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Quantum Brownian motion for a particle in analog expanding cosmologies
in the presence of disclination
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In this paper we study the quantum Brownian motion of a scalar point particle in the analog Friedman-
Robertson-Walker spacetime in the presence of a disclination, in a condensed matter system. The analog
spacetime is obtained as an effective description of a Bose-Einstein condensate in terms of quantum
excitations of sound waves, named phonons. The dynamics of the phonons is described by a massless real
scalar field whose modes are also subjected to a quasiperiodic condition. In this sense, we find exact
solutions for the real scalar field in this scenario and calculate the two-point function which makes it
possible to analyze the mean squared velocity dispersion of the particle in all directions. We thus analyze
some interesting particular cases and show some graphs where it is possible to see the consistency of our

results.
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I. INTRODUCTION

Quantum Brownian motion (QBM) of a point particle is
a topic that has been investigated in several contexts and
approaches [1-6]. This is an example of a phenomenon
category induced by modifications in the quantum vacuum
fluctuations of a field, along with the famous Casimir effect
[7.8]. In the QBM the quantum fluctuations of the vacuum
state of a field, for instance, the scalar [1-3] and electro-
magnetic [4-6] ones, induce a stochastic motion on a
particle. The latter, in turn, behaves like a probe device of
the quantum vacuum fluctuation effects, which reveal
themselves when modifications in the Minkowski free
vacuum comes about as a consequence of the imposition
of boundary conditions, thermal effects, and so on. In order
to make the studies increasingly realistic and explore the
effects causing the QBM of the particle over time, different
elements have been investigated, such as temperature
corrections [9-11], smoothing interactions through switch-
ing functions [3,12], which regularize typical divergences
in the model, and the wave packet structure of the particle
[13]. It is important to point out that, although both QBM
and classical Brownian motion are two types of stochastic
motion, they have distinct characteristics due to their
quantum and classical origins, respectively. One of the
main differences, for example, is that in the quantum
domain negative dispersions are possible to happen, a fact
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that in the literature is known as the subvacuum effect
(see [11] and references therein).

General relativity as well as quantum field theory predict
highly sensitive physical phenomena, for example, gravi-
tational waves and Hawking radiation. The experimental
verification of such phenomena requires highly advanced
and accurate technology, which is certainly the case of
gravitational waves. Although gravitational waves have
been predicted a long time ago, only recently they were
detected experimentally [14]. On the other hand, Hawking
radiation has been observed only in gravity analog models
[15], since in gravitational context it faces serious diffi-
culties due to its small magnitude when compared to the
cosmic radiation background.

Gravity analog models have also been the subject of
studies in different aspects and scenarios. At a more
elementary level, for instance, those analog systems are
constituted by fluids (as water) in which the acoustic
perturbation velocity, that is, the sound wave, in the
medium, plays a role analogous to the light velocity in a
spacetime geometry. In other words, sound waves propa-
gating through a fluid behave like the light in curved
spacetime. In addiction, it is possible to make this analogy
in more complex systems such as Bose-Einstein conden-
sates (BECs) [16].

BECs are quantum systems widely used in the literature
to investigate various types of phenomena. In fact, for
instance, in Ref. [17] the radial expansion of a ring-shaped
BEC has been considered to simulate a real cosmological
expanding universe, and among the investigations carried
out, phonons redshift is studied, which consists of the
analogous effect to photons in real cosmological spacetime.

© 2022 American Physical Society
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We may also quote the study of the particle production in a
BEC in different expanding scenarios [18]. The BECs
implementation in gravitational wave detections is an idea
that has been discussed [19]. So with these examples we
can see that BECs are indeed very interesting systems to be
considered.

The QBM of point particles also can be studied in the
gravity analog model scenarios previously mentioned. For
instance, in Ref. [20] the QBM of a point particle in the
effective spacetime was studied, like the one of the Friedman-
Robertson-Walker (FRW) spacetime in cosmology, in the
absence of boundary, as well as in the presence of plane
boundaries. In summary, the authors studied two distinct
cases: free particle and bounded particle by a classical
nonfluctuating external force that cancel the expanding
effects. A remarkable result is that, in the bounded particle
case, in the absence of plane boundaries, a constant and
isotropic velocity dispersion is obtained, indicating the
existence of a stochastic motion. Here, we decided to study
a similar system, but now considering the presence of a
disclination without plane boundaries, so that we can be able
to analyze different configurations from the ones in Ref. [20].

More specifically, in the present paper, we propose to
study the QBM of a massless scalar point particle in an
analog model, simulating a conformal expanding universe
in the presence of a linear topological defect known in
condensed matter as disclination and also requiring that the
scalar field obeys a quasiperiodic condition on the angular
variable. In order to simulate the expanding universe we
consider an expanding BEC system that has been explored
as a means of investigation for different physical phenom-
ena. In this sense, we could envisage a condensed matter
system, like liquid crystals, where a disclination is possible
to exist. We should mention that disclination is the analog,
in condensed matter, to cosmic string [21], arising due to
phase transitions in the early Universe. Cosmic strings as it
is known in the literature may have several cosmological,
astrophysical, and gravitational implications, observatio-
nally [22-24].

