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The well-posedness of the gravitational equations of f(R) gravity is studied in this paper. Three
formulations of the f(R) gravity with dynamical shifts [which are all based on the Arnowitt-Deser-Misner
(ADM) formalism of the equations] are investigated. These three formulations are all proved to be strongly
hyperbolic by pseudodifferential reduction. The first one is the Baumagarte-Shapiro-Shibata-Nakamura
formulation with the so-called “hyperbolic K-driver” condition and the “hyperbolic Gamma driver”
condition. The second one is the ADM formulation with modified harmonic gauge conditions. We find that
the equations are not strong hyperbolic in traditional Z4 formulation for f(R) gravity. So, in the third
formulation, we improve the Z4 formulation, and show these equations are strong hyperbolic with modified

harmonic gauge conditions.
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I. INTRODUCTION

In the past two decades, physicists have been trying to find
an interpretation about the early and late time accelera-
ting expansion of the Universe. As an alternative solution,
modified gravity has been arousing people’s curiosities. The
so-called f(R) gravity, whose Lagrangian is an analytic
function of the spacetime’s Ricci scalar, is one of the simplest
and the most direct modifications of general relativity.
Starobinsky used the model with f(R) = R + aR? to give
an explanation of the early accelerating expansion of the
Universe [1], without introducing extra inflation fields.
Gradually, the investigations of f(R) gravity are expanded
to many aspects, ranging from Solar System to cosmology
[2,3]. To get a systematic understanding of f(R) gravity, one
can refer to reviews [4,5]. Further on, there are more wide
reviews on f(R) gravity and other modified gravity [6,7].

However, there is still much to be studied about f(R)
gravity such as its well-posed initial value problem (IVP).
A well-posed initial value problem in some sense has the
following three reasonable properties associated with the
equations of motion. Given suitable initial data and
boundary data, (i) a solution must be existent, (ii) the
solution must be unique, and (iii) the solution must depend
continuously on the initial data. The well-posed initial
value problem has been successfully demonstrated in
general relativity, which enables us to make predictions
under strong field or dynamical field conditions, with the
powerful tool of numerical relativity. Additionally, the
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well-posedness also demonstrates the local determinism
of classical theories. Therefore, naturally, we also expect
f(R) gravity to have a well-posed initial value problem. In
addition to the f(R) gravity, the well-posed formulations in
other modified gravities have been put forward. Scalar-
tensor theory has been discussed in Ref. [8]. For the
Einstein-@ ther theory, the well-posed formulation is given
in Ref. [9], where the authors use the Ricci rotation
coefficients (such a formulation was obtained in general
relativity [10]). The well-posed formulation of cubic
Horndeski theories is proposed in Ref. [11].

Sufficient conditions for well-posedness of the initial
value problem are that the equations are strongly hyper-
bolic. Hyperbolicity refers to algebraic conditions on the
principal part of the equations. It implies well-posedness
for the Cauchy problem, which reveals the existence of a
unique continuous map between initial data and solutions.
Especially, among a series of definitions of hyperbolicity,
strong hyperbolicity is consider to be a spot-on definition
for a well-posed initial value problem. The proof of this
equivalence is based on pseudodifferential analysis [12,13].

Roughly speaking, there are two methods to investigate
the hyperbolicity of a gravity theory. One is proposed by
Reall et al. The well-posed formulation in Horndeski and
Lovelock gravity has been studied in [14—16]. They show
that the equations of motion of these theories can be written
in a form that, at weak coupling, is strongly hyperbolic and
therefore admits a well-posed initial value problem.
Another considered in this paper is a different approach
than that taken by Kovacs and Reall which is based on the
Arnowitt-Deser-Misner (ADM) decomposition. However,
after ADM decomposition of the equation of motion, the
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result is usually nonlinear. Further, the hyperbolicity
analysis of the evolution is still in a linearized way which
is based on the localization principle and the linearization
principle [17]. It is based on the ADM decomposition of
the evolution equations [18] with some suitable gauge
conditions. The key technology of strong hyperbolicity is
to check whether the eigenvalues of the principal part are
all real or not and check whether the eigenvectors of the
principal part of the equations span the whole eigenspace
or not [17,19,20]. At the perturbative level, the hyper-
bolicity of the Einstein-Gauss-Bonnet theory is studied in
Refs. [21,22].

