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We study the supersymmetric quantum dynamics of the cosmological models obtained by reducing
D = 5 supergravity to one timelike dimension. This consistent truncation has fourteen bosonic degrees of
freedom, while the quantization of the homogeneous gravitino field leads to a 2'°—dimensional fermionic
Hilbert space. We construct a consistent quantization of the model in which the wave function of the
Universe is a 2'°~component spinor depending on fourteen continuous coordinates, which satisfies eight
Dirac-like wave equations (supersymmetry constraints) and one Klein-Gordon-like equation (Hamiltonian
constraint). The fermionic part of the quantum Hamiltonian is built from operators that generate a
2!6-dimensional representation of the (infinite-dimensional) maximally compact subalgebra K (G5 ") of the
rank-4 hyperbolic Kac-Moody algebra G; . The (quartic-in-fermions) squared-mass term 22 entering the
Klein-Gordon-like equation has several remarkable properties: (i) it commutes with the generators of
K(G3™); and (ii) it is a quadratic polynomial in the fermion number N ~ P, and a symplectic fermion
bilinear Cr ~ WYCY. Some aspects of the structure of the solutions of our model are discussed, and notably
the Kac-Moody meaning of the operators describing the reflection of the wave function on the fermion-

dependent potential walls (“quantum fermionic Kac-Moody billiard”).
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I. INTRODUCTION

The discovery of a hidden E; symmetry of N = 8§
supergravity in D = 4 [1] has initiated the search of hidden
symmetries in supergravity, and superstring theories. The
hidden symmetry algebra was more generally conjectured
to be E;;_p for maximal supergravity reduced to D
dimensions [2], which implied reaching the affine Kac-
Moody algebra Ey in D = 2 [3], and, possibly, the hyper-
bolic Kac-Moody algebra E;, when reducing to one
timelike direction [4]. (See Ref. [5] for the definition
and basic structure of infinite-dimensional Kac-Moody
algebras.) The possible existence of a hidden, mother
E|, structure has been suggested in [6].

A new angle on the possible relevance of E/, came from
studies of the chaotic behavior, a /a Belinskii-Khalatnikov-
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Lifshitz (BKL) [7-9], of generic solutions of maximal
supergravity near a (spacelike) cosmological singularity
[10-12]. These studies highlighted the role of the gravitino
in the implementation of hidden hyperbolic Kac-Moody
structures [13—15]. The gravitino enters the game as a
representation of the algebra K(E)y), defined as the
(formal) maximally-compact subalgebra of E;,, namely
the subalgebra fixed under the Chevalley involution; we use
the maximally split real forms of the considered hyperbolic
Kac-Moody algebras, and the corresponding real Chevalley
involution. The existence of finite-dimensional spinorial
representations of (infinite-dimensional) involutory subal-
gebras of hyperbolic Kac-Moody algebras discovered
through such supergravity-based works [13—-16] was
extended in several directions [17-19], and notably from
a mathematical point of view [20-23].

Most studies, however, only considered the gravitino
dynamics at lowest order, where the gravitino can be treated
as a classical, Grassmanian field, undergoing a fermionic
analog [16] of the bosonic billiard dynamics. The compat-
ibility of Kac-Moody structures with the fully nonlinear
gravitino dynamics (involving up to quartic-in-fermions
terms in the Hamiltonian) has only been explored so far
within the simpler setting of the reduction of N = 1, D =4

Published by the American Physical Society
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supergravity to homogeneous cosmological models of the
Bianchi IX type [18,24,25]. In this setting, the relevant
hyperbolic Kac-Moody structures are not Eq and K(E),
but a rank-3 hyperbolic subalgebra of E, called AE;, and
its maximally compact subalgebra K(AEj3). In these studies
the gravitino is treated as a fully nonlinear quantum field
(depending only on time). The results of Refs. [18,24,25]
have deepened the significance of hidden Kac-Moody
structures by showing, in particular, that: (i) the quartic-
in-fermion contribution to the quantum Hamiltonian is
invariant under the three generators J > J > J «, of K(AE3)
(which are associated with the three simple roots a;, ay, a3
of AE3); and (ii) the quantum dynamics of the gravitino
near the singularity can be described as a sequence of free
motions interrupted by reflections on three Toda-like
potential walls corresponding to the three simple roots
of AE;. Each such reflection is described (in the short-
wavelength limit) by the corresponding quantum reflection
operator (with i = 1, 2, 3)

Ry = Fe. (1.1)

In addition, the latter reflection operators satisfy a gener-
alized version of the Coxeter relations satisfied by usual
hyperplane reflection operators.

The aim of the present work is to extend the work of
Refs. [18,24,25] to the case of pure supergravity in D = 5,
as a step towards understanding the nonlinear aspects
of fermions in D = 11 supergravity. We recall that pure
D =5 supergravity (with eight supercharges) exhibits
some similarity with D = 11 supergravity [26]. It is
therefore interesting to study the compatibility of Kac-
Moody structures with the fully nonlinear gravitino dynam-
ics within the simpler setting of D =35 supergravity.
Previous works have indicated that, in this case, the relevant
hyperbolic Kac-Moody algebra behind the bosonic dynam-
ics was the rank-4 hyperbolic extension of G,, which we
will denote as G5 * [27,28]. [Contrary to E| (but similarly
to AE3) the hyperbolic Kac-Moody G;* is nonsimply
laced.] We therefore expect that the gravitino will enter as a
representation of the subalgebra K(G; ") c G5, fixed
under the Chevalley involution. We will indeed find that the
D =5 supergravity fermion couplings define a consistent
finite-dimensional vector-spinor representation of K(GJ ™)
(of the type defined in Ref. [19]), and we shall prove that
analogs of the results found for the K(AE;) structure of
D = 4 supergravity cosmological models hold for the
simplest homogeneous cosmological models of D =5
supergravity (where all fields are taken to depend only
on time). In particular, the quartic-in-fermion contribution
to the quantum Hamiltonian will be shown to be invariant
under the four generators J,, Jo,, Ju,, Jo,, of K(G5),
associated with the four simple roots a;, a,, a3, oy of G2++.

ap

II. CLASSICAL LAGRANGIAN FORMULATION

We take as starting point the second-order action of
the pure supergravity theory in D =5, as given in (the
corrected version of) Ref. [29]. In this formulation the
gravitino is described by a (complex) Dirac vector-spinor
v, (This is equivalent to the alternative formulation using a
doublet of symplectic Majorana vector-spinors [30].) We
follow the normalization and notation of Ref. [29], notably
for the Levi-Civita connection ﬁ)ﬂ& 3= —EZ)M/; s Here, pis a
five-dimensional coordinate index, while hatted indices are
frame indices with respect to a local Lorentz frame ¢/, with

associated coframe 6% (egﬂﬁ = 5@). The Levi-Civita con-
nection (with one coordinate index, y, and two frame
indices) is defined as

[e] o ¥ o

— 14
CI)M&/} = r]&?a)ﬂ /} = —a)ﬂ/;&, (21)

with

0, = +0%(9¢4 + T, (2.2)

where I',, denote the usual Christoffel symbols of g,,.
The covariant derivatives of the frame components of a

vector, and of a vector-spinor, are respectively given by

(when using frame indices)

V,VE=9,Vi+a, VP, (2.3)

Dylwly; = o + @z ws + %wzlmmalﬂﬁ- (2.4)
As we use here a mostly positive signature, we had to adapt
the results of Ref. [29] (which used a mostly negative
signature). For instance, we replaced their gamma matrices
as follows: Ty = —iy#, TGN > +iy;. Our gamma
matrices satisfy y,y; + 757, = 215 with 1, = diag(—1,
+1,+1,+1,+1).

Our sign convention for the covariant components of the
antisymmetric Levi-Civita tensor i #u4,5c = \/|9|€qpyse
with €51034 = +1. The antisymmetrized product of
five gamma matrices is proportional to the identity matrix
and we use (following [29]) a representation where

y;w[m‘r = _irlﬂv/)m:’ i'e" V01234 = —i |g , Or y@iiﬁﬁ = _i’
so that y¥123% = 1. We define the Dirac conjugate as
Y=g, (2.5)

with the f matrix defined such that fy,f~"' = —y;. We take
a representation of the (positive-signature) gamma matrices

where 7Y is anti-Hermitian, while the y"’s are Hermitian,
and choose
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P=+iyy = —iyY. (2.6)
Note that f is Hermitian and unipotent,
pr=p P=L (2.7)

1 1

The action reads S = f d°xL, with Lagrangian
density L =eL (with e=detef=1/[g)), and a

: 1 (R S
L= ZR(CU) - ZF/wFIw + mnﬂmﬂ(;AyFuleo +3 (Wﬂyﬂb/ Dy(w)wP - Du(w)l//ﬂy” /l//p)

V3 _ _ _ ) L _
= i ™+ W = WV E P Wy = Sy iy

1 . 1
- Zl/fw”l/fp}w[”nwp] + P,

4

A consistent truncation of this theory consists in consid-
ering a (Bianchi-I) five-dimensional “minisuperspace”
cosmological model where all the fields (g, A,, v,)
depend only on time, without any spatial dependence. More
precisely, we consider a model where the four-dimensional
space is toroidally compactified (with 0 < x' < 1,i =1, 2,
3, 4), so that supergravity reduces to a kind of super-
symmetric quantum mechanical model for the zero modes
9 (1), A, (1), and y,(t). The metric is written as

ds? = —=N(1)*di* + h;;(t)(dx' + N'(1)dr)(dx! + N (r)dr).
(2.9)

The time component A, of the A, field drops out of the
dynamics (the associated Gauss constraint being identically
zero). Similarly, the shift vector N(¢) drops out of the
dynamics (its associated momentum constraint vanishing
identically). We henceforth set both A, and N’ to zero. The
only constraints that will remain in our cosmological
dynamics are (i) the Hamiltonian constraint associated
with the lapse function N(7), and (ii) the supersymmetry
constraint associated with y (7).

As in our previous work dealing with a supersymmetric
Bianchi IX model in D =4 [25], we shall avoid
the presence of constraints linked to local Lorentz
rotations by using a local frame that is algebraically defined
in terms of the metric components g,,. We use (i, j, k = 1,
2,3, 4)

6 = Ndt, 6% = 0%dx,
1
ey = Na,, e, = e.o;, (2.10)

where 0%e, = & Previous work on the approach to
cosmological singularities [12] has emphasized the useful-
ness of parametrizing the gravitational degrees of freedom
by means of an Iwasawa decomposition of the spatial
coframe 6¢. This means encoding the ten independent

second-order Lagrangian L given (in units where
47Gs = 1) by

2

3 77 Y7, 77 12
+ < W, — W, )W'y*. (2.8)

8

l
components of the spatial metric /;; by means of four
diagonal logarithmic scale factors exp(—f%) and six off-
diagonal variable n¢; (with & < i), defined so that

0F = e (N,

eb = e (NN, (2.11)

where A is an upper-triangular, unipotent matrix; namely,

7112 I’l13 I’l14

1 I’l23 n24
3
0 1 ny

0 0 1

N = (W) = (8 + n) =

S O O =

Note that the inverse matrix (N ~!)?, is also an unipotent
upper-triangular matrix.
As a consequence the spatial metric h;; reads

hl] = Ze_zﬂ&-/\[&l'/\/aj’ i.e.,
a

(hij) = NTAN;  with A=diag{e?}. (2.12)
It is convenient to use as basic variables in the Lagrangian

formulation the quantities

p% n% (witha<i); Bz W, N, (2.13)
where we defined (to replace A;, y;, and N)
By=ANTY4% W, = ey, N=Ne',

(2.14)

with o5 = >"1_ | p2.
The Lagrangian density £ = eL then decomposes into

£:£R+‘CF2 +£RS+£F\I—’2 +£q/4, (215)
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where L = ﬁR(ci)) corresponds to the first (Einstein-
Hilbert) term in Eq. (2.8), L2 = —$F,, F* to the second
(Maxwell) term, Ly to the Rarita-Schwinger term on the
first line, £y to the iy F coupling on the second line, and
where Ly: corresponds to all the remaining terms, which
are quartic in y—the Chern-Simons term A A F A F on
the first line vanishes, as well as its variation. In our units
(where 42G5 = 1 and f d*x = 1), we can consider £ as the
total Lagrangian of a supersymmetric quantum mechanical
model, with corresponding action S = [ drL.

