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In this work, we explore the construction of the most general vector-tensor theory with an SU(2) global
symmetry in the vector sector as a proposal for amodified theory of gravity.We start with a general Lagrangian
containing terms involving symmetric and/or antisymmetric combinations of the covariant derivative of the
vector field plus an arbitrary function of thevector field times theRicci scalar. Then,we study the degeneracy of
the full theory to determinewhether it can be healthy or not.We find relations among some of the free functions
in the Lagrangian that are necessary for the healthiness of the theory in correspondencewith the several ways in
which the kinetic matrix can be turned degenerate. Finally, we take the decoupling limit of the theory and find
additional conditions on the free functions that are necessary for the healthiness of the longitudinal modes.
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I. INTRODUCTION

It is the common wisdom in science that, at the end, all
theories are effective. In their purpose of describing nature in
the most faithful way, each scientific theory comes with its
own built-in range of applicability, and general relativity
(GR) is not the exception. Perhaps, the most emblematic
phenomenon in GR that signals the breakdown of the theory
is the existence of singularities. Whether a consistent
quantum gravity theory or just a modification of the classical
gravitational theory is needed to bypass the failures of GR, it
is something unknown at the moment. Therefore, the quest
for advancement in the understanding of the gravitational
interaction calls for an exploration of both alternatives.
In the world of the (classical) modified gravity theories,

Lovelock’s theorem [1,2] in the early 1970s gave the

community a strong lesson: there is no way to modify GR
in four dimensions if the action is to be constructed with the
metric and its first- and second-order derivatives and the field
equations are to be of second order. Thus, one of the most
reasonable ways to proceed is to add more gravitational
degrees of freedom, for example, a scalar field. This is the
realm of the Horndeski-inspired gravity theories.
The family of Horndeski-inspired theories of modified

gravity is growing. The story began in 1974 when Gregory
W. Horndeski constructed the most general scalar-tensor
theory that gives rise to second-order field equations [3]. Two
years later, he exported the ideas of his previous work to the
case of a vector-tensor theory with a U(1) gauge invariance
[4]. These pioneer works slept well under the dust of time
until his scalar-tensor theory was rediscovered in 2009 as the
Galileon theory [5–9]. They being just the next step to extend
the Lovelock’s results on gravity theories, it is quite surpris-
ing that themodified gravity community took almost 40years
to pay appropriate attention to Horndeski’s efforts.
Much has been done since 2009 in the study of the

theoretical, astrophysical, and cosmological consequences
of these theories (see the following interesting reviews and
references therein: [10–13]). Multi-Galileon theories have
been constructed [14–23], the p-form Galileons have been
too [24–26], so has been the generalization to the Proca
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theory1 [28–32], as well as has been the generalization of
the SU(2) Yang-Mills theory2 [33–36] (see also Ref. [37]).
Even more, the generalized scalar-vector-tensor theory that
merges the Horndeski theory with the generalized Proca
theory (GP) has been built quite recently [38]. It was later
recognized that the Ostrogradski-ghost-free theories space3

is much wider. Having second-order field equations for the
purely scalar, vector, and tensor sectors of these theories, as
well as for the mixed sectors, is desirable, very convenient
indeed, but unnecessary to avoid the hateful Ostrogradski’s
ghost as long as the respective Lagrangians are degenerate.
Thus, several new terms were added to the original
Lagrangians, terms that give rise to higher-order field
equations without spoiling the healthiness of the theories.
Such new terms were collectively called “beyond”: beyond
Horndeski terms [42,43], beyond Proca terms [44,45], and
beyond SU(2) Proca terms [34,35].
The complete set of Lagrangian pieces that preserve the

healthiness of the scalar-tensor theory no matter if the field
equations are second order or not gives shape to what is
called the extended scalar-tensor theory or the degenerate
higher-order scalar-tensor theory (DHOST) [46–49]. The
degeneracy of the kinetic matrix corresponds to the primary
constraint-enforcing relation required for the propagation
of the right number of degrees of freedom. This is not
enough, in general, but it is for DHOST [50]. In the similar
fashion, the complete set of Lagrangian pieces that preserve
the healthiness of the vector-tensor theory was intended to
be obtained in Ref. [51], its authors having reached partial
success. This is because there is no proof yet that the
primary constraint-enforcing relation is enough to close the
constraint algebra [52–54]. Moreover, the authors did not
investigate whether the mixed and nonmixed sectors of the
theory are healthy or not. Something similar happened with
the construction of the GSU2P4: in Ref. [33], the action was

built having in mind just the primary constraint-enforcing
relation which turned out not to be sufficient because a
secondary constraint-enforcing relation was unveiled in
Refs. [52,53]. Several terms were discarded in the original
GSU2P because they were equivalent to others in the
Lagrangian up to total derivatives; unfortunately, those
total derivatives did not satisfy the secondary constraint-
enforcing relation, forcing the reconstruction of the GSU2P
from scratch, a task that was carried out successfully in
Refs. [34,35].
It is the purpose of this paper to give a step ahead in the

construction of the extended version of the GSU2P. To this
end, we follow the techniques of Refs. [46,51] to build the
version of the GSU2P that implements the primary con-
straint-enforcing relation in the most general possible way.5

To make it less difficult, although it is already difficult
enough, we concentrate just in the sector of the theory that
involves two first-order derivatives of the vector field with
the addition of a nonminimal coupling to the Ricci scalar
via an arbitrary function of the vector field. We impose
additional restrictions to the obtained theory coming from
the requirement that the decoupling limit of the Lagrangian
is degenerate as well. We expect to complete our task in
the future by investigating the addition of more terms to
the Lagrangian that exhibit nonminimal couplings to the
curvature,6 the constraint algebra of the theory, and the
other mixed and nonmixed sectors of it. Interesting astro-
physical and cosmological applications surely await us,
such as those already explored for the EVT [58] and the
GSU2P [55,59].7

The layout of the paper is as follows: in Sec. II, we
introduce the extended SU(2) Proca action, split conven-
iently into four pieces. The 3þ 1 decomposition of this
action is performed in Sec. III. In Sec. IV, a clever change of
basis is carried out so that it is much less difficult to obtain
the conditions for the degeneracy of the kinetic matrix. The
latter is performed in Sec. V. The same recipe is followed
for the decoupling limit of the theory in Sec. VI. Finally, the
conclusions are presented in Sec. VII.

1This is the extension of the 1976 Horndeski’s vector-tensor
theory to the case of broken gauge invariance. The reason for the
explicit breaking of the invariance under local U(1) transformations
comes from the severe restrictions the latter imposes when trying to
implement a vector field as a new gravitational degree of freedom.
Horndeski’s 1976 construction gives faith of this circumstance. The
respective no-go theorem in flat space-time is presented inRef. [27].

2This is also known as the generalized SU(2) Proca theory
(GSU2P).

3Ostrogradski’s ghost is responsible for a Hamiltonian un-
bounded from below [39], see also Refs. [40,41].

4As with the GP, the construction of a gauge-invariant GSU2P
is highly restrictive and actually not necessary: the GSU2P
pretends just to be an effective theory without any connection
to the gauge theories that describe the electromagnetic and
nuclear fundamental interactions. The global invariance of this
theory under SU(2) internal transformations has actually to do
with the natural realization of the cosmological principle (see
Refs. [34,55]). On the other hand, the invariance under global
transformations presents quite frequently in nature; for instance,
special relativity, as an effective theory of space and time, is a
theory invariant under global Poincaré transformations.

5The GP and the GSU2P implement the primary constraint-
enforcing relation so that the temporal component of the vector
field is the one that does not propagate. In the extended vector-
tensor theory (EVT) [51] as well as in the extended version of the
GSU2P we want to start building in this paper, the nonpropagat-
ing degree of freedom can be any linear combination of
components of the vector field, see also Refs. [56,57].

6We already know from Ref. [34] that couplings to both the
Riemann tensor and the Einstein tensor are nontrivial.

7The cosmological inflationary application of the GSU2P [55]
is indeed very interesting: constant-roll inflation is realized as an
attractor curve whose attraction basin covers most of the available
phase space. This contributes significantly to the solution of the
inflationary initial conditions problem. In addition, the scenario is
free of big bang singularities and can help with the production
of primordial black holes that might serve as dark matter as
described in Ref. [60].
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Throughout the text, greek indices are space-time indices
and run from 0 to 3, while latin indices, the first of the
alphabet, label both internal SU(2) group indices and the
vectors in the two bases introduced in the text. These latin
indices run from 1 to 3. The sign convention is the (þþþ)
according to Misner, Thorne, and Wheeler [61].

II. THE EXTENDED SU(2) PROCA ACTION

In this section, we present part of the action of the
new extended SU(2) Proca theory. To some degree, we
follow the seminal works in Refs. [46,51] (scalar-tensor
and vector-tensor degenerate theories, respectively).
Nonetheless, we extend the procedure in those papers to
the case of non-Abelian vector-tensor theories.
First, in order to simplify the discussion, we split the

action into four pieces, three of them being SA, SS, and the
mixed term SAS, corresponding to terms proportional to
the antisymmetric tensor Aa

μν ≡∇μBa
ν −∇νBa

μ, the sym-
metric tensor Saμν ≡∇μBa

ν þ∇νBa
μ, and the combinations

between Aa
μν and Saμν, respectively. In the previous defi-

nitions, ∇μ is the space-time covariant derivative, and Ba
μ is

the vector field that belongs to the Lie algebra of the SU(2)
group of global transformations under which the action is
made invariant. The fourth piece corresponds to a non-
minimal coupling of Ba

μ to gravity via the Ricci scalar.
We begin with the most general action constructed from

two powers of the antisymmetric tensor Aa
μν and that is

invariant under global SU(2) transformations,

SA ¼
Z

d4x
ffiffiffiffiffiffi
−g

p ½Cμνρσ
ab Aa

μνAb
ρσ�; ð1Þ

where g is the determinant of the space-time metric gμν. In
this expression, the tensor Cμνρσ

ab is built up out of gμν, the
orientability four-form εμνρσ in the space-time manifold, the
vector field Ba

μ, the metric of the SU(2) Lie group (which is
proportional to the Kronecker delta), and the orientability
three-form εabc in the SU(2) manifold. Since the numbers
of combinations of tensors that can be included in Cμνρσ

ab is
quite large, we restrict ourselves to the case where there is
at most a second power of Aa