Ithas been proved that the ADM evolution equations are of
weak hyperbolicity in general relativity [23]. This is the
reason why one can find some instabilities in ADM for-
mulations [24-26]. In Ref. [19], the authors came up with
densitized ADM equations where the lapse function is
densitized. However, this formulation is still not strongly
hyperbolic but only weakly hyperbolic. Numerical evolution
of the Finstein equations in the Baumgarate-Shapiro-
Shibata-Nakamura (BSSN) formulation have been found
to have stable evolution [27]. It is based on the ADM
decomposition of the field equations. A new variable I is
introduced in the BSSN systems. It has been shown in
many papers that the BSSN formulation leads to strong
hyperbolicity of the evolution equations in general relativity
[28-30].

It is worth pointing out that all notions of hyperbolicity
mentioned above require that the evolution equations are
first order systems. Here, either the ADM evolution
equations or the BSSN evolution equations are first order
in time, but mixed first/second order in space. Hence, the
strategy to analyze the hyperbolicity of these second-order
systems is to transform them into equivalent first-order
systems. Then one looks at algebraic properties of the
principal part for these first-order systems. There are
several ways of obtaining a first-order system from these
second-order ones. One of them, used in [28,29,31], is to
add as variables all first-order derivatives and look at the
resulting larger system. Another is to add as new variables
the square roots of the Laplacian of some of the original
variables and so get a first-order pseudodifferential system
[30]. No extra equations will be introduced under the
pseudodifferential reductions which were first used in
general relativity in [32].

In the early days, the Cauchy problem of f(R) gravity
was studied through the equivalency of f(R) gravity and
scalar-tensor gravity [33]. In 2016, Mongwane, bypassing
this equivalency, took full advantage of the ADM decom-
position proposed in Ref. [34] to directly study the hyper-
bolicty of the f(R) gravity. He investigated the
hyperbolicity of f(R) gravity but only for a given shift
function in both the ADM formulation and the BSSN
formulation. Therefore, by adding all first-order derivatives
as variables, he proved the ADM version of f(R) gravity is

just weakly hyperbolic while the BSSN version of f(R)
gravity is strongly hyperbolic [35].

On the one hand, it is known that there are many other
formulations with different gauge conditions other than the
BSSN formulation with Bona-Masso slicing condition [36]
which is used in Ref. [35] for the f(R) gravity. For example,
ADM formulation with harmonic gauge conditions and the
74 formulation are common formulations. Then, it is natural
for us to study whether or not these formulations keep the
strong hyperbolicity in f(R) gravity. On the other hand,
the advantage of the pseudodiffenrential reduction is that the
principal part of the system is algebraically much simpler to
dispose of (the matrix of principal part is much smaller),
especially for systems which have second order derivatives in
space. Based on these two reasons, the main purpose of this
paper is to make an investigation of the hyperbolicity of f(R)
gravity in three different formulations by using the pseudo-
diffenrential reduction. To be specific, the first one consid-
ered is the BSSN formulation with dynamical shifts and
lapses, we find it will be strongly hyperbolic under the so-
called “hyperbolic K-driver” condition and the “hyperbolic
Gamma driver” condition. The second one is the ADM
formulation with a modified harmonic gauge condition
which is different from the one in general relativity [17].
For the last formulation, a four-vector field Z¢ is added into
the original equations of motion. Then we get the so-called
74 formulation. However, the approach to add Z¢ is distinct
with the traditional one in general relativity. Otherwise, one
cannot acquire a strongly hyperbolic Z4 formulation.

This paper is organized as follows. In Sec. II, we present
the standard Arnowitt-Deser-Misner (ADM) formulation of
f(R) gravity according to Ref. [34]. The hyperbolicity of
the Baumgarte-Shapiro-Shibata-Nakamura (BSSN) formu-
lation with dynamical lapse and dynamical shift is studied in
Sec. III. In Sec. V, a modified harmonic formulation is
analyzed. Last but not least, we perform a modified Z4
formulation for the f(R) gravity in Sec. IV. Section VI is the
conclusion and the discussion. We use the lowercase letters
{a, b, c, ...} forthe abstract indices and we use the lowercase
letters {i, j, k, ...} for the spatial component of a tensor.

II. THE ADM DECOMPOSITION OF EQUATIONS
OF MOTION IN f(R) GRAVITY

We start with a brief review of the ADM decomposition of
equations of motion in f(R) gravity (the details can be found
in Ref. [34]). There are three versions of f(R) gravity: metric
formalism, Palatini formalism, and metric-affine formalism,
respectively [37]. In this paper, we consider the metric
formalism whose action can be expressed as

s:% / dx {\/—_gf(R) s, |, @

where k> = 872Gy, and Gy is the gravitational constant. The
symbol g is the determinant of the spacetime metric g, and
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L,, is the Lagrangian density for usual matter fields. Varying
the action (2.1) with respect to the metric g,;, yields equations
of motion

