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Detecting electric charge with extreme mass ratio inspirals
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We consider extreme mass ratio inspirals during which an electrically charged compact object with mass

m,

and the charge to mass ratio ¢ inspirals around a Schwarzschild black hole of mass M. Using the

Teukolsky and generalized Sasaki-Nakamura formalisms for the gravitational and electromagnetic pertur-
bations around a Schwarzschild black hole, we numerically calculate the energy flux of both gravitational and
electromagnetic waves induced by a charged particle moving in circular orbits. With one year observation
of these extreme mass ratio inspirals, we show that a space-based gravitational wave detector such as the
Laser Interferometer Space Antenna can detect the charge to mass ratio as small as g ~ 1073,
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I. INTRODUCTION

The first direct detection of gravitational wave (GW)
event GW150914 in 2015 by the Laser Interferometer
Gravitational-Wave  Observatory  (LIGO)  Scientific
Collaboration and the Virgo Collaboration [1,2] provides
us a new window to understand the nature of gravity in the
nonlinear and strong field regimes. To date, there have been
tens of confirmed GW detections in the frequency range of
tens to hundreds Hertz [3—-6]. However, due to the seismic
noise and gravity gradient noise, the ground-based GW
observatories can only measure GWs within the frequency
range 10-10° Hz, and are unable to explore lower fre-
quency band 10~4—~10~! Hz where a wealth of astrophysi-
cal signals reside. The proposed space-based observatories
like the Laser Interferometer Space Antenna (LISA) [7,8],
TianQin [9], and Taiji [10] are expected to detect GWs in
this low-frequency regime. Extreme mass ratio inspirals
(EMRIs) are among the most promising GW sources
expected to be detected for these future space-based GW
detectors. An EMRI consists of a stellar mass compact
object (secondary object) with mass m,, such as a black
hole (BH) or a neutron star orbiting around a supermassive
black hole (SMBH) (primary object) of mass M, with the
mass ratio m,/M in the range of 10~7-10*. The binary
emits GWs while the secondary object slowly inspirals into
the primary object under the gravitational radiation reac-
tion, so EMRIs provide a unique wealth of information
about the masses, spins, electric charges, the strong-field
physics in the vicinity of BHs, the astrophysics of their
stellar environments, and so on [11-19].
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The existence of stable charged astrophysical compact
objects in nature remains controversial. Glendening [20]
pointed out that macroscopic bodies can have a small
amount of charge of approximately 100 Coulombs per solar
mass, which does not affect the structure of the star much.
In such a system that the star is modeled by a ball of hot
ionized gas, the electrons are likely to rise to the top and
escape from the star because of the difference in the partial
pressure of electrons compared to that of ions. The electric
field will be created by the charge separation and then
prevent the electrons from escaping further from the star
[21]. The electrified star can have positive charge of about
100 Coulombs per solar mass when the equilibrium is
reached. However, for highly relativistic stars, the situation
might be different when we consider the full effects of
general relativity. The highly compact stars, whose radius is
on the verge of forming an event horizon, can contain a
maximal huge amount of charge with the charge to mass
ratio of the order one [22-29]. The huge amount of charge
supports the global balance of forces between the matter
part and the electrostatic part.

Nevertheless, this balance is unstable and the charged
star will collapse to a charged black hole with a perturba-
tion of decrease in the electric field [30]. Charged compact
objects can also form through the Wald mechanism where
a black hole immersed into a magnetic field selectively
accretes charge [31], or by accreting minicharged dark
matter beyond the standard model [32]. The electric charge
can also play a vital role in halting gravitational collapse
through the equilibrium of large bodies [33]. The charged
parameter can be applied to construct models of various
astrophysical objects of immense gravity by considering
the relevant matter distributions. Such models with charged
parameter can successfully describe the characteristics of
compact stellar objects like neutron stars, quark stars, etc.
[34]. Direct observation of electrically charged compact
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bodies would be very challenging, because charged BHs
would quickly discharge due to charge dissipation through
the presence of the plasma around them or the spontaneous
production of electron-positron pairs [35-39]. Nonetheless,
EMRIs can be an excellent system for detecting electrically
charged compact bodies. The extra emission channel due
to electromagnetic radiation accelerates the coalescence,
leading to a cumulative dephasing of GWs, which can be
distinguished by future space-based GW detectors like
LISA, TianQin, and Taiji.