The explicit expressions of the various terms in L,
Eq. (2.15), are as follows. The Einstein term reads
(henceforth, we cease to systematically put hats on the
frame indices a = a)

1 .o 1 .
Lp=—<(Gup'B +5> WP (W,;02 ). (2.16)
4N 24

where the quadratic form G,;, defining the kinetic terms of
the logarithmic scale factors §“ is defined as

Gu'l =3 (37 - (35,

a

(2.17)

and where we defined (for a < l3)

Wap= W= > al (N, (2.18)

a<i<b

The Maxwell kinetic term reads

1
_ 26 12
Lp2 = N Ea e E3,
where E, denotes the electric-field variable

Ea = Z(N_I)ZFH'

i

(2.19)

a i-1

Byt Y > B (W)

i=2 1

(2.20)

The Rarita-Schwinger term reads

Lrs = %Gu,,(qﬁaob” — oMby + = 0P e, 5 (2.21)

N
2
Here we replaced the rescaled gravitino W by the useful
vector-spinor variable [16]

P = o, (no sum ona), (2.22)
while the second term involves the contraction between the
Fermion bilinear

oA 1 - .. - N o ) BN
Qua[f — 5( ﬂyyyaqjﬂ _ \Pﬁy,uy/)'\{m _ \.Ijﬂ},ayﬂ\{jﬁ + \Ijayﬂyyqjﬁ) + 5\I,lm/;u/,ﬂat/ \Pﬁ
+5 (GO P =P P) P =P ) P (0 — )W), (2.23)
|
and the Levi-Civita spin-connection, whose only non- The ywF coupling term, Lpye, reads
vanishing (frame) components are
VI o
N piyOar
Ly =—i~ Zﬁ:e X04E, (2.25)
: L (o) ()
@oab = THN Wap—e Wia), where
o 1 1 _(pa_pb _(pb_pa ~ A N N
Dhoq = (ﬂ“ ab =5 (€ VTIWyj e )Wza)> X0& = jypedda @, | Pope _papd  (26)
= w55 (2.24)

Here the quantities W,; (which are essentially the time
derivatives of n“;) were defined in Eq. (2.18) above. Note
that W, vanishes if b <a, so that the nonvanishing
contributions to @ are all multiplied by a factor of the
type et #"#") with b > a.

At this stage, we see that the Lagrangian is the sum of four
types of terms: (i) the kinetic terms for the bosonic variables
p% n%; B,; namely,

1 1 . a . 1 —pa
Liiny == | 7GuPB +*Ze+2<ﬂb (W)
N \4 8 a<b

Hyers),

(2.27)
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(ii) the kinetic terms for the fermionic variables ¥, ; namely, Zﬁ Qa (P, %) + Zeﬂ” W, Q% (P, W)
a<b
i L. . )
Liint = 5 Gap(@D" = @M0);  (2.28) +) "E,04(P, W), (2.29)
(iii) the couplings between the bosonic velocity variables
B, W, E, and corresponding fermion bilinears,
Q;(‘i‘,‘l‘), ok (P, %), Q%(‘i‘, ¥), of the form with, for instance
QL_I(@, ¥) Qa()a
i e e A
_ 5 (T.m},maqm _ 1I;na},a A\ + IPIO},OWI\IJI + \Ij]mymO\IJO)
m#a
=2 D (@17 — &m0 4 @l 0p0) (2.30)
e

and, finally, (iv) the terms quartic in the fermions that
entered the original Lagrangian, Eq. (2.8); namely,

E\IM = NL\IM, (231)
with
N7 plv (0] lg N7 v
Ly = lPWﬂtPa]\P[ A ETWMT,,]\PWM ]
Yo pw wl, wil L g oy
- Z MRy v +Z RYEYY4 c
+ % (P, -9V, Py, (2.32)

III. CLASSICAL HAMILTONIAN FORMULATION

We have seen in the previous section that the Lagrangian
had a structure of the type

,C = %Gab (@Tuqbb

+ Qu(W)g

. 1. .
- o™ob) + ﬁququl

+ NLys, (3.1)
where ¢* denote the bosonic variables, f%; n?;; B,, where
the Q,’s are bilinear in the fermions (and depend on the
bosonic variables, notably through various exponential

factors ¢, ¢/"), and where the term quartic in the
fermions, Ly, is given by Eq. (2.32). We recall that ®¢
denote the redefined version (2.22) of the gravitino vari-
ables W“.

Passing to the corresponding Hamiltonian formulation,
in terms of the bosonic momenta,

oL 1

==guq' + %(¥),

95 _ 3.2
gk N (3:2)

Pk =

[
leads to a first-order action of the form

S = / dt (pqu + % G (@T1DP — DT D) — NH“") ,

(3.3)
with
1
H"* = Egkl(Pk - Qu)(p—Q)) — Ly
1 1
= Eg“pkpz - P9+ Egk[Qk Q —Ly:. (34)

where g¥ denotes the inverse of the symmetric quadratic
form g;; defining the bosonic kinetic terms. As the Q,’s are
bilinear in the fermions, the term ¢ Q;Q; adds to the
original quartic-in-fermions term —Lys.

The structure of the Hamiltonian action (3.3) shows that
N is a Lagrange multiplier, associated with the Hamiltonian
constraint

H* = 0. (3.5)
In addition, the explicit computation of H™' shows (as
guaranteed by the local supersymmetry of the original,
unreduced supergravity action) that the time component ‘¥
of the gravitino (and its Dirac conjugate W) appear only
linearly in H™". They are therefore two fermionic Lagrange
multipliers, associated with two supersymmetry con-
straints, say
S=0, S=0, (3.6)
whose expressions will be given below.

The computation of H*' leads to an expression of the
form

125006-5
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H*'=HO + H® + HY + ¥/S + 8%}, (3.7)
where the superscripts indicate the polynomial order in the
spatial components, ¥, or ¥, of the gravitino, and where
we introduced the following shifted time component of the
gravitino,

(3.8)

= \PO - ]/GZ}/&‘P[I.

The terms in Eq. (3.7) read as follows:
The purely bosonic part of the Hamiltonian reads

1
ab =2(B>-p° z 28 ( pa)2
HY =G nan,,+2§ e ) (Pyp)? +2§ e~ (P)2,

a<b a

(3.9)

where 7z, is the conjugate momentum to B¢, P¢ is the
momentum conjugate to B,, and where P, (with a < b) is
the following combination of the conjugate momentum p’,
to n“; and of P¢,

PabE ZpiaNbi

a<b<i

— B,P". (3.10)

The part of the Hamiltonian that is quadratic in fermions
reads

1
H® = +2§ e B =PI T, (¥ __§ :e—/J“PaJa ¥,
b b( ) \/g ( )

a<b a

(3.11)

where J (W) and J,(¥) are fermion bilinears [defined in
Egs. (3.14) below].

The part of the Hamiltonian that is quartic in fermions is
given by the following sum

22 ab 62 Spgh

a<b
where the superscript cg means that one should replace

everywhere in Ly« Wy by its “coset gauge value”, W¥,

obtained by setting ‘Pz) to zero, i.e., in view of Eq. (3.8), by
|

(3.12)

455

(3.13)

=10 7P =75y @
a a

It was found in previous works that this coset gauge has the
property of revealing hidden Kac-Moody structures in the
fermionic dynamics.

The fermion bilinears J,;,(¥) (with a < b) and J,(¥)
entering both H? and H® have the factorized vector-
spinor structure found in Ref. [16] (and generalized in
Refs. [17,19]), namely

S (¥) = (G =24 a0 (7 o

a a 3
T,(¥) = (Gog — 22170V D ( g )cbd (3.14)

where aﬂ““ and aE.“) denote the (covariant) components of

the linear forms in the f’s that appear as exponents in
several pieces of the Hamiltonian, namely

Wﬂ)z alpe = pr - p,
(

pe=pe. (3.15)
For instance, aﬁ“) = 0¢. The (Kac-Moody) meaning of the
linear forms a(“?)(B), a'® () will be explained in the next
section. Note that in the definitions (3.14), a and b are
numerical labels (which are not summed over), while ¢ and
d are vectorial indices in f space that are summed over as
per the Einstein convention.
Finally, the supersymmetry constraint S has the form

S=380 486 (3.16)
where the linear in fermion part is
Zn D= e PPyt (DF — @)
a<b
V3
- lTZe P payaa, (3.17)
while the cubic in fermion part reads
2 L
D.q.7.5
(3.18)
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IV. INTERMEZZO ON THE HYPERBOLIC
KAC-MOODY ALGEBRA G5 * AND ITS
MAXIMALLY COMPACT SUBALGEBRA K(G;5 *)

The bosonic part of the Hamiltonian,

1
0) _ (ab —2(pb—p° 2., = —2p ( pa\2
HO =G rmy+2) eI (Py) 45D e (P),

a<b a

(4.1)

can be viewed (when remembering the constraint H(*) = 0)
as describing the dynamics of a massless partlcle (sub-
rmtted to the constraint g,g*g' = 0), with coordinates
q“ = (p*;n%;;B,) lor, equivalently, (h;;;A;)] moving in
a l4-dimensional curved (Lorentzian-signature) spacetime,
with metric ds®> = gy,dq*dq' defined by

1 a
ds> = Gupdfdp’ + 5y eV (dn (NT)',)?
a<b
1 . .
+ EZe” (dB, + Bydn®;(N1) )2, (4.2)
In terms of the coordinates h;;, A;, this metric reads
ds* = ! hkpit — Wi dh. .dh 1h"fa’A dA 4.3
5—1( /= hI R )dh;; k1+§ idA;. (4.3)