1
f'Rup — ifguh =V Vof + 9,0 =Ty,  (2.2)

where f' = df(R)/dR, f = f(R), and T, is the energy-
momentum tensor from the Lagrangian density £,,. For
convenience on the notion, usually, we introduce a sym-
metric tensor X, which is defined as follows:

1
Eab = f/Rab - Efgub - f”vava - fmvuvaR

+ 9. (f"VRV R + f"LIR). (2.3)
Hence, Eq. (2.2) can be written as
Zab = KzTab. (24)

We think of spacetime (M, g,;,) to be foliated by spacelike
surfaces (Z;, 7,5 ). Let n be the future directed unit normal to
2, and the induced spatial metric on those hypersurfaces is
Yab = Yap T Nalp. (25)
The mixed tensor y,” is called the projection operator since
when contracted with any four-dimensional vector it pro-
duces its spatial projection on X,. Under the standard ADM
decomposition, the metric g, is written as
ds? = —(a? = B;p))df* + 2B,dtdx’ + yidx'dx/,  (2.6)
where « is the lapse function and ' is the shift vector
with g, =vy; jﬁj . The induced covariant derivative on
(%, 7ap) is denoted by D, which is compatible with the
induced metric y,;, as usual. The extrinsic curvature K ,;, can

be defined in terms of projections of covariant derivative of
n,, 1.e.,

1
Kab = _7acybdvcnd = _vanb —ngap = __'Cnyab’ (27)

2
where a;, = n°V_n,, is the acceleration of the normal n,,, and
itis related to the lapse function a via a;, = D, In a. By these
definitions, the ADM decomposition of the full system (2.4)
is expressed as follows [34,35]:

0oR = oy, (2.8)

oy = % [<2f + Rf' + 3(D;,D'R + Ky + a'D,R)f"
+3(D'RD;R —y?) " — (S = p)], (2.9)
ovrij = —2aK;; + }’ikajﬂk + 7jkaiﬁk7 (2.10)

aoKij = a('Rij — 2KikKjk + KKU)

a

/'
1

— f"D;RD;R - K |:Sij - g?ij(s _P)] }

- DiDja + Kkj(),-ﬁk + Kikajﬁk,

1 1
+ {6f7’ij - g]’inf/ — (D:D;R +yK;;)f"

(2.11)

where Eq. (2.8) is just the definition of the variable .
Here, the operator 9, is defined as d, = 9, — f'9; with f#
denoting shift. This operator is always used in the
following discussion. In the above equations, R;; called
the spatial Ricci tensor is obtained by the following
expression:

1
Rij = E?’kl(aiaﬂ/kj + akaﬂ/il - aiaﬂ/kl - akaz}’ij)

+ }’kl(rmilrmkj =" ), (2.12)

where I' is computed from y;;, y is defined as the Lie
derivative of R along n, and K is the trace of K;;. The
quantities p, S;;, S come from the energy-momentum tensor
Tah’ i.e.,

j°

Scd = yacydeabv S= yabTab‘ (213)

p=n'n"T,,
It should be noted that the evolution variables are
{R.y.7. K;;} for f(R) gravity, and this is very different
from general relativity in which the variables of evolution are
merely {y;;. K;; }. If we do not think of R as an independent
dynamical variable, we have to consider evolution equations
whose highest derivative is quartic but not quadratic [38]. Itis
also interesting to discuss this issue by the method in [39].
However, it is a little bit complicated and beyond the aim of
present paper.

III. BSSN FORMULATION WITH DYNAMICAL
LAPSE AND DYNAMICAL SHIFT

In general relativity, we know the ADM formulation is
not strongly hyperbolic [19]. But for the BSSN formu-
lation, the strong hyperbolicity will be held [19,29].
Moreover, in the case of f(R), the ADM equations are
still not strongly hyperbolic, while the relevant BSSN
formulation will keep the strongly hyperbolicity when
one chooses suitable parameters [35]. The BSSN formu-
lation is based on the ADM formulation. In this sub-
section, we will show how the BSSN formulation keeps
the strong hyperbolicity in f(R) gravity. However, unlike
the method used in Ref. [35] with a fixed shift vector,
we will use pseudodifferential reductions to complete
the analysis under the dynamical lapse and the dynamical
shift.

