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We numerically explore the structure of quasinormal (QN) frequencies of the five-dimensional small and
large Kerr-anti—de Sitter (Kerr-AdSs) black hole with equal and unequal rotations. Our investigation also
covers low and high Hawking temperatures. We then study the stability of the Kerr-AdSs black hole and the
structure of highly damped QN modes, which would reflect the thermodynamic property of the Kerr-AdS5
black hole. We find that the highly damped complex QN frequencies of a nearly maximally spinning Kerr-
AdSs black hole have the periodic separation of the surface gravity at the horizon in the imaginary part
while the real part converges to the superradiant frequency, which may be relevant to the pole structure of
the thermal Green’s function in the corresponding conformal field theory on the Kerr-AdSs boundary.
Finally, we discuss a relation between the QN modes of the Kerr-AdS5 black hole and the Hod’s conjecture
on the horizon area quantization along with the analysis of the horizon topology of the Kerr-AdSs black
hole. We show that in general, an ultraspinning Kerr-AdSs black hole, whose spin parameter is
infinitesimally close to the AdS curvature radius, has its noncompact horizon, and based on the Hod’s
conjecture, we argue that the horizon area may be continuous, that is, the unit area of the horizon vanishes

in the ultraspinning regime.

DOI: 10.1103/PhysRevD.105.124044

I. INTRODUCTION

Higher-dimensional gravity is important in the holo-
graphic principle [1-4], the braneworld scenario [5-9], and
the landscape [10] of the string theory. In these contexts,
black holes in higher dimensions play pivotal roles, e.g.,
thermality of the conformal field theory (CFT) on the anti—
de Sitter (AdS) boundary [11,12], the source of dark
radiation in braneworld models [13-15], and so on.
Another interesting aspect of higher-dimensional black
holes is that there is no corresponding theorem to a
uniqueness theorem, which states that the stationary and
asymptotically flat black hole is described by the Kerr
solution in four-dimensional spacetime. In higher-dimen-
sional spacetime, many black objects can exist, and their
stability is an open problem. The analysis of quasinormal
(QN) modes of black holes is a good probe to see its
stability. The positivity of the imaginary part of complex
QN frequencies leads to the exponential growth of the
perturbation of black holes. The structure of QN modes is
also relevant to the context of the holography as the QN
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modes of black holes in AdS space are conjectured to be
dual with the poles of Green’s function of the CFT on the
AdS boundary (see Ref. [16] for the simplest case of the
duality in the BTZ black hole). The structure of QN modes
of black holes could shed light on the quantum nature of
black hole horizons as well. According to the Hod’s
conjecture [17], the real part of highly damped QN
frequencies determines the unit area of a horizon. It would
be an interesting question if the concept of the horizon area
quantization can be extended to higher-dimensional gravity
for which there are rich structures such as black holes,
black rings, black strings, and so on.

In this work, we consider the QN frequencies of a scalar
field in the Kerr-AdSs spacetime [18,19] to understand the
stability, thermality, and area quantization of the black hole
horizon. The scalar perturbations of the Kerr-AdSs black
hole are governed by the Klein-Gordon equation that
reduces to the Heun’s differential equation by performing
the coordinate transformations and the redefinition of the
perturbation variables [20]. Therefore, the solution of the
equation is represented by the Heun function.

The analysis of AdSs spacetime with a black hole and/or
compactified extradimensional space has been done mainly
for holographic applications [21-25]. Analytical and
numerical studies of the QN modes of the Kerr-AdSs
spacetime have been recently done in Refs. [26-30] by
performing the expansion of the z-function for the Painlevé
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transcendents. In special cases, e.g., nearly equal spins,
small spins, near extremal, or small mass regimes, the
expansion of the z-function converges fast and makes the
computation of QN frequencies tractable. On the other
hand, in our computation, we use the solution of the
Teukolsky equations represented by the Heun functions,
which makes the computation of the QN modes substan-
tially fast, and allows us to investigate broader parameter
regions of the Kerr-AdSs spacetime. Our investigation
covers not only small black holes that in general lead to
instability but also large black holes that are stable against
linear perturbations. Also, our computation can be applied
to search for not only the fundamental QN mode but also
other overtones, including highly damped modes. Our
computation with those advantages allows us to make a
“global map” of the locations of QN modes of Kerr-AdSs

|

spacetime, which would be useful to understand the
stability of the background spacetime and even the Kerr-
AdS/CFT correspondence [31].

In the next section, we provide a review of the scalar
perturbation of the Kerr-AdSs black hole. In Sec. III, we
study the QN modes of the Kerr-AdS; black hole with
equal spins in the small and large mass regimes. In Sec. 1V,
we investigate the QN modes for the unequal spins in the
small and large mass regimes. In Sec. V, we discuss some
implications to the area quantization of the Kerr-AdSs
black hole by applying the Hod’s conjecture to our results.
Also, we analyze the topology of the horizon of the Kerr-
AdSs black hole in the ultraspinning limit for which its spin
parameter is infinitesimally close to the AdS curvature
radius Z. Finally, we summarize our results and conclusions
in Sec. VL.

II. FORMALISM

The Kerr-AdSs5 spacetime has the following metric

A,

a,c0s20

ds2:——2<dt— .

