators are affected by space noncommutativity,
with two notable exceptions: the time translation generator,
P0, which is undeformed as expected since we are in a
nonrelativistic setting, and one of the rotation generators,
J3. This is also understandable given the structure of the
commutator between spatial coordinates, Eq. (3): if we

rotate around the 3̂ direction we are mixing the 1̂ and 2̂
directions, which commute among themselves, so this
rotation is not affected by spatial noncommutativity.
Notice that to the first order, these coproducts reproduce
the ones that are found when considering noncommuta-
tivity of spacetime alone as done in [20]. In the following
we will show why this is the case.

VI. INTERPLAY BETWEEN ℏ AND λ

In order to see the effects of the interplay between the
phase-space noncommutativity parameter ℏ and the space-
time noncommutativity parameter λ, we need to compute
the twist of the coproducts to the second order, so that
mixed terms proportional to ℏλ can appear. To this aim, it
is useful to observe that, for a generator G of the Galilei
algebra and writing the twist schematically as
F ¼ expðX ⊗ YÞ, with X and Y Galilei generators as well,
the twist to second order acts as follows:

ΔF ðGÞ ≃ Δð0ÞðGÞ þ ½ðX ⊗ YÞ;Δð0ÞðGÞ�

þ 1

2
½ðX ⊗ YÞ; ½ðX ⊗ YÞ;Δð0ÞðGÞ��; ð32Þ

where Δð0ÞðGÞ is the zero-order expansion of the copro-
duct, which coincides with the primitive coproduct for G.
By specializing to the twist (30) one has

X ⊗ Y ¼ −
iℏ
2m

ðPi ∧ KiÞ −
iλ
2
ðJ3 ∧ P3Þ; ð33Þ

so the mixed terms in ℏλ in the coproduct ΔF ðGÞ can only
be generated by the last term in the expansion (32). The
inner commutator in this term only gets contributions from
the λ part of the twist, for any generator G (this explains
why the coproducts are not modified by the ℏ part of the
twist alone). So, in order to get the mixed terms, one only
needs to use the ℏ part of the twist for the outer
commutator. In other words, mixed ℏλ contributions in
the coproduct of G come from terms of the form:

�
iℏ
2m

ðPi ∧ KiÞ;
�
iλ
2
ðJ3 ∧ P3Þ;Δð0ÞðGÞ

��
: ð34Þ

By inspecting this object it is straightforward to see that
mixed terms only emerge for G ¼ J1 or G ¼ J2, because
the generators Pi and Kj commute among themselves. So
only the rotation sector is affected by mixed terms in ℏλ,
while the translation and boost sectors are only affected by
the spacetime noncommutativity parameter λ.
In summary, we find that the second-order effect of the

twist (30) on the coproducts of the Galilei generators is
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ΔF ðP0Þ ¼ P0 ⊗ 1þ 1 ⊗ P0;

ΔF ðPjÞ ¼ Pj ⊗ 1þ 1 ⊗ Pj þ
λ

2
ϵ3j

kPk ∧ P3 −
λ2

8
P2
3 ∧ Pj;

ΔF ðKjÞ ¼ Kj ⊗ 1þ 1 ⊗ Kj þ
λ

2
ϵ3j

kKk ∧ P3 −
λ2

8
P2
3 ∧ Kj;

ΔF ðJ1Þ ¼ J1 ⊗ 1þ 1 ⊗ J1 þ
λ

2
ðJ2 ∧ P3 þ J3 ∧ P2Þ

þ λℏ
8m

ðϵij3ðPi ⊗ Kj − Ki ⊗ PjÞP2 þ ϵij2ðPi ⊗ Kj − Ki ⊗ PjÞP3

þ ϵij3P2ðPi ⊗ Kj − Ki ⊗ PjÞ þ ϵij2P3ðPi ⊗ Kj − Ki ⊗ PjÞÞ

þ λ2

8
ð2P3J3 ⊗ P1 þ 2P1 ⊗ P3J3 − P2

3 ⊗ J1 − J1 ⊗ P2
3Þ;