First, we write down the BSSN formulation explicitly for
f(R) gravity which was proposed in Ref. [35]. In BSSN
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formulation, the three metric y;; and the extrinsic curvature
K;; are decomposed according to

vij = €7, (3.1)
4 [ A 1~

where 7;; has unit determinant. A new variable defined as
fi = 7jkfijk (33)

is added in the BSSN formulation. In summary, the
variables of evolution for f(R) gravity are

{R’ l//a ¢5K7 fi? 71]7Al]}‘

The evolution equations of the BSSN formulation for f(R)
gravity have the following forms:

R = ay, (3.4)
dow = % [~2f + Rf' +3(D,D'R + Ky + a'D,R) f"
+3(D'RD;R —y?) " —1(S = p)], (3.5)
1 I
60¢ = —E(ZK +60kﬂ s (36)

- ~ - - 2
0o7ij = —2aA;; + J’ikajﬁk + J’jkaiﬁk - gyijakﬁk’ (3.7)

1 . .

001(:% |:_§f+f//(DtDlR+KW) +f”/DlRDl'R+K2p:|
~ o~ 1 -

+a<AijAl/ +§K2> —ylle‘Dja, (38)

aOAij = a(KAij _AikAkj) + e (aR;; — DiDja)™

ae—4(/) 49 A 1 11
_T DZD]R—FI//e Al]+§K}/U f

TF
+ f/NDl'RDjR + KZSI']'}

~ ~ 2~
+ Ay + Ao, pt ~ §Aijakﬁk7 (3.9)

. . o~ 4 g ~
ool =2al" ; A¥ —3am7"D;K +12amA"D;¢
+2a(m—1)D;AY = 2AYD ja+77%0,0,f'

1
+%7ifajak/3k ~-[op +§ﬁaj/;/ - 2aenu<2e4¢j7
i
+ 2am77’7 wD;R
T~ 1. .
+2am7 {(A” +§y’/K)DjR+y’ijw} . (3.10)
where D, is compatible with the conformal metric 7, j» and
S. = —y%.n’T,, is the momentum density of the matter
fields. It should be noted that the indices of quantities
which have a “tilde” are lowered and raised by the
conformal metric 7;;. The expression [...]™ denotes the
traceless part of terms inside the square brackets with
respect to the metric 7;;. The parameter m introduced in
[29,40] manifests how the momentum constraint is added

to the evolution equations for the variable I, where the
momentum constraint is expressed as [35]

) o~ o 2 ..
K2€4¢Sl - <DJA” + 6A”DJ¢ - §]~/ZJDJK>f,

1 y
—f"KA” +§7”K)D1R +7”Djl//]

—77f"wD;R = 0. (3.11)
Here, we consider the gauge condition given in
Refs. [29,41]. For the lapse, it has the form
doax = —a?h(a, ¢, **)[K — Ko(x*)], (3.12)
which is named as the hyperbolic K-driver condition. For
the shift, the hyperbolic Gamma driver type condition,

0f = *G(a, ¢, x*)B', (3.13)

0oB' = e *H(a, p, x*)00" —n(B',a, x*),  (3.14)
will be applied, where G(a,¢,x*) and H(a,¢p,x*) are
smooth, strictly positive functions, and n(Bi ,a,x") is a
smooth function.

Freezing the coefficients in the differential equations at
some fixed point and analyzing the linear constant coef-
ficient problem by means of a Fourier transformation in
space, we get

0ot = —a*hK + l.0., (3.15)

0f = a*GH', (3.16)
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N 4 . N
0yB'=e*H —gam’}w(ia}jl()

+2a(m' - 1)7ik7jl(iwj);1kz - T’jkw/’wkﬁi
1 B Ak f// o
—gf/”wja)kﬁ +2am'—- 7" (ioyr) | +1o.,  (3.17)
doR = ap, (3.18)
ool = —ayw;w;R + Lo., (3.19)
~ 1 A i ~k
0ot = ——ak + La B, (3.20)
6 6
607:/1']' ZaAlj + lytkwjﬂ =+ l}//kwtﬁ }/ljwkﬂ (321)
N f//
OOK:—a?y w;0;R + yiww;a+1o., (3.22)
A, — qe—tt Ly 5 . I
hA;; = ae XA T 1Y k(i)
. a|TF
+ 260,(Uj¢ + a)ia)j —:|
a
f//
+ae™*— 7 (0,0;R)™ + Lo., (3.23)
2 4 . 4
dpl" = ——amy" (iw;K)
3
+ 2a(m — 1)77ik}7jl(ia)jfz\k1) - }7jkijkﬁi
1 1/
—gy”w W+ 2am— 7 7U(iwap) +1o.,  (3.24)

where a hat represents the Fourier transformation in space,
for example,

O(w) = /d3x€(x)e_i“"x,

and Lo. denotes terms which depend on lower order spatial
derivatives. The parameter m’ in the evolution equation for
B' is allowed to be different from the parameter m [29]. By
writing