Though the Ilatter spacetime metric admits as a 20-
dimensional symmetry group the semidirect product
of GL(4) transformations (A}) with R* translations
(A; = A; + ¢;), its dynamics is chaotic, and describes
the BKL-type chaos of general solutions of the Einstein-
Maxwell theory near a cosmological singularity [31].
The finite-dimensional model defined by Eq. (3.9) is a
truncation of an infinite-dimensional model describing the
dynamics of a massless particle on the coset space(time)
G317 /K(G; ™), where G5 is the hyperbolic Kac-Moody
group defined by the (untwisted) hyperbolic extension of
the exceptional Lie group G, and where K(GJ ) denotes
the maximally compact subgroup of G5 ", defined as the
fixed point of the Chevalley involution (see below). The
original motivation for considering such an hyperbolic
Kac-Moody coset is the fact that the four linear forms

adD(p) =p',

a(12>(ﬁ) :ﬂz _ﬁl’

aB)(p) = B> = B,

a®(p) = p* - B, (4.4)

entering the four dominant potential walls [among the
Toda-like potentials e=2#"~#") ¢=2" of the bosonic
Hamiltonian Eq. (3.9)] that determine its chaotic behavior,

can be identified with the four simple roots of G5 . Indeed,
the four linear forms a;(f) = a;,f%, i =1, 2, 3, 4, with
a=a, ay=a'?, ay=a®, a,=aB¥, viewed as
forms in f space, with metric Gab (so that we have the
scalar product (a;, ;) = a;,G*a;}) have squared lengths
equal to

2
(), 1) = 3 (aj, ;) =2 fori=2,3,4. (4.5)
The associated Cartan matrix (which define G5 ),
(ai, aj>
A =2 , 4.6
Y <(X,-, ai> ( )
is given by
2 =3 0 0
-1 2 =1 0
=5 55 0w
0 0o -1 2

The corresponding Dynkin diagram is represented in
Eq. (4.8),

[ ] [ ] [ ) [ ]
o) «(12) «(23) a(34)

(4.8)
The Chevalley-Serre-Kac presentation is then defined by
the four s/(2) triplets (e;, h;, f;), i = 1, 2, 3, 4 (associated
with the four simple roots «;), satisfying the standard
defining relations of a Kac-Moody algebra associated

with A,j,

[hi.hj] = 0; lei. fi] = 6ijhy;
[hi €] = Ajje;; [hi. fi] = —Aiif (4.9)
together with the crucial Serre relations
ad(e)' () =0;  ad(f)' M (f;) =0.  (410)

Summarizing the present section so far, the linear forms
al®?) (), a'® () entering the (Bianchi-I-reduced) bosonic
Hamiltonian (3.9) suffice to characterize the hyperbolic
Kac-Moody algebra G5 *. Similarly to the decomposition
of E;, associated with eleven-dimensional supergravity
[11,12], one can decompose the Lie algebra of G5+ with
respect to the gl(4) subalgebra defined by the gravity-
related roots a®) () (together with the Cartan element /,)
[28]. One adds to this level-0 subalgebra (K¢,) the level-1
generators E“ and F, associated with the electric-related
roots +-a'® () and —a(®) (). The rest of the algebra is then
defined by taking commutators, starting with the level-2
defined by EW =[E® E"], the level 3 defined by
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Elabel = [E@ ElP)], etc. It it then checked [28] that the
bosonic dynamics defined by Eq. (3.9) is equal to the
reduction of the infinite-dimensional coset dynamics on
G;"/K(G; ™) obtained by setting to zero the momenta
corresponding to all the positive roots of levels £ > 2
(similarly to the truncation of E;y/K(Ey) beyond level
1 [11,12]).

The general conjecture made in Refs. [11,12] is that there
is a gravity-coset correspondence under which the dynam-
ics of any supergravity theory would be equivalent to a
corresponding hyperbolic Kac-Moody coset dynamics,
having the same asymptotic cosmological billiard. The
purpose of the present work is to obtain new evidence for
such a correspondence by focussing on the fermionic sector
of 5D supergravity, and particularly on the terms quartic in
fermions, which have been neglected in most of the
previous investigations of the gravity-coset conjecture. In
this respect, we need to consider in detail the coset analog
of the R-symmetry, i.e., the symmetry group under which
the coset fermions are conjectured to rotate. This group is
supposed (in each coset model) to be the maximally
compact subgroup of the considered Kac-Moody group.
In the case of 5D supergravity, this is K(G; *), whose Lie
algebra is defined as the fixed point of the Lie algebra of
G5 under the Chevalley involution. The Chevalley invo-
lution @ is defined by its action on the Chevalley-Serre-Kac
basis,

O(e;) = —fi, O(fi) = —e;.

The O-fixed subalgebra K(G3 ") of G; " is then generated
by the four Lie-algebra elements

(4.11)

x;=e; — f;. (4.12)
Previous work on supergravity in D = 11 has shown that
the gravitino field belonged to a finite-dimensional repre-
sentation of the (infinite-dimensional) Lie algebra K(E)
[13—15]. Analog results were found for other supergravity
theories [27]. In our present context, we therefore expect
that the 5D gravitino ¥, will belong to a finite-dimensional
representation of K(G; ). The main results of the present
work will indeed be to show not only that this is true, but to
further show that the O(¥*) term in the (quantum)
Hamiltonian is invariant under the K(G; ') rotations
defining the representation of the quantized gravitino. In
order to investigate technically this issue we will need to
characterize the conditions defining a representation
of K(G5 ™).

A linear representation of K(G; ") is characterized by a
vector space on which acts four linear operators J;
satisfying the same defining relations as the four abstract
Lie-algebra elements x; = e¢; — f; defined above. As each
operator J; (corresponding to x;) is associated to the
specific simple root «;, it will be convenient to label the

linear operators J; by the same label as the associated
simple root of G5, as listed in Eq. (4.4). Therefore, we
will denote them simply as Jq, Ji», Jo3, and J34, respec-
tively associated with all)(), a2(B), o) (p),
and a¥ (p).

The set of defining (Serre-Berman) relations that the four
operators J, J,, Jo3, J34 must satisfy is [20,32]

ad*(J,)J 1, — 10 ad*(J,)J 1, +9J1, =0, (4.13)
ad*(J15)J, —J, =0, (4.14)

ad*(J12)J23 = Jo3 =0, (4.15)
ad?(Jy3)J 1, —J1p =0, (4.16)
ad2(J23)J34 —J3 =0, (4.17)
ad®(J34)J23 = Jo3 =0, (4.18)

Ui J0] =1 Jaa] = [J12.J34] = 0. (4.19)

Note that in the present work we will be dealing with
Hermitian-like rotation operators J;, instead of the anti-
Hermitian ones x; used in mathematical contexts. In other
words, a J; rotation will be of the type exp(v/—16;J;),
instead of exp(@;adx;).

Several different representations of K(G; ) play a
role in our present 5D supergravity context. First, there
are representations associated with classical (i.e.,
Grassmannian-valued) fermions, of spin % and % Second,
there are representations of K(G; ') associated with
quantum fermions. Let us describe now the representations
of classical spinors, of spin % and %

Note first that the relations involving only the J,,’s
among Eq. (4.13) express the fact that the J,;,’s are usual
SO(4) rotation operators. The four (complex) components
of a spin % Dirac field ¥ define a representation space for
the J,;’s if we define their action in the usual Spin(4) way,
namely

7/ab
7; 1<a<b<4.

L, =i (4.20)
We defined here not only the three simple-root generators
Ji2s Jo3, J34 (associated with the symmetry-wall simple
roots), but also the three others needed to describe the
rotations in all the two-planes ab of R*: the factor i is
needed because we are working with Hermitian-like
operators. It is then easy to check that if we tentatively
define the generators J, associated with the electric roots

al(B) = p as
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C‘qu
Ja= 5

1<a<4, (4.21)

the defining relations Eq. (4.13) will be satisfied if the
factor C* is equal to
CS==+1; or

C* = +£3 (for a spinor representation).

(4.22)

Indeed, the first defining relation can actually be factorized
as

(ad®(Jy) = 3%)(ad*(J,) = 12)J1, = 0.  (4.23)
We can then define two types of four-dimensional spinor
representations of K(G; ) (with C* = £1, or C* = £3).

Let us now consider the possible vector-spinor repre-

sentations of K(G; "), i.e., matrices J, J,, acting on the
sixteen components of a gravitinolike object ®* = y*WP“.
Both the vector index a = 1, 2, 3, 4, and the hidden Dirac-
spinor index, of @“ take four values. Here we consider the
actions on ®“ rather than on W* because it was found in
Ref. [16] that this reveals a hidden factorized structure for
the vector-spinor representations associated with K(E)
and K(AE5). We found that such a factorized structure also
holds for K(G5 ™), in spite of the fact that G5+ is not
simply laced (remember that the simple root a; has length-
squared %). More precisely, we define, for any one of the
simple roots (and more generally for any of the basic
gravitational or electric roots entering the levels O and 1),
the action of J, on a vector spinor ®% as

(JU - @) = (58 — 2a%,) (J5) @8,  (4.24)
where a“ = G*a,, and where J is the above-defined
action of J, in the (four-dimensional) spinor representation.
Here, for clarity, we have explicitly indicated the (usually
implicit) spinor indices A, B. We then found (in agreement
with Ref. [19]) that the vector-spinor matrices (J5%)*, .
satisfy the defining relations (4.13) if, and only if, the factor
C* entering the electric operator (4.21) is taken to be
C* = +3 (for a vector-spinor representation).  (4.25)
The value C* = =£1 fails to define a vector-spinor repre-
sentation of K(G; ") when inserted in Eq. (4.24). Note that
this is precisely the value C° =3 that appeared in the
supergravity-derived bilinear J,, Eq. (3.14). We shall
explain below, after quantizing the supergravity dynamics,
the meaning of the quantum avatars of the bilinears in
Eq. (3.14) as generators of a 2'°-dimensional representation
of K(G5"), in which lives the quantum state of our
cosmological model.

V. QUANTIZATION

The classical Hamiltonian action of our supersymmetric
cosmological model has the form (with N'%; = 6% + n%))

§= / dt(ﬂaﬁ“wLp"an'“i+P“Ba+%Gab(q>*acbb—chacpb)

—~N(He® +@68+S‘P6)). (5.1)

Here we use Einstein’s summation convention. The indices
a, i of the (strictly) upper triangular matrix n¢;, and
therefore those of its canonical conjugate p’, are restricted
to the range a < i. The contribution H® to the total
Hamiltonian has the structure

He=H% + H? + H®) (5.2)
where the explicit values of the terms H(©), H? H® were
given above. The action (5.1) features three independent
Lagrange multipliers: N, NV, and N‘Pé, where ¥ is the
shifted value of Wy, defined in Eq. (3.8). These Lagrange
multipliers reflect the presence of three local-in-time gauge
symmetries: (i) invariance under reparametrization of the
time variable; and (ii) the two local-in-time supersymme-
tries €y(), €y(t). These gauge symmetries allow one to

choose at will the values of the Lagrange multipliers N
and N‘I‘g. It is convenient to choose the coset gauge where
N =1 and ‘I‘6 =0.

The action (5.1) defines a constrained dynamics, with
first-class constraints

H ~ 0; S, =0, (5.3)

where we explicitly indicated the spinor index A, which
takes four values.

The classical (i.e., Grassmannian) consistency of super-
gravity implies that the constraints (5.3) close under the
Poisson(-Dirac) brackets defined by the kinetic terms

{n%:, p/y}p = 8365

1
{@4, dTPEY, = ?G“”cSAB. (5.4)

1By} p = 05

{B,,P}p =54

A crucial classical identity (which we checked to hold) is
the fact that the Poisson brackets of the supersymmetry
constraints close as follows:

{84, Sp}p =0;
{ST,SL}P =0

. 1
{Sa:Sp}p = L(®)§3Sc = L(®)5,S¢ + ~OapH*e, (5.5)
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where L(®)S; is linear in ® and does not contain ®', nor
any of the bosonic dynamical variables.