ΔF ðJ2Þ ¼ J2 ⊗ 1þ 1 ⊗ J2 −
λ

2
ðJ1 ∧ P3 þ J3 ∧ P1Þ

−
λℏ
8m

ðϵij3ðPi ⊗ Kj − Ki ⊗ PjÞP1 þ ϵij1ðPi ⊗ Kj − Ki ⊗ PjÞP3

þ ϵij3P1ðPi ⊗ Kj − Ki ⊗ PjÞ þ ϵij1P3ðPi ⊗ Kj − Ki ⊗ PjÞÞ

þ λ2

8
ð2P3J3 ⊗ P2 þ 2P2 ⊗ P3J3 − P2

3 ⊗ J2 − J2 ⊗ P2
3Þ;

ΔF ðJ3Þ ¼ J3 ⊗ 1þ 1 ⊗ J3: ð35Þ

As we mentioned, only the rotation generators are
affected by the interplay between spacetime and phase-
space noncommutativity. We see, however, that such inter-
play does not spoil the trivial coproduct of the generator of
rotations around the 3̂ direction. Again, this has an intuitive
explanation, since the phase-space noncommutativity does
not spoil the fact that rotations around the 3̂ direction mix
the directions 1̂ and 2̂, which are commutative. In fact,
looking at the phase-space commutator (10), we see
that ½x1; p2� ¼ ½x2; p1� ¼ 0.

VII. R3
λ NONCOMMUTATIVITY

So far we have studied as a main example the double
quantization of the phase space that is compatible with λ-
Minkowski noncommutative spacetime. In this example,
the limit in which either of the two dimensionful constants
(ℏ and λ) vanishes can be performed independently. One
may wonder if this is a special feature of λ-Minkowski, or it
is a general property of noncommutative spacetime models.
It turns out that the former hypothesis is correct, and the
separability between spacetime and phase-space quantiza-
tions is a feature in general not shared by other models.
In this section we provide an example of this case.
Specifically, we start from another noncommutative space,
quite well studied in the literature, known as R3

λ space

[15,23,27,28].6 The commutators for the spatial coordi-
nates are

½xi; xj� ¼ i2λϵijkxk: ð36Þ

In order to construct the double quantization of the phase
space associated to the space noncommutativity (36), we
can proceed as for the λ-Minkowski case and express the
noncommutative space coordinates as a function of the
canonical phase-space ones, given in Eq. (9). A particularly
simple solution is

xi ¼ x̃i −
λ

ℏ
ϵijkp̃jx̃k þ

λ2

ℏ2
δijp̃jp̃lx̃l; ð37Þ

corresponding to the case in which h ¼ λ and f ¼ 1 for the
general solution obtained in [48]. Notice that, unlike the λ-
Minkowski case, Eq. (7), the relation between xi and x̃i is
nonlinear in the momenta. Still, this relation may be
inverted for x̃i, yielding

6The use of the same symbol for the noncommutative
parameter is not casual. Indeed, as a Lie algebra, λ-Minkowski
may be obtained by the algebra of coordinates of R3

λ as a
contraction. See for example [15] for details.
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x̃i ¼ αðpÞ
�
xi þ λ

ℏ
ϵijkpjxk

�
; ð38Þ

where

αðpÞ ¼
�
1þ λ2

ℏ2
plη

lmpm

�−1
: ð39Þ

From the previous expression we can read the commutators
in phase space

½xi; pj� ¼ i
�
ℏδij − λϵikjpk þ

λ2

ℏ
δilplpj

�
; ð40Þ

where again we notice the presence of a quadratic term
in the momenta. From the change of variables (37)
we get

∂

∂x̃i
¼ ∂

∂xi
þ
�
−
λ

ℏ
ϵi

jlpjþ
λ2

ℏ2
pipjδ

jl

�
∂

∂xl
;

∂

∂p̃i
¼ ∂

∂pi
þ
�
λ

ℏ
ϵk

imx̃kþ λ2

ℏ2
ðδilpmx̃mþδlmpmx̃iÞ

�
∂

∂xl
; ð41Þ

so that the Moyal twist (17) takes the form

F ¼ exp

�
−
iℏ
2

�
∂

∂xi
∧ ∂

∂pi

�
þ iλ

2

�
ϵijkpj

∂

∂xi
∧ ∂

∂pk
− ϵijkαðpÞxk

∂

∂xi
∧ ∂

∂xj

�

−
iλ2

2ℏ

�
plpjδ

il ∂

∂xi
∧ ∂

∂pj

�
−

iλ3

2ℏ2

�
plxmðpmϵ

ijl þ 2αðpÞϵilmδnjpnÞ
∂

∂xi
∧ ∂

∂xj

��
: ð42Þ

As in the previous studied case, there are no terms of the
form ∂=∂pi ∧ ∂=∂pj since p̃i ¼ pi.
The latter represents the double quantization of the R3