o] =7V,

= |w|@;, )
j

and introducing the variables

a=iua

l3i=ia‘1|w|7ij3’ B':}’ijéj,

&5, ?,/:l|a)‘e4¢}3u, L _e ¢Atj7 Ft:J‘;l‘] ’
(3.25)

d=ilw

one can rewrite the system [Egs. (3.15)—(3.24)] as a first
order system. According to these variables, one gets a first
order pseudodifferential system of the structure

doit = i|w|aP ()i + Lo, (3.26)

where

N

it = (@, by, By, #, &, 1,5, K, Ly, )T

Since the shift cannot change a real eigenvalue into an
imaginary one and it cannot affect the hyperbolicity of the
system, the system (3.26) is strongly hyperbolic if and only
if P(w) is diagonalizable and has only real eigenvalues
[17,20]. An ingenious suggestion for doing these calcu-
lations is to decompose the eigenvalue equation

At = P(o)i (3.27)

into orthogonal components with respect to @; [9,17,19].
Introduce the splitting

Xij = ;@0 X + X'q;;/2 + 2d X’)—l—X’< i)

ij
Y, =Y+ @Y, (3.28)
where qdij = 7ij
and

— @;®; is the orthogonal projector to @;,

X =adX;; X' =g X,J,
=4 q;' (X — X'q11/2).

ijs
X: =d{; &) Xk[’ X<”>
Y = @Y, (3.29)

is chosen to be I, and Y; is

chosen to be b;, B, Fi. Hence, P(w) can be decomposed
into three independent parts, and it is written as

In this subsection, X;; ijs Lijs

PS 0 0
P=|0 P 0] (3.30)
0 o P’

where PS5, PV, PT denote scalar part, vector part, and tensor
part, respectively. After some calculations, the results are
shown as follows:
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[0 0 0 o0 0
Z 0 0 G 0 0
5 0 tH 0 0 2mLH
B f
N 0 0 0 0 1
;
N 0 0 0 1 0
W
pslal | Lo o 0
3 0 ¢ 0 0 0
¥ 0 -2 0 0 0
5 _ i
k 1o o0 & 0
- 21
1; -2 0 0 -3 0
_F_ 1
0o ¢ 0 0 2mb
b 0 G 0 0 01| &
B! H 0 0 2m-1)H 0|]|B]
PV =|1 0 0 -2 o7,
L 0 0 —3 0 3| | L
i (1 0 0 2m-1) O0]|f
(3.32)
and
7. o 21117,
(i) (if)
PTli' 1 — l‘l o |l (3.33)
(i) 2 (i)

The eigenvalues of the matrix P are 0,41, +Vh,
++/4GH/3,+\/(4m — 1)/3, where 0 is the triple root.
The eigenvalues of the matrix PV are 0, :t\/G—H , :i:\/ﬁ
The eigenvalues of the matrix P’ are 41. Therefore, to
guarantee the weak hyperbolicity, we have to set & > 0,
GH >0, m > 1/4.

Furthermore, provided that m’ = 1, the matrix P is
diagonalizable only if

h#1,  GH#3/4,  h#4GH/3.  (3.34)

Provided that m’ # 1, the matrix P is diagonalizable only if

h#1.  GH#3/4,
4GH #4m -1,  m+# GH.

h#4GH/3,
(3.35)

These are the conditions for the strong hyperbolicity.

S O O O O o o o o

[SSIE

)

0 0 —h 0 01
00 0 0 0 Z
0 0 —3m'H 2(m'=1)H 0] | .
- B
0 0 0 0 0] .
N
0 0 0 0 0] .
174
o o -1 0 0]
6 o |, (3.31)
0 0 0 -2 015
0 0 0 2 0y
0 0 0 0 0|k
b0 0 3L
4 LT
0 0 -—3m 2(m—1) 0]

IV. ADM FORMULATION WITH MODIFIED
HARMONIC GAUGE

Since the ADM equations are not strongly hyperbolic
with a fixed shift #/ and a dynamical lapse a whose
evolution is denoted by a member of the Bona-Masso
family [35], we consider the case where f and « are both
dynamic variables. This consideration of gauge condition
called the modified harmonic gauge was first proposed in
Refs. [16,42] by Reall et al., which is different from the one
by Bona-Masso [36]. We show in this paper that this
generalized harmonic formulation can also be used in f(R)
gravity theory. The harmonic gauge of Einstein’s field
equations has many generalizations. One of them is to add a
given source function, denoted by HY, into the usual
harmonic condition [43,44], and the gauge is written as

VIV x¥ = H". (4.1)
For keeping general covariance, the generalized harmonic
gauge condition can be expressed as [45]

FBEDH L — T )+ HY =0, (4.2)
where the Christoffel symbols 41%0,/3 come from a fixed
smooth background metric f]a/,. Assuming that the back-
ground metric f;aﬂ is Minkowski in Cartesian coordinates
for simplicity. This means 4lgﬂaﬁ is vanished. Therefore, in

this subsection, we choose a modified harmonic gauge
given by
ga/34l'w(l/} +H" = 07 (43)

where §% is defined as
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gaﬁ’ = gaﬁ + haﬁ’ .