We quantize the constrained dynamics defined by the
action (5.1) a la Dirac, i.e., by (i) replacing Poisson-Dirac
brackets by appropriate (anti)commutators, (ii) verifying
that this allows one to construct operators providing a
deformed version of the classical algebra of constraints, and
(iii) imposing the quantum constraints C = (4,8, SI‘) as
conditions restricting physical states |¥): C|¥) = 0.

For the bosonic degrees of freedom we adopt a
Schrodinger picture. The wave function of the Universe
is seen as a function of the fourteen configuration-space
variables ¢, n“;, and B,. The corresponding basic con-
jugate quantum momenta operators are represented as

h
i —_a a
T, l B
. h
ijla :Tan“ ’
l I3
A h
Pa:—dB (56)

In the following, we shall often set # = 1. The momentum-
like combination P,,, Eq. (3.10), associated with the

symmetry walls a(“?) are then defined as

PabE ZﬁéNbi_Ban

a<i<b

= ZNblﬁLz _PbBa'

a<i<b

(5.7)

As indicated, there are no ordering ambiguities in defining
P,, because they are defined only for a < b. These
operators satisfy an algebra which coincides (modulo a

factor ih) with the classical one. For instance, we have

{P127P23}P = P3; and [p1271323] = ihi)w (5-8)
Similarly
{Plz,Pl}P = _P2’ and [f)lz,Pl] = —lhﬁ)z
{P,,P*}p=0; and [P,,P?]=0. (5.9)

The fermionic operators have to obey anticommutations
relations dictated by their kinetic term. These anticommu-
tation relations take an especially simple form when using
the objects ®“ and ®fa (rather than ¥¢ and li“‘); namely,

{d\)a/\’ CAI)bB} _ 07 {qA)TaA’ q’\)TbB} — O,

{®H DTPBY = nGH0 548, (5.10)

where, now, the curly brackets (without a P subscript)
denote an anticommutator.

When decomposing the Hermitian-conjugated quantum
fermionic operators @, ®T* into their (formally)
Hermitian parts, ¢ =1(d" + d™4), ¢3¢ =L (M-
dAi"“A), the 32 fermionic operators, (}5?“, i =1, 2, are found
to satisfy a Clifford algebra in a real 32-dimensional space
endowed with the quadratic form 5 76,;G?5*8, which has
signature 24%,8~. Thus the gravitino operators can be
represented by 20 x 216 = 65536 x 65536 Dirac matrices'
and the wave function of the Universe can be viewed as a
65536-dimensional spinor of Spin(24,8), depending on the
fourteen configuration-space variables p“, n“; and B,:
W=V, (s ¢"), with 6 = 1, ...,65536.

VI. QUANTUM CONSTRAINTS AND THEIR
CONSISTENCY

A crucial issue in the quantization of our system is to
promote the classical constraints (5.3) into corresponding

quantum operators, say S,, S, and H, so as to impose
them, a la Dirac, on the state |¥),

SA¥) =0,  S,¥)=0. HWY) =0. (6.1
However, such a quantization scheme will be consistent
only if we can define an ordering such that the quantum

constraints operators S As S 4, and H do close on themselves
by satisfying a quantum version of the classical identities
(5.5). Let us indicate how we succeeded in defining such an
ordering and then in proving its quantum consistency.

The structure of the classical supersymmetry constraint
is, sketchily,

S~a®+ ) e VP,® + DD, (6.2)

There are no ordering ambiguities in the dependence of S
on bosonic variables because (i) the bosonic variables
commute with the fermionic ones, (ii) the wall forms a(f)
commute with the momentalike variables P,, and (iii) we
have seen that the P,’s have no internal ordering ambi-
guities. Finally, the only ordering ambiguity in the defi-

nition of S is contained in the last, cubic-in-fermions term
®'dD. The ordering of the latter term is, however,
uniquely fixed by the natural requirement of respecting
the symmetry between the ®’s and the ®'’s that is present
in the basic quantization conditions (5.10).

Starting from the classical (Grassmannian) expression of
the cubic contribution,

SY = 4650y (6.3)

n view of the signature 24", 87, these matrices can be chosen
to be real.
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we define its quantum version by

e ClAB

() = SN (6.4)
Here, the calligraphic indices A, B, C denote combined
vector-spinor indices aA, bB, c¢C (with an additional bar on
the indices pertaining to a V), and we use the Einstein
summation convention on these indices. The coefficients

af‘[AB] are numerical factors (involving products of gamma

matrices) that are defined so as to be antisymmetric in AB.

When reexpressing 31(43) in terms of the ®* = ®%4’s and

®A = dt94°s we have

S = Ay HADTEDC, (6.5)
with corresponding numerical coefficients cﬁch =—clp

We henceforth use such an ordering.

We have checked that this ordering enforces a symmetry
under which ®* and ® = ®™* are swapped: ® < ®.
This is most easily seen by using a representation where y°,
v\, y2, v are real while y* = —iy%y'y?y? is purely imagi-
nary. In such a representation the numerical coefficients
e entering Eq. (6.5) are found to be purely imaginary.
This ensures that

(4 qA)ACTDTBci)Cf = (A )*&)TCq‘)B(i)TA
= —cAp @ CDOPD™M = 404, MDD, (6.6)
where we used (¢ ABC) = —c’i e together with the anti-
symmetry ¢ e = CCB 4 and a relabeling of indices,
C <> A (which are summed over).

Defining S4 in the way just explained, we have shown

that the following quantum versions of the classical
identities (5.5) hold. First,

{84, 85} =0,
{(81.85} =0, (6.7)
and, second,
¢ oy the ave &
(80.80) = T L) 8] - 5 [L(8)55. 81
+ hépH,, (6.8)

where L(®)§; = LS, ;@ is the same linear form in @ that

entered the classical identity (5.5). (The L, 4 being purely
numerical coefficients made of gamma matrices.) Note the

*Actually, any other ordering will lead to the same final
physical results because we have shown that any ordering of the
cubic terms can be absorbed in a linear shift of the z’s of the type
r, & m, = &, + iéx,, where ér, are some real numbers.

presence of quantum anticommutators ({, }) on the left-
hand side, and the presence of quantum commutators ([, ])
on the right-hand side. The quantum operator H,, appearing
on the last right-hand side is a (formally) Hermitian

operator (HO H(E) which is a quantum version of the
classical Hamiltonian H. It has the structure

N A

Hy=HO + @ + A, (6.9)

where the bosonic part reads

N A 1 R
HO =Gy 7y 425 e 20 -P) (B Y2 4 2§ =20 (pay2,
2SR Y e
(6.10)
the part quadratic in fermions reads
— LS e,
V34

(6.11)

B = 123 P p,, 0,

a<b

where the quantum bilinears J,, are the quantum avatars of
Egs. (3.14); namely,

- ab
Tup(¥) = (Gog — 201D\ e (W )‘i’d’
(6.12)

and where the quartic-in-fermions part ﬁ(()4) is a uniquely-

defined (Hermitian) ordered version of the classical expres-
sion (3.12). There are no ordering ambiguities in the
definition (6.12) of the J,’s (because the matrices %

and % are traceless). Actually, one can also check that the
only ordering ambiguity in a Hermitian-ordered version of
Eq. (3.12) lies in a double Wick contraction, corresponding
to an additive c-number ambiguity. Anyway, what is
important at this stage is that the existence of the last
identity, Eq. (6.8), uniquely defines H, and, in particular,

I:Ié4>. If we define an empty state |0)_ as being annihilated

by all the s,
®“|0)_ =0, (6.13)
we found that
AP10)_ = coh?|0)_, (6.14)

where
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743

— 1
24 (6.15)

Co = —

which characterizes the c-number ordering ambiguity in the
quantization path leading from the classical H® to H,,.

The identity Eq. (6.8) has the advantage of featuring only
manifestly Hermitian building blocks. However, it is, by
itself, not of the form needed for proving the consistency of
our Dirac quantization scheme. Indeed, the quantum
constraints, Eq. (6.1), which are of the form é,-‘I’ =0, will
close on themselves only if all the (anti)commutators
between the quantum constraint operators é,- close on this
same set of constraints in the following way

[&iv éj]i = Zifjék
k

(6.16)

with the constraint operators @k appearing on the right of
the coefficient operators IZ{-‘,-. This is not the case for the
identity (6.8), which contains commutators on the right-
hand side. However, we have shown that the difference
between the anticommutator of L(®)1S with S, and the
one of L(®)$, with S, is such that it leads to an identity of
the required form, modulo a redefinition of the quantum
Hamiltonian A entering the last term. More precisely, we
found that Eq. (6.8) implies the identity

(84,8} = inL(®) 5S¢ — inL(®)S,SE + hé,5H,,

(6.17)
where the new Hamiltonian A, reads
[,—\Il = HO — 2l'wa7/\l'a.

(6.18)

Here the real vector w* (living in /8 space, or Cartan space)
has the following components (a = 1, 2, 3, 4)

1
w° :1{1,2,3,4}, (6.19)
or, in covariant form (i.e., in root space)
1
w, = Gyw' = —1{9, 8,7,6}. (6.20)

The Hamiltonian H, which appeared in the identity
Eq. (6.8) was (formally) Hermitian, while the shifted
Hamiltonian A, entering the new identity Eq. (6.17) is
formally non-Hermitian. A similar situation arose in our
previous work [25]. Like in the latter case, a simple
redefinition of the wave function of the universe allows
us to work again with a formally hermitian Hamiltonian.
Indeed, if we writes the quantum-state wave function

(B, ¢"; 0|¥) =¥, (5, ¢") as

W, (B, @") = e P WL(B, ), (6.21)

the terms involving the differential operator 7, = %()ﬂa in

H, = G 7, — 2iw 7, + ...
= —thabaﬁaaﬁb —_ Zflw”aﬁa +
= —thab(aﬁa + wa)(a,,,b + @) + o+ ..., (6.22)

where we defined

70
16

o’ =GYw,w), = —

(6.23)

take the following form when reexpressed through their
action on W.(5%, ¢"),

H Y, (5, ¢") = ™" H\W, (B, 0"),  (6.24)
where
H = -n*G0p0p + W*w” + ...
= G 7, + WP’ + ... (6.25)

In the last expression the notation 7/, denotes the differ-
ential operator %aﬁa when acting on the primed wave
function.