λ
algebra. Although this expression is not particularly trans-
parent, we can analyze its possible limits. The limit λ → 0
is well defined and yields back standard phase-space
quantization. The limit ℏ → 0, instead, is not well defined,
yielding divergences. Therefore, it is not possible to isolate
λ-quantization from ℏ-quantization, since the ℏ → 0 limit
can only be taken together with the λ → 0 limit, in such a
way that λ=ℏ does not diverge. In other words, the limit
ℏ → 0 does not generate a twist for space quantization
itself. Note that this issue with the ℏ → 0 limit can be seen
already at the level of the phase-space commutator (40),
where having a term proportional to a second power of the
momenta requires a factor λ=ℏ for dimensional reasons, but
this introduces the above-mentioned divergences.
This represents a crucial difference with respect to the

findings of the previous section for λ-noncommutativity,
Eq. (19). We also notice that the latter, although being a
contraction of R3

λ at the Lie algebra level, is not related to
R3

λ as for their double quantization in terms of twists.

VIII. CONCLUSIONS AND OUTLOOK

The goal of this work was to investigate whether
spacetime and phase-space noncommutativity are mutually
compatible and lead to models that enjoy relativistic
symmetries, described by some deformation of the
symmetry group of quantum mechanics, that of Galilei.
We have done so within the formalism of deformation
quantization, that is known to be fit to describe the two
kinds of noncommutativity when taken on their own.
Specifically, we have relied on the tools provided by the

Drinfel’d twist and investigated whether it is possible to
construct a twist that produces this double quantization,
in such a way that when spacetime noncommutativity is
turned off one recovers the standard quantization of
quantum mechanics, governed by ℏ.
As a starting point for the double quantization, we have

considered two different noncommutative spacetimes,
λ-Minkowski and R3

λ , both characterized by a commuting
time coordinate, but differing in the properties of the spatial
commutators. For the first model, we have found that
the twist procedure leads to a deformation of the algebra
of functions over phase space and spacetime which
represents a truly “quantum noncommutative geometry.”
This construction admits a description of the relativistic
symmetries in terms of a Hopf-algebra deformation of the
Galilei algebra. In this algebra, all generators except the
time translations have deformed coproducts, as in the λ-
Minkowski noncommutative spacetime model. Moreover,
coproducts of angular momenta contain new terms, involv-
ing the product of phase-space and spacetime noncommu-
tativity constants, ℏ and λ respectively, in addition to the
usual coproduct one would have when only spacetime
noncommutativity is turned on. Finally, we have shown that
in this case all the structures built with the double
quantization procedure reduce to the standard ones of
quantum mechanics (respectively, noncommutative space-
time), in the vanishing λ (respectively, ℏ) limit.7 In contrast
with the first scenario, for the second one involving the R3

λ

7The classical limit of quantum mechanics, where commuta-
tors are replaced by Poisson brackets, can be obtained by first
performing the λ → 0 limit, so to get vanishing spatial commu-
tators, and then taking the limit of the phase space commutators

as usual, 1
iℏ ½·; ·� !

ℏ→0f·; ·g.
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spacetime we have found that the twist producing the
double quantization does not allow for a smooth limit to the
pure spacetime noncommutativity case. That is, the limit
ℏ → 0 is a singularity of the twist. This is due to the fact
that the algebra R3

λ does not admit a simple representation
of the noncommutative coordinates as functions of the
commutative ones.
The relevance of the results found for the first model is

made more apparent by the fact that we found examples,
such as the second model we considered, where such a
construction does not work. Within the framework we
considered here, the R3