The modified quantities h% satisfy

1-F
WP gy = ——K, (4.4)
. 1-p .. . 1
hPA = yoja+ (p— 1)ytiyk <ak}’jl - §5j7k1>
F-1 .
+—pK (4.5)
a

where 4Ftaﬂ and K are obtained from the original metric

(2.6) and F, p are constants. Note that when F = 1 and
p =1, h" =0, Eq. (4.3) becomes Eq. (4.2). We will show
when the following conditions

F#p, F#1,

p#l, F>0, p>0 (4.6)

are satisfied, the evolution equation [Egs. (2.8)—(2.11)]
with modified harmonic condition (4.3) leads a well-posed
formulation. Due to the fact that this system is a mixed first/
second order system, with same ideas as previous sections,
first order pseudodifferential reduction is used. We obtain

P :—apyi/'(iw,&)+a2p7”}’“(lwk7/z 2 ﬂ%z) tlo.,

(4.8)
R = o, (4.9)
ool = —ayw;w;R + Lo, (4.10)
97ij = _zakij + 7jk<iwii3k) + }’ik(ia’jﬁk)v (4.11)
aokij = ww;a+ gykl(wkwﬂu + 07y — w7
— wwify;) + a%,/a),-a)jf? + lo. (4.12)
After introducing the variables
a= b; = ia_1|w|7ij/}j’
F=ilolR, ;= ilolp. (4.13)

and the splitting

>~ » P j ! /
g:@; b (4.14)

we have the following results:

a7 0 0 0 00 0 —F —Fqran
b -p 0 0 02 -2 0 015
? 000 100 0 O0f]gp
ps w |00 1000 0 0 l,,
j 02 0 00 0 -2 0 il
7 00000 0 0 =27
K -1 0 -L oo -} o o]k
Lkl Lo o 0o 00 -1 0o oJLlK]
(4.15)
B! 0 p O b!
PV 7 |=1|1 0 =2||% |  (416)
K 00 0][K
and

9 !
PTV”)]:[O _ZHZW] (4.17)

/ -1 9 " : ’

(ij) 2 (ij)
The eigenvalues of the matrix PS are +1,4++/F N2
where 41 are the double root. The eigenvalues of the
matrix PV are +,/p, 0. The eigenvalues of the matrix P”
are +1.

Hence, FF >0 and p > 0 guarantee the weak hyper-
bolicity of the evolution equation [Egs. (2.8)—(2.11)].
Furthermore, condition (4.6) means the evolution equations
[Egs. (2.8)—(2.11)] with modified harmonic condition (4.3)
are strong hyperbolic.

V. MODIFIED Z4 FORMULATION WITH
MODIFIED HARMONIC GAUGE

We extend equations of motion (2.2) in a general
covariant way by introducing an extra four-vector Z¢
[46-48], so that the set of basic fields will become
{9+ Z,}. To be specific, the modification is carried out
in the following way:

L= KTy =02 =Ty + 11V, 2,
+ 5LV, Z, = gV 2. =k (n, 2, +n,Z,
+ kanZCgab) = 0, (51)
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where k; and k, are real constants. In the above equation,
we have added three other different parameters,
Iy, [y, I3, LW +1,-13#0,

into the usual Z4 formulation. These three parameters
can be unequal with each other. Note that it is a key
point for the strong hyperbolicity. Splitting the four-
vector Z¢ as Z¢=Z7Z%+n'® with Z¢=y%,Z" and
®=-n'Z,

The harmonic gauge condition (4.2) in this subsection is
modified as the following form [47]:

dpa = —a*{(K — m®), (5.2)

0 = —a?(2 uVi + co'lna —do' In \fy) — €, (5.3)
where
Vi:ailn\/y—%ajyji—zp (5.4)
What is worth mentioning is that when
(=1, m=0, u=1, c=1, d=1, &£=0, Z,=0,
(5.5)

Egs. (5.2) and (5.3) are going to be Eq. (4.2) with H* = 0.
Projecting Eq. (5.1) onto n' or y;; with some calculations,
we finally arrive at the evolution system,