μν. We can write the tensor
Cμνρσ
ab as follows:

Cμνρσ
ab ≡ Eμνρσδab þHμνρσ

ab ; ð2Þ

where

Eμνρσ ≡ α1gμρgνσ þ α2ε
μνρσ þ α3ε

μρσβBν
cBc

β

þ α4gμβgνσgραBαcBc
β; ð3Þ

and

Hμνρσ
ab ≡ β1gνρεμσαβBαaBβb þ β2ε

μρσβBν
aBβb þ β3ε

μρσβBν
bBβa

þ β4ε
μνρσBαaBα

b þ β5gμβgνσgραBαaBβb

þ β6gμβgνσgραBαbBβa þ β7gμσgνρBαaBα
b: ð4Þ

The couplings in Eqs. (3) and (4) are functions of
X ≡ Ba

μB
μ
a, i.e., αi ¼ αiðXÞ and βi ¼ βiðXÞ. Nonetheless,

we omit the argument of these coupling functions, and
similar ones later introduced, throughout the paper.
Similarly, we use the symmetric tensor Saμν to build the

action

SS ¼
Z

d4x
ffiffiffiffiffiffi
−g

p ½C̃μνρσ
ab SaμνSbρσ�: ð5Þ

As before, we split the tensor C̃μνρσ
ab into two pieces:

C̃μνρσ
ab ≡ Ẽμνρσδab þ H̃μνρσ

ab ; ð6Þ

where

Ẽμνρσ ¼ γ1gμνgρσ þ γ2gμρgνσ þ γ3gμνB
ρ
cBσc þ γ4gμρBν

cBσc;

ð7Þ

and

H̃μνρσ
ab ≡ ω1gμνgρσBα

aBαb þ ω2gμνB
ρ
aBσ

b þ ω3gμρgνσBα
aBαb

þ ω4gμρBν
aBσ

b þ ω5gμρBσ
aBν

b þ ω6gνρεμσαβBαaBβb:

ð8Þ

Now, we construct an action containing the tensor
product of Aa

μν and Saμν as

SAS ¼
Z

d4x
ffiffiffiffiffiffi
−g

p ½Ĉμνρσ
ab Aa

μνSbρσ�: ð9Þ

Here, the tensor Ĉμνρσ
ab is written as

Ĉμνρσ
ab ≡ Êμνρσδab þ Ĥμνρσ

ab ; ð10Þ

where

Êμνρσ ≡ χ1gμρBν
cBσc þ χ2ε

μνσβBρ
cBc

β; ð11Þ

and

Ĥμνρσ
ab ≡ κ1gμρBν

aBσ
b þ κ2gμρBσ

aBν
b þ κ3gρσB

μ
aBν

b

þ κ4gνρεμσαβBαaBβb þ κ5gρσεμναβBαaBβb

þ κ6ε
μνσβBρ

aBβb þ κ7ε
μνσβBρ

bBβa: ð12Þ

Finally, collecting all the contributions from Eqs. (1), (5),
and (9), we have that part of the most general non-Abelian
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vector-tensor theory containing up to first-order derivatives
of the vector field Ba

μ is given by

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p ½fðXÞR� þ SA þ SS þ SAS; ð13Þ

where, for simplicity, we have restricted to two powers of
the first-order derivatives of the vector field, up to two
powers of the vector field itself before multiplying each
derivative term by the respective coupling function, and to a
nonminimal coupling of the vector field with the Ricci
scalar.8 Notice that, for f ¼ 1, the first term in the previous
expression is simply the Einstein-Hilbert action (in suit-
able units).
In the following sections, we study the degeneracy of

the extended SU(2) Proca theory given by the action in
Eq. (13). In order to achieve this, we look for some
algebraic relations between the coupling functions, αi,
βi, γi, ωi, χi and κi, such that the kinetic matrix of the
theory is degenerate (i.e., it has a zero determinant).
Thus, our first step in the next section is to decompose
the Lagrangian of the theory using the 3þ 1 ADM
formalism [62].

III. 3 + 1 DECOMPOSITION

In this section, we rewrite the Lagrangian using the 3þ 1
decomposition. This procedure is crucial when we want to
understand the evolution of a theory for a quite general
form of the metric tensor (for instance, when one wants to
study the degeneracy properties of a Lagrangian).
Following Refs. [46,51], we first split the time derivatives
from the spatial ones using a covariant 3þ 1 decomposi-
tion of the space-time; i.e., we do not introduce a coordinate
system. Instead, we work with tensors that are decomposed
into timelike and spacelike components.
We assume the existence of a space-time foliation with

three-dimensional spacelike hypersurfaces Σt. Then, we
introduce a unit vector nμ which is both normal to the
hypersurfaces and timelike (i.e., it satisfies the normaliza-
tion condition nμnμ ¼ −1). This foliation induces a three-
dimensional metric hμν on the spatial hypersurfaces Σt

which is defined by [46,51,62]

hμν ≡ gμν þ nμnν: ð14Þ

The SU(2) Proca field Ba
μ can be decomposed using this

induced metric and the normal vector nμ as

Ba
μ ¼ −nμBa� þ B̂a

μ; ð15Þ

where Ba� ≡ nμBa
μ and B̂a

μ ≡ hνμBa
ν are the normal and

spatial projections of Ba
μ, respectively.

The time direction vector tμ ≡ ∂=∂t, associated with a
time coordinate t that labels the slicing of spacelike
hypersurfaces, can also be decomposed as

tμ ¼ Nnμ þ Nμ; ð16Þ
where N and Nμ are the lapse function and the shift vector
(which is orthogonal to nμ). We also define the “time
derivative” of any spatial tensor as the spatial projection of
its Lie derivative with respect to tμ and which we denote by
a dot. Thus, in our case, we have

_Ba
� ≡ tμ∇μBa�; ð17Þ

_̂B
a
μ ≡ hνμLtB̂

a
ν ¼ hνμðtρ∇ρB̂

a
ν þ B̂a

ρ∇νtρÞ: ð18Þ

The covariant derivative of the normal vector can be
decomposed into the extrinsic curvature Kμν and acceler-
ation vector aμ,

∇μnν ¼ −nμaν þ Kμν; ð19Þ
where

aμ ≡ nν∇νnμ; ð20Þ

Kμν ≡ hρμhσν∇ρnσ ¼
1

2N
ð _hμν −DμNν −DνNμÞ; ð21Þ

where Dμ denotes the three-dimensional covariant deriva-
tive associated with the spatial metric hμν.
Using the above definitions, the covariant derivative of

the vector field reads [46,51]

∇μBa
ν ¼ nμnνð _Ba

� − aρB̂a
ρÞ þ nμð− _̂B

a
ν þ Kν

ρB̂a
ρ þ aνBa�Þ

þ nνðKμ
ρB̂a

ρ −DμBa�Þ þDμB̂
a
ν − KμνBa�; ð22Þ

such that the only relevant terms for the kinetic part of the
Lagrangian (i.e., the ones with the “time derivative”) are

ð∇μBa
νÞkin ¼ nμnν _B

a
� þ nμð− _̂B

a
ν þ Kν

ρB̂a
ρÞ

þ nνKμ
ρB̂a

ρ − KμνBa�: ð23Þ

Thus, the kinetic part of the Lagrangian in Eq. (13),
quadratic in ∇μBa

ν , can be written as

Lkin ¼ Aab
_Ba� _Bb� þ 2Bσ

ab
_Ba�

_̂B
b
σ þ 2Cαβa _Ba�Kαβ þDνσ

ab
_̂B
a
ν
_̂B
b
σ

þ 2Eναβ
a

_̂B
a
νKαβ þ F αβρσKαβKρσ; ð24Þ

where the expressions for the coefficients are given in
Appendix A. In these expressions, we have also considered
the contribution of the Ricci scalar given by [46,51,62]

8There certainly exist nonminimal couplings to gravity involv-
ing either the Riemann tensor or the Einstein tensor (see
Ref. [34]). We expect us to consider them in a future publication.
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R ¼ ð3ÞRþ KμνKμν − K2 − 2∇μðaμ − KnμÞ; ð25Þ

where ð3ÞR is the three-dimensional Ricci scalar constructed
with hμν and K ≡ γμνKμν.
Using the previous definitions, the kinetic Lagrangian

can be written in terms of a matrix (which is called the
kinetic matrix) as

Lkin ¼ ½ _Ba
�

_̂B
a
ν Kρδ �

2
664
Aab Bσ

ab Cαβa

Bν
ab Dνσ

ab Eναβ
a

Cρδb Eσρδ
b F αβρδ

3
775
2
664

_Bb
�
_̂B
b
σ

Kαβ

3
775:

ð26Þ

It is hard to study the degeneracy properties of the
kinetic matrix in its present form. Therefore, in the next
section we propose a suitable vector-tensor basis in order
to have a matrix whose entries are scalars [46,51]. In fact,
we will see that such a basis will lead us to a block-diagonal
matrix.

IV. CHANGE OF BASIS

In this section, we perform a change of bases on the
hypersurfaces Σt and the internal space of SU(2) in order to
determine the degeneracy properties of the kinetic matrix
in Eq. (26).
For the internal space, we propose a basis with three

orthonormal vectors fWa
i g. These vectors are chosen such

thatWa
1 coincides with the direction of B

a� and the other two
normal and orthogonal vectors being arbitrary in the vector
subspace orthogonal to Wa

1 ,

fWa
i g ¼

�
Wa

1 ≡ Ba�
jB�j

;Wa
2;W

a
3

�
: ð27Þ

In the previous expression, jB�j≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B�aB�a

p
. Thus, the

orthonormality relation reads

Wa
i Wja ¼ δij: ð28Þ

Notice that the i, j, k indices label in this case the vectors in
the basis.
Similarly, we propose an orthonormal basis with three

vectors fVi
μg for the three-dimensional hypersurfaces.

These vectors are chosen such that V1
μ lies along the

direction of B̂1
μ and the other two normal and orthogonal

vectors being arbitrary in the vector subspace orthogonal
to V1

μ,

fVi
μg ¼

8<
:V1

μ ≡ B̂1
μffiffiffiffiffiffiffiffiffiffiffi

B̂1
νB̂

ν
1

q ; V2
μ; V3

μ

9=
;: ð29Þ

These three vectors fulfil the relations

Vi
μVμj ¼ δij and nμVi

μ ¼ 0: ð30Þ

Therefore, all three vectors Vi
μ are orthogonal to nμ. Notice

that the superindex “1” in the left-hand side of the
definition of V1

μ corresponds to the labeling “1” of the
three vectors of the basis, while the one on the right-hand
side corresponds to a ¼ 1 of B̂a

μ.