Finally, | can be written as

PN

=0+ A 4 7Y (6.26)

Here

. . 1 .
1(0) __ rabatr A1 —2(pP—p° 2, - —24% ( pa)2
HY =G n;nb+2§ e 2P (P ) +2§ e (P2,

a<b a

(6.27)

H® is given by the same expression (6.11) as above, and
the last contribution is given by

. A s T
B =8 4 o =20 - g2,

" (6.28)

In view of our previous result (6.14), we conclude that the

4)

vacuum value of the new Hamiltonian A" is equal to

HY)0)_ = ¢,n2(0)_, (6.29)

where

743 70 106
"2 16 3 (630

clzco—l—wz:
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VII. KAC-MOODY STRUCTURE (G5*, K(G5*)) OF
THE QUANTUM SUPERGRAVITY DYNAMICS

A. Summary of the quantum supergravity dynamics

Summarizing the results obtained so far, the quantum
supergravity dynamics of our five-dimensional cosmologi-
cal model is described by a 2'®-dimensional spinorial wave
function ¥ = ¥, (5“, n%;, B,) (where the spinorial index &
takes 2'® = 65536 values) that must satisfy the 8 x 2!°
constraints

Sw) =0,  SMw) =o. (7.1)
Here, each of the S*’s and 8*"’s is represented by a 21¢ x
2'6 matrix of first-order differential operators in the four-
teen bosonic variables ¢, n“;, B,. More precisely the

structure of &” is

SA _ Zﬁ_aq’\)uA _ Ze_wb_ﬁa)i)ab(yab)AB(qA)bB _ (i)aB>
a

a<b

.\/g —5% Da 2a =
- 1726 P pa(ya)A 9B —|—S?3), (7.2)

where 7,, Pab, P® are the first-order derivative operators
defined in Eq. (5.6), while the sixteen ®™ are 2'6 x 21
“gamma matrices” satisfying the Clifford algebra (5.10).
The last term 3?3) in Eq. (7.2) (which is analogous to a
matrix-valued mass term M in a Dirac equation
y”f’,,‘l’ + MY = 0) is cubic in the ®*’s and independent
of bosonic degrees of freedom. It is defined by the ordering
displayed in Eq. (6.5), with SI?) being correspondingly
ordered. Note also that the momenta entering 8™ contain
irZ which is defined as usual as being irZ =7,

Similarly to the fact that the first-order Dirac equation
y”f’/,‘l’ + mW¥ = 0 entails the second-order Klein-Gordon
equation ;1””]3”?),,‘}’ + m?¥ = 0, the first-order (supersym-
metry) constraints (7.2) imply a quantum (Hamiltonian)
constraint that is second-order in the bosonic quantum
momenta #,, P,,, P*. The ordering of this quantum
Hamiltonian constraint is fully determined by the above-
defined ordering of the supersymmetry constraints. When
acting on the rescaled wave function

Yo (B ") = e (. 0"), (7.3)
the quantum Hamiltonian constraint reads
HY(p.¢") =0, (7.4)

where A is a Klein-Gordon-like operator of the form

Hy = Ga, +2) e2P"PI(P,,)?
a<b

A

1 . .
+5 > e (P + AP + 2, (7.5)

Here #, =04 when acting on W, (5, ¢”), the bilinear
coupling to the fermions A @) is given by

A a’y) N 5y 1 < Ba’y
H® = 423 PP, 0,,(P) - \/—gz:e_ﬂ Pg (),
a<b a

(7.6)

while the “squared mass term” fi? is quartic in the fermions
® and ®', and independent of the bosonic degrees of
freedom g, n{, B,. When one is far from all the walls (and
on their positive sides), i.e., when all the linear forms S,
and ¥ — p* (with a < b) are much larger than 1, one can
neglect all the exponential terms, so that the Hamiltonian
constraint reduces to a simple Klein-Gordon-like equation
in the four-dimensional f space,

(GooR ), + )W (5) = 0. (7.7)
However, the squared-mass term ,&2 =H '1(4) in the latter far-
wall Klein-Gordon equation is not a ¢ number, but an
operator in the quantum fermionic space, i.e., a 2'® x 21
matrix acting on the spinor index o of the wave func-
tion W,.

B. Kac-Moody structures in the quantum constraints

Having summarized the quantum dynamics of our five-
dimensional supergravity cosmological model, we can now
highlight the hyperbolic Kac-Moody structures it contains.

First, both the supersymmetry constraints, and the
Hamiltonian one, involve exponential terms of the form
e~® (in § and 8) or e=24¥) (in ). Here, the a;(f)’s
are certain linear forms in the logarithmic scale factors ¢
parametrizing the diagonal degrees of freedom of the
spatial metric h;;. There are ten such linear forms. Six
of them, namely

al@) () = pb — po  (with a < b), (7.8)
are called “symmetry walls forms”, and are linked to the
off-diagonal degrees of freedom of the spatial metric /,;(1),
while the remaining four “electric wall forms”, namely

a)(p) = ., (7.9)
are linked to the time-dependent electric potential A, (7).
When endowing the four-dimensional f space with the
Lorentzian-signature metric G, defining the kinetic terms
of the p%(t)’s, Eq. (2.17), the wall forms a'“”)(f) and
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al®) () can be identified with real roots of the hyperbolic
Kac-Moody algebra G5 . In addition, the four linear forms
a2(B), a®)(B), a®¥ (), a'V)(p) that can be identified
with the four simple roots of G5 are the ones that enter the
four dominant potential walls when considering the
BKL-type chaos of general solutions of the (Einstein-
Maxwell-like) bosonic dynamics of 5D supergravity near
a cosmological singularity. [Indeed, in the Weyl chamber
defined by the positivity of a'2(f), a®)(B), a4 (p),
a)(p), ie., in the domain 0 < g < > < p* < B*, the
other exponential potentials are subdominant; e.g., as
a3 (B) = a2 (B) + a'®) (), we have the subdominance
property e (#) = ¢=a () g=a®V(p) |

Besides the appearance of some of the roots of G,
including the crucial simple roots (which suffice to generate
the full root lattice of G5 ), the other Kac-Moody-related
features exhibited by our quantum dynamics concern the
fermionic sector. There are two such features.

On the one hand, the bilinear coupling to the fermions
H®), Eq. (7.6), associates to each one of the wall roots
a;(f) = (') (B), al®)(p)), a coupling term of the generic
form

S

e PP, T, (7.10)
where Pa, is a quantum momentum associated with the
bosonic variable a;(f#) (and contributing to the bosonic part
of the Hamiltonian a term o 6_2“'0})(?(,1)2), while ja, isa
fermion bilinear. The important point here is that, when
normalizing3 the various fermion bilinears ja, as in
Eq. (6.12), they do satisfy the Serre-Berman relations
Eq. (4.13) as operators acting on the 2!6-dimensional
Clifford representation space of the quantum fermions
®, ®". This follows from the fact that the Fock quantization
(for fermions, as is relevant here) has functorial properties
in that it maps classical generators J, acting on some
vectors v, members of some n-dimensional vector space V,
onto quantum operators J, acting on the Fock space built
by piling up the successive antisymmetric powers of 1V (up
to the maximum power V" allowed by antisymmetry); in
our case, n = 16 and the space ) is that of classical
vector-spinors v%4. More precisely, given a linear
endomorphism J, of V [explicitly given, in some
basis e; of V, by a matrix (J,)’; acting on the vector
index of v =1v'e;, ie., (Jo-v)' = (J,) ;2/], the Fock
space is COVA V@ ---V", and the quantized
J, = @j(la)ijd)~7, with {®], @/} = &/, decomposes as a

3As discussed in Appendix B of [16] the appropriate Kac-
Moody-related normalization of the momentum P, depends on
the squared-length a7 = G®alal of the considered root. The
normalization induced by the supergravity dynamics happens to

be appropriate for a Kac-Moody interpretation.

direct sum of operators acting on each (fermionic) level,
from N = 0, up to N = n. More precisely, at level N =
0 (Fock vacuum, |0)_), J, acts like 0, at level Np = 1, 7,
acts on V like J,,, and at level Np = 2, ja acts on V7 like

T V2=, 1) @ (1®J,). (7.11)

Explicitly, the meaning of the latter equation is that J,|Vr=2
acts on a (factorized)4 element u Av€EV? as
(Jg-u) Av+un (J,-v). At the fermionic level Np,
J,, decomposes as a sum of Ny terms of the same type
as indicated in Eq. (7.11), e.g.,

T =1, @101 (10/,81)0 (1018 J,).
(7.12)

This nice functorial nature of the map transforming a
classical operator J,, into a corresponding quantized one J,
allows one to transport many properties satisfied by J,, into
corresponding properties of J,,.

For instance, classical commutators [J,, ,J,,] are mapped
onto their corresponding quantum ones, namely

[Jap-]az} = [‘]017‘]a2]' (713)
This functorial property ensures, in particular, that, if we
have, say, [/, .J,,] = CJ%, the cAorresponding quantum
commutators satisty [/, ,J,,] = ¢J,,. This guarantees, in
particular, that the Serre-Berman relations, Eq. (4.13),
are preserved by the quantization. An important conse-
quence is that the root operators '7(1, entering the quantized

Hamiltonian (% generate a 2'-dimensional representa-
tion of K(G; ), the maximally compact subalgebra of G5 *
fixed by the Chevalley involution. We will indicate below
another important consequence of these functorial proper-
ties concerning the reflection operators of quantum fer-
mions in the short-wavelength limit of the cosmological
dynamics.

In addition, we have also explicitly proven that the
term quartic in fermions in the quantum Hamiltonian
constraint, namely /%> in Eq. (7.5), commutes with all the
root operators ja,’

[T %] = 0;  for I = (ab),(a). (7.14)
Quite remarkably, the latter commutation property is rooted
in a hidden simple structure of the quartic-in-fermion term.
Indeed, we found that 4 can be expressed in terms of two
simple fermion-bilinears Ny and Cp, which separately
commute with the root operators ja,' Namely,

4 . . . . .
A generic element of V2 is a linear combination of such
factorized elements.
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p> = 13_4_%(NF -8) _%(é;‘éF +CpCh)
Y ot (7.15)
with
Np=GpdYdP = G, 0%165,,0°8,  (7.16)
and
Cr =G, ,0C, ;5. (7.17)

Equation (7.16) defines the quantum fermion number, with
eigenvalues Npr =0,1,...,16. In Eq. (7.17) the 4 x4
matrix Cyp is the “charge conjugation” matrix of the
(spatial) y; matrices, defined so that it is Hermitian,
C' = C, and satisfies Cy;C~! = —yT; C,p is an antisym-
metric matrix in all representations of the y matrices. We
then have

Cl = G, ®“TCy ®PPT. (7.18)

As already said, both Ny and Cp (and therefore also (Af;)
commute with all the J,,’s and J,’s. Note that while N is a
sesquilinear form Ny~ ®'® that is Hermitian, C‘F is a
symplectic bilinear form in the ®’s (which would vanish if
the ®@’s would commute rather than anticommute). It is also
to be noted that

. 1 Ceas s
Np—8= Ecab(cp'”cph — DT, (7.19)

is odd under the up-down fermion symmetry where one
swaps @ <> @, The first line in Eq. (7.15) then shows that
A2 is also invariant under the swapping ® <> ®'; the up-
down fermion symmetry was used above as part of our
definition of the ordering of the supersymmetry constraints.

From the mathematical point of view, as already men-
tioned above, any four operators J1, J1, J23, J34 (acting as
endomorphisms of some vector space) satisfying the Serre-
Berman relations, Eq. (4.13), define a representation of the
(formally) maximally compact subalgebra K(G; ") of
G5 t. We can therefore summarize the results of the present
section by saying that the fermions of our quantized
supersymmetric cosmological model live in a 2'¢-dimen-
sional representation of K(G; "), and that all the building
blocks entering the dynamics of the fermions, i.e., the
various terms defining H® ~ ®*® and A® ~ O OD'D
have a direct meaning in terms of the simple-root gen-
erators Jy, Ji5, Ja3, J34 of K(G5T).