Regarding to the structure of this paper, in Sec. II we
present a brief discussion about the main relations that
allow us to establish the effective expanding spacetime for
the phonons present in the BEC and taken into consid-
eration the presence of a disclination. In Sec. III we provide
the massless scalar field solution, obeying a quasiperiodic
condition on the angular variable, in the effective FRW
spacetime considered. In Sec. IV we obtain the positive
frequency two-point Wightman function, which is an
essential element for our computation of the mean squared
velocity dispersion (MSVD) of the particle. The point
particle velocity equation coupled to the massless scalar
field is given in Sec. V, which we use to obtain the velocity
dispersion in Sec. VI and to study its behavior. Finally, in
Sec. VII, we summarize the main results in this paper and
present our conclusions.

II. EFFECTIVE FRW SPACETIME IN
BOSE-EINSTEIN CONDENSATE
WITH A DISCLINATION

The condensation occurs when particles of a boson gas
(e.g., rubidium atoms) are submitted to extremely low
temperatures so that they tend to agglomerate in the lowest
energy state of the system, usually called the ground state.
The exact description of this system is made through the so-
called second quantization formalism, where the fields
associated with the system are quantized and become
operators. Thereby, it is known that the field operator

A

W(x, 1) related to the bosons condensate obeys the equation
of motion [18,25,26]

L oP(x,t n’ 7 J
ih (0t ) - _ﬂvz =+ Vext(x) + U|IP(X’ t)|2 lP(X’ t)’
(1)

where V., represents an external potential which affects
equally all particles in the gas, for example, the particle
confinement potential. The term U = 4zh*a/m is a two-
body potential interaction, i.e., between two bosons in the
condensate, which is written in terms of the bosons mass
and the scattering length a. It is important to mention that
the parameter a will play a key role in the mathematical
construction below, because through it will be defined a
velocity for the acoustics perturbations on the condensate.

Although the exact description of the dynamics of the
system involves operators, as shown in Eq. (1), if the gas is
weakly interacting and lies in the low temperature regime,
the dominant occupation by the particles in a single state
(the ground state) suggest that the field W(x, 7) allows the
decomposition [18]

P(x, 1) = W(x, 1) + 6(x. 1), (2)

where ¥ (x, t) correspond to the mean-field value ¥(x, t) =

A

(¥(x,1)). The point to be noted is that, since all particles
lie in the ground state, we can describe the system on
average by a collective wave function. It is because of this
collective description that sometimes W(x, 7) is said to be
the wave function of the condensate [25]. In this approach
5p(x,t) represent the quantum part of the boson field
operator W, which is interpreted as quantum or thermal
fluctuations with null mean value, that is, (5¢(x, 7)) = 0.
This mean-field approach is known as the Bogolyubov
approximation [18].

Using Egs. (1) and (2), and neglecting the fluctuations,
we can establish that

L 0P(x,t h?
h E)t /- =5 V2 Veu(X) + UI¥(x. ) [W(x. 1),
(3)
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which is called the Gross-Pitaevskii equation. This equa-
tion will be the basis to obtain a mathematical description
of the analog model taken into account in our investigation.
Note that unlike Eq. (1), which involves operators, Eq. (3)
is written in terms of the classical field, which corresponds
to the wave function describing the atoms in the ground
state of the condensate. Furthermore, it is instructive to note
the similarity between (3) and the Schrodinger equation for
a particle of mass m submitted to a potential V., but with a
nonlinear term that is responsible for the two-body
interaction.

A. Effective metric

From the classical point of view, the starting point to
obtain an effective metric is both the continuity and Euler
equations [16]. Similarly, in the quantum level, we can get a
effective metric by considering in Eq. (3) the field decom-
position [18]

P(x,1) = \/n(x, 1)el?x1, (4)

where n(x,7) and 0(x,1) are the density and the phase
classical real fields, respectively. One should remember that
in general the wave function is a complex object, and
complex quantities can be written in terms of modulus and
phase (the polar form of a complex number).

Substituting Eq. (4) in Eq. (3), after some algebraic
manipulations, it is possible to show that small perturba-
tions in the phase field of the condensate wave function
experience an apparently curved spacetime geometry.
This analog spacetime is characterized by the effective
metric [18]

gﬂb(x,t):<ﬂ>ﬁ | |6

cm
—0; : 5[

where d represents spatial dimensions,
h
V= E VHO (6)

is a background velocity, and c is the speed of the acoustic
perturbations in the condensate, given by

Ul”lo
C2 = —.
m

(7)

The parameters 6, and n, are background values of the
phase and density fields, respectively. We would like to
emphasize that the metric (5) is established in the so-called
acoustic approximation, also known as hydrodynamics
approximation or semiclassical approximation. In this
regime, the quantum pressure term is negligible, which

leads to an effective metric that describes an analog
Lorentzian geometry [18] (see also Ref. [25] for other
approximations). Note that in the regime of the acoustic
approximation the geometry plays a central role and typical
parameters, like the healing length, are absent.