A. Vector decomposition

Using the two bases fWa
i g and fVi

μg, we can decompose
Ba� and B̂a

μ as

Ba� ¼ B̃�iWa
i and B̂a

μ ¼ ˜̂B
k
iWa

kV
i
μ; ð31Þ

where B̃�i and
˜̂B
k
i are the components of Ba� and B̂a

μ in the
bases fWa

i g and fVi
μg. Combining Eq. (27) with the first

equation of the previous expression, we get

Ba� ¼ jB�jWa
1 ¼ B̃�1Wa

1 þ B̃�2Wa
2 þ B̃�3Wa

3: ð32Þ

Thus, we see that B̃�2 ¼ B̃�3 ¼ 0. Similarly, using Eq. (29),
we observe that

B̂1
μ ¼

ffiffiffiffiffiffiffiffiffiffiffi
B̂1
νB̂

ν
1

q
V1
μ ¼ V1

μðW1
k
˜̂B
k
1Þ þ V2

μðW1
k
˜̂B
k
2Þ þ V3

μðW1
k
˜̂B
k
3Þ:

ð33Þ

Then, we have W1
k
˜̂B
k
1 ¼

ffiffiffiffiffiffiffiffiffiffiffi
B̂1
νB̂

ν
1

q
and W2

k
˜̂B
k
2 ¼ W3

k
˜̂B
k
3 ¼ 0.

Here, we can make a further assumption and set
˜̂B
k
2 ¼ ˜̂B

k
3 ¼ 0.

B. Tensor decomposition

Finally, using the fVi
μg vector basis, we can define six

independent symmetric matrices (UI
μν; I ¼ 1;…; 6),

U1
μν ≡ V1

μV1
ν; U2

μν ≡ 1ffiffiffi
2

p ðγμν −U1
μνÞ;

U3
μν ≡ 1ffiffiffi

2
p ðV2

μV2
ν − V3

μV3
νÞ;

U4
μν ≡ 1ffiffiffi

2
p ðV2

μV3
ν þ V2

νV3
μÞ; U5

μν ≡ 1ffiffiffi
2

p ðV2
μV1

ν þ V2
νV1

μÞ;

U6
μν ≡ 1ffiffiffi

2
p ðV3

μV1
ν þ V3

νV1
μÞ; ð34Þ

which satisfy the relations9

9The symmetrization and antisymmetrization operations are
normalized.

TOWARDS THE EXTENDED SU(2) PROCA THEORY PHYS. REV. D 105, 124060 (2022)

124060-5



UI
μνUJμν ¼ δIJ and γμðργνσÞ ¼ δIJUIμνUJ

ρσ: ð35Þ

In other words, the basis fUI
μνg spans the space of

symmetric tensors on Σt. Then, we can decompose Kμν

using this tensor basis as

Kμν ¼ KIUI
μν: ð36Þ

Introducing the decomposition of _B�
a, _̂B

a
μ, and Kμν in

Eq. (24), we obtain the following Lagrangian containing
only scalar quantities:

Lkin ¼ A1ð _̃B1
�Þ2 þA2ð _̃B2

�Þ2 þA3ð _̃B3
�Þ2 þ 2A4ð _̃B1

�Þð _̃B2
�Þ þ 2A5ð _̃B1

�Þð _̃B3
�Þ þ 2A6ð _̃B2

�Þð _̃B3
�Þ

þ 2B1ð _̃B1
�Þð _̂̃B

1

1Þ þ 2B2ð _̃B1
�Þð _̂̃B

2

1Þ þ 2B3ð _̃B1
�Þð _̂̃B

3

1Þ þ 2B4ð _̃B2
�Þð _̂̃B

1

1Þ þ 2B5ð _̃B3
�Þð _̂̃B

1

1Þ

þ 2B6ð _̃B2
�Þð _̂̃B

2

1Þ þ B6ð _̃B3
�Þð _̂̃B

3

1Þ
þ 2C1K1ð _̃B1

�Þ þ 2C2K2ð _̃B1
�Þ þ 2C3K1ð _̃B2

�Þ þ 2C4K2ð _̃B2
�Þ þ 2C5K1ð _̃B3

�Þ þ 2C6K2ð _̃B3
�Þ

þD1ð _̂̃B
1

1Þ2 þD2ð _̂̃B
2

1Þ2 þD3ð _̂̃B
3

1Þ2 þD4ð _̂̃B
1

1Þð _̂̃B
2

1Þ þD5ð _̂̃B
1

1Þð _̂̃B
3

1Þ þD6ð _̂̃B
2

1Þð _̂̃B
3

1Þ

þD7ð _̂̃B
1

2Þ2 þD8ð _̂̃B
2

2Þ2 þD9ð _̂̃B
3

2Þ2 þD10ð _̂̃B
1

3Þ2 þD11ð _̂̃B
2

3Þ2 þD12ð _̂̃B
3

3Þ2

þD13ð _̂̃B
1

2Þð _̂̃B
2

2Þ þD14ð _̂̃B
1

2Þð _̂̃B
3

2Þ þD15ð _̂̃B
1

2Þð _̂̃B
2

3Þ þD16ð _̂̃B
1

2Þð _̂̃B
3

3Þ þD17ð _̂̃B
2

2Þð _̂̃B
3

2Þ

þD18ð _̂̃B
2

2Þð _̂̃B
1

3Þ þD19ð _̂̃B
3

2Þð _̂̃B
1

3Þ þD20ð _̂̃B
1

3Þð _̂̃B
2

3Þ þD21ð _̂̃B
1

3Þð _̂̃B
3

3Þ þD22ð _̂̃B
2

3Þð _̂̃B
3

3Þ

þ 2E1K1ð _̂̃B
1

1Þ þ 2E2K2ð _̂̃B
1

1Þ þ 2E3K1ð _̂̃B
2

1Þ þ 2E4K2ð _̂̃B
2

1Þ þ 2E5K1ð _̂̃B
3

1Þ þ 2E6K2ð _̂̃B
3

1Þ

þ 2E7K5ð _̂̃B
1

2Þ þ 2E8K6ð _̂̃B
1

2Þ þ 2E9K5ð _̂̃B
2

2Þ þ 2E10K6ð _̂̃B
2

2Þ þ 2E11K1ð _̂̃B
3

2Þ þ 2E12K2ð _̂̃B
3

2Þ

þ 2E13K5ð _̂̃B
1

3Þ þ 2E14K6ð _̂̃B
1

3Þ þ 2E15K5ð _̂̃B
2

3Þ þ 2E16K6ð _̂̃B
2

3Þ þ 2E17K5ð _̂̃B
3

3Þ þ 2E18K6ð _̂̃B
3

3Þ
þ F 1K2

1 þ F 2K2
2 þ 2F 3K1K2 þ F 5ðK2

3 þ K2
4Þ þ F 4ðK2

5 þ K2
6Þ; ð37Þ

where the coefficients are given in Appendix B. We can rewrite this kinetic Lagrangian using two 8 × 8 matrices and one
2 × 2 matrix as follows:

Lkin ¼ ðmT mT
1 mT

2 Þ

0
B@

M 0 0

0 M1 0

0 0 M2

1
CA
0
B@

m

m1

m2

1
CA; ð38Þ

where we have introduced the vectors10 m≡ f _̃B�
1
; _̃B�

2
; _̃B�

3
;
_̂̃
B1

1

;
_̂̃
B1

2

;
_̂̃
B1

3

; K1; K2g, m1 ≡ f _̂̃B2

1

;
_̂̃
B2

2

;
_̂̃
B2

3

;
_̂̃
B3

1

;
_̂̃
B3

2

;
_̂̃
B3

3

; K5; K6g, and m2 ≡ fK3; K4g, and the matrices M, M1, and M2 have the following structures:

M≡

0
BBBBBBBBBBBBB@

A1 A4 A5 B1 B2 B3 C1 C2
A4 A2 A6 B4 B6 0 C3 C4
A5 A6 A3 B5 0 B6 C5 C6
B1 B4 B5 D1 D4 D5 E1 E2

B2 B6 0 D4 D2 D6 E3 E4

B3 0 B6 D5 D6 D3 E5 E6

C1 C3 C5 E1 E3 E5 F 1 F 3

C2 C4 C6 E2 E4 E6 F 3 F 2

1
CCCCCCCCCCCCCA

; M1≡

0
BBBBBBBBBBBBB@

D7 D13 D14 0 D15 D16 E7 E8

D13 D8 D17 D18 0 0 E9 E10

D14 D17 D9 D19 0 0 E11 E12

0 D18 D19 D10 D20 D21 E13 E14

D15 0 0 D20 D11 D22 E15 E16

D16 0 0 D21 D22 D12 E17 E18

E7 E9 E11 E13 E15 E17 F 4 0

E8 E10 E12 E14 E16 E18 0 F 4

1
CCCCCCCCCCCCCA

; ð39Þ

10It is worth recalling that we are using the notation introduced in Eq. (31).

GALLEGO CADAVID, NIETO, and RODRÍGUEZ PHYS. REV. D 105, 124060 (2022)

124060-6



M2 ≡
�
F 5 0

0 F 5

�
: ð40Þ

These matrices correspond to the scalar, vector, and tensor
sectors of the kinetic matrix respectively.

V. DEGENERACY OF THE SCALAR, VECTOR,
AND TENSOR SECTORS

In this section, we investigate the conditions under which
the full kinetic matrix is degenerate. Given the structure of
this matrix, it being block diagonal, we see that there are
three possible ways of setting the determinant equal to zero
(the determinant of each submatrix equal to zero inde-
pendently). In this paper, we focus on the scalar and the
vector sectors. Regarding M2, and according to its struc-
ture [see Eq. (40)], the degeneracy of the tensor sector
would lead to a condition which is basis dependent; hence,
we do not consider the tensor sector in this paper.
(1) Degeneracy of the scalar sector

We start with the degeneracy ofM. In this case, a
sufficient condition for its degeneracy is given by

γ1þ γ2 ¼ 0; γ3þ γ4 ¼ 0; and χ1 ¼ 0: ð41Þ

Other conditions are possible, of course, but they are
quite difficult to obtain because of the high dimen-
sion of M and the complexity of the matrix entries
presented in Appendix B.
The constraints in Eq. (41) produce one zero

eigenvalue in M which corresponds to a second-
class primary constraint in the language of Dirac’s
algorithm [63] (see an interesting description of this
algorithm applied to Maxwell and Proca vector
fields in Ref. [53]). This relation removes half a
degree of freedom in the scalar sector.

