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In this paper, we continue our study of the motion of spinning test bodies orbiting Kerr black holes.
Nonspinning test bodies follow geodesics of the spacetime in which they move. A test body’s spin couples
to the curvature of that spacetime, introducing a ‘““spin-curvature force” which pushes the body’s worldline
away from a geodesic trajectory. The spin-curvature force is an important example of a postgeodesic effect
which must be modeled carefully in order to accurately characterize the motion of bodies orbiting black
holes. One motivation for this work is to understand how to include such effects in models of gravitational
waves produced from the inspiral of stellar mass bodies into massive black holes. In this paper’s
predecessor, we describe a technique for computing bound orbits of spinning bodies around black holes
with a frequency-domain description which can be solved very precisely. In that paper, we present an
overview of our methods, as well as present results for orbits which are eccentric and nearly equatorial (i.e.,
the orbit’s motion is no more than O(S) out of the equatorial plane). In this paper, we apply this formulation
to the fully generic case—orbits which are inclined and eccentric, with the small body’s spin arbitrarily
oriented. We compute the trajectories which such orbits follow, and compute how the small body’s spin

affects important quantities such as the observable orbital frequencies Q,, €y and Q.

DOI: 10.1103/PhysRevD.105.124041

I. INTRODUCTION

A. Spinning-body motion around black holes

The orbital motion of a spinning test body in a black
hole spacetime represents a clean limit of the relativistic
two-body problem. It also is of astrophysical significance
as a model for extreme mass-ratio inspirals (EMRISs).
Astrophysical EMRIs consist of stellar-mass compact
objects (of mass y) orbiting a massive black hole (mass
M). Such systems are expected to inspiral over their
lifetime due to the backreaction of the gravitational waves
(GWs) they emit. If the large black hole is in the mass
range 10° My <M <107 My, EMRI waves are expected
to radiate in the sensitive frequency band of the planned
low-frequency space-based Laser Interferometer Space
Antenna (LISA) [1,2]. Measurements of EMRI GWs are
expected to make possible precision measurements of the
properties of the larger black hole [3] and of the EMRI’s
astrophysical environment [4-7].

Enabling such precise measurements will require observ-
ers to use accurate waveform models which can match
phase with astrophysical signals over the inspiral, both to
integrate EMRI signals out of detector noise as well as to
facilitate characterizing their sources. Thanks to their small
mass ratio, e = u/M ~ 1077 — 1074, it is natural to use
perturbation theory to model EMRIs. A natural place to
begin such models is using Kerr geodesics [8] to describe
the motion of the smaller body at zeroth order in €. We then
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introduce corrections which encode the nature of
“postgeodesic” physics that affects the smaller body’s
motion. A body traveling on a Kerr geodesic obeys the
equation of motion

Dpa
=0, 1.1
R (1.1)

where p® is the four-momentum of the body, D/dz is the
covariant derivative computed along the orbit, and 7 is the
body’s own proper time. Postgeodesic effects lead to an
additional force on the right-hand side of Eq. (1.1). In this
paper and in our accompanying companion analysis [9], we
study the force that arises when the spin of the small body
couples to background spacetime curvature. The equation
describing the small body’s motion becomes

Dp*

pr I, (1.2)
which is one of the Mathisson-Papapetrou equations. We
discuss the precise form of the spin-curvature force f§ and
the Mathisson-Papapetrou equations in Sec. II B; see also
Sec. IIT A of Ref. [9] for further details.

This work is a continuation of Ref. [9], which lays out
the general framework that we use but presents results only
for equatorial or nearly equatorial orbits (“nearly equato-
rial” meaning they would be equatorial if the small body
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were not spinning, but can oscillate by O(S) out of the
equatorial plane due to spin precession effects). In this
paper, we present results for orbits of spinning bodies
around black holes with completely generic orbital con-
figurations and spin orientations. For a discussion of related
past work, see Sec. I B in Ref. [9].

B. Synopsis of our frequency-domain description

We use a frequency-domain framework to compute the
orbits of spinning bodies. Bound Kerr geodesics naturally
lend themselves to this type of treatment as they are
characterized by the three coordinate-time frequencies
Q,, Qg and Q¢ related to radial, polar, and axial motions,
respectively. This triperiodicity allows for a frequency-
domain description of functions which are computed along
Kerr orbits:

SIF0.0(1)] = D frpe et

kn

(1.3)

where f;, are Fourier expansion coefficients. Notice that
the function f we use to illustrate this expansion depends
on the orbit’s radial coordinate r and polar coordinate 6.
This is common for many relevant functions in our
analysis; because the Kerr spacetime is axisymmetric,
the coordinate ¢ often does not enter the analysis.
Notice also we write certain quantities in (1.3) using a
“hat” accent, e.g., #(¢) or Q,. Throughout this paper, we use
this accent to denote a quantity which corresponds to a
geodesic orbit. A slight modification to the formulation
(1.3) allows us to characterize the properties of spinning-
body orbits, as was observed in Ref. [10]. We describe our
frequency-domain formulation in detail in Sec. IVA.