B. Effective expanding spacetime with a disclination

To create an effective geometry that simulates an
expanding spacetime from the effective metric (5), we
follow distinct routes [27]. In particular, one of these is
done by varying the acoustic perturbation velocity in the
condensate, by considering a temporal dependence in the
sound velocity propagation. This method is commonly
used in the literature [18,20,28,29] and here we will
adopt it."

Similar to Refs. [18,20,28], here the time variation in the
sound velocity will be introduced by means of a time
dependence of the scattering length, a = a(r), and the
atoms density n, is maintained fixed in the condensate.
Hence, Eq. (7) becomes

B 4xh’n,

m

c(1)?

a(r). (8)

Now we want to establish that the time variation takes place
through a dimensionless scale function responsible for
modulating the interaction about some reference value.
In order for this to happen we can rewrite Eq. (8) as

ah*n
c(1)? = (4 2‘1 0a0>b(t) = Uyb(1). (9)

Thus, the relation between the sound velocity and the
scaling function b(7) is

b(r) = {ﬂ]z (10)

Co

Here, U() = U(l = l()), ag = a(t = [0), and Co = C(l = to)
correspond to constant values at the initial time ¢, and,
consequently, b(#,) = 1. It is important to emphasize that,
in this approach, a simulating expanding spacetime is
related to the capacity to control the velocity of the acoustic
perturbations.

Considering the preceding discussions, from the met-
ric (5) with v = 0,2 we get the four-dimensional line
element [18]

52y = Q3 [~c3b3(1)dr> + b3 (1)8;;dx'dx],  (11)

'For an example of a distinct method see Ref. [30].

As indicated in Ref. [31], although a time variation is
admitted in sound velocity the condensate stays at rest so the
background velocity is zero.
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with

o

As indicated in Ref. [20] we note that, due to the dimen-
sional constant Q(z), this line element has a different
dimension from that of a square length, but we can regain
the usual dimension redefining the line element. Since €3 is
a constant factor we redefine the line element (11) such that
ds?: Q5% = ds?;. Therefore

ds%y = —c3b(1)di* + b3 (1)8;dx'dx).  (13)

Furthermore, this line element allows us to make the
conformal time transformation

dt = b™3(t)dn. (14)

As itis our interest to consider a system with a disclination,
the suitable symmetry for the spatial part of the line element
(13) is the cylindrical one, that is,

8;jdxidx! = dp? + p*dp + dz*, (15)

where p >0, ¢ € [0,2x/p], and z € (-0, o). Here the
parameter p # 1 characterizes the presence of the discli-
nation in the medium or in the analog model context the
existence of the cosmic string.” Note that it modifies the
range of the angular variable ¢ in contrast to the usual
cylindrical coordinates where p = 1. From Egs. (13)—(15)
we get

dsy = b7(n)[—codi® + dp® + p*dp + dz?). (16)

This line element characterizes an effective FRW spacetime
in the presence of a disclination (cosmic string analog)
which is conformally related to the locally flat effective

disclination spacetime, with conformal factor b72(n).

III. KLEIN-GORDON EQUATION AND
NORMALIZED SOLUTIONS

The Klein-Gordon (KG) equation for the massless scalar
field w(x) in curved spacetime, nonminimally coupled to
gravity, is given by
1
——0,\/—99" 0w + ERy =0, 17
=00 (17)

where R is the Ricci scalar and & is the nonminimal
curvature coupling. Two specific values of & are £ =0

*Different from the cosmic string, the parameter p associated
with disclination can also assumes values smaller than unity.

and & = 1/6 that correspond to the minimal and conformal
couplings in (1 4 3)-dimensional spacetime [32], respec-
tively. Note also that, in the context of the condensate
discussed in the previous section, y/(x) will represent the
quantum fluctuating part of the phase 6(x) introduced in
Eq. (4) [18]. Therefore, y is a real massless scalar field that
describes the phonons excitations in the condensate. It is
important to stress that Eq. (17) is not the standard form that
describes the perturbations in the field phase 6(x) = w(x)
of the BEC. In fact, the equation which arises from the
Gross-Pitaevskii equation (3) by implementing the acoustic
approximation is given by Eq. (17) without the term £Ry
(nonminimal coupling to gravity). In any case, we are
assuming the existence of such a coupling. Nonetheless, it
is possible that this nonminimal coupling can be introduced
via the generalized Gross-Pitaevskii equation shown in
Ref. [25]. Another possibility is through some modification
in the external potential in (3).

In the case of conformal transformations the metric
tensor and scalar field obey the following relations:

G (%) = Q*(x) g, (%) (18)

and

() (x), (19)

being ©(x) a positive, real, and nonvanishing function and

n is the dimension number of the spacetime [32]. For our

case, n = 4 and Q? = b3,

For a conformally coupled massless scalar field, the two-
point function in an expanding spacetime in the presence of
disclination can be obtained by the corresponding one in
Minkowski spacetime. In order to construct the two-point
function, Eqs. (18) and (19) allow us to solve the KG
equation in the disclination spacetime, described by the line
element in square brackets in Eq. (16), and then to obtain
the solution in the expanding spacetime with a disclination,
by making use of a conformal transformation.