(2) Degeneracy of the vector sector
A sufficient condition for the degeneracy ofM1 is

given by

α4 ¼ 0; γ2þα1 ¼ 0; and χ1− γ4 ¼ 0: ð42Þ

As in the previous case, other solutions are possible
but are quite difficult to obtain because of the same
reasons. The constraints in Eq. (42) produce two
zero eigenvalues which correspond to two second-
class primary constraints that remove one degree of
freedom in the vector sector.

Overall, the sufficient conditions in Eqs. (41) and (42)
remove one and a half degrees of freedom. The imposition
of second-class secondary constraints will remove another
one and a half degrees of freedom leading to a total of three
degrees of freedom, one in the scalar sector and the other
two in the vector sector. Hence, no comparison is possible
between the theory developed here and the GSU2P [34] as
the latter was constructed so that the unphysical three
degrees of freedom are all removed from the scalar sector.
Obtaining the second-class secondary constraints is a
nontrivial task as can be deduced from Ref. [53], and its
application to the specific theory is not either (see, for
instance, Ref. [34] for the case of the GSU2P). As such, this
is beyond the scope of this paper.
Hence, a sufficient condition to remove three degrees of

freedom is given by the combination of the constraints in
Eqs. (41) and (42), i.e.,

α1 ¼ γ1 ¼ −γ2 and α4 ¼ γ3 ¼ γ4 ¼ χ1 ¼ 0: ð43Þ

VI. DECOUPLING LIMIT OF THE THEORY

In this section, we study the decoupling limit of the
constructed theory. Our goal is to check whether the
resulting theory is also degenerate. If the decoupling limit
is not degenerate, the longitudinal modes of the vector
fields considered in the original theory of Eq. (13) are not
healthy. The action of the decoupling limit is found by
using the replacement Ba

μ → ∇μϕ
a. Given the structure of

Aa
μν, we realize that both SA and SAS vanish in the

decoupling limit. Thus, we find that the action associated
to the decoupling limit comes from the first and the third
terms in Eq. (13),

Sd:l: ¼
Z

d4x
ffiffiffiffiffiffi
−g

p
4

�
1

4
fð∇μϕa∇μϕaÞRþ γ1∇μ∇μϕa∇ρ∇ρϕ

a þ γ2∇μ∇νϕa∇μ∇νϕa

þ γ3ð∇ρϕc∇σϕcÞ∇μ∇μϕa∇ρ∇σϕ
a þ γ4ð∇νϕc∇σϕcÞ∇μ∇νϕa∇μ∇σϕ

a

þ ω1ð∇αϕa∇αϕbÞ∇μ∇μϕ
a∇ρ∇ρϕ

b þ ω2ð∇ρϕa∇σϕbÞ∇μ∇μϕ
a∇ρ∇σϕ

b

þ ω3ð∇αϕa∇αϕbÞ∇μ∇νϕ
a∇μ∇νϕb þ ω4ð∇νϕa∇σϕbÞ∇μ∇νϕ

a∇μ∇σϕ
b

þ ω5ð∇σϕa∇νϕbÞ∇μ∇νϕ
a∇μ∇σϕ

b þ ω6ð∇αϕa∇βϕbÞεμσαβ∇μ∇νϕ
a∇ν∇σϕ

b

�
: ð44Þ

We see that this action contains second-order derivatives of ϕa. Therefore, it corresponds to a scalar multiple-field higher-
order theory. In order to study the degeneracy properties of this action, we introduce an auxiliary field which leads to an
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action with first derivatives only (as is done in Ref. [46]). Therefore, we write Za
μ ¼ ∇μϕ

a in order not to confuse the
auxiliary field with the original field Ba

μ. By doing so, we obtain the action

Sd:l: ¼
Z

d4x
ffiffiffiffiffiffi
−g

p
4

�
1

4
fðZμ

aZa
μÞRþ γ1∇μZμa∇ρZa

ρ þ γ2∇μZνa∇μZνa

þ γ3ðZρ
cZσcÞ∇μZμa∇ρZa

σ þ γ4ðZν
cZσcÞ∇μZνa∇μZa

σ

þ ω1ðZα
aZαbÞ∇μZa

μ∇ρZb
ρ þ ω2ðZρ

aZσ
bÞ∇μZa

μ∇ρZb
σ þ ω3ðZα

aZαbÞ∇μZa
ν∇μZνb

þ ω4ðZν
aZσ

bÞ∇μZa
ν∇μZb

σ þ ω5ðZσ
aZν

bÞ∇μZa
ν∇μZb

σ þ ω6ðZαaZβbÞεμσαβ∇μZa
ν∇νZb

σ

�
: ð45Þ

As we did before, we use the 3þ 1 formalism to rewrite the
covariant derivative of the auxiliary field. Then, we first
express the vector field Za

μ using its parallel and orthogonal
components with respect to the hypersurfaces: Za

μ ¼
−Za�nμ þ Ẑa

μ. Following what we did in the vector-tensor
theory, we write the covariant derivative of Za

μ using the
“temporal” and the “spatial” components. Since ∇μZa

ν ¼
∇νZa

μ, the temporal derivative of Ẑa
μ can bewritten in terms of

quantities associated to the foliation itself; therefore, it can be
removed from the covariant derivative. Thus, the kinetic
Lagrangian can be written in terms of _Za

� and Kμν only,

Lkin ¼ Ãab
_Za� _Zb� þ F̃ αβρσKαβKρσ þ 2C̃αβa _Za�Kαβ: ð46Þ

We can rewrite this action in a matrix form as follows:

Lkin ¼ ½ _Za
� Kρσ �

�
Ãab C̃αβa
C̃ρσb F̃ αβρσ

�� _Zb
�

Kαβ

�
; ð47Þ

where the entries of the kinetic matrix are given in
Appendix C.
Following the methodology outlined for the vector-

tensor theory, we introduce two vector bases: one on the
hypersurface and one in the internal SU(2) space. For the
internal space, we have the set of vectors

fWa
jg ¼

�
Wa

1 ≡ Za�
jZ�j

;Wa
2;W

a
3

�
such that Wa

kW
l
a ¼ δlk:

ð48Þ

On the hypersurfaces, we have

fVj
μg ¼

8<
:V1

μ ≡ Ẑ1
μffiffiffiffiffiffiffiffiffiffiffi

Ẑ1
μẐ

μ
1

q ; V2
μ; V3

μ

9=
; such that Vi

μV
μ
j ¼ δij:

ð49Þ

Using the two bases in Eqs. (48) and (49), we write the
components of the vector field as follows:

Za� ¼ Z̃�iWa
i ; Ẑa

μ ¼ ˜̂Z
k
iWa

kV
i
μ: ð50Þ

According to the choice of basis vectors, Eqs. (48) and (49),
we have

Za� ¼ jZ�jWa
1 ¼ Z̃�1Wa

1 þ Z̃�2Wa
2 þ Z̃�3Wa

3; ð51Þ
and

Ẑ1
μ ¼

ffiffiffiffiffiffiffiffiffiffiffi
Ẑ1
μẐ

μ
1

q
V1
μ ¼ V1

μðW1
k
˜̂Z
k
1ÞþV2

μðW1
k
˜̂Z
k
2ÞþV3

μðW1
k
˜̂Z
k
3Þ:
ð52Þ

Without loss of generality, we can make the following

assumptions: Z̃�2 ¼ Z̃�3 ¼ 0, W1
k
˜̂Z
k
2 ¼ 0, and W1

k
˜̂Z
k
3 ¼ 0,

where, from the last two expressions, we can make
˜̂Z
k
2 ¼ ˜̂Z

k
3 ¼ 0. Thus, after employing these assumptions,

we write the kinetic Lagrangian as

Lkin ¼ ð ũT1 ũT2 Þ
�
M̃1 0

0 M̃2

��
ũ1
ũ2

�
; ð53Þ

where the vector components are ũ1 ≡ ð _̃Z1
�;
_̃Z
2
�;
_̃Z
3
�; K1; K2Þ

and ũ2 ≡ ðK5; K6; K3; K4Þ. On the other hand, each entry
of the block-diagonal matrix in Eq. (53) has the structure

M̃1 ¼

2
666666664

Ã1 Ã2 Ã3 C̃1 C̃2
Ã2 Ã4 Ã5 C̃3 C̃4

Ã3 Ã5 Ã6 C̃5 C̃6
C̃1 C̃3 C̃5 F̃ 1 F̃ 2

C̃2 C̃4 C̃6 F̃ 2 F̃ 3

3
777777775
; ð54Þ

M̃2 ¼

2
666664

F̃ 4 0 0 0

0 F̃ 4 0 0

0 0 F̃ 5 0

0 0 0 F̃ 5

3
777775
; ð55Þ

where the entries of M̃1 and M̃2 are given in Appendix D.
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Since the kinetic matrix in Eq. (53) is a block-diagonal
matrix, we have two options for setting the full matrix
degenerate.
A sufficient condition to get detM̃1 ¼ 0 is given by

γ1 þ γ2 ¼ 0 and γ3 þ γ4 ¼ 0; ð56Þ

which corresponds to the vanishing of just one eigenvalue.
There exist more possibilities to make detM̃1 ¼ 0, but
the dimension of the matrix and the complexity of the
expressions in Appendix D allowed us to find out just this
condition.
On the other hand, if we impose detM̃2 ¼ 0, we obtain

the necessary and sufficient condition

ω3 ¼ 0; γ2 ¼
1

4X
f; and γ4 ¼ ω5; ð57Þ

where, in this case, X ≡ Zμ
aZa

μ since we are considering the
decoupling limit, and we have used X ¼ −Z2� þ Ẑ2. This
condition corresponds to the vanishing of two eigenvalues.
Since there exist three longitudinal modes in the decou-

pling limit that experience higher-order field equations, it is
necessary to remove three ghost degrees of freedom. The
conditions in Eqs. (56) and (57) correspond to second-class
primary constraints that, therefore, remove one and a half
degrees of freedom. The conservation in time of these
primary constraints will lead to other three, secondary and
second-class, constraints that remove another one and a half
degrees of freedom. However, the respective Hamiltonian
analysis and the obtaining and application of the secondary
constraint-enforcing relation are beyond the scope of
this paper.