The spin of the small body injects additional harmonic
structure into the orbit—spin precession introduces a new
frequency [11], which we label Q. In addition, the spin
of the small body changes the orbital frequencies. Let us
denote the changes relative to an appropriately defined
geodesic by QF and QF. Quantities expanded along a
spinning body’s orbit, such as the spin-curvature force f,
can be written as a Fourier expansion in terms of frequen-

cies Q, =Q, + Q5 Q) =0y +QF, and Q,:

flr(0),0(1), S#(1)] = ijkne—ijﬂxte—inﬂrte—ikﬂgt.

Jkn

(1.4)

Here S* is a 4-vector which describes the spin of the small
body. Note that the radial and polar indices n and k both
range from —oo to co; the spin harmonic index j only varies
over the range j € [—1,0, 1]. As with the geodesic expan-
sion (1.3), the frequency-domain expansion (1.4) provides
useful machinery for characterizing properties associated
with spinning-body orbits.

We find it convenient to associate each spinning-body
orbit with a “reference” geodesic. We thus begin by

discussing the parametrization we use for geodesic orbits.
Up to initial conditions, a geodesic is characterized by its
semi-latus rectum p, its eccentricity e and an inclination
angle /. In terms of these parameters, a geodesic’s radial
and polar motion are parametrized by

pM

_ 1.5
14 ecosy, (15)

r= cosf = sin [ cos 7y,
where the angles y, and j, are relativistic versions of “true
anomaly” angles used in Keplerian orbital dynamics.
Notice that the radial motion oscillates between periapsis
at pM/(1+ e) and apoapsis at pM/(1 — e); the polar
motion oscillates such that —sin/ < cos@ < sin /.

Spinning-body orbits have a more ornate structure than
geodesics, and in most cases cannot be parametrized in
exactly this manner. An exception is the limit of equatorial
orbits in which the small body’s spin is aligned with the
normal to the orbital plane. In that case, we set I = 0° or
180°, and we find we can parametrize the orbit such that it
has the same turning points pM/(1 + e) as a geodesic
orbit. Note that the motion between turning points differs,
however, thanks to the spin-curvature force; see detailed
discussion in Secs. V and VI of [9], especially discussion
near Eqgs. (5.16), (5.54), and (6.4).

If the small body’s spin is misaligned with the orbit, or
the orbit is inclined with respect to the equatorial plane, the
libration region varies along the orbit. These variations
couple the radial, polar, and spin precessional motions,
complicating the equations of motion, and preventing them
from fully separating. Despite the complications of the
libration region’s variation, we can constrain the “purely
radial” motion—the aspects of the motion which only
have harmonics in Q,—to lie between pM/(1 + ¢) and
pM /(1 — e). We can likewise constrain the “purely polar”
motion, which only has harmonics in Qg, to lie between
—sin / and sin /. In this sense, we parametrize the spinning-
body orbits with respect to a reference geodesic which has
radial and polar turning points precisely at pM /(1 + e) and
4 sin /. We then compute shifts to important properties of
the orbit relative to this reference geodesic. For example,
for spinning-body orbits confined entirely to the equatorial
plane, we compute shifts to the orbital frequencies relative
to geodesic orbits with the same radial turning points; this
case is discussed in detail in our companion paper [9].
In this paper, we further elucidate how reference geodesics
are characterized briefly in Sec. Il A, and in much greater
detail in Sec. IVA 2. In Appendix A, we discuss different
definitions of reference geodesics (i.e., geodesics “close to”
a corresponding spinning-body orbit) that have been used
in the literature.

C. Organization of this paper

We begin by summarizing the key concepts and notation
which underlie our description of spinning-body motion in
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Sec. II. We provide a concise review of bound Kerr
geodesics in Sec. II A and we discuss how spin-curvature
coupling modifies the equations of motion (relative to a
geodesic reference) for a spinning test body in Sec. II B.
In Sec. IIT A, we describe spinning-body orbits qualita-
tively. This description is then made quantitative as we
outline the small-spin perturbative approach (Secs. 11l B)
and computational framework (Sec. III C) that we use to
calculate the orbits.

