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We consider extreme mass ratio inspirals during which an electrically charged compact object with mass
mp and the charge to mass ratio q inspirals around a Schwarzschild black hole of mass M. Using the
Teukolsky and generalized Sasaki-Nakamura formalisms for the gravitational and electromagnetic pertur-
bations around a Schwarzschild black hole, we numerically calculate the energy flux of both gravitational and
electromagnetic waves induced by a charged particle moving in circular orbits. With one year observation
of these extreme mass ratio inspirals, we show that a space-based gravitational wave detector such as the
Laser Interferometer Space Antenna can detect the charge to mass ratio as small as q ∼ 10−3.
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I. INTRODUCTION

The first direct detection of gravitational wave (GW)
event GW150914 in 2015 by the Laser Interferometer
Gravitational-Wave Observatory (LIGO) Scientific
Collaboration and the Virgo Collaboration [1,2] provides
us a new window to understand the nature of gravity in the
nonlinear and strong field regimes. To date, there have been
tens of confirmed GW detections in the frequency range of
tens to hundreds Hertz [3–6]. However, due to the seismic
noise and gravity gradient noise, the ground-based GW
observatories can only measure GWs within the frequency
range 10–103 Hz, and are unable to explore lower fre-
quency band 10−4–10−1 Hz where a wealth of astrophysi-
cal signals reside. The proposed space-based observatories
like the Laser Interferometer Space Antenna (LISA) [7,8],
TianQin [9], and Taiji [10] are expected to detect GWs in
this low-frequency regime. Extreme mass ratio inspirals
(EMRIs) are among the most promising GW sources
expected to be detected for these future space-based GW
detectors. An EMRI consists of a stellar mass compact
object (secondary object) with mass mp such as a black
hole (BH) or a neutron star orbiting around a supermassive
black hole (SMBH) (primary object) of mass M, with the
mass ratio mp=M in the range of 10−7–10−4. The binary
emits GWs while the secondary object slowly inspirals into
the primary object under the gravitational radiation reac-
tion, so EMRIs provide a unique wealth of information
about the masses, spins, electric charges, the strong-field
physics in the vicinity of BHs, the astrophysics of their
stellar environments, and so on [11–19].

The existence of stable charged astrophysical compact
objects in nature remains controversial. Glendening [20]
pointed out that macroscopic bodies can have a small
amount of charge of approximately 100 Coulombs per solar
mass, which does not affect the structure of the star much.
In such a system that the star is modeled by a ball of hot
ionized gas, the electrons are likely to rise to the top and
escape from the star because of the difference in the partial
pressure of electrons compared to that of ions. The electric
field will be created by the charge separation and then
prevent the electrons from escaping further from the star
[21]. The electrified star can have positive charge of about
100 Coulombs per solar mass when the equilibrium is
reached. However, for highly relativistic stars, the situation
might be different when we consider the full effects of
general relativity. The highly compact stars, whose radius is
on the verge of forming an event horizon, can contain a
maximal huge amount of charge with the charge to mass
ratio of the order one [22–29]. The huge amount of charge
supports the global balance of forces between the matter
part and the electrostatic part.
Nevertheless, this balance is unstable and the charged

star will collapse to a charged black hole with a perturba-
tion of decrease in the electric field [30]. Charged compact
objects can also form through the Wald mechanism where
a black hole immersed into a magnetic field selectively
accretes charge [31], or by accreting minicharged dark
matter beyond the standard model [32]. The electric charge
can also play a vital role in halting gravitational collapse
through the equilibrium of large bodies [33]. The charged
parameter can be applied to construct models of various
astrophysical objects of immense gravity by considering
the relevant matter distributions. Such models with charged
parameter can successfully describe the characteristics of
compact stellar objects like neutron stars, quark stars, etc.
[34]. Direct observation of electrically charged compact
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bodies would be very challenging, because charged BHs
would quickly discharge due to charge dissipation through
the presence of the plasma around them or the spontaneous
production of electron-positron pairs [35–39]. Nonetheless,
EMRIs can be an excellent system for detecting electrically
charged compact bodies. The extra emission channel due
to electromagnetic radiation accelerates the coalescence,
leading to a cumulative dephasing of GWs, which can be
distinguished by future space-based GW detectors like
LISA, TianQin, and Taiji.
The gravitational and electromagnetic radiations from