I —-a 1—-a;

2 Aysin?é rr 4 a3 2
dw) + sz (aldt—l 21d(/)>

1

1 2 2 2)sin%6
+r (alazdt—az(r + ay)

dd)_al(rz—i—a%Zcoszé’d )2
1 —a;
2 2
Py P am
— —do 1
A,dr +A9d , (1)

where M is the mass parameter, the AdS curvature radius is set to £ = 1, a; and a, are the spin parameters for the two

rotations of the Kerr-AdSs black hole, and

1
A =P +a)(P +a3)(1+77) - 2M, (2)
Ap=1-alcos’0— a3sin 0, (3)
p? =r* + a?cos? O + a3 sin? 6. (4)

Based on the thermodynamic description of the Kerr-AdS5 spacetime, the Arnowitt-Deser-Misner (ADM) mass and angular
momentum are given by [32-34]
ﬂM(ZEl + 252 - EI.EQ)

__nMa, zMa,

M= Ty =—— T, = 5
45252 ’ ? 7 2mE,” v oE R )

where Z; = 1 — a? (i = 1, 2). The spin parameters are restricted to a; < 1, for which all the physical quantities in (5) are
well-defined. We here compute the QN modes of the Kerr-AdSs black hole and investigate the instability of a scalar field
@(t,r,0,¢p,y) with mass u. Let us start with the Klein-Gordon equation

O - =0, (6)

and decomposing ¥ as ¥ = e~ *md+imy@(9)I1(r), one has the radial and angular equations:
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1d <rArdH(r)

1
rdr dr>"P+”””*ﬁ°“@w—aﬂl—%ﬁm—aml—aamgﬂnu>

p Pl () malmd) mel =9 ) < )

A, r’+ai r’+ a3

sin@cos 0 do do sinZ@ cos20
_(1=a})(1-a3)
Ay

1 d doe(o T—a2m2 (1 —a2\m2
(sin&cosHAg ())—[—/1+w2+( al)m1+( az)m;

(w+mja; +mya,)? + pu?(alcos’d + a2sin®0) |©(9) =0,  (8)

where A is the separation constant to be determined so that ®(0) is regular at @ = 0 and 0 = /2 [20]. Performing the
following transformations:

22
= =, 9
r—z o 9)
0_/2 0./2 A/2 ri-r
N(r) > R(z) = 22 =2 (2 = )4M(2), 20=—7—. (10)
+= 7
; 29 1 =42
Sin?0 > u=—r " with yy=— L (11)
sin” @ — yo a; — aj
O(0) = S(u) =u™/?(u—1)"22(u = uy)™™"?0(u), (12)

with 7_ and r, being the inner and outer horizon radii, respectively, r, being the imaginary root of A,, A =2 + /4 + u,

and uy = (a3 — a?)/(a3 — 1), the radial and angular equations reduce to the Heun’s differential equations:

({ZR 1—9_ —1+A 1—9+ dR K1K2 K
o+ + + = ~ R=0, 13
dz? [ z z—1 z—zo] dz (Z(z—l) z(z—l)(z—zo)) (13)
d’S [l+m —-14+A 1+m,]dS 919> 0
lad @ - S =0, 14
du2+[ PR +u—uo] du+(u(u—1) u(u—l)(u—u0)> (14)
where
i w—m& —my;,
0, =— : = 15
=5 T (15)
r?AL(r;) a &, a5,
Ti = LTt s i =7, i =7, 16
4r(r? + a?)(r? + a3) ! r: +aj 2 r+ a3 (16)
1 1
K1E—§<9—+9+—A—90)v K25—§(9—+9+_A+90), (17)
1 1
g =5(m+my+A=0). g =50m +m+A+Q), (18)
Z:Ea)—*—aﬂ’}’ll —l—a2m2, (19)

_l{%jL (0= DO +0-=1)> =65 = 1] +20[2(0; = 1)(1 = A) + (2= A)? —2]}, (20)
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B l{wz—ka%,uz—/l

=il +u0[(m2+A—1)2_m%—1]+(u0—1)[(m1+m2+1)2_62_1]}' 1)

4
The general solution of the Heun’s differential equation, (13), is
R = C()Rin((l), Z) + dOROut(w7 Z)

-K —
= cOHzf(ZO ——K, K, 1 =0, A~ 1,20 i)

Z()_l’Z()_l 20 —
20— 2\% 20 O.z0(A-0_)—1406_] K 20—2
d, H? s — ; a., 0.,1+6.,A—-1; , (22
" 0<Zo—1) <Zo—1 70— 1 79— 1 At Okt O 140 z—1 (22)

for z ~ zo(r ~r,), and
R = cRags(@, 2) + diRpyy (0, 2)
=c H(1 — 79,616 — Kk, k0, A= 1,1 = 6_; 1 — 2)
+d,(1-2)"2HE(1 =20, [(1 = 20)(1 = 0-) +1=-6,](2 = A) + K1k, = K;
K42 - Ak, +2—A3—A1-6_1-2), (23)

for z~ 1(r ~ o0). Here ¢; and d; (i =0, 1) are arbitrary constants and we define K = K + k;x,z. For the angular
equation (14), its general solution is