The positive frequency solution of the KG equation in
the presence of a disclination spacetime is given by

W(Lp, ¢,Z) — Ae_i(Ut+ipk¢(/)+ik~’ZJ‘k¢‘(lp), (20)

where A is a normalization constant and J,(z) is the Bessel
function [33]. The energy is given by the expression

w =/ + k2. (21)

Here we want to consider that the massless scalar field
obeys the quasiperiodic condition in the angular variable,

w(t,p,¢.2) = ey (t,p, +27/p,2), (22)
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where 0 < < 1 stands for the quasiperiodicity of the
solution. Let us now point out that the condition above, as
discussed in Ref. [34], indicates in our case that the acoustic
field is a multivalued function as a consequence of the
parameter  being a noninteger number. As also argued in
Ref. [34], there exists an equivalence of continuous multi-
valued functions with discontinues single-valued ones. This
makes it possible to establish a connection with the famous
Aharonov-Bohm effect. Since the parameter /3 is the cause
of the discontinuity it may be interpreted as an interaction
[35] of an external source with a single-valued acoustic
field. In the case of the original Aharonov-Bohm effect the
interaction is between a line of magnetic flux with an
electrically charged particle [36,37]. In our case, on the
other hand, the analog Aharonov-Bohm effect may re-
present scattering of phonons as a consequence of the
interaction of a vortex line with the acoustic field [38,39].

Now by imposing the condition (22) on the solution (20),
we get

w(t’p7 ¢’ Z) _ Ae—ia)t+ip(m+/3)u+ikzz]p‘er/j‘(lp)’ (23)

where m is an integer number and k; = g(m + f8). The
solution above is characterized by the complete set of
quantum numbers ¢ = (I, m, k).

The normalization constant A can be obtained by making
using of the normalization condition

dx/=g{w,(x) [0y} (x)]
- [atl//a (X)]l//:;/ ()C)} = 50’0” (24)

where the delta symbol on the right-hand side of the above
equation is understood as the Dirac delta function for the
continuous quantum number (k. /) and the Kronecker
delta for discrete ones (m). From (24), one has

() = <1;lflco) —zwt+ip(m+/3)+ikzJp‘mﬂi‘(lp). (25)
o

We would like to emphasize that Eq. (25) is a normalized
solution for the KG equation in the disclination spacetime,
satisfying the quasiperiodic condition (22). This quasiperi-
odic condition allows us to obtain a generalized solution in
terms of the general phase 27/, which takes into account
other values of f instead of those of the periodic (f = 0)
and antiperiodic (f = 1/2) conditions.

Before ending this section we should point out that, in
order to perform the analysis of the induced quantum
Brownian motion by the system under consideration, the
massless real scalar field must be promoted to a field
operator yr that can be expressed by

= lagwo(x) + afys ()], (26)

o

W (x)

where y,(x) and its complex conjugate y;(x) correspond
to the complete set of normalized solutions of the KG
equation and are given by (25) in our case. The coefficients
a and a' are, respectively, the creation and annihilation
bosonic operators that obey the commutation relation
las,a!,] = 8, The sum symbol over the set of quantum
numbers o in Eq. (26) is defined as

Z Z/ dk/ dl. (27)

m=—00

Therefore, we are able now to introduce and calculate the
two-point Wightman function in the next section.

IV. WIGHTMAN FUNCTION

At the quantum level, one of the most important
quantities in the study of quantum vacuum fluctuation
effects is the positive frequency two-point Wightman
function WV, which is defined as [40]

W(x, x") = (i () (x 1//0 Jwo(x).,  (28)

where (...) = (0]...|0) stands for the vacuum expectation
value. The mean value of the fields product above is taken by
making use of Eq. (26) and the commutation relation for the
creation and annihilation operators. As usual the vacuum
state |0) is defined by the condition a|0) = 0. This, ulti-
mately, results in the sum over the quantum numbers o of the
product of the field y,(x) by its complex conjugate y* (x').

Substituting the normalized solution (25) in the defi-
nition of the Wightman function (28), along with (27), after
performing the integrals in k, and /, provides the expression

_ hpey
 8x%pp/

eipﬂAl/) Am dge_ﬁfl'(p, ﬁ, 5)’ (29)

where we have defined § = A7?> + Az? + p? + p’?, with
At = icyAt indicating that a Wick rotation has been
performed and At =1¢—1+¢, Az =z — 7. In addition, the
function Z(p, B, &) is defined as

Z(p.p.&) = Z e g (8, (30)

m=—00

where A¢g = ¢ — ¢'. Let us point out that we have been
able to perform the integral in &, and / by making use of the
identity

—wAr

R

In particular, the integral in / has been worked out by using
the relation

222_A_12
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© 1 @ (af
R dz =— 21
A e r( ) (ﬂZ)Z <= 2s2 w r<2s2>’

where I,(z) is the modified Bessel functions of the first kind [33].
The sum in Eq. (30) can be performed by using the following integral representation [41,42]:

0

PR A ()

m=—00

Z(B.p.&) =

{cosh[py(1 — f)] — cosh(pfy)e~'r(2+in}

- £cos ( 2""’ —A¢) l/}(2mzr pAQ) 1 /mp/i’)/ 31
e e
Z 27 Z J 0 e oh0) Leosh(py) — cos[p(A¢ + jr)]} 31
where the m index summation on the right-hand side goes under the restriction
by A Py AP
(27/p) 2 (2z/p)
Moreover, from Egs. (29) and (31) we obtain
hco . hcop / o ]
X, / 2ﬂ:mﬂl_ d _f ) 7A ) ) 32
Z soi Jy Vo (B.p.Ag.Y) (32)
where
, 2mn ,
6, =06—2pp'cos | — —A¢ |, 6, = 6+ 2pp cosh(y), (33)
p
and
1 _ _ —ip(Agp+jn)
- itinpp) 1€0sh[py (1 — )] — cosh(pfy)e™'? 2"}
FB.p.Ap.y) = ) jelt=rh - (34)
,; {cosh(py) — cos[p(Ag + jm)]}
|
Having obtained the positive frequency Wightman func- Du di LT el (36)
tion, we are in a position to calculate the MSVD of the dr dr aptt
particle for each component.
is the covariant derivative of the four vector u# and
V. EQUATION OF MOTION 1
7 -
In order to obtain the equation of motion for a point Fap 29 (%yap + Gypa = Gap) (37)

particle in the FRW spacetime in the presence of a
disclination, let us consider the expression, in curved
spacetime,

Du*

m—= qglwvul// +fléxt’

e (35)

where u/ is a four vector velocity, m is the mass of the point
particle, and ¢ is its charge. This is the equation of motion
to a point particle coupled to a massless scalar field y
[20,43]. Here backreaction effects have been neglected so
we could solve a homogenous KG equation. Furthermore,

is the Christoffel symbol.

Let us now consider the equation of motion (35) in the
nonrelativistic regime, which is perfectly reasonable for
the study of the QBM. In this case, the proper time 7 and the
time coordinate ¢ are practically the same and only the
spatial components of Eq. (35) are significant. Hence,
Eq. (35) becomes

Du' . .
m— = f 4 fl. (38)

where ' = g0,y is the force arising due to the existence
of the field y. The term f., accounts for other possible
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external force contributions to the dynamics of the charged
scalar particle of mass m. These contributions are in
general of classical origin, e.g., the gravitational and
electromagnetic forces. Note that, in essence, Eq. (38) is
very similar to the Langevin equation for the classical
Brownian motion of a suspended particle in a fluid.
Classically, fi,, is associated with nonfluctuating forces,
while f7 is associated with a stochastic force. However,
here, in the context of quantum field theory, the force f!
carries the information of the quantum vacuum fluctuations
of the scalar field y.

Taking into consideration the line element (16), the only
nonzero components of the Christoffel symbols are

) ) 1b
ng:FZo:ngs:Fgozrézzréz:_ZZ» (39)
r, =- -t =1 (40)
bp = 7P o=l T

where b stands for the time derivative of the function b(r).

Since fi,, accounts for classical force contributions, in
order to focus only on quantum effects on the particle
motion, it is suitable to consider

fie = m(T utut 20 wru? ). (41)

Note that if we make the identification #” = v and u? =

@ = v/p we realize that f2,, and fg’xt are both similar to

centripetal forces, which are classical. Based on this, it is
plausible to consider the form of fi, presented in Eq. (41),
so that we can be able to focus only on quantum fluctuation
effects, arising from f'.

Carrying on with our analysis, from Egs. (38), (39), and
(41), we obtain

() = 220 [lantogiow. @

m
where we have considered a zero value for the initial
velocity, that is, u'(ty) = 0. Thus, Eq. (42) provides the
coordinate velocity expression to a point particle in an
expanding spacetime with a disclination. Note that the

information about the spacetime under consideration is
codified in the metric tensor present in (42).

VI. VELOCITY DISPERSION

A. General expression

We are now interested in calculating the velocity
dispersion, that is, the MSVD of the particle. The latter,
in turn, is obtained by using the definition

((Au')?) = ((u'(x))?) = (' (x))*. (43)

It is clear that, by making the scalar field become an
operator, the velocity of the point particle in Eq. (42)
also becomes an operator, resulting in (u'(z)) = 0 since
(@(x)) = 0. This is straightforward to obtain by using
Eq. (26) and the act of the creation and annihilation
operators on the vacuum state. The velocity dispersion
of the particle in Eq. (43) is thus given only by the first term
on the rhs.