binary BHs with electric and magnetic charges were
studied in [40]. The authors studied the motion of binary
BHs with both electric and magnetic charges on circular
orbits by combining the Newtonian gravity with the
radiation reaction. They found that electric and magnetic
charges significantly suppress the merger time of dyonic
binaries. The work was later generalized to eccentric orbits
and they derived the waveforms for dyonic binary BH
inspirals [41]. In [42], the authors took into account
astrophysical environments (e.g., accretion disks) in addi-
tion to the scalar/vector and gravitational radiations to
investigate the eccentricity and orbital evolution for BH
binaries, and discussed the competition between radiative
mechanisms and environmental effects on the eccentricity
evolution. The effect of charged BHs with electromagnetic
dipole emission on the estimation of the chirp mass and BH
merger were studied in [43,44]. The merger rate distribu-
tion of primordial black hole binaries with electric charges
and magnetic charges was studies in [45,46]. However,
these discussions are mainly based on the Newtonian orbit
and dipole emission.
When the secondary object approaches the innermost

stable circular orbit (ISCO) of the central BH, the Newtonian
approximation breaks down and the above method becomes
ill suited in the late phase of inspiral. By solving the full
coupled Einstein-Maxwell equations numerically, it was
found that GW150914 is consistent with charged BHs with
the charge to mass ratio as high as 0.3 [47]. To use the highly
relativistic dynamics of EMRIs with charged secondary
object to place a more stringent constraint on the possible
existed electric charge, we need to get more accurate orbital
motion and gravitational waveforms. In this paper, we use
the Teukolsky formalism for BH perturbations [48–52] to
calculate the orbital evolution of inspiralling into the ISCO.
A more detailed presentation of the Teukolsky formalism
can be found in [53–56].
The paper is organized as follows. In Sec. II, we

introduce the Einstein-Maxwell field equations, the
Teukolsky perturbation formalism, and the source terms
for the inhomogeneous Teukolsky equations. In Sec. III, we
numerically calculate the energy flux for gravitational and
electromagnetic fields using the Teukolsky and generalized
Sasaki-Nakamura formalisms. In Sec. IV, we give the
numerical results of energy flux and use the dephasing

of a GW to constrain the charge to mass ratio. Section V is
devoted to conclusions and discussions.

II. EINSTEIN-MAXWELL FIELD EQUATIONS

The Einstein equations and Maxwell equations are

Gμν ¼ 8πTμν
p þ 8πTμν

e ; ð1Þ

∇νFμν ¼ 4πJμ; ð2Þ

whereGμν is the Einstein tensor, Fμν ¼ ∇μAν −∇νAμ is the
electromagnetic field tensor, Jμ is the electric 4-current
density, and Tμν

p and Tμν
e are the particle’s stress-energy

tensor and electromagnetic stress-energy tensor, respec-
tively. We consider a charged body with mass mp and
electric charge q per mass (charge to mass ratio) orbiting
around a BH of mass M. For an EMRI system with
mp ≪ M, we can ignore the contribution to the background
metric from the electromagnetic field. Since the amplitude
of the electromagnetic stress-energy Tμν

e is quadratic in the
electromagnetic field, the contribution to the background
metric from the electromagnetic field is second order. The
perturbed Einstein and Maxwell equations for EMRIs are