S =8 Ht (ug. Q1 q1. g2, 1 + my, A= 1iu) + dyz™ HE (ug, O — my [ug(A = 1) + my + 1];
g1 —my,qp—my, 1 —my, A—1;u) (24)

around u ~ 0 (0 ~0), and

S:EIHf L7i;qlvq2’1—’_’/n2’A_l;uo_u
uo—l Mo—l uo—l
—|—c~11(u0_u>_m2Hﬁ< Uo ’_Q_m2[“0(A+m1)_(1+ml)];
Uy — MO—I MO—I
Q1_mZ’QQ_m2’1_m2’A_1;u0_u> (25)
Mo—l

around u ~ uy (0 ~ 7/2), where ¢; and d; (i = 0, 1) are arbitrary constants and O = Q + ¢,¢,u,. To ensure the ingoing
and Dirichlet boundary conditions at r = r, and r = oo, respectively, one has to impose the following boundary condition
for I(z)

— —0./2 f
Z Z or 7 = Zoplr =>r,.),
(z—1)A2 for z > 1(r > o),
and for ©(u), the regular condition at u =0 (0 = 0) and u = uy (0 = n/2) is
my1/2 £ 0
@uN{u or u — 0, (27)
(1 — up)l™V? for u — u.
To satisfy the boundary condition (26), R(z) should take the following form at the boundaries
R~ Ry (w,z) for z~ z, (28)
R~ Rpgs(w,z) for z~1. (29)
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For u ~ 0, on the other hand, S(u) takes the following form

Ht(ug, 0591, 92,1 +my, A= 1;u)
S:SOE

and for u ~ ug, S(u) is

HK(A fll‘]z“o—Q.ql’qz’ 1 + mz,A _ l;uo—u)

up—1°’  up—-1 > up—1

M HE (ug, —my [ug(A = 1) + 1+ my] + O5qy —my, g —my, 1 —my, A = 15 u)

up—1 ug—1" up—1

In the following sections, we use the Wolfram Mathematica
to search for the eigenvalues 4, ,,,, and QN frequencies
@y, m,n for which the boundary conditions (28)—(31) are

satisfied. Note that a function HeunGla, g, @, 3,7, 9, x| in
Mathematica is not defined for a nonpositive integer of
y as the power expansion of the Heun function is singular in
such a case. Therefore, Rp;, in (23) cannot be defined
in Mathematica when A =n, with n, € {4,5,6,...}.
Nevertheless, this does not affect our numerical computation
to find QN frequencies because our computation searches for
the zeros of the Wronskian of R;,, and R 545, both of which are
well defined even for A = n,. More details of our compu-
tation including its accuracy are discussed in Appendix.

IIL. STABILITY ANALYSIS FOR EQUAL
SPINS (a; =a,)

In this section, we numerically investigate the QN
frequencies for a Kerr-AdSs black hole with a; = a, = a.
For equal spins, the angular equation reduces to the hyper-
geometric differential equation, and one can obtain the
analytic expression of the eigenvalue A [20]

A= =a®)[l(l+2) = 2wa(m; +m,) — a*(m; + m,)?]

<uo_—u) _msz (L —my g (my +A)=1—m] + q1921—=0 .

up—1

+a’0® + a*A(A - 4), (32)
107
............. {l,m1,ma}
100 JIERIRE!
s | S . <20
E 101 o ¢ 2,10}
T £ 33,0)
10718 ¥ 1 v 320
R
N ° (3,10
10—22,
0 20 40 60 80 100 120 140
Re w
FIG. 1. Each point represents a QN frequency, @y, y,,, and

unstable overtones, labeled by n, are plotted for each harmonic
mode (I, my, m,). We set a; = a, =4 x 107, M =107 and

u=1072,

for m; >0,

30
for m; <0, ( )

for m, >0

(31)

L Ug—U
gy —my, gy —my, 1 —my, A — l,ug_l) for m, < 0.

where [ =0,1,2,... is the angular mode. We can obtain
QN frequencies by solving the radial equation (13) with
A = A(w) given in (32) and by searching for @ = @, ,n
at which the obtained solution satisfies the boundary
condition (26).

A. Small black holes M « 1

For small black holes, QN frequencies are localized
near the real axis of the complex frequency plane,
IRe(@pn, myn)| > |IM(@)y,m,n )|, due to trapped modes in
the AdS boundary. Also, the superradiant instability is
caused by the resonance between the ergoregion and AdS
boundary. The stability of the black hole can be read from
the sign of the imaginary part of QN frequencies, and
Im (@, m,n) > O means that the background spacetime is
unstable against linear perturbations. For small Kerr-AdSs
black holes, the unstable QN modes satisfy the following
condition

Re(@pnmyn) < M1y +myQy = Q. (33)
Here it is natural to ask which overtone leads to the most
significant instability when multiple overtones satisfy the
above condition. To see this, we first investigate QN modes
for/ = 1,2, 3 inFig. 1, and it is found that / = 1 mode leads
to the most significant instability. We then study the spin-
dependence of QN modes with (I, m;, m,) = (1, 1,0), and
the result is shown in Fig. 2. It is shown that rapid rotations
destabilize the Kerr-AdSs black holes, and the peak of
Im(@y,, n,n) is slightly below the superradiant frequency
of Q. We also confirm that our result shown in Fig. 2 is
consistent with the condition of the superradiant instabil-
ity (33) as Re(®jy m,n) <136.422 and Re(®j m,n) <
11.795 for a = 1073 and a = 107*, respectively. In the
following, we will omit the subscript + from €, ;. Besides
the QN modes localized near the real axis of w, highly