VII. CONCLUSIONS

What we have done in this paper is to give a step forward
in our intention of building the extended SU(2) vector-
tensor theory that implements all the requirements to be
considered a healthy theory. We have written all the
possible simultaneously diffeomorphism- and group-
invariant terms that can be written with a product of two
first-order derivatives of the vector field Ba

μ and a coupling
function of X ≡ Ba

μB
μ
a, and we have added them up to the

nonminimal coupling of an arbitrary funcion of X to the
Ricci scalar. We have found out the conditions for
the degeneracy of the kinetic matrix that guarantee the
implementation of the primary constraint-enforcing rela-
tion [46,51] which, in turn, is a necessary condition for
the propagation of the right number of degrees of freedom.

We have also checked under which conditions the decou-
pling limit of this theory also has a degenerate kinetic
matrix. Bringing together Eqs. (41), (42), (56), and (57), we
conclude there exist at least one class of theories that satisfy
our requirements and that is given by the combination of
Eqs. (43), (56), and (57),

α1 ¼ γ1 ¼ −γ2 ¼ −
1

4X
f; and

α4 ¼ γ3 ¼ γ4 ¼ χ1 ¼ ω3 ¼ ω5 ¼ 0: ð58Þ

It is clear that this is not the end of the story. The
constraint algebra must be studied for this class of theories
and its respective decoupling limit. Only that way, as was
done for the DHOST in Ref. [50] and for the complete
Maxwell-Proca theory in Refs. [52,53], we could be sure
the constructed theories do propagate the right number of
degrees of freedom and, therefore, are free of the
Ostrogradski’s instability. We expect us to address this
issue in a future publication. We also expect us to address
the rich astrophysical and cosmological consequences of
this theory and compare them with those of the EVT [58]
and the GSU2P [55].
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Innovación Francisco José de Caldas (MINCIENCIAS—
COLOMBIA) Grant No. 110685269447 RC-80740-465-
2020, Project No. 69553 as well as from the European
Union’s Horizon 2020 research and innovation programme
under the Marie Sklodowska-Curie Grant Agreement
No. 860881-HIDDeN. Some calculations were cross-
checked with the Mathematica package xAct [64].

APPENDIX A: COEFFICIENTS OF THE KINETIC
LAGRANGIAN IN EQ. (24)

The coefficients of the kinetic Lagrangian in Eq. (24)
involving only the vector field are given by

Aab ≡ 4ðγ1 þ γ2Þδab þ 4ðω1 þ ω3ÞB̂α
aB̂bα − 4ðω1 þ ω2 þ ω3 þ ω4 þ ω5ÞB�aB�b − 4ðγ3 þ γ4ÞB�2δab; ðA1Þ
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Bσ
ab ≡ ðκ1 − κ3 þ ω2 þ 2ω4ÞB�aB̂σ

b þ ðκ2 þ κ3 þ ω2 þ 2ω5ÞB�bB̂σ
a þ ð2γ3 þ 2γ4 þ χ1ÞB̂σ

cB�cδab

− ðκ4 þ 2κ5 − 2ω6ÞB̂α
aB̂

α1
b εαα1α2α3h

σα3nα2 ; ðA2Þ

Dαβ
ab ≡ −ð2α1 þ 2γ2Þhαβδab − ðβ5 þ β6 þ κ2 þ ω5ÞB̂α

bB̂
β
a

− ðκ1 þ ω4ÞB̂α
aB̂

β
b − ðα4 þ γ4 þ χ1ÞB̂α

cB̂
βcδab þ 2ðβ7 − ω3ÞB̂ρ

aB̂bρhαβ

þ ðβ5 þ β6 − 2β7 − κ1 − κ2 þ 2ω3 þ ω4 þ ω5ÞB�aB�bhαβ þ ðα4 þ γ4 − χ1ÞB�2hαβδab

þ ðβ1 þ κ4 − ω6ÞB̂ρ
aB̂

α1
b ερα1α2α3h

αα2hβα3

þ ðβ1 − β2 þ β3 þ κ4 − κ6 þ κ7 − ω6ÞB�aB̂
ρ
bερα1α2α3h

αα2hβα3nα1

− ðβ1 − β2 þ β3 þ κ4 − κ6 þ κ7 − ω6ÞB̂ρ
aB�bερα1α2α3h

αα2hβα3nα1 : ðA3Þ

On the other hand, the coefficients of the terms mixing the vector field with the extrinsic curvature are given by

Cαβa ≡ 2ðγ3 − ω2 − 2ω4ÞB̂α
cB̂

βcB�a − 2ðγ3 þ γ4 þ ω5ÞB̂α
cB̂

β
aB�c − 2ðγ3 þ γ4 þ ω5ÞB̂α

aB̂
β
cB�c

þ 2ð2γ1 þ fXÞB�ahαβ − 2ðγ3 þ 2ω1 þ ω2ÞB�2B�ahαβ þ 4ω1B̂
c
ρB̂

ρ
aB�chαβ

− 2ω6B̂
ρ
aB̂

α1
c B̂βcερα1α2α3h

αα3nα2 − 2ω6B̂
ρ
aB̂

α1
c B̂αcερα1α2α3h

βα3nα2 ; ðA4Þ

Eναβ
a ≡

�
γ4 þ

1

2
κ2 þ ω5 þ

1

2
χ1

�
B̂ν
cB̂

αcB̂β
a þ

�
γ4 þ

1

2
κ2 þ ω5 þ

1

2
χ1

�
B̂ν
cB̂

α
aB̂

βc þ ðκ1 þ 2ω4ÞB̂ν
aB̂

α
cB̂

βc

þ 2γ2B̂
β
ahνα −

�
γ4 þ

1

2
κ2 − ω5 −

1

2
χ1

�
B�2B̂

β
ahνα

þ 2ω3B̂
c
λB̂

λ
aB̂

β
chνα þ

�
γ4 þ

1

2
κ2 − 2ω3 − ω5 −

1

2
χ1

�
B̂β
cB�aB�chνα

þ 2γ2B̂
α
ahνβ −

�
γ4 þ

1

2
κ2 − ω5 −

1

2
χ1

�
B�2B̂α

ahνβ

þ 2ω3B̂
c
λB̂

λ
aB̂

α
chνβ þ

�
γ4 þ

1

2
κ2 − 2ω3 − ω5 −

1

2
χ1

�
B̂α
cB�aB�chνβ

− ðκ3 − ω2ÞB�2B̂ν
ahαβ þ ð2γ3 þ κ3 þ ω2ÞB̂ν

cB�aB�chαβ − 2fXB̂
ν
ahαβ

−
�
1

2
κ4 − ω6

�
B̂λ
aB̂

α1
c B̂βcελα1α2α3h

να2hαα3 −
�
1

2
κ4 − ω6

�
B̂λ
aB̂

α1
c B̂αcελα1α2α3h

να2hβα3

−
�
1

2
κ4 − κ6 − ω6 þ χ2

�
B̂λ
cB̂

βcB�aελα1α2α3h
να2hαα3nα1

− ðκ6 − χ2ÞB̂λ
cB̂

β
aB�cελα1α2α3h

να2hαα3nα1

þ
�
1

2
κ4 − ω6

�
B̂λ
aB̂

β
cB�cελα1α2α3h

να2hαα3nα1

−
�
1

2
κ4 − κ6 − ω6 þ χ2

�
B̂λ
cB̂

αcB�aελα1α2α3h
να2hβα3nα1

− ðκ6 − χ2ÞB̂λ
cB̂

α
aB�cελα1α2α3h

να2hβα3nα1

þ
�
1

2
κ4 − ω6

�
B̂λ
aB̂

α
cB�cελα1α2α3h

να2hβα3nα1

þ
�
1

2
κ4 þ ω6 þ 2κ5 þ

1

2
κ4 þ ω6

�
B̂λ
aB̂

α1
c B�cελα1α2α3h

να3hαβnα2 : ðA5Þ
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Finally, the coefficient of the term involving only the extrinsic curvature is given by