Gμν ¼ 8πTμν
p ; ð3Þ

∇νFμν ¼ 4πJμ; ð4Þ

where

Tμν
p ðxÞ ¼ mp

Z
dτ uμuνδð4Þ½x − zðτÞ�; ð5Þ

JμðxÞ ¼ qmp

Z
dτ uμδð4Þ½x − zðτÞ�: ð6Þ

We apply the Newman-Penrose formalism [57] to dis-
cuss the perturbations induced by a charged particle with
mass mp and electric charge q per mass around a
Schwarzschild BH. The metric of Schwarzchild BHs is

ds2 ¼ fðrÞdt2 − 1

fðrÞ dr
2 − r2dΩ2; ð7Þ

where fðrÞ ¼ 1–2M=r. Based on the metric (7), we
construct the null tetrad,
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lμ ¼
�

r
r − 2M

; 1; 0; 0

�
;

nμ ¼
�
1

2
;−

r − 2M
2r

; 0; 0

�
;

mμ ¼
�
0; 0;

1ffiffiffi
2

p
r
;

iffiffiffi
2

p
r sin θ

�
;

m̄μ ¼
�
0; 0;

1ffiffiffi
2

p
r
;

−iffiffiffi
2

p
r sin θ

�
: ð8Þ

Then the propagating electromagnetic field is described by
the two complex quantities,

ϕ0 ¼ Fμνlμmν; ϕ2 ¼ Fμνm̄μnν: ð9Þ

The propagating gravitational field is described by the two
complex Newman-Penrose variables

ψ0 ¼ −Cαβγδlαmβlγmδ;

ψ4 ¼ −Cαβγδnαm̄βnγm̄δ; ð10Þ

whereCαβγδ is theWeyl tensor. A single master equation for
a gravitational perturbation (s ¼ −2) and an electromag-
netic field (s ¼ −1) was derived in Ref. [48],

r2

fðrÞ
∂
2ψ

∂t2
−

1

sin2θ
∂
2ψ

∂φ2
− Δ−s ∂

∂r

�
Δsþ1

∂ψ

∂r

�

−
1

sin θ
∂

∂θ

�
sin θ

∂ψ

∂θ

�
−
2is cos θ
sin2θ

∂ψ

∂φ
− 2s

×

�
Mr2

Δ
− r

�
∂ψ

∂t
þ ðs2cot2θ − sÞψ ¼ 4πr2T; ð11Þ

where Δ ¼ r2 − 2Mr; the explicit field ψ and the corre-
sponding source T are given in Table I [48]. In terms of the
spin-weighted spherical harmonics sYlmðθ;φÞ [58], the
field ψ can be written as

ψ ¼
Z

dω
X
l;m

RωlmðrÞsYlmðθ;φÞe−iωt; ð12Þ

where the radial function RωlmðrÞ satisfies the inhomo-
geneous Teukolsky equation

�
ω2r4 − 2isωr2ðr −MÞ

Δ
þ 4isωr − λ

�
Rωlm

þ Δ−s d
dr

�
Δsþ1

dRωlm

dr

�
¼ Tωlm; ð13Þ

λ ¼ ðl − sÞðlþ sþ 1Þ, and the source TωlmðrÞ is

TωlmðrÞ ¼
1

2π

Z
dtdΩ 4πr2TsȲlmðθ;φÞeiωt: ð14Þ

For a circular trajectory at r0 under consideration

Tμν
p ðxÞ ¼ mp

r20

uμuν

ut
δðr − r0Þδðcos θÞδðφ −ΩtÞ;

JμðxÞ ¼ q
mp

r20

uμ

ut
δðr − r0Þδðcos θÞδðφ − ΩtÞ; ð15Þ

where

uμ ¼ ðẼ=f0; 0; 0; L̃=r20Þ; ð16Þ

the particle’s energy per mass Ẽ, angular momentum per
mass L̃, and angular velocity Ω are [53]

Ẽ ¼ f0ð1 − 3M=r0Þ−1=2;
L̃ ¼ ðMr0Þ1=2ð1 − 3M=r0Þ−1=2;
Ω ¼ ðM=r30Þ−1=2; ð17Þ

with f0 ¼ 1–2M=r0. The source term TωlmðrÞ for gravi-
tational perturbation ðs ¼ −2Þ was given in [59], while
the source term for the electromagnetic field perturbation
ðs ¼ −1Þ reads