1.1 1 .
00 = | f = Rf' +~ (R + K2 = K;KU)f' — (D'D;R + Ky)f" — f"D'RD;R — %p
L+lL—10 |27 2 2
al al a
-Z*Da + ——2>—— D, ZF - S OK - k(2 + k,)O, 5.6
P R N Py Ay Lotk (56)
0Z; = % [f'(D;K/ = DiK) + f"(K/D;R + D) + f"wD;R — k*S|]
! I, +1  ak
+%pe—0Da- m1<,-jZJ _ g L 706, (5.7)
lZ 2 l2
0R = ay, (5.8)
a 3(11 + lz) ll + 12 + 2[3 2(11 + lz) + l3 . .
Oy = —14 — + 21T P 3 (D.DIR + Ky)f" +3a' D,Rf"
o 3f”{ 2 +h-1) T+ b1 Wb w)f" +3aDRf
2L +5)+ 15 31, (I 4+ b —4L)(I + 1)
‘DlRDiR " _ 3 2 el _ ZS+ E 2 DlZ,'
I+ 1,1 P =S T I, + 1L — Iy
I, + 1, — 4, N (I 4 b —45L)(I; + 1)
L2 O (R4+K*— K Ki)f — 0K
2(11+lz_l3>( KOS L+ 1 =1
I, +1,—4l
[—Mkl(z + ko) + 2k, (1 + 2k2)}®}, (5.9)
L +1—1
ovrij = —2aK;; + J/ikajﬁk + 7jkaiﬂk’ (5.10)
and
1 f// /1!
OOKI-J»:a(R,-j—2KikKjk—|-KKij—aDiDja> —af (D:D;R +yK;;) - a7DiRDjR
1 1
T {— —Rf + f”’DkRDkR +3 (D*DyR + Ky)f" = R+ K> — KyKM)f
I, +1 I, +1 1
—%Dkzk+ I;F 2®K+3K25}y,J+2Kk(a B
+ 5 (K2, + (I + L)DZy) = (I + L)OK ). (5.11)

f
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Only keeping the principal terms and doing the Fourier transformation, we get

dplt = —(ZZC(}’ijkij - mé),

N | 1. .. A d . N
oof; = —a* [Z,u <§ YMiogy — Elw]yji - Z,) - Eyklza)iyk,] — aciw;a + l.o.,

006 = mf/yijykl[(iwi)(iwl)?kj + (i) (iw))7i — (i) (i) 711 — (i) (i@7)7;5]
- ﬁf”}’”(iwi)(iwj)k + %y’jiwﬁj + Lo.,
%Z—%f@mm&fﬁm@&g+%ﬂm¢+%ﬁ@®+m”
AR = aipr,

al2(l + ) + 1) ~oally L =4L) (LG + ) 4

Oy = U(iw;)(iw;)R + Viw;Z;
V=S vty et -1y
a(ly + L =4L)f . ) A ) A ) A . A
127"l + L — I3) V'IYkl[(lwi)(lwl)J’kj + (iwy) (iw)) 73 = (iw;) (i) 1 — (iwy) (io))7;] + Lo.,
00fij = _2af<ij + ij(iwin> + Yik(iwjﬁk>7
and
~ a . . N . . N . . n . . ~ . . ~
0 K;; = ) k][(lwi)(lwl)}’kj + (lwk)(le)}’iz - (lwi)(la’j)m - (la)k)(lwl)i/ij] - (lwi)(la)j)“
L\ h af’ s A A N A
_(Z?(lwi)(le)R_FVij 3—]”}/ (m)k)(lwl)R_Ey I4 [(lwm)(lwl)m + (lwk)(lwn)le
. A ) A a(ly +1 . A ally +1L) . 4 A
(i) (i)1a = (i03) i1} ] — %ywz} AR (0,2, 4 i, 2) + 10,
After introducing the variables
a = ia_1|a)|&, 21' = ia_1|a)|yl~jﬁj, 7= l|CU|R, ?l] = lla)|}7l/’

and the splitting

” -~ 5 w4 ~ 5 7
lij = @l + 117 + 2a)<,-l;~) + ll(l‘j)’
R B B ~ ~ q - S A
i = @K+ K’% + 20K + Ky,
2, =7 +&Z,