Normally, the process of calculating Eq. (43) involves
the subtraction of a divergent contribution that in general,
but not always, is associated with the Minkowski spacetime
contribution. In this case, we formally have

((A1')) e = lim [(u (x)u' (x')) = (' ()’ () gis ] (44)

X' —>x

which is the renormalized mean squared deviation of the
particle velocity and the second term on the rhs is the
divergent contribution that comes about in the coincidence
limit x’ = x. However, as we shall see, in our case, there
will be no divergent contribution as a consequence of the
choice for the function b(¢) in (48). Our result, in fact, will
be given by three contributions, where one of them is a
finite constant contribution that is independent of the
parameters p and f. The two other contributions will, of
course, depend on these parameters. Let us see below how
this follows.

As the calculation of Eq. (43) requires only the knowl-
edge of the first term on the rhs, from Eq. (42), the MSVD
of the particle can be calculated through

2 t t
o) = L2 [ any [ anptiypion

m

X gijglz(j 9;0;,W(x, X' ) prw> (45)

where x = (t1,p,¢,z) and x' = (1,,p', ¢, 7'). The math-
ematical object W(x,x)grw corresponds to the positive
frequencies Wightman function, in FRW spacetime with a
disclination. Moreover, we can make use of the conformal
symmetry (18) exhibited by the line element (16), with
Q2 = b3(r) being the conformal factor. Thus, since we
know the Wightman function (32) in the disclination
spacetime, we can write the Wightman function in an
expanding spacetime with a disclination through the
conformal relation [43]

W(x, X ) ppw = b%(tl)b%(tz)W(x, x)g- (46)

Thereby, by applying the conformal time transformation
(14) in Eq. (45) and using (46), we get

q*b(n)

m2

(i () () = / " dns / " dm b))

X gajg’;j 0;0;,W(x,x') 4. (47)
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which provides the velocity dispersion or, in other words,
the MSVD of the particle in an expanding spacetime in the
presence of a disclination. Note that the Wightman function
W(x,x")4 and the metric tensor components g,; are given
by Egs. (32) and (16), respectively.

In order to calculate Eq. (47) it is necessary to pick a
direction i and an appropriate b(1) function to simulate the
expansion, i.e., to model the dynamics of the acoustic
perturbation as the condensate expands. Here we will
consider the asymptotically flat scaling factor

T

b%(n) = bio + bi1 tanh <’7> (48)

where 7 is a constant time responsible for controlling the

1 1
rate of expansion. Note that we must have bj; > bj in order
to ensure that the line element (16) is nonsingular for all

real values of 7. The dimensionless constants b% and b“l1 can
be defined in terms of the asymptotic values of the scaling
function which determine their asymptotic bounds, e.g., the
beginning and the end of the expansion, where the scaling
function is a constant. We should emphasize that this is a
scaling factor frequently used in the literature since in many
cases it allows us to give an analytic treatment to Eq. (47)
[6,18,20,28].

B. MSVD in the p direction

We now wish first to calculate the p component of the
MSVD of the particle by using Eq. (47). Thus, we have
|

217 oo
(@) =L anb i)

[Se]

x / dnb(1)0,9,W(x.x)a. (49)

where we have used the relation between the coordinate

velocity u” and the physical velocity o7, thatis, v” = b %up.

The integrals above are not analytically solved for finite

values of the conformal time # in the limits of integration.

However, as an approximation, we can analyze how the

system behaves at a much later time so that we are able to

extend the limits of integration from (79, #) to (—o0, o). In
1 1 1

this limit Eq. (48) becomes b} = b}, + b}, suggesting that
the scalar point particle motion stopped suffering the effects
of the curved spacetime.

Hence, by substituting Egs. (32) and (48) in (49) and
performing both the derivative and integration operations,
in the coincidence limit X’ — x we ()btain,4

&l

((AD7)2) =2¢(3) +2) _ cos(2amp)s,, (x)
m=1

P

Zﬂi 0

S Ay F (B, p.y)s,(x). (50)

where F(f, p,y) is given by (34) taken as A¢ = 0. The
result is

F(B.p.y) =2i{

and the functions s,,(y) and s,(y) are given in a compact
form by

su(0) = 47283 x) — 22580 () + Sa(u ). (52)

with z, = (z,,, z,) = (sin(mz/p), cosh(y/2)) and we have
defined the dimensionless parameter y = %ﬁr, related to the

radial distance p to the disclination. The function S, (u, ),
on the other hand, is given by

[se]

S, (ux) = ;m (53)

Note that we have also defined the dimensionless MSVD of
the particle as

“To solve the integrals we have used the residue theorem and
followed a similar procedure to that in Appendix B of Ref. [6].

cosh[py(1 — p)| sin(zpp) + cosh(ppy) sin[px(1 — ﬂ)]}
cosh(py) — cos(pn) '

(51)

2p? sinh*(g)] "
<<Aw>2>=<<Avﬂ>2>{2fZ b hfg)} L (54)

m-m cyt bi]

where

1 241
g= —1In <%) s with az =

S| >1. (55)

TS

Finally, the notation [p/2] on the sum stands for the integer
part of p/2. However, if p is an integer number we should
replace the sum in (50) according to

[

ST

-1

=

—

(56)