F αβρσ ≡ −2ðγ4 þ ω5ÞB̂α
cB̂

β
bB̂

ρbB̂σc − 2ðγ4 þ ω5ÞB̂α
cB̂

β
bB̂

ρcB̂σb − 4ω4B̂
α
cB̂

βcB̂ρ
bB̂

σb

þ 2ðγ3 − ω2ÞB�2B̂
ρ
cB̂σ

chαβ − 4γ3B̂
ρ
bB�bB̂σ

cB�chαβ − 2γ2B̂
β
cB̂σchαρ þ 2ðγ4 − ω5ÞB�2B̂

β
cB̂σchαρ

− 2ω3B̂
λ
bB̂λcB̂

βbB̂σchαρ − 2ðγ4 − ω3 − ω5ÞB̂β
cB�cB̂σ

bB�bhαρ

− 2γ2B̂
β
cB̂ρchασ þ 2ðγ4 − ω5ÞB�2B̂

β
cB̂ρchασ − 2ω3B̂

b
λ B̂

λ
cB̂

βcB̂ρ
bh

ασ

− ðγ4 − ω3 þ ω5ÞB̂β
cB�cB̂

ρ
bB�bhασ − 2γ2B̂

α
cB̂

σchβρ þ 2ðγ4 − ω5ÞB�2B̂α
cB̂

σchβρ

− 2ω3B̂λbB̂
λ
cB̂

αcB̂σbhβρ − 2ðγ4 − ω3 − ω5ÞB̂α
cB̂

σ
bB�cB�bhβρ

þ 2γ2B�2hασhβρ − 2ω3B�4hασhβρ þ 2ω3B̂λbB̂
λ
cB�bB�chασhβρ þ

1

2
fhασhβρ

− 2γ2B̂
α
cB̂

ρchβσ þ 2ðγ4 − ω5ÞB�2B̂α
cB̂

ρchβσ − 2ω3B̂λbB̂
λ
cB̂

αcB̂ρbhβσ

− 2ðγ4 − ω3 − ω5ÞB̂α
cB̂

ρ
bB�cB�bhβσ

þ 2γ2B�2hαρhβσ − 2ω3B�4hαρhβσ þ 2ω3B̂λbB̂
λ
cB�bB�chαρhβσ þ

1

2
fhαρhβσ

þ 2ðγ3 − ω2ÞB�2B̂α
cB̂

βchρσ − 4γ3B̂
α
cB̂

β
bB�cB�bhρσ þ 2fXB̂

ρ
cB̂σchαβ þ 2fXB̂

α
cB̂

βchρσ

þ 4γ1B�2hαβhρσ − 4ω1B�4hαβhρσ þ 4ω1B̂bλB̂
λ
cB�bB�chαβhρσ − fhαβhρσ

− ω6B̂
λ
cB̂

α1
b B̂βcB̂σbελα1α2α3h

αα2hρα3 − ω6B̂
λ
cB̂

α1
b B̂αcB̂σbελα1α2α3h

βα2hρα3

− ω6B̂
λ
cB̂

α1
b B̂βcB̂ρbελα1α2α3h

αα2hσα3 − ω6B̂
λ
cB̂

α1
b B̂αcB̂ρbελα1α2α3h

βα2hσα3

− ω6B̂
λ
bB̂

β
cB̂σbB�cελα1α2α3h

αα2hρα3nα1 þ ω6B̂
λ
cB̂

βcB̂σ
bB�bελα1α2α3h

αα2hρα3nα1

− ω6B̂
λ
bB̂

α
cB̂

σbB�cελα1α2α3h
βα2hρα3nα1 þ ω6B̂

λ
cB̂

αcB̂σ
bB�bελα1α2α3h

βα2hρα3nα1

− ω6B̂
λ
bB̂

β
cB̂ρbB�cελα1α2α3h

αα2hσα3nα1 þ ω6B̂
λ
cB̂

βcB̂ρ
bB�bελα1α2α3h

αα2hσα3nα1

− ω6B̂
λ
bB̂

α
cB̂

ρbB�cελα1α2α3h
βα2hσα3nα1 þ ω6B̂

λ
cB̂

αcB̂ρ
bB�bελα1α2α3h

βα2hσα3nα1

− ω6B̂
λ
cB̂

α1
b B̂σcB�bελα1α2α3h

αρhβα3nα2 − ω6B̂
λ
cB̂

α1
b B̂ρcB�bελα1α2α3h

ασhβα3nα2

− ω6B̂
λ
cB̂

α1
b B̂σcB�bελα1α2α3h

αα3hβρnα2 − ω6B̂
λ
cB̂

α1
b B̂ρcB�bελα1α2α3h

αα3hβσnα2

− ω6B̂
λ
cB̂

α1
b B̂βcB�bελα1α2α3h

ασhρα3nα2 − ω6B̂
λ
cB̂

α1
b B̂αcB�bελα1α2α3h

βσhρα3nα2

− ω6B̂
λ
cB̂

α1
b B̂βcB�bελα1α2α3h

αρhσα3nα2 − ω6B̂
λ
cB̂

α1
b B̂αcB�bελα1α2α3h

βρhσα3nα2 : ðA6Þ

APPENDIX B: COEFFICIENTS OF THE KINETIC LAGRANGIAN IN EQ. (37)

The coefficients of the kinetic Lagrangian in Eq. (37) are given by

A1 ≡ 4ðγ1 þ γ2 − ðγ3 þ γ4 þ ω1 þ ω2 þ ω3 þ ω4 þ ω5ÞB�2 þ ðω1 þ ω3Þð ˆ̃B1
1Þ2Þ; ðB1aÞ

A2 ≡ 4ðγ1 þ γ2 − ðγ3 þ γ4ÞB�2 þ ðω1 þ ω3Þð ˆ̃B1
2Þ2Þ; ðB1bÞ

A3 ≡ 4ðγ1 þ γ2 − ðγ3 þ γ4ÞB�2 þ ðω1 þ ω3ÞB̂2 − ðω1 þ ω3Þð ˆ̃B1
1Þ2 − ðω1 þ ω3Þð ˆ̃B1

2Þ2Þ; ðB1cÞ

A4 ≡ 4ðω1 þ ω3Þ ˆ̃B1
1 ˆ̃B1

2
; ðB1dÞ

A5 ≡ 4ðω1 þ ω3Þ ˆ̃B1
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B̂2 − ð ˆ̃B1

1Þ2 − ð ˆ̃B1
2Þ2

q
; ðB1eÞ

A6 ≡ 4ðω1 þ ω3Þ ˆ̃B1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B̂2 − ð ˆ̃B1

1Þ2 − ð ˆ̃B1
2Þ2

q
; ðB1fÞ
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B1 ≡ ð2γ3 þ 2γ4 þ κ1 þ κ2 þ 2ω2 þ 2ω4 þ 2ω5 þ χ1Þ ˆ̃B1
1

ffiffiffiffiffiffiffi
B�2

q
; ðB1gÞ

B2 ≡ ðκ1 − κ3 þ ω2 þ 2ω4Þ ˆ̃B1
2

ffiffiffiffiffiffiffi
B�2

q
; ðB1hÞ

B3 ≡ ðκ1 − κ3 þ ω2 þ 2ω4Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B̂2 − ð ˆ̃B1

1Þ2 − ð ˆ̃B1
2Þ2

q ffiffiffiffiffiffiffi
B�2

q
; ðB1iÞ

B4 ≡ ðκ2 þ κ3 þ ω2 þ 2ω5Þ ˆ̃B1
2

ffiffiffiffiffiffiffi
B�2

q
; ðB1jÞ

B5 ≡ ðκ2 þ κ3 þ ω2 þ 2ω5Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B̂2 − ð ˆ̃B1

1Þ2 − ð ˆ̃B1
2Þ2

q ffiffiffiffiffiffiffi
B�2

q
; ðB1kÞ

B6 ≡ ð2γ3 þ 2γ4 þ χ1Þ ˆ̃B1
1

ffiffiffiffiffiffiffi
B�2

q
; ðB1lÞ

C1 ≡ 2ð2γ1 þ ðγ3 − ω2 − 2ω4ÞB̂2 − 2ðγ3 þ γ4 − ω1 þ ω5Þð ˆ̃B1
1Þ2 − ðγ3 þ 2ω1 þ ω2ÞB�2 þ fXÞ

ffiffiffiffiffiffiffi
B�2

q
; ðB1mÞ

C2 ≡ 2ð2γ1 − ðγ3 þ 2ω1 þ ω2ÞB�2 þ 2ω1ð ˆ̃B1
1Þ2 þ fXÞ

ffiffiffiffiffiffiffiffiffiffi
2B�2

q
; ðB1nÞ

C3 ≡ −4ðγ3 þ γ4 − ω1 þ ω5Þ ˆ̃B1
1 ˆ̃B1

2
ffiffiffiffiffiffiffi
B�2

q
; ðB1oÞ

C4 ≡ 4ω1
ˆ̃B1

1 ˆ̃B1
2

ffiffiffiffiffiffiffiffiffiffi
2B�2

q
; ðB1pÞ

C5 ≡ −4ðγ3 þ γ4 − ω1 þ ω5Þ ˆ̃B1
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B̂2 − ð ˆ̃B1

1Þ2 − ð ˆ̃B1
2Þ2

q ffiffiffiffiffiffiffi
B�2

q
; ðB1qÞ

C6 ≡ 4ω1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B̂2 − ð ˆ̃B1

1Þ2 − ð ˆ̃B1
2Þ2

q ffiffiffiffiffiffiffiffiffiffi
2B�2

q
; ðB1rÞ

D1 ≡ −2ðα1 þ γ2Þ þ ðα4 þ β5 þ β6 − 2β7 þ γ4 − κ1 − κ2 þ 2ω3 þ ω4 þ ω5 − χ1ÞB�2 − ðα4 þ γ4 þ χ1ÞB̂2

− ðβ5 þ β6 − 2β7 þ κ1 þ κ2 þ 2ω3 þ ω4 þ ω5Þð ˆ̃B1
1Þ2; ðB2aÞ

D2 ≡ −2ðα1 − γ1Þ þ ðα4 þ γ4 − χ1ÞB�2 − ðα4 þ γ4 − χ1ÞB̂2

− ðβ5 þ β6 − 2β7 þ κ1 þ κ2 þ 2ω3 þ ω4 þ ω5Þð ˆ̃B1
2Þ2; ðB2bÞ

D3 ≡ −2ðα1 þ γ2Þ þ ðα4 þ γ4 − χ1ÞB�2 − ðα4 þ β5 þ β6 − 2β7 þ γ4 þ κ1 þ κ2 þ 2ω3 þ ω4 þ ω5 þ χ1ÞB̂2

þ ðβ5 þ β6 − 2β7 þ κ1 þ κ2 þ 2ω3 þ ω4 þ ω5Þð ˆ̃B1
1Þ2

þ ðβ5 þ β6 − 2β7 þ κ1 þ κ2 þ 2ω3 þ ω4 þ ω5Þð ˆ̃B1
2Þ2; ðB2cÞ

D4 ≡ ðβ5 þ β6 − 2β7 þ κ1 þ κ2 þ 2ω3 þ ω4 þ ω5Þ ˆ̃B1
1 ˆ̃B1

2
; ðB2dÞ

D5 ≡ ðβ5 þ β6 − 2β7 þ κ1 þ κ2 þ 2ω3 þ ω4 þ ω5Þ ˆ̃B1
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B̂2 − ð ˆ̃B1

1Þ2 − ð ˆ̃B1
2Þ2

q
; ðB2eÞ

D6 ≡ −ðβ5 þ β6 − 2β7 þ κ1 þ κ2 þ 2ω3 þ ω4 þ ω5Þ ˆ̃B1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B̂2 − ð ˆ̃B1

1Þ2 − ð ˆ̃B1
2Þ2

q
; ðB2fÞ
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D7 ≡ −2ðα1 þ γ2Þ þ ðα4 þ β5 þ β6 − 2β7 þ γ4 − κ1 − κ2 þ 2ω3 þ ω4 þ ω5 − χ1ÞB�2 þ 2ðβ7 − ω3Þð ˆ̃B1
1Þ2; ðB2gÞ

D8 ≡ −2ðα1 þ γ2Þ þ ðα4 þ γ4 − χ1ÞB�2 þ 2ðβ7 − ω3Þð ˆ̃B1
2Þ2; ðB2hÞ

D9 ≡ −2ðα1 þ γ2Þ þ ðα4 þ γ4 − χ1ÞB�2 þ 2ðβ7 − ω3Þ½B̂2 − ð ˆ̃B1
1Þ2 − ð ˆ̃B1

2Þ2�; ðB2iÞ

D10 ≡ −2ðα1 þ γ2Þ þ ðα4 þ β5 þ β6 − 2β7 þ γ4 − κ1 − κ2 þ 2ω3 þ ω4 þ ω5 − χ1ÞB�2 þ 2ðβ7 − ω3Þð ˆ̃B1
1Þ2; ðB2jÞ