we have the following results:
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(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)
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. 0 0 m¢ 0 0 0 0 - =L _ . _
a d d 0 0 a
R l _ f// _ f/ R
® 0 00 11+132—l3 hth=1 00 2(hi+h-13) 0 0 (€]
z 0 0 & 0 o 0 o L]z
2 2 2
ps P 0 0 O 0 1 0 0 0 O r (5.22)
N (ht+b=46)(L+5)  2(li+h)+s (li+l—=4L) f! R :
4 0 00 Spminny san 00 —gmim 000 |1V
) 0 2 0 0 0 0 0 -2 0 [
7 0 0 0 0 0 0 0 0o 2|7
2 2ly+1) 2" I X
[tﬁ -1 0 O 37 —37 0 0 -3 0 O [tﬁ
K’ 2l +1) 2" | K'
- - I 0 0 O -5 = 0 0 - 0 O |-
|
R R VI. CONCLUSIONS AND DISCUSSION
b 0 24 p 0|5
., o o0 o ~ 5, In this paper, without using the equivalence between
PV Zi _ L Z; (5.23) f(R) gravity and Brans-Dicke theory, the IVP of f(R)
Z 1 0 0 -2 ?i ' gravity has been systematically studied. Three formula-
K 0o Lth o o K tions have been considered. All of them are first order
! 2f ! in time and second order in space, and are based on the
ADM decomposition of theory. It is found that these
and formulations are all strongly hyperbolic with suitable
) ) gauge conditions.
L 0o -271[ 4 The first order pseudodifferential reduction performed in
pT G | (ij) 594
K I I K (5.24) the space derivatives is the main tool used to analyze the
{if) 2 {if) hyperbolicity of these three formulations in this article.
) . s There are no new constraints added to the system since this
The eigenvalues of the matrix P° are +\/l,/h, 1, technique does not increase the number of equations. It

j:\/{,_’ ,j:\/a, where +1 are the double root. The eigen-
values of the matrix PV are £/(1; + 1,)/(2L,). =\/u. The
eigenvalues of the matrix P are +1.

Hence, [;1, >0, { >0, d > 0 and p > 0 guarantee the
weak hyperbolicity of the evolution equation [Egs. (5.6)—
(5.11)]. Furthermore, the condition of strong hyperbolicity
for the evolution equation [Egs. (5.6)—(5.11)] with modi-
fied harmonic conditions [Egs. (5.2)-(5.4)] is given by

L # Dy, C#1,

d+1,

L #Ch,
{#d,

Ly # dly,

Iy + 1 # 2. (5.25)

It should be noted that the purpose of introducing Z,, is
applying constraint-damping techniques. From this tech-
nique, one will get more accurate results in numerical
relativity. Hence, Z, is not a physical quantity, but just a
quantity for the purpose of numerical computation. One
may directly use Eqs. (5.6)—(5.11) for the numerical
evolution of Z4 formulation in f(R) gravity if he/she likes.
Our hyperbolicity analysis is based on these equa-
tions (5.6)—(5.11). Therefore, it is inconsequential for the
asymmetry of the original Z4 equation under the condi-
tion [ 1 Sé lz.

emphasizes that well-posedness essentially captures the
absence of divergent behavior in the high frequency limit of
the solutions for a given system [19].

For the BSSN formulation with the so-called hyperbolic
K-driver condition and the hyperbolic Gamma driver
condition, the condition to keep the strong hyperbolicity
is given by Egs. (3.34) and (3.35). For general relativity,
with the same gauge condition, one can find the condition
to maintain the strong hyperbolicity in [29]. The differences
between general relativity and f(R) gravity are given by
additional conditions & # 1 and GH # 3/4. These con-
ditions are peculiar in f(R) gravity.

The conditions to keep the strong hyperbolicity for the
ADM formulation with modified harmonic gauge condition
are F#p, F#1, p#1, F>0 and p > 0. In general
relativity, it turns out the principal matrix P is diagonaliz-
able if and only if F > 0 and F # 1 [17]. Therefore, among
these conditions, F' # p and p # 1 are more important for
f(R) gravity. Since we have F # p, in some sense, it means
that the gauge equations for the lapse and shift function
have to be scaled differently.

In last formulation (which can be called a generalized Z4
formulation), a four-vector Z“ has been added. Interes-
tingly, in f(R) gravity, we find that the strong hyperbolicity
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cannot be kept if one writes the Z4 formulation as the one in
general relativity. Hence, the Z4 formulation here expressed
as in Eq. (5.1) with [; # [, plays a vital role in the proof of
the strong hyperbolicity. In a sort of sense, it is a correct Z4
formulation for the f(R) gravity.

Another useful scheme in number relativity is so-called
the Bondi-Sachs formalism. Recently, Giannakopoulos
et al. have shown that the metric equations of motion
for general relativity appear to only be weakly hyperbolic
in the Bondi-Sachs formalism [49], so it may be difficult
to find a strongly hyperbolic metric formulation of gen-
eral modified gravity theories in the Bondi-Sachs for-
malism. Therefore, it is of obvious importance for the
modified gravity to study the hyperbolicity of Bondi-Sachs

formalism [50,51]. Corresponding investigations will be
reported elsewhere.
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