TωlmðrÞ ¼ −i
ffiffiffiffiffiffiffiffi
2
r
M

r
πq

mp

M

�
r
M

− 2

�
−1Ylm

�
π

2
; 0

�
δ0ðr − r0Þδðω −mΩÞ

− πq
mp

M

�
2 −

r
M

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lðlþ 1Þ

p
0Ylm

�
π

2
; 0

�
δðr − r0Þδðω −mΩÞ

−
πqmpð−2r2ωþ irM − 2iM2Þ

M5=2
ffiffiffiffiffi
2r

p −1Ylm

�
π

2
; 0

�
δðr − r0Þδðω −mΩÞ: ð18Þ

TABLE I. The explicit expressions for the field ψ and the
corresponding source T.

s ψ T

−1 r2ϕ2 r2J2
−2 r4ψ4 2r4T4
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III. THE NUMERICAL CALCULATION FOR
ENERGY FLUX

The homogeneous Teukolsky equation (13) admits two
linearly independent solutions Rin

ωlm and Rup
ωlm, with the

following asymptotic values at the horizon r ¼ 2M and at
infinity:

Rin
ωlm ¼

�Δ−se−iωr
�
; ðr� → −∞Þ

Bout eiωr
�

r2sþ1 þ Bin e−iωr
�

r ; ðr� → þ∞Þ ð19Þ

Rup
ωlm ¼

�
Dupeiωr

� þ Din

Δs e−iωr
�
; ðr� → −∞Þ

eiωr
�
; ðr� → þ∞Þ

ð20Þ

where the tortoise radius r� ¼ rþ 2M ln ðr=2M − 1Þ. The
solutions Rin

ωlm and Rup
ωlm are purely outgoing at infinity

and purely ingoing at the horizon. With the help of these
homogeneous solutions, the solution to Eq. (13) is

RωlmðrÞ ¼
1

2iωBin

�
Rin
ωlm

Z þ∞

r�
ΔsRup

ωlmTωlmdr�

þ Rup
ωlm

Z
r�

−∞
ΔsRin

ωlmTωlmdr�
�
: ð21Þ

The energy per unit solid angle carried off by outgoing
electromagnetic waves at infinity is

d2E∞
q

dtdΩ
¼ lim

r→∞

r2

2π
jϕ2j2: ð22Þ

Since

Rωlmðr → ∞Þ ¼ r2ϕ2 ¼ qZ∞
ωlmδðω −mΩÞreiωr� ; ð23Þ

so the expression for the energy flux of electromagnetic
waves is

dE∞
q =dt ¼ _E∞

q ¼ q2
�
mp

M

�
2X∞

l¼1

Xl

m¼1

jZ∞
ωlmj2
π

; ð24Þ

where

Z∞
ωlm ¼ 1

2iωqBin

Z
∞

2M
dr0

RinTωlmðrÞ
Δ

¼ 1

2iωBin

�
i

ffiffiffi
2

p
π−1Ylmðπ2 ; 0Þffiffiffiffiffiffiffiffiffi

r=M
p dRin

ωlm

dr

þ
ffiffiffi
2

p
πRin

ωlm

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þp
r=M 0Ylm

�
π

2
; 0

�

þ ðr2ω − iMrþ 2iM2Þ
M−1=2ðr − 2MÞr3=2 −1Ylm

�
π

2
; 0

���
: ð25Þ

The energy carried off by ingoing electromagnetic waves at
the horizon is

dEH
q =dt ¼ _EH

q ¼ q2
�
mp

M

�
2X∞

l¼1

Xl

m¼1

jZH
ωlmj2
π

; ð26Þ

where

ZH
ωlm ¼ 1

2iωBin

�
i

ffiffiffi
2

p
π−1Ylmðπ2 ; 0Þffiffiffiffiffiffiffiffiffi

r=M
p dRup

ωlm

dr

þ
ffiffiffi
2

p
πRup

ωlm

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þp
r=M 0Ylm

�
π

2
; 0

�

þ ðr2ω − iMrþ 2iM2Þ
M−1=2ðr − 2MÞr3=2 −1Ylm

�
π

2
; 0

���
: ð27Þ

The total energy flux emitted by electromagnetic fields is

_Eq ¼ _E∞
q þ _EH

q : ð28Þ

The total energy flux emitted by tensor fields is

_Et ¼ _E∞
t þ _EH

t ; ð29Þ

where the formula for _E∞;H
t is given in Refs. [53,56].