In Sec. IV, we use a frequency-domain treatment to
compute generic orbits, which are both inclined and eccentric,
and for which the small body’s spin is arbitrarily oriented.
We outline the general principles of the frequency-domain
description in Sec. IVA. In Secs. IVB 1 and IV B 2, we
focus specifically on spinning-body orbits that are “nearly
circular,” with aligned spins discussed in Sec. IV B 1 and
misaligned spins discussed in Sec. IV B 2. Nearly circular
orbits have an associated reference geodesic that is
circular; the orbits have a Boyer-Lindquist coordinate
radius that is constant modulo a small variation of O(S).
In Sec. IV B 3, we consider the fully generic case, with
both arbitrary eccentricities and inclinations. We conclude
in Sec. V by summarizing our results and outlining plans
for related future research. In Appendix B, we compare
our results with an alternative method for computing these
frequency shifts presented in Ref. [12].

As in our companion paper, quite a few of the functions
which enter into this analysis are extremely lengthy. Both
because this makes them difficult to read and because the
likelihood of introducing errors when typesetting them is
high, we provide the explicit formulas for these expressions
using a Mathematica notebook included with this paper’s
Supplemental Material [13], rather than writing the expres-
sions out in the paper.

Throughout this paper, we work in geometrized units
with G =1, ¢ = 1.

II. THE MOTION OF A SPINNING BODY

In this analysis, we formulate the motion of a spinning
body in terms of a nearby “reference” geodesic orbit. In
order to introduce important notation and to keep this
manuscript self contained, we begin in Sec. II A with a brief
synopsis of Kerr geodesic spacetime. For a more detailed
discussion of these geodesics, see Sec. II of the companion
paper to this work, Ref. [9], as well as numerous other
articles [14-23]. We then summarize the key concepts and
equations governing spinning-body orbits in Sec. II B, with
a particular focus on how one describes the parallel
transport of an orbiting body’s spin angular momentum
in Sec. IIC.

A. Kerr geodesics

The metric for the Kerr spacetime in Boyer-Lindquist
coordinates is [24]

2 T 4Mar sin® 6
ds2:—(1—§’>dz2+Kdr2—%smdtd¢
2 0 42)2 — 22A sin?
xae O Z SN0 i, (2.1)

z

where M is the mass and a is the spin parameter a of the
black hole and

A =7r?-2Mr+ a?, Y =r?+a*cos’0.  (2.2)
The Kerr geometry possesses two Killing vectors &,
and &,; these Killing vectors yield two constants of motion
given by

E=-gu, =i,

(2.3)

(2.4)

where we have normalized these quantities by the mass u of
the small body. As mentioned in the Introduction, through-
out this paper a quantity with a hat accent, such as £, means
that it corresponds to a geodesic orbit.

The Kerr spacetime admits an antisymmetric Killing-
Yano tensor which is given by [25,26]

Fu = acosb(e,e) —ehe)) + r(eze; —ejel),  (2.5)
where
A A

20 = N; 0.0, —asin29\/;], (2.6)

_ T
2l = [0, \/g, 0. 0], (27)
e =1[0,0,vX,0], (2.8)
& — {_asinﬁ,o’o’(rz+a2)sin9} (2.9)

VZ VZ

The Kerr metric also admits a Killing tensor K, which can
be thought of as the “square” of F,,:

K, = FoF. (2.10)
The existence of the Killing tensor allows us to define a
fourth conserved constant for Kerr geodesic motion [27]
(in addition to the orbiting body’s rest mass y, its energy £,
and its axial angular momentum £.):

A

R = K y0oi. (2.11)
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This quantity is called the Carter constant. A related

conserved quantity Q, also called the Carter constant, is
defined by

(2.12)
The geodesic equations for the Kerr metric separate in

Boyer-Lindquist coordinates as first shown by Carter [27],
yielding

dF\? . R
2 (%) = B0 +a) ol
— AP+ (L, - aE)? + Q)
= R(F). (2.13)
2 dé ? A 2072 2 20 )
)y ) = O — cot*0L; — a*cos*6(1 — E7)
=0(0), (2.14)
R R ~2 2 2[:
@—csczeLz—i—aE(r ra —1) _
dr A
= ®(#,0), (2.15)

A
(2.16)

A (Pt ) X A 0 0
T —-=FE w—azsinzﬁ)—l—aLz(l—r ta)

Introducing a time parameter 4, called “Mino time,” such
that dA1 = dz/Z, allows the radial and polar equations of
motion to decouple entirely [28]. Equations (2.13)—(2.16)
become

dr\? ) do\? A
<d/1> = k(). (dﬂ) =60).
d¢ A dt A
Y7 D(#,0), Y7 T(7,0). (2.17)
Note that the Kerr geodesic equations can be solved in
closed form when they are parametrized using Mino time.
The explicit form of these solutions in terms of elliptic
functions can be found in Refs. [11,20].