λ can be regarded as a noncommu-
tative spacetime model which cannot be deduced from a
doubly quantized phase space, since it cannot be obtained
as the ℏ → 0 limit of such a phase space. Conversely, the λ-
Minkowski noncommutative spacetime model can be
embedded into a doubly quantized picture, and deduced
from there in the smooth ℏ → 0 limit.
In this work we considered only models with pure spatial

noncommutativity. The issue of double quantization in
models with a noncommuting time coordinate seems to be
nontrivial. In fact, for those models for which a nontrivial
structure regarding time is present, such as the κ-
Minkowski model, the Moyal twist of quantum mechanics
is ill defined, since in it only the vector fields of the space
components appear. Given the relevance of models with
time noncommutativity in the literature, especially when
phenomenology is involved [9,49], it would be interesting
to investigate whether other methods leading to double
quantization can be defined, which are compatible with a
time noncommutativity.
A possible way forward in this direction could start from

results on the pregeometry of κ-Minkowski [50], based on a
covariant formulation of quantum mechanics [51]. In [50]
the pregeometric prescription was aimed at giving a firmer
ground to the construction of the kinematical and physical
Hilbert space of the states describing points in κ-
Minkowski spacetime. The authors of [50] did not consider
the effects of the phase-space noncommutativity parameter
ℏ, which was set to 1. Reintroducing explicitly ℏ, and
working out the full phase space algebra, one gets (we use
here the same notation as in [50])

½xi; x0� ¼ iℏlxi; ½xi; xj� ¼ 0; ½xi; πj� ¼ iℏelπ0 ;

½x0; π0� ¼ −iℏ; ½πα; πβ� ¼ 0: ð43Þ
Taking this at face value, we see that in this case one does

recover theusual commutation relations of quantummechan-
ics in the l → 0 limit. The ℏ → 0 limit can be made sense of
in the same way as done in standard quantum mechanics,
where the commutators reduce to Poisson brackets as
1
iℏ ½·; ·� !

ℏ→0f·; ·g. In contrast with the λ-Minkowski model,
notice that pure spacetime noncommutativity is not allowed
in this construction, but nontrivial spacetime Poisson brack-
ets are. Moreover, in the λ-Minkowski model the ℏ → 0
limit removes all nontrivial properties of spacetime, while in

the κ-Minkowski model one is left with nonzero Poisson
brackets between spacetime coordinates. A similar feature is
found in the Snydermodel [1]. In [52,53] the full phase-space
algebra was derived, including explicitly both ℏ and the
spacetime noncommutativity parameter Λ (which in that
case is just the inverse of the momentum space curvature):

½x0;xi�¼ iℏΛKi; ½xi;xj�¼ iℏΛϵijkJk;

½x0;pα�¼ iℏ

�
δ0α−

Λ
c2
p0pα

�
; ½xi;pj�¼ iℏðδijþΛpipjÞ;

½xi;p0�¼ iℏΛp0pi; ½pα;pβ�¼0: ð44Þ

Again, the ℏ → 0 limit can be performed in such a way that
all commutators turn into Poisson brackets, including the
ones between spacetime coordinates, while the Λ → 0 limit
reproduces standard quantum mechanics. Summarizing, the
difference between these cases with noncommutative time
coordinate and the one of λ-Minkowski with pure spatial
noncommutativity is that, in (43) and (44), the ℏ → 0 limit
necessarily turns the phase-space and spacetime commuta-
tors into Poissonbrackets (pure spacetimenoncommutativity
is not possible, but only deformedPoisson brackets), while in
our λ-Minkowski doubly quantized phase space, Eq. (10),
one sees that pure spatial noncommutativity emerges as the
ℏ → 0 limit of the doubly quantized phase space.8

It would also be interesting to perform the analysis at the
level of operator representation of the commutation rela-
tions, along the lines of [56,57], and see how the various
limits affect the possibility to localize the states. Work
along these lines is in progress.
Another recently developed direction of investigation

which might lead to a better understanding of the links
between quantum properties of spacetime and quantum-
mechanical phase-space noncommutativity is that focusing
on “quantum reference frames” [58]. In this construction,
reference frames in quantum mechanics are associated to a
quantum system rather than to the classical laboratory, so
they acquire quantum properties and the commutative
parameters of standard Galilean transformations are turned
into quantum operators. If spacetime is defined in terms of
such quantum reference frames, then it inherits their
quantum properties. While this statement still needs to
be made more precise, and work on this is in progress,
recent preliminary results showed that the associated
symmetry group defining transformations between quan-
tum reference frames is a more general group than that of
Galilei symmetries [59].

8Also notice the these models are invariant under (deformed)
Poincaré symmetries. In order to make the comparison to the
results of this work more direct, one should look at the Galilean
limit of these models, invariant under (deformed) Galilei sym-
metries [52,54,55].
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