'Note that fixing the spin and mass parameters, a; and M, is
equivalent to fixing the ADM mass and angular momenta shown
in (5). Also, the angular momenta, J,(M,a;) and J,,(M. a;), are
monotonically increasing functions with respect to a; when
a; S 1.
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FIG. 2. Plot of QN frequencies for various spin parameters. In the left and right panels, the imaginary part is shown in log and linear
scale, respectively. Each marker indicates the complex value of each QN frequency. We set M = 107> and x4 = 1072, and the spin
parameters are in the range of 107 < a(= a; = a,) < 1073, The angular modes are fixed as (I, m;, m,) = (1, 1,0) that is equivalent
to (1,0,1).

logyo [D1(w)
27.14
23.00
18.86

12 13 14 15‘
10 20 Re(w) 14.72
10.58
6.44
2.30

-1.84

-20 -10 0 10 20 =15 -14 -13 -1

FIG. 3. Plots of the coefficient |D;(w)| defined in (34). The parameters are set to a = +0.07, M = 0.01, and (I, m;,m,) = (2,1, 1).
The type-II modes are numbered by non-negative integers, 7, in ascending order of the damping rates.
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damped QN modes are localized near the line of Re(w) = Q
in the complex frequency plane, as is shown in Fig. 3. The
coefficient D (w), defined as

Rpu(@, 2) = C(0)Rags(@, 2) + Di(@)Rpyy (@, 2),  (34)

is plotted in Fig. 3, and it vanishes at @ = @y -
Hereinafter, we call QN modes localized near the real axis
of w and those localized near the superradiant frequency fype
Iand type I1, respectively. The type- modes are caused by the
resonance between the AdS barrier and the angular momen-
tum barrier. On the other hand, type-II modes may be relevant
to the thermality of the Kerr-AdSs black hole as their
separation in frequency space is nearly equal to the surface
gravity of Kerr-AdSs black hole 27Ty, and the real part of the
type-1I modes can be interpreted as the chemical potential.
Figure 4 shows the trajectories of the type-I and type-II
modes with respect to the change of the Hawking temper-
ature. One can see that the lower the Hawking temperature of
the Kerr-AdSs black hole is, the stronger the localization of
type-1I modes at the superradiant frequency is (see Fig. 5).
Also, the separation of the imaginary part of QN frequencies,
defined  as AIm(wlmlmzn) = Im(a)lm]mzn - wlm,mz(nJrl))’
approaches 22Ty in the zero-temperature limit. It looks like

the behaviors of highly damped QN modes are insensitive to
u at least for 0.01 < u < 10.

In the next subsection, we will see the massive case,
M = 1, for which the lowest Hawking temperature is
nonzero and finite due to the upper bound on the two
spins (a; < 1 with i = 1, 2). We will show the structure of
the type-II modes in the complex frequency plane for the
lowest Hawking temperature.

B. Large black holes M % 1

Massive Kerr-AdSs black holes (M = 1) are stable
against linear perturbations, which is equivalent to
Im(@y,, ) < O for all modes, since the cavity between
the angular momentum barrier of the black hole and the
AdS boundary to cause the resonant instability does not
exist for massive black holes. The trajectories of QN
modes for M =5 is shown in Fig. 6. Note that type-I
modes (dashed lines) correspond to the QN modes that
localize near the real axis of @ in the small mass regime
(cf. Sec. III A). In that case, the type-I modes are caused by
the resonance in the AdS boundary, and thus, the type-I
modes periodically appear near the real axis of @, which is
similar to the normal modes of a vibrating string. In the
massive case, on the other hand, type-I modes are highly
suppressed especially for a — 1, while type-II modes

k (c)

-1.0 =

-15 ‘\
. N\

29 12 14 16 18 20 2

0.0 "o &, '

-0.5

0.000 (b) o »
-0.005
-0.010 ‘
-0.015
|
—0:020, 6 ] 7 8 9 10
0 (a)
e -5
Ll
N
3
E -10 /
Re(w) = Q ',\\‘\‘
i
-15.
0 5 10 15
Re(wzun)

\
\
\
\
\
\
\!
\
\
\.
\

o
s PR
-

-15 . \ S

D 74300 1415 1420 1425 1430 1435 1440
20

FIG. 4. Trajectories of QN frequencies for M = 0.01, (I, m;, m,) = (2,1,1), and p = 0.01. The solid and dashed lines indicate the
type-I and type-IT QN modes, respectively. The spin parameter @ runs from a = 10~ (brown triangles) to a ~ 0.9999964,,,,, (blue dots)
in (b) and (c). The spin parameter runs up to a = 0.99999a,,., (blue dots) in (d). The maximum spin parameter iS ., =
0.070536282... and the red squares in (d) indicate the QN frequencies at a = 0.07. The arrows indicate the direction in which the spin

parameter, a, increases.
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Y ettt n=3 ----- - :
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$144r T E;‘S‘ _____ 2
2 R n=6 - %
142 foacesusnegd S e——="" |
w = Q(afmax) 01 [
14 =) ‘ 0.05 : :
107 107 107 102 107 107 1073 1072
(@max—a)/a (@max— @)/Amax
=0.01
0.48 ¥ 0.48 1 —7 A
0.47} 047t
27TTH
04160—3 3 10—‘3.28 10—‘3.26 04160—33 10—‘3.28 10—‘3.26

FIG. 5. The real part and the separation in the imaginary part of QN frequencies are shown with respect to (dpax