The gravitational and electromagnetic radiations from
binary BHs with electric and magnetic charges were
studied in [40]. The authors studied the motion of binary
BHs with both electric and magnetic charges on circular
orbits by combining the Newtonian gravity with the
radiation reaction. They found that electric and magnetic
charges significantly suppress the merger time of dyonic
binaries. The work was later generalized to eccentric orbits
and they derived the waveforms for dyonic binary BH
inspirals [41]. In [42], the authors took into account
astrophysical environments (e.g., accretion disks) in addi-
tion to the scalar/vector and gravitational radiations to
investigate the eccentricity and orbital evolution for BH
binaries, and discussed the competition between radiative
mechanisms and environmental effects on the eccentricity
evolution. The effect of charged BHs with electromagnetic
dipole emission on the estimation of the chirp mass and BH
merger were studied in [43,44]. The merger rate distribu-
tion of primordial black hole binaries with electric charges
and magnetic charges was studies in [45,46]. However,
these discussions are mainly based on the Newtonian orbit
and dipole emission.

When the secondary object approaches the innermost
stable circular orbit (ISCO) of the central BH, the Newtonian
approximation breaks down and the above method becomes
ill suited in the late phase of inspiral. By solving the full
coupled Einstein-Maxwell equations numerically, it was
found that GW150914 is consistent with charged BHs with
the charge to mass ratio as high as 0.3 [47]. To use the highly
relativistic dynamics of EMRIs with charged secondary
object to place a more stringent constraint on the possible
existed electric charge, we need to get more accurate orbital
motion and gravitational waveforms. In this paper, we use
the Teukolsky formalism for BH perturbations [48-52] to
calculate the orbital evolution of inspiralling into the ISCO.
A more detailed presentation of the Teukolsky formalism
can be found in [53-56].

The paper is organized as follows. In Sec. II, we
introduce the FEinstein-Maxwell field equations, the
Teukolsky perturbation formalism, and the source terms
for the inhomogeneous Teukolsky equations. In Sec. 111, we
numerically calculate the energy flux for gravitational and
electromagnetic fields using the Teukolsky and generalized
Sasaki-Nakamura formalisms. In Sec. IV, we give the
numerical results of energy flux and use the dephasing

of a GW to constrain the charge to mass ratio. Section V is
devoted to conclusions and discussions.

II. EINSTEIN-MAXWELL FIELD EQUATIONS

The Einstein equations and Maxwell equations are

G*" = 8xT)y + 8xT%’, (1)

V, F = 4, (2)

where G* is the Einstein tensor, F,, = V,A, —V, A, is the
electromagnetic field tensor, J* is the electric 4-current
density, and 7% and T%" are the particle’s stress-energy
tensor and electromagnetic stress-energy tensor, respec-
tively. We consider a charged body with mass m, and
electric charge g per mass (charge to mass ratio) orbiting
around a BH of mass M. For an EMRI system with
m, < M, we can ignore the contribution to the background
metric from the electromagnetic field. Since the amplitude
of the electromagnetic stress-energy 7% is quadratic in the
electromagnetic field, the contribution to the background
metric from the electromagnetic field is second order. The
perturbed Einstein and Maxwell equations for EMRIs are

G* = 8aTly, (3)
V,F — 4]k, (4)
where
Ty (x) =m, / drw'u’ W x — z(7))], (5)
JH(x) = qm,, / dr u*6W[x — z(7))]. (6)

We apply the Newman-Penrose formalism [57] to dis-
cuss the perturbations induced by a charged particle with
mass m, and electric charge g per mass around a
Schwarzschild BH. The metric of Schwarzchild BHs is

ds* = f(r)dr* —ﬁdﬂ —2dQ2, (7)

where f(r) =1-2M/r. Based on the metric (7), we
construct the null tetrad,
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Then the propagating electromagnetic field is described by
the two complex quantities,