VIII. SOLUTIONS OF THE QUANTUM
CONSTRAINTS

In this final section we briefly discuss some aspects of
the solutions of our quantized cosmological model, i.e., the
solutions of the supersymmetry constraints (7.1). We recall
that the Ilatter supersymmetry constraints entail the
Hamiltonian constraint, say Eq. (7.4).

Let us first focus on the structure of the solutions far
from all the walls, i.e., in a domain of the $*’s where we can
neglect all the exponential terms e~#"~#*) and ¢~#" in the
S 4’s, and their squares in A. In this limit the supersym-
metry constraints reduce to

~ h ~

(620, + 8 g =0 )
- n N
(6 20y + 8% Jwipy =0 (82)

while the Hamiltonian constraint reads

{Gab (? O — iwa> (? O — iwb> + pﬂ} W(5)) =0,
(8.3)

where w, = G, w* = —1{9.8.7,6}. In these equations
we have formally considered that the operator 7, was
Hermitian, and we have used the original, nonrescaled
wave function W(/3), rather than the rescaled wave function
W (p), Eq. (7.3), used in Eq. (7.4).

A. Spectrum of ji?

To solve the Hamiltonian constraint we can look for
solution states |W) that are eigenstates of the fi*> operator. It
is therefore interesting to first discuss the eigenvalues and
eigenstates (in fermionic space) of fi%. The explicit expres-
sion (7.15) of i* show that 42 commutes with Ny. The
latter operator defines the fermion number with respect to
the Fock vacuum of the @’s, i.e., the empty state |0)_ such
that

®4|0)_ = 0. (8.4)

Starting from this empty state, the Np = 1 states are
obtained by acting on |0)_ with any of the sixteen
anticommuting fermionic creation operator T, etc.
The number of states at level Np is then equal to

(3) = (1'5,)- i, 16 for Ny =1 (and N = 15), 120

for Np = 2, 14, etc., with a maximum value (‘86) = 12870
for Np = 8. The filled state, say |0),, at level Np = 16 is
unique and such that
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®A7)0), = 0. (8.5)

The explicit expression (7.15) of 2 allows one to prove that
fi% also commutes with the operators Cy and C7,

2. CF)

This is seen by using the easily checked commutation
relations

[72,Cr] = 0;

(8.6)

[N, Cr'] = +2C5, (8.8)

[Cr', Crl] = +4N; - 32. (8.9)
Noting that C’} increases the value of Ny by 2, while Cr
decreases N by 2, and that they both commute with /1%, we
can use (A?; and Cp as ladder operators to map some
subeigenspaces of /i at fermion level N onto correspond-
ing eigenspaces of /i at fermion levels ny & 2, with the
same value of x?. This yields the following spectrum of fi

Np, Crl = —2Cp, 8.7
Np. Crl F (87) when N varies between 0 and 8 (with symmetric results
when N, = 16 — Np),
106
Nr=0,16 w=——
30
161
Ngp=1,15 u=——
6 |16
106 58
Np=214 jpP=-——y, —-=
' 3 s 3o
161 77
NF:3,13 /,lz:—— s —_—
6 |16 6 [544
106 58 22
Np=4,12 u=—-—, -= -=
' 3 i 3o 3 1700
N. =5 11 5 161 77 17
F - ) )u - - ’ - ’ -
6 |16 6 [544 6 {3808
106 58 22 2
Nrp=6,10 w=——1, -— -—= +=
g 30 31119 3 11700 3188
161 77 17 19
Np=1,9 w=—-—"1 -— -— +—
6 |16 6 [544 6 {3808 6 7072
106 58 22 2 14
NF - 8 ﬂ2 = = » - 5 ’ -5 k) Y ’ +_
30 31119 3 11700 3188 3 |4862

Here the numbers indicated after the eigenvalues of fi°
denote the dimensions of the corresponding eigenspaces.
For instance, the one-dimensional eigenspace u> = —1%
at level Ny =2 is obtained by acting on the unique
Np =0 state by C/'?. In other words, if we define the
function

106 1
=——+9n—-n?

fn) ===+ —3

(8.10)
the possible eigenvalues of /1% at a given level N are of the
form f(n), with degeneracy ('°) — ('), where the integer
n runs over the values Np, Np —2,Np —4, ....

B. Far-wall solutions of the quantum constraints at low
(and high) fermion levels

The above-determined spectrum of 42 yields a necessary
constraint on possible solution wave functions, but is far
from sufficient to determine whether such solutions exist at
some given fermion level Ny. The reasoning given below
Eq. (11.21) of Ref. [25] shows that one can look for
solutions having a given Ny level. We must tackle the
supersymmetry constraints, Egs. (8.2)—(8.2). We succeeded
in doing so for the levels Ny = 0, 1, 2, 3 and their up-down
symmetric partners Np = 16, 15, 14, 13.

The main result at the levels N =0, 1, 2, 3 (and
Np =16, 15, 13) is that there exist solutions of the type
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W(B) = expliz fOIW(O0),  (8.11)
only for certain specific, discrete values of the momenta z,,.

At the level Ny = ¥(0)) must be proportional
to |0>_ while 7, must take the specific value
=0 —5{19, 16,13,10}. Note that the corresponding

value 7/, parametrizing the rescaled wave function
| (5)), namely

7, =1x, — iw,, (8.12)

is also purely imaginary and is fixed to the specific value

7N = i{7,6,5,4}. (8.13)
It is easily checked that G“bﬂ’gFZOﬂ’gFZO is equal to

_ﬂNF_o = +1%, as it should be.

At the level N r = 1, we found that there does not exist
any solution of the supersymmetry constraints.

At the level Np =2, there exist only five possible,
discrete values of the momenta 7, all of them being purely
imaginary. The corresponding linear space of solutions is
six-dimensional, because one value of =z, (namely
ﬂﬁll) = 5{11, 8,9,6}) admits a two-dimensional space of
solutions for the spinor factor |‘I’( )). The other possible

4{19 16,13,10} =
ﬂa O (with spinor part CF |0)), ) =1{7,12,9,6},

= ’{11 8,5,10} and ) = =£{23,12,9,6}. The val-

ues of u? corresponding to the five possible momenta at

level Np =2 are (u?)V) = (u?)¥ = (u) = (u*)®) =
-3 and (u2)? = — 1%,

At the level Np = 3, there exists only one possible,

2 =1{5,8,3,6} (with

6), with a corresponding four-dimensional

Values of 7, at Np =2 are: ﬂ'u

discrete value of z,, namely 7,

P‘NF:3 =
eigenspace for the spinor part |[¥(0)).

There exist corresponding mirror solutions at Np = 16,
14, 13 with correspondingly equal values of z,. More
generally the up-down symmetry in fermion space guar-
antees that one can map any solution at any level N into a
corresponding solution at level 16 — N . Indeed, under the
transformation where’ @ > @ = @F (and therefore
o' > ' =P) our ordering, Eq. (6.5), shows that
S+ S, where S~ 7® + cdD'D is simply equal to S.
Then, using Eq. (6.6) [and (#)" = #], one finds that
St 87, where ST is simply equal to S. Thereby any
solution |¥(3)) at some level N = n constructed by acting
on the empty state |0)_ with n creation operators
A = pf4, say

Here, we omit for simplicity the hats on the various quantum
operators.

W (B)) = (ﬂ)q)IAlq)Ml @0 _,
with coefficients X 4, 4,...4,(8) = X[4,.4,--4,](#), can be
automatically mapped into a corresponding mirror solution
at level N = 16 — n obtained by acting on the filled state
0Y, (which is annihilated by the ®*’s) with the operators

®™ = @A, namely

() =

Note that this mirror solution at level 16 —n involves
the same coefficients X 4 4,..4, (/). In particular, when
considering plane wave solutions, X4 4,..4 (f) =
e X 4 a,..4,(0), this up-down symmetry maps a
momentum 7z, at level n into the same momentum 7, at
level 16 — n.

In addition to this up-down symmetry of the space of
solutions of the constraints, there is an additional Z,
symmetry mapping any solution at level Ny into a
corresponding solution at the same level. This second
symmetry is rooted in the reality structure of the super-
symmetry constraints, namely in the fact that the numerical
coefficients cfwc entering Eq. (6.5) are purely imaginary
(in a suitable quasi-Majorana representation). Indeed, when
decomposing the supersymmetry constraints S|¥(5)) = 0,
ST|¥(B)) = 0, with a state of the form Eq. (8.14), on the
Fock states @1 @A ... @4 |0)_ at levels k = n — 1 and
k=n+1, one gets a system of first-order differential
equations for the coefficients X 4, 4,.. 4 (/) of the symbolic
form (using 7 = 1)

XA, Ay (8.14)

X 4 tyn,(B)@N DA @0) . (8.15)

LOX () + GoeX () = . (8.16)
Here, the numerical coefficients ~Gdc coming from the
cubic-in-fermions contributions involve the coefficients
c= Cﬁch entering Eq. (6.5), multiplied by the real coef-
ficients G*5* coming from the use of the anticommuta-
tion relations Egs. (5.10). The explicit form of the
supersymmetry constraints, Eq. (8.16), are given in
Appendix B. Using the pure-imaginary nature of the
cf‘wc’s, we see that (after multiplying them by i) the
supersymmetry constraint equations yield a system of real
partial differential equations for the wave function
X 4, 4,4, (B). Therefore, to any given (generally) complex
solution X 4 4,..4 (B) at level n, one can associate a
solution having the complex-conjugated wave function
XA A, (p). For instance, under this map a plane wave
solution of momentum =, at level n is transformed into a
corresponding solution at the same level with momentum
—,. For generic solutions at the intermediate levels 4 <
n < 12 such an involutory map acts nontrivially on the
space of solutions. On the other hand, it acts trivially on the
solutions discussed above at levels n = 0, 2, 3 and n = 13,
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14, 16, which are purely real (up to an arbitrary overall
complex factor).

C. Short-wavelength continuous far-wall solutions of
the quantum constraints for 4 < Np <12

It was found in the study of the quantum cosmological
dynamics of D =4, N =1 supergravity [18,25], that
continuous solutions of the supersymmetry constraints
(with real x}’s taking all possible values on its allowed
mass shell Gz}, = —u?) exist only in the middle of
fermionic space, namely Np = 2, 3, 4. These solutions
were also shown to be continuously connected to their
short-wavelength analogs, obtained by taking the limit
7, > 1. In the latter limit, one can neglect the cubic term

3?3) in the supersymmetry constraint, and the correspond-

ing finite value of the quartic term y?> = O(#?*). We shall
here assume that such a general feature holds also in our
present D =5, N = 2 supergravity case.

Under this (plausible) assumption, we can complete our
explicit study of the discrete solutions existing at low (and
high) values of N by delineating the general structure of
the continuous-z’ solutions existing for the remaining
values, namely 4 < Ny < 12. There might also exist addi-
tional discrete solutions; e.g., related by the ladder oper-
ators C I C‘}, to the discrete solutions discussed above.