The generalized Regge-Wheeler equation is

�
d2

dr�2
þ ω2 − VRWðr; sÞ

�
Xωlm ¼ 0; ð30Þ

where

VRWðr; sÞ ¼ fðrÞ
�
lðlþ 1Þ

r2
−
2ðs2 − 1Þ

r3

�
: ð31Þ

The homogeneous Regge-Wheeler equation (30) admits
two linearly independent solutions Xin

ωlm and Xup
ωlm which

are implemented in the Mathematica packages of the BH
Perturbation Toolkit [60], with the following asymptotic
values at the horizon r ¼ 2M and at infinity,

Xin
ωlm ¼

�
e−iωr

� ðr� → −∞Þ
Aouteiωr

� þ Aine−iωr
� ðr� → þ∞Þ ; ð32Þ

Xup
ωlm ¼

�
Cupeiωr

� þ Cine−iωr
� ðr� → −∞Þ

eiωr
� ðr� → þ∞Þ : ð33Þ

The solutions Xin
ωlm and Xup

ωlm are purely outgoing at infinity
and purely ingoing at the horizon. The Wronskian of Xin

ωlm
and Xup

ωlm is

W ¼ Xin
ωlm

dXup
ωlm

dr�
− Xup

ωlm
dXin

ωlm

dr�
¼ 2iωAin: ð34Þ
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The relation between Bin and Ain for s ¼ −2 is given
in [53], while for s ¼ −1

Bin ¼ −lðlþ 1ÞAin

2iω
: ð35Þ

With the solutions Xin;up
ωlm , we can obtain Rin;up

ωlm as
follows [61]:

Rin;up
ωlm ¼

�
Δ
r

�jsj
Ljsj

��
rffiffiffiffi
Δ

p
�jsj Xin;up

ωlm

r
ffiffiffiffiffiffi
Δs

p
�
; ð36Þ

where L ¼ d=drþ iω=fðrÞ.

IV. RESULTS

From Eqs. (24) and (26), the energy flux _Eq emitted by
the electromagnetic field is proportional to the squared
mass ratio ðmp=MÞ2 and squared electric charge q2.
Figure 1 shows the normalized flux m−2

p M2 _Eq which
depends only on the dimensionless electric charge q
(the charge to mass ratio). The emission power due to
electromagnetic radiation increases as the orbital velocity
v ¼ ðMΩÞ1=3 increases while the particle inspiraling
toward the ISCO at r ¼ 6M. The extra emission channel
due to electromagnetic radiation accelerates the coales-
cence, leaving a significant imprint on gravitational waves.
From Fig. 1, we see that the behavior of the electromagnetic
flux in the case of slow motion with the velocity v ≪ 1 is
consistent with the result of electromagnetic dipole radi-
ation for a Newtonian binary [40,42,46]

_ENewtonian
q ¼ 2q2m2

pM2

3r4
¼ 2q2m2

p

3M2
v8: ð37Þ

Far away from the central BH, the speed of the particle is
much less than the speed of light, and the main electro-
magnetic radiation is the electric dipole radiation with the
radiated power falling off as v8. In the strong field regions
near ISCO, the emission power of electromagnetic waves
differs from v8; this can be interpreted as the interaction
between the electromagnetic filed and the gravitational
field. To compare electromagnetic and gravitational radi-
ation, we show the ratio _Eq= _Et as a function of the orbital
speed v in Fig. 2. The ratio decreases as the orbital speed
increases, since the emission power _Et of gravitational
waves grows as v10 [55], so it grows faster than that of
electromagnetic waves with v8 on the assumption that the
weak field limit is still applicable. As expected in Fig. 2, the
contribution of electromagnetic waves becomes larger if
the particle has more charge.
To detect the electric charge of the small compact object