D11 ≡ −2ðα1 þ γ2Þ þ ðα4 þ γ4 − χ1ÞB�2 þ 2ðβ7 − ω3Þð ˆ̃B1
2Þ2; ðB2kÞ

D12 ≡ −2ðα1 þ γ2Þ þ ðα4 þ γ4 − χ1ÞB�2 þ 2ðβ7 − ω3Þ½B̂2 − ð ˆ̃B1
1Þ2 − ð ˆ̃B1

2Þ2�; ðB2lÞ

D13 ≡ 2ðβ7 − ω3Þ ˆ̃B1
1 ˆ̃B1

2
; ðB2mÞ

D14 ≡ 2ðβ7 − ω3Þ ˆ̃B1
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B̂2 − ð ˆ̃B1

1Þ2 − ð ˆ̃B1
2Þ2

q
; ðB2nÞ

D15 ≡ −ðβ1 − β2 þ β3 þ κ4 − κ6 þ κ7 − ω6Þ ˆ̃B1
2

ffiffiffiffiffiffiffi
B�2

q
; ðB2oÞ

D16 ≡ −ðβ1 − β2 þ β3 þ κ4 − κ6 þ κ7 − ω6Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B̂2 − ð ˆ̃B1

1Þ2 − ð ˆ̃B1
2Þ2

q ffiffiffiffiffiffiffi
B�2

q
; ðB2pÞ

D17 ≡ 2ðβ7 − ω3Þ ˆ̃B1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B̂2 − ð ˆ̃B1

1Þ2 − ð ˆ̃B1
2Þ2

q
; ðB2qÞ

D18 ≡ ðβ1 − β2 þ β3 þ κ4 − κ6 þ κ7 − ω6Þ ˆ̃B1
2

ffiffiffiffiffiffiffi
B�2

q
; ðB2rÞ

D19 ≡ ðβ1 − β2 þ β3 þ κ4 − κ6 þ κ7 − ω6Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B̂2 − ð ˆ̃B1

1Þ2 − ð ˆ̃B1
2Þ2

q ffiffiffiffiffiffiffi
B�2

q
; ðB2sÞ

D20 ≡ 2ðβ7 − ω3Þ ˆ̃B1
1 ˆ̃B1

2
; ðB2tÞ

D21 ≡ 2ðβ7 − ω3Þ ˆ̃B1
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B̂2 − ð ˆ̃B1

1Þ2 − ð ˆ̃B1
2Þ2

q
; ðB2uÞ

D22 ≡ 2ðβ7 − ω3Þ ˆ̃B1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B̂2 − ð ˆ̃B1

1Þ2 − ð ˆ̃B1
2Þ2

q
; ðB2vÞ

E1 ≡ ð4γ2 þ 2ðγ3 þ ω2 − 4ω3ÞB�2 þ ð2γ4 þ κ1 þ κ2 þ 4ω3 þ 2ω4 þ 2ω5 þ χ1ÞB̂2 − 2fXÞ ˆ̃B1
1
; ðB3aÞ

E2 ≡ 2
ffiffiffi
2

p
ððγ3 þ ω2ÞB�2 − fXÞ ˆ̃B1

1
; ðB3bÞ

E3 ≡ ð4γ2 þ ð−2γ4 − κ2 − κ3 þ ω2 þ 2ω5 þ χ1ÞB�2 þ ð2γ4 þ κ1 þ κ2 þ 4ω3 þ 2ω4 þ 2ω5 þ χ1ÞB̂2 − 2fXÞ ˆ̃B1
2
; ðB3cÞ

E4 ≡ −
ffiffiffi
2

p
ððκ3 − ω2ÞB�2 þ 2fXÞ ˆ̃B1

2
; ðB3dÞ

E5 ≡ ð4γ2 − ð2γ4 þ κ2 þ κ3 − ω2 − 2ω5 − χ1ÞB�2

þ ð2γ4 þ κ1 þ κ2 þ 4ω3 þ 2ω4 þ 2ω5 þ χ1ÞB̂2 − 2fXÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B̂2 − ð ˆ̃B1

1Þ2 − ð ˆ̃B1
2Þ2

q
; ðB3eÞ
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E6 ≡ ððω2 − κ3ÞB�2 − 2fXÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðB̂2 − ð ˆ̃B1

2Þ2 − ð ˆ̃B1
1Þ2Þ

q
; ðB3fÞ

E7 ≡ 2
ffiffiffi
2

p
ðγ2 þ ω3B̂

2 − ω3B�2Þ ˆ̃B1
1
; ðB3gÞ

E8 ≡ 1ffiffiffi
2

p ðκ4 − 2κ6 − 2ω6 þ 2χ2Þ
ffiffiffiffiffiffiffi
B�2

q
ðB̂2 − ð ˆ̃B1

1Þ2Þ; ðB3hÞ

E9 ≡ 1ffiffiffi
2

p ð4γ2 þ 4ω3B̂
2 − ð2γ4 þ κ2 − 2ω5 − χ1ÞB�2Þð ˆ̃B1

2Þ; ðB3iÞ

E10 ≡ −
1ffiffiffi
2

p ðκ4 − 2κ6 − 2ω6 þ 2χ2Þ ˆ̃B1
1 ˆ̃B1

2
ffiffiffiffiffiffiffi
B�2

q
; ðB3jÞ

E11 ≡ 1ffiffiffi
2

p ð4γ2 þ 4ω3B̂
2 − ð2γ4 þ κ2 − 2ω5 − χ1ÞB�2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B̂2 − ð ˆ̃B1

1Þ2 − ð ˆ̃B1
2Þ2

q
; ðB3kÞ

E12 ≡ −
1ffiffiffi
2

p ðκ4 − 2κ6 − 2ω6 þ 2χ2Þ ˆ̃B1
1

ffiffiffiffiffiffiffi
B�2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B̂2 − ð ˆ̃B1

1Þ2 − ð ˆ̃B1
2Þ2

q
; ðB3lÞ

E13 ≡ −
1ffiffiffi
2

p ðκ4 − 2κ6 − 2ω6 þ 2χ2ÞðB̂2 − ð ˆ̃B1
1Þ2Þ

ffiffiffiffiffiffiffi
B�2

q
; ðB3mÞ

E14 ≡ 2
ffiffiffi
2

p
ðγ2 þ ω3B̂

2 − ω3B�2Þ ˆ̃B1
1
; ðB3nÞ

E15 ≡ 1ffiffiffi
2

p ðκ4 − 2κ6 − 2ω6 þ 2χ2Þ ˆ̃B1
1 ˆ̃B1

2
ffiffiffiffiffiffiffi
B�2

q
; ðB3oÞ

E16 ≡ 1ffiffiffi
2

p ð4γ2 þ 4ω3B̂
2 − ð2γ4 þ κ2 − 2ω5 − χ1ÞB�2Þ ˆ̃B1

2
; ðB3pÞ

E17 ≡ 1ffiffiffi
2

p ðκ4 − 2κ6 − 2ω6 þ 2χ2Þ ˆ̃B1
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B̂2 − ð ˆ̃B1

1Þ2 − ð ˆ̃B1
2Þ2

q ffiffiffiffiffiffiffi
B�2

q
; ðB3qÞ

E18 ≡ 1ffiffiffi
2

p ð4γ2 þ 4ω3B̂
2 − ð2γ4 þ κ2 − 2ω5 − χ1ÞB�2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B̂2 − ð ˆ̃B1

1Þ2 − ð ˆ̃B1
2Þ2

q
; ðB3rÞ

F 1 ≡ 4ðγ1 þ γ2 − ð2γ2 − γ3 − 2γ4 þ ω2 þ 2ω5ÞB̂2 − ð2γ3 þ 2γ4 − ω1 − 3ω3 − 2ω5Þð ˆ̃B1
1Þ2

−ðω1 þ ω3ÞB�4 − ðγ4 þ ω3 þ ω4 þ ω5ÞB̂4 þ fXB̂
2Þ; ðB3sÞ

F 2 ≡ 4ð2γ1 þ γ2 þ ð2ω1 þ ω3Þð2ð ˆ̃B1
1Þ2 − B�2ÞÞB�2 − fðXÞ; ðB3tÞ

F 3 ≡
ffiffiffi
2

p
½2ð2γ1 − 2ððγ3 − ω1Þð ˆ̃B1

1Þ2 þ ω1B�2Þ þ ðγ3 − ω2ÞB̂2ÞB�2 − f þ 2fXB̂
2�; ðB3uÞ

F 4 ≡ 4ððγ2 − ω3ÞB̂2 þ ðγ2 − ω3B�2 − ðγ4 − 2ω3 − ω5Þð ˆ̃B1
1Þ2 þ ðγ4 − ω5ÞB̂2ÞB�2Þ þ f; ðB3vÞ

F 5 ≡ ðγ2 þ ω3ð ˆ̃B1
1Þ2 − ω3B�2ÞB�2 þ f: ðB3wÞ

APPENDIX C: COEFFICIENTS OF THE KINETIC LAGRANGIAN IN EQ. (47)