The bounds of Kerr geodesics are defined by a torus
with radius ranging between r; < 7 < r, and polar angle
between 6_ < 0 < (z — 0_). We find it convenient to define
turning points r; and r, in terms of semilatus rectum p and
eccentricity e, according to

pM pM
9 r - 9
2 1+e

(2.18)

and 6_ can be expressed in terms of inclination angle /
where

I =n/2—-sgn(L,)0_. (2.19)

We can then write 7# and & in terms of these bounds,
yielding

pM

P
1 +ecosy,

(2.20)

cos @ = sin I cos 7. (2.21)

The angles y, and 7, are relativistic generalizations of the
“true anomaly” angles found in the Keplerian versions of
these expressions.

As mentioned in Sec. I B, bound Kerr geodesics are
triperiodic [14,16,20]. It is convenient to define these
frequencies, associated with radial, polar and axial motions,
with respect to Mino-time. We define Ar, Ag, and A,/, as
the radial, polar, and axial Mino-time periods; related to
each of these periods is a Mino-time frequency 'f‘,ﬂ_(/) =
Zn/lA\,ﬂ’d,. Because much of our calculation depends on
frequency-domain descriptions of geodesic motion, Mino-
time frequencies are particularly important. As shown
in Ref. [16], Fourier expansions of functions f(1) =
f[#(2).0(2)] evaluated along Kerr orbits can be written

f: i i fkne—i(kfe+nf,)/1

k=—00 n=—c0

(2.22)

where the Fourier coefficient f;, is straightforwardly
computed using

1 A A N S
Ju =3 & A A 7). 0g) e Toe T ddyd,
ridg

(2.23)

The quantities Y(f, and I are defined as the orbit averages
of the functions ®(#, §) and T(#, §) in Eq. (2.17), where £,
is the orbit-average of the function f[#(1),0(1)]. The
quantity I" is used to convert between the Boyer-
Lindquist coordinate-time frequencies Qr.w and Mino-
time frequencies fr’9.¢, via

1,
Qrﬂdb = Vf < .

(2.24)

See Sec. I C of Ref. [9] for further detail on the frequency-
domain description of geodesic motion. In this article,
Sec. IVA 4 provides a prescription for computing the
coordinate-time analogues of Mino-time frequencies asso-
ciated with spinning-body orbits.
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B. Spin-curvature coupling

The motion of a spinning body is governed by the
Mathisson-Papapetrou equations [29-32]

Dp* 1
= ——_R%, u’S*, 2.25
dr 2 vicl ( )
DS
= pu — pPu?, (2.26)
dr

where S is the spin tensor and the 4-momentum p* is
given by

DS%
" dr

P =pu® —u (2.27)

To close the system of equations (2.25)—(2.26), we need
an additional constraint known as the spin supplementary
condition (SSC). A commonly used SSC is the Tulczyjew
SSC,

PoS? =0, (2.28)

which we employ throughout this analysis [33]. We define
the spin vector in terms of the spin tensor through [34]

1
SH = —Zeﬂ”aﬁpyS“ﬂ, (229)

where

6(1[)’;/5 = \/__g[aﬂyé]’ (230)
\/—9 is the metric determinant, and [afyd] is the totally
antisymmetric symbol.

One can define two conserved quantities associated with
these equations: the energy and axial angular momentum
per unit mass. These are given by

1
ES = —U; +E(3ﬂng ﬂ, (231)

1
L§ == M¢ - Zdﬁg(ﬁaS"ﬁ. (232)

respectively. The magnitude of the spin vector S is another
constant of motion, given by

1
§2 = 578, =5 Sp5”. (2.33)

The magnitude S can then be defined in terms of a
dimensionless spin parameter s,

S = sy’ (2.34)

If the smaller body is itself a Kerr black hole, then
0 <s < 1. In addition, p¥p, = —u? is constant along the
worldline of the orbiting body to linear order in S. Finally,
an analogue of the Carter constant is conserved at linear
order in S and is given by [35]

K5 = K gu“ul + 8C, (2.35)

where

2 3 c 12
5¢8 = =S arseo (F NV, F,,

- FINF .
u H p)

(2.36)