When considering, short-wavelength states, |W(f)) =
exp(iz,f*)|¥(0)), with 7, > 1, or equivalently, for the
rescaled wave function [W'(f)) = exp(iz,,f*)|¥(0)) with
7, = r, — iw,, the supersymmetry constraints yield

d 7! [W(0)) = 0, (8.17)

77 |W(0)) = 0, (8.18)

which imply the (Hamiltonian-constraint) consequence

Gzl,m), = 0. (8.19)
Let us associate to any real (co)vector v, in (the dual of the)
p space the fermionic operators (putting the spinor index A
down for convenience)

;) = v,04; o1 = 0,04 (8.20)
Given two covectors u and v, the so-defined fermionic
operators satisfy the (Clifford) relations

(D%, D5 Y =u-v8,p, {®4T L1 =0,

(8.21)

{®4.95} =0,

where u - v = G%u,v,,.
Given some 7z, on the (Hamiltonian-constraint) light
cone 7% = Gzl = 0, we can complete 7, into a null

frame 7, n,, t., 2 in the (dual) four-dimensional

Lorentzian f space. Here, 7/, n, are both null, 0 = 7> =

n* (with the relative normalization 7z’ - n = 1), while the
two complementary vectors t), 12 are transverse to the null
direction 7/,, i.e., satisfy 0 = 7’ - ! = 7/ - 2. One can also
require that #' and > are orthogonal to n, and between
themselves, and (being necessarily spacelike) are normal-
ized to unity. From the basic relations (8.21), and the fact
that the supersymmetry constraints read &7 |¥(0)) =0,

" |W(0)) = 0, one easily sees that the lowest value of N
where there can exist a short-wavelength solution is
Np =4, and that, for this value, there is, for any
given (null) z’ a one-dimensional space of solutions of
the type6

Cexp(in,f)dT T HTTHrT0)_.  (8.22)
Then, at the Ny = 5 level, there will be (for any given null
7’) an eight-dimensional space of solutions generated by
acting on the state in Eq. (8.22) with any of the eight
independent raising operators éﬁ " and &g ¥, involving the
two transverse vectors ¢! and ¢ constructed above. At the
Ny = 6 level, there will be a 8%7 = 28-dimensional space
of solutions obtained by acting on the state in Eq. (8.22)

with a product of two raising operators of the form (i)f, or

A2 . . .
<I>§3T. One can continue generating such solutions up to the
maximum value Ny = 12, corresponding to acting on the

state in Eq. (8.22) with the eight different operators @' u

qA)tZT
or @',

D. Reflection of short-wavelength solutions
on potential walls

Let us finally briefly discuss another consequence of our
assumption that there exist solutions of the quantum
supersymmetry constraints that are continuously connected
to the approximate solutions which one obtains by working
in the Wentzel-Kramers-Brillouin (WKB), short-wave-
length approximation. This approximation being the
quasi-classical approximation (2 — 0), we further expect
that such solutions will also correspond to the approxima-
tion where the spin degrees of freedom are described by
anticommuting Grassmann variables ({®', ®} = 0) rather
than (as we did above) by quantum operators satisfying a
Clifford-algebra relation {®',®} = O(h).

In the Grassmann-fermion approximation, it was
generally shown (even in the nonsimply-laced case of
relevance here) in Ref. [16] that the law of evolution of a
fermion field ® (where we use here, for generality, a
generic index i to label the representation space in which
lives the considered fermion field) under Hamiltonians

%See Eq. (19) of Ref. [33] for the analogs of these short-
wavelength solutions in D = 11 supergravity.
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containing, in addition to the usual Toda-like bosonic
dynamics,

1

HO =2 G n,m, + Zje—wmpg,, (8.23)

fermion couplings of the related Toda-type; namely,

H? ~ Z ) pa,jal, (8.24)
1

where

S
Jo = @] (1) @, (8.25)

J
could be approximately integrated, and led to a “Fermionic
Billiard” picture. More precisely, the latter Fermionic-
Billiard picture is based on the fact that the approximate
integration of the law of evolution of the fermion field near
each separate wall’; namely,

0,0 ~ie PP, (J,,) @, (8.26)
leads to a transformation linking the incident value of the
Grassmann-valued @' to its reflected value given by a
classical, fermionic reflection operator of the form

Rgl[assical _ ei’i’ealjal’ (827)
where ¢, = & denotes the sign of the momentum P, . In
Eq. (8.27), J,, denotes the matrix (J,,)'; acting on the
representation space defined by a classical homogeneous
gravitino, and the resulting classical reflection operator
Rgxsieal - obtained by exponentiating (J,,)";, is also a
matrix (or endomorphism) in the representation space of
the classical (i.e., Grassmannian) fermion field &'

When working, as we do here, with quantized fermions,
i.e., when replacing the Grassmann fermion field ®' by a
linear operator &' acting in a fermionic Fock space, we can
use the functorial character of the Fock-type quantization
[illustrated in our case by the definition, Eq. (6.12), of the
quantized J «,» and the fact that they have the same algebraic
properties as their classical analogs, (Ja])i ;1 to map the
classical reflection matrix Rg**! onto a corresponding
reflection operator acting in the representation space of the
quantized fermion.

In other words, under our assumption that the quasi-
classical limit of our quantum supersymmetric cosmo-
logical model does continuously connect quantum states

"The billiard approximation consists in treating both the
bosonic and the fermionic dynamics as a free far-wall evolution
interrupted by time-localized interactions with well-separated
potential walls.

to quasiclassical states, we conclude that, in the short-
wavelength limit, the spinor factor, |¥(0)) [stripped of the
plane-wave factor exp(iz,,3*)], of the quantum plane-wave
solution states discussed in the previous subsection,

[W'(B)) = exp(iz,)[¥(0)) (8.28)
(see, e.g., Eq. (8.22) in the N = 4 subspace), considered
as states in the 2'6-dimensional representation space of the
quantized gravitino, will be transformed, upon reflection on
each (symmetry or electric) potential wall, by the quantum
reflection operator

uantum iz
R = el

(8.29)

The latter operator is a linear endomorphism of the 2'6-
dimensional quantum spinor space. We note in passing that
the validity of the assumptions made here [and the validity
of the final result Eq. (8.29)] has been explicitly checked in
Ref. [18] in the case of the (Bianchi IX) D =4, N =1,
supergravity model.

Using again the simple functorial nature of Fock quan-
tization, we can finally write down some of the relations
satisfied both by the classical, and the quantum, reflection
operators R, . Let us recall that, motivated by the structure
of the fermionic billiards arising in the near-singularity
behavior of supergravity, Ref. [16] introduced, when work-
ing within specific finite-dimensional representations of the
maximally compact subalgebras of physically relevant
hyperbolic Kac-Moody algebras (namely, K[E o] C E|q,
and KJ[AE;] C AE;) the notion of spin-extended
Weyl groups, generated by fermion reflection operators
associated with the simple roots «; of the considered Kac-
Moody algebra, say G. See Ref. [20] for a mathematical
definition of spin-extended Weyl groups (for general
simply-laced Kac-Moody algebras) as a part of the defi-
nition of spin-covers of maximal compact Kac-Moody
subgroups.

As here we are in a setting where we constructed finite-
dimensional representations (for a nonsimply-laced case) of
K(G3™), we can define spin-extensions of the Weyl group®
of G5 as the group of linear operators generated by (to be
explicit)

R, = e, (8.30)
where i labels the simple roots [in our case
i=(1),(12),(23),(34)], and where the linear operator
J,, 1s taken in one of the finite-dimensional representations
defined above. Specifically, we can take J,, in the 16-
dimensional vector-spinor representation Eq. (3.14) [cor-
responding to the classical reflection operators (8.27)], or in

*See Ref. [34] for a study of the (ordinary) Weyl group of G +.
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the 2'6-dimensional quantum vector-spinor representation
defined in Eq. (6.12).

The last point we wish to make here is that, in both these
representations, the four reflection operators, r; =R,
listed in Eq. (8.30), associated with the four simple roots
of G5, satisfy the following generalized Coxeter relations

=1, (8.31)

together with the “braid relations” (see Refs. [20,35])

ri]r“ri..-:r‘rir‘... (8.32)

j with m;; factors on each side.

Here, i, and j, with i # j, are labels for the nodes of the
Dynkin diagram of the considered Kac-Moody group. The
positive integers m;; entering the braid relations (8.32) are
defined from the corresponding values of the nondiagonal
elements of the Cartan matrix a@;; (which are negative
integers, while a;; = 2); namely (see [35]),

mij:{2’3’4’6’0} lf aijaji:{0,1,2,3,24}

(respectively). (8.33)
Note that in our case the values i = (1), j = (12) have
a;jaj; = 3, corresponding to m;; = 6. In that case the braid
relation, Eq. (8.32), explicitly reads
T2 ()T (12) = T )T )T (). (8:34)
The validity of Eq. (8.31) for the 16-dimensional vector-
spinor classical representation is easily checked to follow
from the half-integral nature of the eigenvalues of the basic
gamma matrices % and ”7 entering their definitions.
Indeed, let us look again at the definition of the classical
action of J, in the 16-dimensional vector-spinor represen-
tation

(J0. @)™ = (8¢ — 2%, ) (J3) s ®PB,  (8.35)
where J$, = i’y while J§ =",

The eigenvectors v%4 of J, can be looked for in
factorized form, namely v = v*EA where v? is an
eigenvector ~ of the matrix ) —2a%q, [say
(8¢ = 2a%ay)v® = 2,v%] while & is an eigenvector of
the spin part J5, [say (J5)4zE8 = 1,E8). The eigenvalue
of J,, corresponding to v%4 = p9&4 is equal to the product
Ays = 4,44 The four eigenvectors of 67 — 2a“ay, are (i) any
vector parallel to a® with eigenvalue 1 —2(aa). and
(ii) three vectors orthogonal to a® with eigenvalue 1.
Using the fact that the squares of the matrices iy®” and

y“ are equal to the unit matrix, one finds that the four

. . yab .
eigenvalues of J, = 177are {—I—%,%—%,—%,—% , while the
. s _ 3y 3,3 _3 _3 .
four eigenvalues of J}, = “4-are {+3,+3,—5,—3}. Using

the fact that the squared roots {(aa) = G*a,a,, are equal to
2 for the long symmetry roots a'“?), but equal to  for the
short electric roots, one finds that the corresponding vector

eigenvalues Mg are {-3,1,1,1}, while the A5 are

{-=1.1.1,1}. As a consequence the sixteen product eigen-
values A, = 4,4, have the values {3, +1,+1 +1 } for
the symmetry walls, and the values {+41,4+3,4+3,+3 }
for the electric walls. [Note the cancellation of the % coming
from the anomalous (aa) = % by the extra factor C* = 3 in
the definition of J.]

When passing from the 16-dimensional classical-
gravitino representation to the 2'6-dimensional quantum-
gravitino representation, the explicit forms of the action of
ja at various fermion levels [see Eqs. (7.11) and (7.12)]
show that the eigenvalues at level N = n are given by
sums ANF=" = 2, + A, + -+ - + 4,, corresponding to a fac-
torized eigenvector v; A vy A -+ A v,, Where each v, is
itself of the factorized form v4* = v%&4 under the condition
that these wedge products do not vanish; the full spectrum
of the J,’s, with their multiplicities is found in Appendix A.
This result immediately shows that all the eigenvalues of J,,
will be half-integral (or integral). This guarantees that the
eighth power of R, = e is equal to 1.