[NSR

m=1 1

3
I

As anticipated before, the p component for the velocity
dispersion in Eq. (50) is composed of three terms, one of
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them being a constant (the first term on the rhs) that does
not depend on the parameters p and /3, and arises due to the
choice of the function b(z) in Eq. (48). The other two
contributions carry information about the spacetime geom-
etry and the quasiperiodicity by means of the parameters p
and p, respectively. Note that in Eq. (50) the sum in m in the
second term on the rhs is absent if p < 2. In the particular
case that # = 0 (periodicity) the two last terms on the rhs of
Eq. (50) provide a pure disclination contribution. In
contrast, if p = 1, there will be a pure quasiperiodicity
contribution given by the last term. Finally, in the case
p = 1/2, the last term will vanish if p is an even number.
This analysis will be equally valid for the other two
components of the MSVD of the particle in the next
subsections.

In Fig. 1 we plot, on the left side, the p component of the
dimensionless MSVD of the particle as a function of y, for
several different values of f and p. In this case, for some
combination of # and p we have plot regions where the
magnitude of the velocity dispersion undergoes a decrease
or increase, indicating nontrivial behavior. We note that,
asymptotically, Eq. (50) goes to a constant value, which
corresponds to the configuration f =0 and p = 1, asso-
ciated with a periodic solution and no disclination. In fact,
too far away from the defect, the influence of the discli-
nation on the QBM of the particle is negligible. On the
other hand, Fig. 1 also shows, on the right side, the plot of
the p component of the dimensionless MSVD of the
particle as function of the quasiperiodic parameter /3, taken
as y = 1. The plot reveals an oscillatory shape, which
obviously is a consequence of the sinusoidal functions
present in Eq. (50). In other words, this plot shows the
highest or lowest values that Eq. (50) can achieve for each
value of p and fixed distance y.

Another important feature associated with the p compo-
nent of the MSVD of the particle is its behavior near the
disclination, p = 0. In order to develop this analysis we

4.0 1
— B=03,p=35

3.5

_______________

- : r r :
0.0 05 1.0 L5 2.0 25
X

have to investigate the behavior of the function Fis,(y),
present in the integral definition of ((A#*)?), Eq. (50). In
fact, investigating the integrand in the limit y — 0, the
finiteness of the integral is dominated by large values of y,
ie., for y> 1. In this limit we can make use of the
approximation cosh(y) ~ e”/2 and, as a consequence, we
are able to show that the integrals converge as long as p and
p satisfy the restrictions pf > 1 and p(1 —f) > 1. Note
that for # € [0, 1/2) the first inequality includes the second,
but if € (1/2,1) the opposite occurs, and only when
p = 1/2 both inequalities are equivalents. The plots on the
left side of Fig. 1 are in agreement with this analysis.

C. MSVD in the ¢ direction

Now we turn to the calculation of the ¢y component of the
MSVD of the particle. Thereby, in terms of the physical

velocity v# = b, %pu"b, from (47), we have

1
212
b q by [* _1
((Av?)?) = = T,/ dimb™(n,)
m?pp’ )

“ / A b4 )apd Wix )a (57)

o]

where we have again extended the limits of integration
from —oo to co. In order to solve the expression above we
follow a similar procedure to that one used for the p
component, along with the method adopted in Appendix A
of Ref. [43]. Thus, in the coincidence limit, we obtain

3

(AD?)?) = 20(3) +2 Z cos(2zmp)h,, (x)

_ ZLn'i A ® dyF (B, p.y)hy(x). (58)

— p=1

——— p=3

L —= p=35 :
1o\ eveee ) — iy

3.0 \: p=4 )

3.2

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

FIG. 1. The behavior of the dimensionless MSVD of the particle ((A7”)?), as a function of the dimensionless distance parameter y for
different combinations of the parameters $ and p (left side) and as a function of the quasiperiodic parameter f (right side). For the latter

we have taken y = 1.
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—— B=04,p=35
--= B=05p=3
—— f=03p=2
—— B=05p=1

0.0 0.5 1.0 15 2.0 25 3.0 35 4.0

3.25 1
3.00 1
2.75 1
> 250
—
=
2.25 1
<
=
~
2.00 A
1.75 A
/|t — p=1 1
:F[ e p=3 ;‘
1.50 —— p=35 3
H - p=4 E
0.0 0.2 0.4 0.6 0.8 1.0

FIG.2. The behavior of the dimensionless MSVD of the particle {(A%#)?) as a function of the dimensionless distance parameter y (left
side) and also as a function of the quasiperiodic parameter f (right side). For the latter we have taken y = 1.

where the function F is given by Eq. (51), and the functions
h,,(x) and h,(y) are given in a compact form by

h,(x) = (1 =222)S>(u.x) = *[1 = (1 = 222)41S5 (. ).
(59)

with  z, = (2. 2y) = (sin(mz/p),cosh(y/2)) and the
function S, (u,y) has been defined in Eq. (53). Note that
the MSVD of the particle in Eq. (58) is in a dimensionless
form and the constant responsible for that is the same as the
one present in Eq. (54). In other words, in Eq. (54) we must
only replace v” with v% to obtain ((A#?)?). The analysis
about the finiteness of the ¢» component of the MSVD of
the particle at the disclination position provides the same
results as the p component. As a consequence, the ¢
component of the MSVD in (58) exhibits similar behaviors
near p = 0, as the one for the p component, as we can see in
the plots presented in Fig. 2. This includes the discussion

2.6

2.4

224

((av)?)