(particle) in the EMRI, we compare the number of cycles
between charged and uncharged particles accumulated
before the merger [62],

N ¼
Z

fmax

fmin

fGW
_fGW

dfGW; ð38Þ

where the GW frequency fGW ¼ 2Ω,

_fGW ¼ 3

2

fGW
r0

dr

dẼ

				
r0

_E; ð39Þ

and Ẽ is the particle’s orbital energy per mass. We choose
fmax ¼ ð63=2πMÞ−1 and fmin ¼ max ½fT; 10−4�, where fT
is the GW frequency one year before the ISCO [63] and the
cutoff frequency for LISA is 10−4 [64]. In the Newtonian
approximation, Ẽ ¼ −M=ð2rÞ, Eq. (39) reduces to the
major semiaxis evolution in [42],

FIG. 1. The radiation power from a charged particle with the
charge to mass ratio q ¼ 10−2 as a function of the orbital speed
v ¼ ðMΩÞ1=3. The blue dashed line represents the emission
power v8 due to electromagnetic dipole radiation in a Newtonian
binary or flat spacetime background.

FIG. 2. The relative difference between the GW flux and the
electromagnetic flux as a function of the orbital speed v ¼
ðMΩÞ1=3 for a charged particle with different charge to mass
ratio q.
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_r ¼ −
2r2

Mmp

_E: ð40Þ

Now we fix the particle’s mass to be mp ¼ 1.4 M⊙,
but vary its charge q and choose different mass M ∈
½1.4 × 104; 1.4 × 107� M⊙ for the central black hole to
calculateΔN ¼ N ðq ¼ 0Þ −N ðqÞ and the result is shown
in Fig. 3. As discussed above, the extra emission channel
due to electromagnetic radiation accelerates the coales-
cence, so for the same one year observation before the
merger, the charged particle starts further away from ISCO
and the difference ΔN is always positive. As shown in
Fig. 3, ΔN increases monotonically as the charge to mass
ratio q becomes bigger, and it strongly depends on the mass
of the central BH such that lighter BHs have largerΔN . For
lighter BHs, the orbital speed v of the charged particle is
smaller at the beginning that is one year prior to the ISCO,
so the contribution of electromagnetic fluxes is larger as
shown in Fig. 2. Henceforth the dephasing is bigger,

leading to larger ΔN for a one-year observation.
Following Ref. [65], we take the threshold for a detectable
dephasing that two signals are distinguished by LISA as
1 radian. From Fig. 3, we see that the dephasingΔN can be
larger than 1 radian for M ∼ 104 M⊙ and q ≥ 10−3 with
one year’s observation before merger. Therefore LISA can
detect the charge to mass ratio q ∼ 10−3 with one year
observation of EMRIs.

V. CONCLUSIONS

We study the energy emissions and GWs from EMRIs
with a small charged compact object with mass mp and the
charge to mass ratio q inspiralling into a SMBH. We derive
the source term Tωlm for solving the inhomogeneous
Teukolsky equation with an electromagnetic field, and
calculate the total emission power due to both gravitational
and electromagnetic radiations. Compared with the power
emitted by electromagnetic field from the circular orbit in a
flat background as shown in Fig. 1, the emission power in a
strong gravitational field is bigger for the reason of the
coupling between gravitational and electromagnetic fields.
We also discuss the ratio _Eq= _Et as a function of the orbital
speed v, and we find that the gravitational radiation _Et

grows faster than the electromagnetic field contribution _Eq

as the orbital speed v increases. By using the difference of
number of cycles ΔN accumulated before the merger
between a charged particle with the charge to mass ratio
q and a neutral particle, we demonstrate that LISA can
detect the charge to mass ratio of the small compact object
in an EMRI on circular orbits as small as 10−3. Our method
of calculation can be straightforwardly extended to generic
orbits around Kerr BHs.
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