—a)/amax in the

upper left and upper right panels, respectively. We change the opacity of each line to distinguish the case of 4 = 0.01 (transparent lines)
and p = 10 (opaque lines). The other parameters are set to M = 0.01 and (I, m;, m,) = (2,1, 1). In the left panel, the black solid line
indicates the superradiant frequency, €2, that depends on a, and the black dashed line shows the value of Q at the extremal case

(@ = apyy). The blue dashed line in the right panel is 22T} (a). As a reference, the region of 10733 < (aax

zoomed in and displayed in the lower panels.

localize at Re(w) = Q (see Fig. 6). Note that in the limit
of a— 1, the superradiant frequency also vanishes
Qo (1 —a*) — 0. We also find that the type-II modes
appear from the region of Re(w) > Q for a > 0 and they do
from the region of Re(w) < Q for the counterrotations
(a < 0), as is shown in Fig. 7, where the absolute value of
|Dy(w)| is shown in the log-scale.

-5
£
3
‘é’ -10
— i..
\\. ) Te oo
-15 ) " ¢

20
Re(w211n)

FIG. 6. Trajectories of QN frequencies for M =5 and

(I, my,my) = (2,1,1). The spin parameter a runs from a =

0.01 to a = 0.99. The dashed and solid lines indicate the type-I

and type-II QN modes, respectively. The arrows indicate the
direction in which the spin parameter, a, increases.

—a)/Amax < 107320 s

We confirm that the separation AIm(@p,, m,.)
approaches 27Ty for a — 1 as is shown in Fig. 8. It looks
like the separation converges to 2z7Ty for highly damped
modes (higher overtone number n) though it is dispersive,
and its convergence is weaker when the mass of the scalar
field, p, is massive. This implies that the convergence of
AIm(@yy,, n,y) to 22Ty for n>> 1 is delayed or that the
thermality of the Kerr-AdSs black hole would be disturbed
by the mass of surrounding fields. Figure 9 shows that
nevertheless the real part of type-II modes strongly con-
verges to the superradiant frequency Q in the ultra-spinning
limit for both small and large p. As a final remark of this
section, we have numerically computed the type-II QN
frequencies up to finite overtone numbers. There is still a
possibility that even high-temperature Kerr-AdSs black
holes have the thermal structure of their QN modes at
n — oo, i.e., the real part and the separation of the
imaginary part of the type-Il modes match Q and 27Ty,
respectively, in the highly damped limit.

IV. STABILITY ANALYSIS FOR UNEQUAL
SPINS (a; > ay)

In this section, we numerically investigate the configu-
ration of QN modes in the complex frequency plane for
Kerr-AdSs; black holes with unequal-spin parameters
a; > a,. In this case, the symmetry of spacetime reduces

124044-8
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singular points

3D plots of the coefficient |D, ()| in the complex frequency plane. The zeros of D; correspond to the complex QN

frequencies, ® = @y, ;,n, and the pink and black arrows indicate the type-I and type-II modes, respectively. Here we set
(I, my,my) = (2,1,1), M =5, and p = 0.01. The spins are set to a = 0.4 (left) and a = —0.4 (right).
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Plots of AIm(w,y;,) for p = 10 (left) and u = 0.01 (right). The black line indicates 22Ty (a), and black dashed line indicates

27Ty(a — 1). The other parameters are set to M = 10 and (I, m;,m,) = (2,1, 1).

to U(1) x U(1) while it is enhanced to U(2) for a; = a,.
We investigate how the reduction of the symmetry affects
the superradiant instability in Sec. IVA and study the
structure of highly damped QN modes for unequal spins in
Sec. IV B.

A. Small black holes M « 1

To see which harmonic mode is the most significant to
destabilize the system, we numerically compute the QN
frequencies for various values of the spin ratio, a,/a,. We
then numerically confirm that the most dominant instability
is caused by the mode of (I, m, m,) = (1,1,0) fora; > a,
as is shown in Fig. 10. Therefore, we consider the
instability of (1,1,0) only and investigate how the reduction
of the symmetry of spacetime affects the instability.2 We
compute the QN frequencies by fixing the ADM mass, the
mass of the scalar field, and the superradiant frequency in
Fig. 11. As a result, we find that the instability is more

The opposite hierarchy between a; and a, (ay/a; > 1)
results in the suppression of the instability of (1,1,0), and then
the instability caused by (1,0,1) mode becomes dominant.

significant when the spin ratio a,/a; is smaller. Our result
implies that the symmetry reduction of the Kerr-AdSs black
hole leads to the enhancement of the superradiant insta-
bility when M, p, and Q; are fixed.

We found that the structure of type-II modes exhibits the
thermodynamic nature of the Kerr-AdSs black hole in the
low-temperature or ultraspinning limits with a; = a, (see
Sec. IIT A and III B). We here investigate if the thermal
interpretation of the type-II modes holds even for unequal
spins (a; # a,). The left panel in Fig. 12 shows that the real
part of type-Il modes approaches the superradiant fre-
quency for lower Ty, which is similar to the case of small
Kerr-AdS5 black holes with equal spins (see Fig. 5). From
the right panel in Fig. 12, one can also see that AIm(w,;,,)
matches 277y in the low-temperature limit. From those
results, we confirm that the thermodynamic nature of the
Kerr-AdS5 black hole we observed for the equal spin case
still holds even for unequal spins.