0 1 2 3 4 5

X

FIG. 3.

about the convergence or divergence, at y = 0, of the
velocity dispersion depending on the combination values
for p and pS, which obey the restrictions pf > 1 and
p(1 —p) > 1 also applied here. So the analysis of these
plots is essentially the same as that made below Eq. (55)
until the end of the subsection.

D. MSVD in the z direction
In terms of the physical velocity dispersion along the

-1

z direction, »* = b;*u*, which is the parallel direction to
the disclination, we can obtain the MSVD of the particle
from Eq. (47), resulting in

Zb% 0 .
(@) =L20 [” anbin)

(o]

x / dn b= m)9.0. W (x.x')g. (60)

404+ — pr=1 :
mep=3
3541\ r=
\-_ H
< 3.0
—
12
<
=
~ 251
2.0
1.5
0.0 0.2 0.4 0.6 0.8 1.0

Plot of the dimensionless velocity dispersion ((A%%)?) as a function of the dimensionless distance parameter y (left side) and

quasiperiodicity parameter f (right side). In the graph on the right side y = 1.
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where we have extended the limits of integration to be from
—o0 to +o00. To solve the integrals we follow the same steps
as the ones in the calculation of the p component. Thereby,
in the coincidence limit X’ — x, we obtain

51

((AT9)2) = 2¢(3) + 2§_jcos<2ﬂmﬂ>sz<m,x>

=1

o [T oFp S0, 6D

which is a dimensionless MSVD defined exactly in the
same way as that in Eq. (54), of course, replacing p by z for
the component.

On the left side of Fig. 3 we have plotted the MSVD
((A%%)?) as a function of y for different values of p and f,
while on the right side we have plotted it in terms of the
quasiperiodic parameter S, taken as y = 1. Different from
the other two components, the z component of the MSVD
of the particle in Eq. (61) is always finite at y = 0, for any
values of p and f since the integrand depends only on the
convergence of the function F, which always happens.
Besides that, for comparison effects, all three components
assume a constant value far way from the disclination, that
is, y > 1. This value, as we can easily verify in the
expressions for all three components is given by 2¢(3).

VII. CONCLUSIONS

In this work we have studied the QBM of a point particle
as a consequence of modifications on the quantum vacuum
fluctuations of a massless real scalar field characterizing
sound wave quantum excitations of a BEC. In this context,
effectively, the condensate is described by the propagation
of phonons in an analog FRW spacetime. In addition, we
have also taken into consideration the presence of a
disclination and a quasiperiodic condition on the angular
variable that must be satisfied by the massless scalar field
representing the phonons. Thus, in order to investigate the
effects of this system on the motion of the point particle we
have calculated its velocity dispersion.

The MSVDs of the scalar point particle that we have
obtained are for a late time regime since we have extended
the limits of integration of Egs. (49), (57), and (60) from
—oo to oo, resulting in a time independence of the
corresponding expressions. The MSVDs present nontrivial

behavior in all directions, but showed a global aspect,
namely, a constant contribution given by 2¢(3) for dis-
tances far way from the disclination, i.e., y > 1. We have
also verified that the expressions (50) and (58) for the
velocity dispersion in the p and ¢ directions may present
either a divergent or convergent behavior at y = 0, depend-
ing on the combination values of p and f. In fact, a careful
analysis has shown that in order for (50) and (58) be
convergent, the parameters p and f must obey the restric-
tions pf > 1 and p(1 —f) > 1, otherwise they are diver-
gent. This aspect is shown in Figs. 1 and 2. In contrast, the
expression (61) for the z component is always convergent
and finite at y = 0, for all values of p and f, as shown in
Fig. 3. This occurs as a consequence of the integration in y
of the function F always being convergent at y =0,
regardless of the values of p and f.

The constant behavior present for y > 1, for all three
components of the MSVD of the particle, is actually the
case in which there is no quasiperiodicity (# = 0) nor
disclination (p = 1), providing an isotropic and homo-
geneous velocity dispersion. This constant result, 2¢(3),
cannot be interpreted as corresponding to the Minkowski
contribution, which is always divergent in the coincidence
limit ' — x. Note that this would be the case if b(¢) = 1,
corresponding to a nonexpanding condensate. In this sense,
the element that produces the constant result is the choice
for the scaling function b(f) in Eq. (48). Hence, the
function b(t) plays a similar role as the switching functions
considered in Ref. [3]. Therefore, the only divergencies
arising here are related to the presence of the disclination,
at y = 0.

Finally, it is important to point out that, in the current
study, both thermal and backreaction effects were
neglected. A more realistic treatment should be considered
taking into consideration these effects. This will be pre-
sented elsewhere.
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