The kinetic matrix entries in Eq. (47) are given by

Ãab ≡ 4ððγ1 þ γ2Þδab þ ðω1 þ ω3ÞẐα
aẐαb − ðω1 þ ω2 þ ω3 þ ω4 þ ω5ÞZ�aZ�b − ðγ3 þ γ4ÞZ�2δabÞ; ðC1Þ
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C̃ρσa ≡ 4ðγ3 − ω2 − 2ω4ÞẐρ
cẐσcZ�a − 4ðγ3 þ γ4 þ ω5ÞẐρ

cẐσ
aZ�c − 4ðγ3 þ γ4 þ ω5ÞẐρ

aẐσ
cZ�c

þ 8γ1Z�ahρσ − 4ðγ3 þ 2ω1 þ ω2ÞZ�2Z�ahρσ þ 4fXZ�ahρσ þ 8ω1ẐλcẐ
λ
aZ�chρσ

− 4ω6Ẑ
λ
aẐ

α1
c Ẑσcελα1α2α3h

ρα3nα2 − 4ω6Ẑ
λ
aẐ

α1
c Ẑρcελα1α2α3h

σα3nα2 ; ðC2Þ

F̃ αβρσ ≡ −2ðγ4 þ ω5ÞẐα
aẐ

β
bẐ

ρbẐσa − 2ðγ4 þ ω5ÞẐα
aẐ

β
bẐ

ρaẐσb − 4ω4Ẑ
α
aẐ

βaẐρ
bẐ

σb þ 2ðγ3 − ω2ÞZ�2Ẑ
ρ
cẐσchαβ

− 4γ3Ẑ
ρ
aẐσ

bZ�aZ�bhαβ − 2γ2Ẑ
β
cẐσchαρ þ 2ðγ4 − ω5ÞZ�2Ẑ

β
cẐσchαρ

− 2ω3Ẑ
λ
aẐλbẐ

βaẐσbhαρ − 2ðγ4 − ω3 − ω5ÞẐβ
aẐσ

bZ�aZ�bhαρ − 2γ2Ẑ
β
cẐρchασ þ 2ðγ4 − ω5ÞZ�2Ẑ

β
cẐρchασ

− 2ω3Ẑ
λ
aẐλbẐ

βaẐρbhασ − 2ðγ4 − ω3 − ω5ÞẐβ
aẐ

ρ
bZ�aZ�bhασ − 2γ2Ẑ

α
cẐ

σchβρ þ 2ðγ4 − ω5ÞZ�2Ẑα
cẐ

σchβρ

− 2ω3Ẑ
λ
aẐλbẐ

αaẐσbhβρ − 2ðγ4 − ω3 − ω5ÞẐα
aẐ

σ
bZ�aZ�bhβρ þ 2γ2Z�2hασhβρ þ 2ðγ4 − ω5ÞZ�2Ẑα

cẐ
ρchβσ

− 2ω3Ẑ
λ
aẐλbẐ

αaẐρbhβσ − 2ðγ4 − ω3 − ω5ÞẐα
aẐ

ρ
bZ�aZ�bhβσ − 2γ2Ẑ

α
cẐ

ρchβσ

þ 2ω3Ẑ
λ
aẐλbZ�aZ�bhασhβρ − 2ω3Z�4hασhβρ þ

1

2
fhασhβρ þ 2γ2Z�2hαρhβσ

− 2ω3Z�4hαρhβσ þ 2ω3Ẑ
λ
aẐλbZ�aZ�bhαρhβσ þ

1

2
fhαρhβσ

þ 2ðγ3 − ω2ÞZ�2Ẑα
cẐ

βchρσ − 4γ3Ẑ
α
aẐ

β
bZ�aZ�bhρσ þ 4γ1Z�2hαβhρσ

− 4ω1Z�2hαβhρσ þ 4ω1Ẑ
λ
aẐλbZ�aZ�bhαβhρσ þ 2fXẐ

ρ
cẐσchαβ þ 2fXẐ

α
cẐ

βchρσ

− ω6Ẑ
λ
aẐ

α1
b ẐβaẐρbελα1α2α3h

αα2hσα3 − ω6Ẑ
λ
aẐ

α1
b ẐβaẐσbελα1α2α3h

αα2hρα3

− ω6Ẑ
λ
aẐ

α1
b ẐαaẐσbελα1α2α3h

βα2hρα3 − ω6Ẑ
λ
aẐ

α1
b ẐαaẐρbελα1α2α3h

βα2hσα3

− ω6Ẑ
β
aẐλ

bẐ
σbZ�aελα1α2α3h

αα2hρα3nα1 þ ω6Ẑ
β
aẐλaẐσ

bZ�bελα1α2α3h
αα2hρα3nα1

− ω6Ẑ
α
aẐ

λ
bẐ

σbZ�aελα1α2α3h
βα2hρα3nα1 þ ω6Ẑ

α
aẐ

λaẐσ
bZ�bελα1α2α3h

βα2hρα3nα1

− ω6Ẑ
β
aẐλ

bẐ
ρbZ�aελα1α2α3h

αα2hσα3nα1 þ ω6Ẑ
β
aẐλaẐρ

bZ�bελα1α2α3h
αα2hσα3nα1

− ω6Ẑ
α
aẐ

λ
bẐ

ρbZ�aελα1α2α3h
βα2hσα3nα1 þ ω6Ẑ

α
aẐ

λaẐρ
bZ�bελα1α2α3h

βα2hσα3nα1

− ω6Ẑ
λ
aẐ

α1
b ẐσaZ�bελα1α2α3h

αρhβα3nα2 − ω6Ẑ
λ
aẐ

α1
b ẐρaZ�bελα1α2α3h

ασhβα3nα2

− ω6Ẑ
λ
aẐ

α1
b ẐσaZ�bελα1α2α3h

αα3hβρnα2 − ω6Ẑ
λ
aẐ

α1
b ẐρaZ�bελα1α2α3h

αα3hβσnα2

− ω6Ẑ
λ
aẐ

α1
b ẐβaZ�bελα1α2α3h

ασhρα3nα2 − ω6Ẑ
λ
aẐ

α1
b ẐαaZ�bελα1α2α3h

βσhρα3nα2

− ω6Ẑ
λ
aẐ

α1
b ẐβaZ�bελα1α2α3h

αρhσα3nα2 − ω6Ẑ
λ
aẐ

α1
b ẐαaZ�bελα1α2α3h

βρhσα3nα2 ; ðC3Þ

where X, in this case, is Zμ
aZa

μ since we are considering the decoupling limit.

APPENDIX D: COEFFICIENTS OF THE KINETIC LAGRANGIAN IN EQ. (53)

The elements of the matrix M̃1 in Eq. (54) are given by

Ã1 ≡ 4ðγ1 þ γ2 − ðγ3 þ γ4 þ ω1 þ ω2 þ ω3 þ ω4 þ ω5ÞZ�2 þ ðω1 þ ω3Þð ˆ̃Z1
1Þ2Þ; ðD1aÞ

Ã2 ≡ 4ðω1 þ ω3Þ ˆ̃Z1
1 ˆ̃Z1

2
; ðD1bÞ

Ã3 ≡ 4ðω1 þ ω3Þ ˆ̃Z1
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ẑ2 − ð ˆ̃Z1

1Þ2 − ð ˆ̃Z1
2Þ2

q
; ðD1cÞ

Ã4 ≡ 4ðγ1 þ γ2 − ðγ3 þ γ4ÞZ�2 þ ðω1 þ ω3Þð ˆ̃Z1
2Þ2Þ; ðD1dÞ

Ã5 ≡ 4ðω1 þ ω3Þ ˆ̃Z2
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ẑ2 − ð ˆ̃Z1

1Þ2 − ð ˆ̃Z1
2Þ2

q
; ðD1eÞ
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Ã6 ≡ 4ðγ1 þ γ2 − ðγ3 þ γ4ÞZ�2 þ ðω1 þ ω3ÞẐ2 − ðω1 þ ω3Þð ˆ̃Z1
1Þ2 − ðω1 þ ω3Þð ˆ̃Z1

2Þ2Þ; ðD1fÞ

C̃1 ≡ 2ð2γ1 þ ðγ3 − ω2 − 2ω4ÞẐ2 − 2ðγ3 þ γ4 − ω1 þ ω5Þð ˆ̃Z1
1Þ2 − ðγ3 þ 2ω1 þ ω2ÞZ�2 þ fXÞ

ffiffiffiffiffiffiffi
Z�2

q
; ðD1gÞ

C̃2 ≡ 2ð2γ1 − ðγ3 þ 2ω1 þ ω2ÞZ�2 þ 2ω1ð ˆ̃Z1
1Þ2 þ fXÞ

ffiffiffiffiffiffiffiffiffiffi
2Z�2

q
; ðD1hÞ

C̃3 ≡ −4ðγ3 þ γ4 − ω1 þ ω5Þ ˆ̃Z1
1 ˆ̃Z1

2
ffiffiffiffiffiffiffi
Z�2

q
; ðD1iÞ

C̃4 ≡ 4ω1

ffiffiffiffiffiffiffiffiffiffi
2Z�2

q
ˆ̃Z1

1 ˆ̃Z1
2
; ðD1jÞ

C̃5 ≡ −4ðγ3 þ γ4 − ω1 þ ω5Þ ˆ̃Z1
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z�2ðẐ2 − ð ˆ̃Z1

1Þ2 − ð ˆ̃Z1
2Þ2Þ

q
; ðD1kÞ

C̃6 ≡ 4ω1
ˆ̃Z1

1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Z�2ðẐ2 − ð ˆ̃Z1

1Þ2 − ð ˆ̃Z1
2Þ2Þ

q
; ðD1lÞ

F̃ 1 ≡ 4½ðγ1 þ γ2ÞZ�2 − ðω1 þ ω3ÞZ�4 − 2γ2Ẑ
2 þ fXẐ

2 − ðγ4 þ 2ω3 þ ω4 þ ω5ÞẐ4

þððγ3 þ 2γ4 − ω2 − 2ω5ÞẐ2 − ð2γ3 þ 2γ4 − ω1 − 3ω3 − 2ω5Þð ˆ̃Z1
1Þ2ÞZ�2�; ðD1mÞ

F̃ 2 ≡
ffiffiffi
2

p
½2ð2γ1 þ ðγ3 − ω2ÞẐ2 − 2ðγ3 − ω1Þð ˆ̃Z1

1Þ2 − 2ω1Z�2ÞZ�2 þ 2fXẐ
2 − f�; ðD1nÞ

F̃ 3 ≡ 4½2γ1 þ γ2 þ ð2ω1 þ ω3Þðð ˆ̃Z1
1Þ2 − Z�2Þ�Z�2 − f; ðD1oÞ

where X is as in Appendix C.

On the other hand, the two nonzero entries of M̃2 in Eq. (55) are given by

F̃ 4 ≡ 4½γ2Z�2 − γ2Ẑ
2 − ω3Z�4 − ω3Ẑ

4 − ðγ4 − 2ω3 − ω5ÞZ�2ð ˆ̃Z1
1Þ2 þ ðγ4 − ω5ÞZ�2Ẑ2� þ f; ðD2aÞ

F̃ 5 ≡ 4½γ2Z�2 þ ω3Z�2ðð ˆ̃Z1
1Þ2 − Z�2Þ� þ f: ðD2bÞ
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