B. Large black holes M % 1

We here investigate the type-1I QN frequencies of a large
black hole M = 1 with unequal spins. The Kerr-AdSs

124044-9
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FIG. 11. Plot of QN frequencies for various values of the spin

ratio. Each marker indicates the complex value of each QN
frequency. We set M = 1073, y = 1072, and superradiant fre-
quency Q = 116, and the spin ratio is set to a,/a; = 1, 0.9, 0.5,
and 0.1. The angular modes are fixed as (I,m;,m,) = (1,1,0).
The black dashed line indicates the superradiant frequency.
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spacetime is stable for M = 1 in the case of unequal spins,
a; > a,, as well. In Fig. 13, the QN frequencies are shown
up to the 4th overtone. We can see that each QN frequency
has a bent path when the Hawking temperature changes
while the other quantities are fixed (left panel in Fig. 13).
As a Kerr-AdSs black hole becomes massive, the back-
ground spacetime is getting stabilized, which can be seen
in the right panel of Fig. 13 and is similar to the equal
spin case.

We have numerically shown that the damping rates of the
type-II QN modes of a small Kerr-AdSs black hole with
unequal spins also have the periodicity of 2zTy. We here
numerically check that the intriguing thermodynamic
property of highly damped modes holds even for Kerr-
AdSs black holes with large mass and unequal spins. We
show the separation AIm(w;,, n,,) as a function of 1 — a,
in Fig. 14. For highly damped modes, the separation

10
n =
n=1 -
—~~ {,_‘
R n=2 e |
§ ______ n =3//“/ 27TTH
£ 10 L
102 : -
103 1074 1073 102

(@max — @1)/@max

FIG. 12. The real part and the separation of the imaginary part of QN frequencies are shown with respect to (@ — @1)/dmay in the
left and right panels, respectively. We set a,/a; = 0.9, M = 0.01, and ¢ = 0.01. In the left panel, the black solid line indicates the
superradiant frequency, Q, that depends on a,, and the black dashed line shows the value of Q at the extremal case (a; = a,,,)- The blue
dashed line in the right panel shows 2zTy(a,).

oF : . . —
_k=°0 (I,m1,ms) = (2,1,1) - 0.01
-2 n=1
< o <
= _4l n=2 5
51 Lo 3
'—E‘ _6_—(12/(11:0.8 ___/Zl-—?o?) - E
......... az/al =0.5 n=4
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Re(wz11 1) Re(wa11 1)

FIG. 13. Trajectories of QN frequencies in the complex frequency plane. In the left panel, we set M = 1 and the Hawking temperature
changes from the lower value of 7y = 0.01 to the maximum temperature while fixing the spin ratio a,/a;. The red open circles indicate
the QN frequencies for which Ty takes the maximum value. In the right panel, the Hawking temperature is fixed at 7y = 0.01 and the
ADM mass changes from M = 0.01 (black open circles) to M = 1. The arrows indicate the direction in which the ADM mass
increases. The harmonic mode is set to (I,m;,m,) = (2,1,1).
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FIG. 14. The separation of the imaginary part of the type-II QN frequencies is shown as a function of 1 — @ in the ultraspinning limit
The harmonic mode is set to (I, m;,my) = (2,1,1) and M = 10. The black solid lines show the values of 2zTy(ay).
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FIG. 15. Real part of the QN frequencies in the ultraspinning limit. The spin ratio is fixed as a,/a; = 0.1, 0.5, 0.8, and 1, the mass
parameter is M = 10, and the harmonic mode is (I, m, m,) = (2,1, 1). The QN frequencies are shown up to the 4th overtone. For the
equal spins, the real part of QN frequencies approaches zero as Q — 0 in the ultraspinning limit. For unequal spin case, Re(w,;;,)

saturates at Q > 0. The black lines indicate the value of Q.
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approaches 2z7Ty in the ultraspinning limit.’>  Also,
Figure 15 shows the real part of the type-II QN frequencies
for up to the 4th overtone, and one can see that Re(;,, )
approaches Re(w) = Q as a; — 1. In the next section, we
discuss an implication we can obtain by combining our
result and the Hod’s conjecture on the black hole area
quantization [17].

V. AREA QUANTIZATION OF THE Kerr-AdS;
BLACK HOLE

In the previous section, we found that the real part of the
highly damped QN frequencies approaches the superra-
diant frequency. The strong localization at Re(w) = Q can
be seen in the low-temperature or ultraspinning limits.
According to the Hod’s conjecture [17], the asymptotic
value of the real part of QN frequencies of massless fields
determines the smallest size of a quantized horizon area,
AA, and the horizon area is given by A = N,,AA. The
integer N .. is the total number of the unit area on the
horizon. Although our computation has been performed
mainly for* 1 = 0.01, we confirm that the values of QN
frequencies are well converged to the values for y = 0, at
least in the range of y < 0.01 (see Fig. 16). Hence we
assume that the scalar field with ¢ = 0.01 is effectively
massless in our situation. In this section, we discuss the
relation between the QN modes and the horizon area
quantization for the Kerr-AdSs black holes.