We have verified the validity of the braid relations
(8.32) for the classical, 16-dimensional, vector-spinor
representation of the J,’s by a direct computation. For
instance,

RIRIZRIRURIRU = R12R1R12R1R12R1’ (836)

while

Ri2R3Riz = Ro3Ri2Ra3. (8.37)
These results can then be lifted to the full 2'°-dimensional
quantum-gravitino representation by using the functorial
nature of the Fock-representation expressions Eqs. (7.11),
(7.12). Indeed, they imply that the exponentiated operators,

A

X, = e «, act, when considered at any given level,9 Ny, as
a product of corresponding classical exponentiated factors.
For example, at level 2, we have

exja(u A U) — (exjf’u) A (exj"l}). (8-38)

Such a general product action applies in particular to the
reflection operators R, = ¢’#«, and thereby also to the

relevant braid operators which are made of products of
7A2a’s. As a consequence, the equality of two braid classical
combinations, e.g., Eq. (8.36), entails the equality

7 . commutes with N and therefore any function of J, acts
within any fixed-N space.
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of the corresponding quantum combination at all levels, so
that, e.g.,
RIRLRIRLRI Ry = RpRiRRIR R, (8.39)

holds in the 2'®-dimensional quantum-gravitino represen-
tation.

IX. CONCLUSIONS

Let us summarize our main results on the supersym-
metric quantum dynamics of the cosmological models
obtained by reducing D = 5 supergravity to one timelike
dimension, i.e., by considering the consistent truncation
where the spatial metric, h;;, the vector potential, A;, and
the spatial components of the gravitino, 4, depend only
on time.

(1) We constructed a consistent quantization of this
model, with the fourteen bosonic coordinates
quantized & la Schrodinger (p :%%), while the
suitably redefined spatial gravitino field ®% =
(det h)iy@%y™s satisfies simple anticommutation
relations {® &P} = G5B, Here, G is
the inverse of the metric G,;, in the Cartan space
of GJ*: G’ =3, (p)* = (3. B)% where
the p*’s are the logarithmic scale factors of the
spatial metric h;;, see Eq. (2.12). In other words, the
wave function of the Universe is a 2'~component
spinor of Spin(24,8) which depends on the fourteen
bosonic configuration variables h;;, A; (with i = 1,
2, 3, 4). The latter variables are usefully replaced by
the four logarithmic scale factors, ¢, the six off-
diagonal Iwasawa variables N¢; (with a < i), and
the four electric variables B, = A;(N ).

(2) Quantum states |¥) are described by wave functions
¥, (s, N, B,) (where the spin index o takes 2'6
values) that must satisfy the eight (Dirac-like)
supersymmetry constraints S,|¥) = 0, S} |¥) = 0,
as well as the Hamiltonian constraint |¥) = 0. We
have checked the consistency of the algebra of
constraints [see Egs. (6.7), (6.8), and (6.17)] when
using an ordering ensuring an up-down symmetry
in fermion space (i.e., symmetry under swap-
ping ® < @F).

(3) The hyperbolic Kac-Moody algebra G5+ shows up
in the bosonic sector in the fact that the bosonic part
of the Hamiltonian describes a null geodesic over the
symmetric space G5 /K (G5 ") when setting to zero
some higher-level Kac-Moody terms formally cor-
responding to some spatial gradient terms on the
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supergravity side [28]. The root structure of G5 is
reflected in the bosonic Hamiltonian through the
presence of a Toda-like structure,

HO0) — Gab”a”b + 226—2(/3b_ﬁa)(Pah)2
a<b

+%Za:e_2ﬂ" (P)2, (9.1)

where 7, is the conjugate momentum to ¢, P is the
momentum conjugate to B,, and where P, is a
momentumlike variable associated with N¢;. Here
o) (p) = pb — g%, and (9 (p) are linear forms in
the f’s which correspond to (real) roots of G; . In
particular, they feature the four simple roots
a; =a, oy =a'?, a3 = a®), a, = aB? defin-
ing the Cartan matrix, Eq. (4.7), of G .

The K(G; ") structure associated with the fermions
shows up in the fermionic sector in several ways.
The part H® of the quantum Hamiltonian that is
bilinear in the fermions reads

O — 23 b, 0,()

a<b

1
—%;e—ﬂ T, (P). (9.2)

This fermion-quadratic contribution associates to
each one of the wall roots, a;(f) = (a'®)(B).
al9(p)), entering the bosonic Hamiltonian, a cor-
responding fermion bilinear ja,' The latter quantum
fermion bilinears generate a 2'6-dimensional
representation of K(G3 ). Indeed, the four oper-
ators .70,’_, i=1,2, 3, 4, corresponding to the four
simple roots of G, ', satisfy the Serre-Berman
relations, Eq. (4.13).
In the short-wavelength limit, the propagating-wave
solutions of the constraints that exist in the middle of
the fermionic Fock space (4 < Np < 12) transform,
upon reflection on each of the (symmetry or electric)
potential wall delimiting the boundary of the billiard
chamber (identified with the Weyl chamber of G5 ),
under the corresponding four quantum reflection
operators

Ry, = e, (9.3)
These quantum reflection operators satisfy the gener-
alized Coxeter relations given in Egs. (8.31)—(8.32).
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These relations define a spinorial extension of the
Weyl group of G5 .

(6) The quartic-in-fermion contribution to the quantum
Hamiltonian f? = 151/1(4) (as defined in Sec. VI)
satisfy two remarkable K (G5 " )-related properties.
First, it is invariant under the generators jai, i=1,2,
3, 4 of K(G5"), and second, it happens to be
expressible [see Eq. (7.15)] in terms of two
K (G5 ")-invariant fermion bilinears, the (sesqui-
linear) fermion number, N = Gaqu)‘ﬁdA)h , and the
bilinear Cr = G, C,z®"F, which involves the
“charge conjugation” matrix C,p of the (spatial) y;
matrices (Cy;,C~! = —yT).

The invariance of Ny and Cp under the .7,,1_’3 stems
from the invariance of the two corresponding bilinear
forms H(®,,®,) = G, @ 6,5®5% and J(®,, ®,) =
Gy @44 Cyp®58 under the action of the generators of
K(G3") in the 16-dimensional space defined by the
(classical) vector-spinor representation; here, we consider
this representation from a mathematical point of view, i.e.,
within the vector space of complex-valued vector-spinors
@94, The quantum representation being correspondingly
built by Fock quantization, as discussed in Sec. VII. The
sesquilinear form H is Hermitian, with signature (12, 47),
while the bilinear form J is symplectic. The fact that the
representatives of the generators of the (infinite-dimen-
sional) algebra K(G; ") within this 16-dimensional repre-
sentation leave these two forms invariant indicates that the
image of K(G; ") within this representation is the inter-
section of the Lie algebra of the pseudounitary group
U(12,4) and of the symplectic group Sp(16,C). By
definition, this intersection is the Lie algebra sp(6,2) of
the quaternionic pseudo-unitary group Sp(6,2). The image
Lie algebra sp(6,2) of Lie[K(G; )] has real dimension
136 (as can be directly checked by looking at the general
solution of the invariance conditions, u'H + Hu = 0,
u'J+Ju=0, of H and J under an infinitesimal
GL(16,C) transformation 6@ = u - ®).

Our results open new perspectives that we hope to
explore in future work. The most promising one is that
our finding that the quartic-in-fermions term commutes
with the generators of the involutory subalgebra K(G; ™)
(which generalizes the similar property found for ' = 1,
D =4 supergravity [25]), raises the hope that such

a property will also hold for the maximal supergravity
N=8in D=4, or N =1 in D=11, ie, that the
quartic-in-fermions term in the Hamiltonian is invariant
under K(E ). Let us note in this respect that, as shown by
Eq. (3.12), the quartic-in-fermions term in the Hamiltonian
is the sum of the original fermion-quartic part of the
Lagrangian and of a sum of the squares of the J,, bilinears
corresponding to the roots explicitly appearing in the
Lagrangian (the latter terms being generated by the
Legendre transform associated to the velocity dependence
of the couplings of AN'; and A; to fermions). Though our
analysis has truncated away the couplings to spatial
derivatives, it has retained all the velocity-dependent
couplings; a similar analysis can be implemented for
D = 11 supergravity. This suggests that the value of x>
obtained in such one-time-dimension reductions is relevant
to the exact supergravity dynamics. Therefore, finding a
value of y? that is invariant under the relevant involutory
algebra is a strong signal of a hidden Kac-Moody-related
symmetry. In previous Kac-Moody-coset analyses, it was
argued that x? is naturally given by a quadratic Casimir,
% >4 J2, involving a formal sum over the infinite number of
positive roots [25,36]. It will be therefore important to see
whether an extension of our analysis to the D = 11-
supergravity fermion sector leads to a y? that is invariant
under K(E ).

If this is the case, besides being a clear confirmation of a
hidden K(E;,) symmetry, it will also probably imply that

2= ﬁl’l(4) is a ¢ number, rather than a fermionic operator,
because we have checked that there are no nontrivial
K(Ejp)-invariant (symplectic) bilinears of the type,
Cr = Gy ®CP’ = G, @ C 5 P8, that allowed expres-
sions of the type Eq. (7.15) to exist. In D =4, 3> was
quadratic in Cp with C = y5 = y%!y?y3, while in D = 5,
Cr involved the spatial charge conjugation matrix. We
recall that, like in D = 4, the gravitino is a Majorana spinor
in D=11.
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APPENDIX A: SPECTRUM OF THE QUANTIZED J OPERATORS

1.J ab) SPectrum
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7 5 3 1
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APPENDIX B: EXPLICIT FORM OF THE
SUPERSYMMETRY CONSTRAINTS

In this appendix we use a slightly different notation from
the one used in the text. Vector indices are denoted a, b, - - -
(as in the text), while spinor indices are denoted «, f3, - - -.
The composite indices combining these two types of
indices (denoted A = aA in the text) are denoted here as
A = aa. When a spinor, or a composite index, belongs to
some ®° we dot it to indicate its origin, e.g.,
(@)t = dTad — (4)" = ™. The right-hand side
G 5% (with A = 1) of the third (nontrivial) anticommu-
tation relations Eq. (5.10) is denoted A5, i.e.,

{4, DB} = A4B, (B1)
Though, with our normalization A8 = G%§% is real and

symmetric, it is useful (for keeping track of Hermitian
conjugations in contracted indices) to denote its complex

conjugate as (A%B)* = ABA_ We also denote the (purely
imaginary) numerical coefficients ¢% . = —cgz 4 entering

Eq. (6.5) as G“B[AC] = —a‘g[CA], so that S* reads
a faa a 2BATPAC

The following contraction of the o coefficients plays a
distinguished role,

0% pipe APP = —iv, 6. (B3)
Here C = cy and the four components of the vector v
are v, = —4—1‘{19, 16,13, 10}.

With this notation, the explicit form of the supersym-
metry constraint S*|X) = 0, when acting on a plane-wave
state of fermion level k written as

X) = ey, @ BT0), (BY)
reads
k((ﬂa - il/a)AaaPXpA]...Ak_l - (k - 1)6([2]|[Bc]ACP
X AKX oy ) = O- (B)

The corresponding explicit form of the constraint
S™|X) = 0 reads

((ﬂal + iya]>5ZIXA2"'Ak+|

xa . ABPY ..y
+ ko g, A Xy iageie) = 00 (BO)
where the last subscript indicates antisymmetrization
with respect to the composite indices A[A, - - - A, (with
Ap = aap).
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