¢0 = Fﬂylﬂmbv ¢2 = Fyumﬂny' (9)

The propagating gravitational field is described by the two
complex Newman-Penrose variables

Yo = — aﬁﬂ;l“mﬂﬁm‘s,

Wy = —Copsn®mPn’im’, (10)
where C4,5 is the Weyl tensor. A single master equation for

a gravitational perturbation (s = —2) and an electromag-
netic field (s = —1) was derived in Ref. [48],

iazl_iazl_ —sg ASH%
f(r) o sin?0 dg? or or
3 '1 2 sinea—w _21s.cos96_1//_2s
sin 06 00 sin’0  dg

Mr* 70
[ ot =seer,

where A = r? — 2Mr; the explicit field y and the corre-
sponding source 7T are given in Table I [48]. In terms of the
spin-weighted spherical harmonics Y;,,(0, @) [58], the
field y can be written as

v = [ doY Run( T (O0) . (12)

Im

where the radial function R,,;,,(r) satisfies the inhomo-
geneous Teukolsky equation

TABLE 1. The explicit expressions for the field y and the
corresponding source 7.

s Vg T
-1 ¢, r*J,
-2 r4l//4 2r4T4

o?r* = 2iswr*(r — M)
A

+ disor — /1> R,

d dR i,
+ A™S E <AS+1 7drl > = Twlm’ (13)

A= (l-s)(I+ s+ 1), and the source T, (r) is

1 _ )
T i (1) zzﬂ/dtd94ﬂr2TsYlm(9, p)e .  (14)

For a circular trajectory at r, under consideration

oV
T (x) = 22 5(r = 10)5(cos 0)8(qp — Q1)
I”O u
m, ut
JH(x) = q—zyé(r —19)5(cos 0)5(¢p — Qt), (15)
o
where
u* = (E/fy,0,0,L/73), (16)

the particle’s energy per mass E, angular momentum per
mass L, and angular velocity Q are [53]

E=fo(1-3M/rg)~"/2,
L= (Mry)'2(1=3M/rg)""/2,
Q= (M/rg)™"2, (17)

with fo = 1-2M/ry. The source term T, (r) for gravi-
tational perturbation (s = —2) was given in [59], while
the source term for the electromagnetic field perturbation
(s = —1) reads

i ro om, [ r 7
L) = =i\ [2 5770 58 (37-2) 1 Yin (5.0 = r)oo = m2)

- ﬂq% (2 - é) NOESIN (g,o> 5(r = ro)(a — mQ)

B mgm,(=2r*w + irM — 2iM?) <n‘
—1%Im

M32\2r

§,0>5(r—r0)5(a)—m9). (18)
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III. THE NUMERICAL CALCULATION FOR
ENERGY FLUX

The homogeneous Teukolsky equation (13) admits two
linearly independent solutions R, ~and R.) . with the
following asymptotic values at the horizon r = 2M and at

infinity:

N ASe —iwr*’ (r* N —OO)
Rwlm = out elior” in e—ior* « (19)
B & + B —, (r* - 4)
R Dupeia)r* _+_g_is“e—ia)r*’ (r* - —00) -0
wlm — - ( )
elor (V* N —|—OO)

where the tortoise radius * = r + 2M In (r/2M — 1). The
solutions R;‘)‘lm and Rwl; are purely outgoing at infinity

and purely ingoing at the horizon. With the help of these
homogeneous solutions, the solution to Eq. (13) is

1 ) +o0
= 2iwBin (Rzr)llm /* ASR;[;mTwlmdr*

+lem/_ ARmeTmzmd”*) (21)

Rwlm(r)

The energy per unit solid angle carried off by outgoing
electromagnetic waves at infinity is

I’Ey
didQ

|¢2 2. (22)

r—)OO 2”

Since
Ry (r = ) = r’g, = qZ%, 5(w — mQ)re”, (23)

so the expression for the energy flux of electromagnetic
waves is

dE [dt = E®

() En e

where

1 o0 R"T
Z,o.;[m =— ' / dr/ a)lm(r)
! 2iwgB™ A
1 iv2r_,Y,,(%.0)dR",
~ 2iwB" r/M dr
I(1+1) T
+ V2RI, <’,,/]W0Ylm <2 ; 0)