Let us briefly review the Hod’s conjecture and its
physical interpretation. Hod proposed that the overtone
number n may be interpreted as a quantum number
characterizing the energy levels of a black hole as an
analogy of a hydrogen atom, as in the Bohr’s corresponding
principle. Based on this idea, the discretized values of the
real part of QN frequencies might be associated with the
energy of quanta which the black hole can emit or absorb.
From this point of view, the mass of a Schwarzschild black
hole may be quantized as

AM = limRe(@p, m,n)- (35)

n—o0

which leads to the horizon area quantization as
AA/AG = AM/Ty. At least, for the Schwarzschild [35]
and Kerr [36,37] black holes, the asymptotic value of the
real part of QN frequencies is independent of the angular

*Note that in the ultraspinning limit (a; — 1), the Heun’s
differential equation in (14) becomes confluent as uy — 1 in the
limit. It results in an irregular singular point and the connection
problem between irregular and regular singular points is more
complicated. Our computation does work at least up to a; =
1 — 107> as demonstrated in Figs. 14 and 15.

We set 4 = 0.01 since the calculation of a scattering coef-
ficient D, (w) in (34), whose plots are shown in Figs. 3 and 7,
involves the estimation of Rp;, that is not defined in Mathematica
when A =4 (i.e.,, u =0).

107!

102

FIG. 16. Real part of QN frequencies of (I, m;, m,) = (1,1,0)
and n = 0 and 4. The mass of the scalar field is set to u = 0.01,
1077, and 0. The parameters are set to M = 10 and a; = a,.

index [ and is universal. The quantization of the Kerr-AdSs
black hole mass may also lead to the horizon area
quantization.5 The first law of black hole thermodynamics
in the Kerr-AdSs spacetime is [32]

Y —
i=1

Assuming (35), AJ; = m;, and

lim Re (@, m,n) = Q = Zmigi’ (37)

n—oo

the first law reduces to

T aA 0 38
h3s =0 (38)
It means that when Ty # 0, the horizon is no longer
quantized and becomes a continuum, at least based on the
Hod’s conjecture. Note that our numerical results just imply
that the real part of QN frequencies for the first several
overtones approaches €2, in the low-temperature limit.
Therefore, the strong convergence of Re(wp, m,,) to Q
forn — oo is still nontrivial from our investigation. Also, for
small black holes M « 1, the lowest Hawking temperature
is zero, and so it is nontrivial if AA = 0 at Ty = 0. On the
other hand, for large black holes, the temperature is nonzero
and finite even at the ultraspinning limit, and therefore, the
assumption of (37) leads to AA = 0 for M = 1.

We can show that in the ultraspinning limit, the horizon
area of the Kerr-AdSs black hole becomes singular. To
demonstrate this, let us perform the following coordinate
transformations in the metric (1):

*However, the Hod’s conjecture may be subtle for the Kerr
spacetime if the asymptotic value of the real part of QN
frequencies is m€ for a Kerr black hole with (a > 0). The naive
application of the Hod’s conjecture to that case leads to AA = 0.
See Refs. [36,37] for more details.
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¢p—\/1- a%d), /1= a%y/. (39)
Considering the geometry of constant (¢, r) surface in the
near-horizon limit (r — r,), the line element for the

ultraspinning limit reduces to

(ri+1)

2 11
ds> = Tim £ ;
+

a=11—a?

[dﬁz + (sin0d¢ + coszedy/)z} ,

(40)

where we take a; = a, = a. This shows that in the limit,
the horizon area diverges in the coordinates. On the other
hand, when we take the limit of a; — 1 while keeping
a, < 1, the topology of the horizon becomes noncompact.
As a simple example, let us look into the case of a; — 1
and a, = 0. In that case, the metric reduces to

2 2 4
ds> = (r+p+l) sin* 9d¢p? + ;—; sin? @ cos? Ody?

r2(rk 41
+¥

2
“ody? + L a6, 41
P cos* Ody +sin29 (41)

where we performed the following transformations for the
original metric

¢—(1-ah)p.y - (1-a3)y. (42)

The metric in (41) appears to be ill-defined at 6 = 0.
However, by performing a further transformation of

E=1-cosb, (43)
the metric near the pole of 8 = 0 is

2
ds? = (r3 + 1) (452d¢2 + Z—;) +ridy?,  (44)

which has the submanifold of H? on ¢ — & surface, and we
find that the constant (¢, r) surface is noncompact in the
ultraspinning limit. One can easily find that for a; — 1 and
a, #0, the ¢ — ¢ surface near r = r, and € =0 is also
noncompact as its metric is
2.2 N 1 d&
ds _(r++1)(4§ z d¢ +1—a%4§2)' (45)

Indeed, a similar noncompact horizon appears even in the
Kerr-AdS, black hole [38—40].

In summary, we have applied the Hod’s proposal to our
result that the real part of scalar QN frequencies approaches
the superradiant frequency in the low-temperature or ultra-
spinning limits. Then we have concluded that it leads to a
continuous horizon area, i.e., unquantized horizon area,

when naively applying the Hod’s conjecture to Kerr-AdSs
black holes. Also, in the special cases involving the
ultra-spinning regime, the total horizon area diverges, or
the topology of the Kerr-AdSs black hole horizon is
noncompact.

VI. DISCUSSION AND CONCLUSION

In this paper, we have numerically investigated the
structure of scalar quasinormal (QN) frequencies of the
five-dimensional Kerr anti-de Sitter (Kerr-AdSs) black
hole. Our numerical investigation covers a broad range
of parameter regions for the Kerr-AdSs black hole.