(rPw — iMr + 2iM?) n
+ M—l/Z(r_zM)r3/2 —lYIm 5’0 . (25)

The energy carried off by ingoing electromagnetic waves at
the horizon is

dEY /dt = EH—q< >2ZZ

where

H _ 1 l\/_ﬂ Ylm(%’ >dR:)I-;m
@lm =2 jpBin r/M dr

I(1+1) 7
+V2zRY, <r/]WOYlm (2’())

(r’w — iMr + 2iM?) n
+ M—1/2(r_2M)r3/2 —1Ylm 5’0 : (27)

The total energy flux emitted by electromagnetic fields is

. Ly
E,=E7 +E,. (28)
The total energy flux emitted by tensor fields is

where the formula for E}"”H is given in Refs. [53,56].
The generalized Regge-Wheeler equation is

2
Vi) X =0 (G0
where
52—
Viw(ro0) = ()M 220 )

The homogeneous Regge-Wheeler equation (30) admits
two linearly independent solutions X", ~and X5 ~which
are implemented in the Mathematica packages of the BH
Perturbation Toolkit [60], with the following asymptotic

values at the horizon r = 2M and at infinity,

Xi;;,m_{e N (32)

Aoutelwr* _I_Ame—m)r* (I"* —>—|—OO)
w Cupeiwr*+cine—iwr* (}’*—>—OO)
Xotmn =93 oy . . (33)
e (r* - +o0)

The solutions X', and X are purely outgoing at inﬁnity
and purely mgomg at the horizon. The Wronskian of X,

and X"

wlm
ax.y wp dXT
W= lem dw*m - le;m dw*m - leAm (34)
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The relation between B™ and A™ for s = —2 is given
in [53], while for s = —1

(14 1A
pn="T 0 35
2iw ( )
With the solutions X™', we can obtain R™"™ as

wlm wlm

follows [61]:

» A\ bl ro\ sl xinee
R-UP £|s\ |:< > wlm :| , 36
o <r> VINERIN (36)

where £ = d/dr + iw/f(r).

IV. RESULTS

From Eqs. (24) and (26), the energy flux Eq emitted by
the electromagnetic field is proportional to the squared
mass ratio (m,/M)* and squared electric charge ¢°.
Figure 1 shows the normalized flux m;>M?E, which
depends only on the dimensionless electric charge ¢
(the charge to mass ratio). The emission power due to
electromagnetic radiation increases as the orbital velocity
v = (MQ)'? increases while the particle inspiraling
toward the ISCO at r = 6M. The extra emission channel
due to electromagnetic radiation accelerates the coales-
cence, leaving a significant imprint on gravitational waves.
From Fig. 1, we see that the behavior of the electromagnetic
flux in the case of slow motion with the velocity v < 1 is
consistent with the result of electromagnetic dipole radi-
ation for a Newtonian binary [40,42,46]

_ 2(]2mf,M2 B 24%

. . rn2
El;lewtonlan p 1]8 . (37)

34 3IM?

~0s8 —07 0.6 05 ~04
log g v

FIG. 1. The radiation power from a charged particle with the
charge to mass ratio ¢ = 1072 as a function of the orbital speed
v = (MQ)'/3. The blue dashed line represents the emission
power v® due to electromagnetic dipole radiation in a Newtonian
binary or flat spacetime background.

Far away from the central BH, the speed of the particle is
much less than the speed of light, and the main electro-
magnetic radiation is the electric dipole radiation with the
radiated power falling off as v®. In the strong field regions
near ISCO, the emission power of electromagnetic waves
differs from 0®; this can be interpreted as the interaction
between the electromagnetic filed and the gravitational
field. To compare electromagnetic and gravitational radi-
ation, we show the ratio Eq /E, as a function of the orbital
speed v in Fig. 2. The ratio decreases as the orbital speed
increases, since the emission power E, of gravitational
waves grows as v'% [55], so it grows faster than that of
electromagnetic waves with »® on the assumption that the
weak field limit is still applicable. As expected in Fig. 2, the
contribution of electromagnetic waves becomes larger if
the particle has more charge.

To detect the electric charge of the small compact object
(particle) in the EMRI, we compare the number of cycles
between charged and uncharged particles accumulated
before the merger [62],

S max
LG (38)
fm'm fGW

N:

where the GW frequency fgw = 24,

3fewdr

=SSV E, 39
2r0dE ()

faow

ro

and E is the particle’s orbital energy per mass. We choose
fmax = (63/277M)_1 and frnin = max [fT» 10_4]’ where fT
is the GW frequency one year before the ISCO [63] and the
cutoff frequency for LISA is 10~ [64]. In the Newtonian
approximation, E = —M/(2r), Eq. (39) reduces to the
major semiaxis evolution in [42],

0.15 0.20 0.25 0.30 0.35 0.40
v

FIG. 2. The relative difference between the GW flux and the
electromagnetic flux as a function of the orbital speed v =
(MQ)'/3 for a charged particle with different charge to mass
ratio q.
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FIG. 3. The difference in the number of GW cycles accumu-

lated by EMRIs on a circular orbit. The mass of the charged
particle is fixed to be m,, = 1.4 M, the mass of the central black
hole varies in the range M € [1.4 x 10*,1.4 x 107] M, and the
charge to mass ratio ¢ is chosen as g = 10~ (blue solid line),
q =4 x 1073 (green dotted line), ¢ = 1072 (gray dash-dotted
line), respectively. The red dashed line corresponds to the
threshold above which the two signals are distinguished by
LISA. All binaries are observed one year before merger.

272
Mm,,

E. (40)

P =

Now we fix the particle’s mass to be m, = 1.4 Mg,
but vary its charge ¢ and choose different mass M €
[1.4 x 10*,1.4 x 107] My, for the central black hole to
calculate AN = N (g = 0) — N(g) and the result is shown
in Fig. 3. As discussed above, the extra emission channel
due to electromagnetic radiation accelerates the coales-
cence, so for the same one year observation before the
merger, the charged particle starts further away from ISCO
and the difference AN is always positive. As shown in
Fig. 3, AN increases monotonically as the charge to mass
ratio ¢ becomes bigger, and it strongly depends on the mass
of the central BH such that lighter BHs have larger AN For
lighter BHs, the orbital speed v of the charged particle is
smaller at the beginning that is one year prior to the ISCO,
so the contribution of electromagnetic fluxes is larger as
shown in Fig. 2. Henceforth the dephasing is bigger,

leading to larger AN for a one-year observation.
Following Ref. [65], we take the threshold for a detectable
dephasing that two signals are distinguished by LISA as
1 radian. From Fig. 3, we see that the dephasing AN can be
larger than 1 radian for M ~ 10* My and ¢ > 10~ with
one year’s observation before merger. Therefore LISA can
detect the charge to mass ratio g ~ 10~ with one year
observation of EMRISs.

V. CONCLUSIONS

We study the energy emissions and GWs from EMRIs
with a small charged compact object with mass m,, and the
charge to mass ratio ¢ inspiralling into a SMBH. We derive
the source term 7, for solving the inhomogeneous
Teukolsky equation with an electromagnetic field, and
calculate the total emission power due to both gravitational
and electromagnetic radiations. Compared with the power
emitted by electromagnetic field from the circular orbit in a
flat background as shown in Fig. 1, the emission power in a
strong gravitational field is bigger for the reason of the
coupling between gravitational and electromagnetic fields.
We also discuss the ratio E 4 / E , as a function of the orbital
speed v, and we find that the gravitational radiation Et
grows faster than the electromagnetic field contribution £ B
as the orbital speed v increases. By using the difference of
number of cycles AN accumulated before the merger
between a charged particle with the charge to mass ratio
g and a neutral particle, we demonstrate that LISA can
detect the charge to mass ratio of the small compact object
in an EMRI on circular orbits as small as 1073, Our method
of calculation can be straightforwardly extended to generic
orbits around Kerr BHs.
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