In Sec. IIT A, we have studied the instability of small
Kerr-AdSs black holes with equal spins. We have con-
firmed that the strong instability is caused by / = 1, and the
most unstable QN mode has its frequency close to the
superradiant frequency defined by Q = mQ, | + m,Q, ».
This is the case even for unequal spins, as shown in
Sec. IVA. We have also investigated if the superradiant
instability is amplified when the Kerr-AdSs black hole has
a hierarchy between the two spins, i.e., a,/a; < 1. As we
have checked that the most unstable harmonics is
(I, my,my) = (1,1,0) for a, < a; (Fig. 10), we computed
the unstable QN frequencies of (1,1,0) mode for different
spin ratios while fixing the angular velocity €, which is
equivalent to the superradiant frequency for (1,1,0) mode.
Then, we have found that the stronger the hierarchy of the
two spins is, the more enhanced the instability is (Fig. 11).
We conclude that the superradiant instability of the Kerr-
AdSs black holes is enhanced when the symmetry of the
spacetime is reduced. The QN modes that could induce
the instability of small Kerr-AdS5 black holes localize near
the real axis in the complex frequency plane. We call those
modes type-I modes. On the other hand, we have inves-
tigated highly damped QN modes (type-II modes), which
differ from the type-I modes and might be relevant to the
thermodynamic nature of the Kerr-AdSs black hole as the
separation of their imaginary part is ~2z7T. We confirmed
that the separation matches 27Ty in high accuracy in the
low-temperature limit.

In Secs. III B and IV B, we have investigated the scalar
QN modes for large Kerr-AdSs black holes with equal and
unequal spins, respectively. As spin parameters approach
the AdS curvature radius, that is the ultraspinning limit
(a; = 1), type-I modes are suppressed and type-II modes
are excited along Re(w) = Q. The type-II modes with
higher damping rates have the periodic separation in their
imaginary parts, and the separation for the first several
tones matches the surface gravity of the horizon when
a; — 1 and p < 1 (see Fig. 8). The thermal nature holds
even for large Kerr-AdSs black holes with unequal spins
(Figs. 14 and 15). It would be interesting to study how this
property can be relevant to the pole structure of the thermal
Green’s function in the corresponding conformal field
theory (CFT) on the AdS boundary.
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TABLE L.

The fundamental QN frequency (n = 0) and corresponding eigenvalue with (1, m;, m,) = (2, 1, 1). The other parameters

are set to M = 0.01, a; = 10™, a, =9 x 107>, and u = 0.01. The QN frequency and eigenvalue are shown with high (Ist row),
medium (2nd row), and low (3rd row) accuracy. The third and fourth columns show the absolute values of the Wronskians for radial and

angular modes, respectively.

Dl myn j'lmlmzn ‘W[Rinv RAdS]l |W[SO’ Suo”
5.95740231004969 — 6.71003266747062 x 1075i 7.99773639983388 + 2.54908885457260 x 10~%; 3.5 x 10713 1.7 x 1076
5.95740231004 — 6.71003266747 x 1073 7.99773639983 + 2.54908885457 x 1078i 7.3 x 10710 1.3x1073
5.95740231 — 6.71003266 x 1073 7.99773639 4 2.54908885 x 1078 1.3x 1077 3.5

Based on the Hod’s conjecture regarding the horizon area
quantization [17], the asymptotic value of Re(@y,, ,,,) plays
an important role in determining the one-bit size of a black
hole area AA as TyAA/4G = lim,,_, o, Re(@),m,n) — Q.
Therefore, as we discussed in Sec. V, the convergence
of the real part of type-II QN frequencies to Q for large n
implies that the horizon area is no longer quantized but is
continuous when naively applying the Hod’s conjecture to
the Kerr-AdSs black holes. From our numerical result, the
convergence is likely at least for the low-temperature and
ultraspinning regimes. We leave the further study of highly
damped QN modes in an analytical way for future work. We
also analyzed the horizon topology of the Kerr-AdS5 black
hole and found that in general, an ultraspinning Kerr-AdSs
black hole has its noncompact horizon.
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APPENDIX: ACCURACY OF OUR
NUMERICAL COMPUTATION

In this Appendix, we demonstrate the convergence of a
QN frequency numerically obtained in our Mathematica

notebook. To obtain QN frequencies, we search for the
zeros of the following Wronskians in the complex-fre-
quency and complex-4 spaces simultaneously6:

W[S01 Suo”(

@.2)= (Dt myn Aty moyn)

= W[Rinv RAdS]

—0, (Al

(0,2)=( @11y mynAmy myn)

where the Wronskian, W[f(x),g(x)], is defined as
WIif,g9l = f¢ — f'g. We numerically search for the zeros
of the two Wronskians by using a Mathematica’s function
FindRoot. One can increase the accuracy by specifying
the value of WorkingPrecision more than or compa-
rable to 40. The optimal value of WorkingPrecision
depends on the background parameters and overtone
number we want. In Table I, we show the Wronskians
for low, medium, and high accuracies of (@, 1+ A, myn)-
It can be seen that the Wronskians approach zero as the
accuracy is getting higher. Although Table I shows the QN
frequency and eigenvalue with up to 15 digits due to the
limitation of space, we obtain those values with higher
accuracy (more than or comparable to 40 digits) by
choosing a larger value of WorkingPrecision as an
option in FindRoot.

®For the explicit forms of Sy, S, Rjy, and Ryqs, see (22), (23),
(30), and (31).
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