Using the Tulczyjew SSC in Eq. (2.28), we can deduce
that p* = pu® + O(S?). Examining the motion to leading
order in the small body’s spin, we therefore have

a a

= pu®, (2.37)

p

i.e., 4-velocity and 4-momentum are parallel at this order.
Accordingly, Egs. (2.25)—(2.26) now become

Du® 1

— — —R%, S, 2.38

dr 2/4 vicU ( )
DS

—0. 2.39

= (2.39)

to leading order in small-body spin. Once we have linearized
in spin, we can write the small body’s 4-velocity as

u® = " + ug, (2.40)

where 1 solves the geodesic equation. As first noted in
Sec. I B, the hat accent denotes quantities that are evaluated
along a geodesic with 4-velocity #%; u§ then denotes the
O(S) correction to the 4-velocity. Equation (2.29) becomes

1
§ =~ e oy, SV, (2.41)

once we have linearized in S. Equivalently, we can write

S = ey, S, (2.42)

C. Parallel transport in Kerr
When we combine Eqs. (2.39) and (2.42), we obtain

D"
—— =0, 2.43
= (2.43)

which means that the spin vector is parallel transported
at this order. Parallel transport of a vector in the Kerr
spacetime has a closed form solution presented in Ref. [11]
which builds on the tetrad formulation introduced by
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Marck [36-38]. Following Ref. [11], we outline the
procedure for constructing tetrad legs {€oq, €14» €24> €34}
First, we observe that, by definition, #* is parallel-
transported along a geodesic worldline. We let ¢y, = i,
be the first leg of the tetrad. Next, we define the vector

A

L = Fra, (2.44)

which we call the orbital angular momentum 4-vector.
This vector is also parallel transported in Kerr, so we

define e5, = L,4(1)/ VK as the fourth leg of the tetrad. It is
worth noting that other sources (e.g., [11,12]) define £¥
with the contraction on the other index of F**. Because
of the antisymmetry of the Killing-Yano tensor, this
introduces an overall minus sign. As discussed in our
companion paper [9], this sign flip insures that the angular
momentum has the right components in the equatorial
limit (in particular, that L0 « —f,z). We have found that
this convention is needed for our results to agree with past
post-Newtonian results.

We next define &;, and &,, by constructing two vectors
which lie in the plane orthogonal to e, and es,; explicit
expressions for é;, and &,, are given in Egs. (50) and (51)
of Ref. [11]. We let

€lg = COSY), (ﬂ)éla + sin Yp (’1)@2(17 (245)

€, = —Sin Yp (ﬂ)éla +cosy, (l)EZa’ (246)

where we define v, (1) such that

d = 2 NE —al ;o _2\E
ﬂ: \/} (r +fl )E aLZ—l—aLZ Aa(l z )E .
di K+ 72 K- a272

(2.47)

By construction, we have now obtained tetrad legs {e, e,
e,, ez} that are orthogonal, normalized and parallel trans-
ported along geodesics [11,36,37]. As mentioned above, a
closed form solution of Eq. (2.47) is presented in Ref. [11]
with the form
Yp (’1) =T+ l//r(Tr/l) + WG(TG”I)’ (248)

where T is the Mino-time frequency of the precession of
this tetrad along the geodesic. We let A; = 2z/7Y, be the
Mino-time precession period. The KerrGeodesics
package of the Black Hole Perturbation Toolkit [39]
includes code for computing these tetrad legs and Y.

In general, the spin vector of the small body can be
written

Sa = 8%€0a(4) + S'e14(2) + SPe2q(2) + SPes4(2),  (2.49)

where {S°,5!,5%, 53} are all constants. The Tulczyjew
SSC in Eq. (2.28) requires that S° = 0. The component
= 5| describes components of the small body’s spin
aligned or antialigned with the orbital angular momentum;
S' and S* are components in the orbital plane,
perpendicular to the direction of orbital angular momen-
tum. Using the dimensionless spin parameter 0 < s <1
defined in Eq. (2.34), we can write S, as

Sa = ﬂQ(SJ_ Cos ¢sela + 51 sin ¢562a + S||e3a)' (250)

where s = /5% + sﬁ, and ¢, describes the orientation of

the spin components in the orbital plane. In terms of &,
and é,,, we have

Sa = ”2 [SJ_ (COS(¢S + l//p)éla + Sin(¢s + Wp)é2a) + s||e3a]'
(2.51)

The small body’s spin precesses only when either S! or §?
are nonzero and hence s, # 0. In this case, the frequency-
domain description of S, includes harmonics of the spin-
precession frequency Y. If s, = 0, the spin vector does
not precess.

ITII. GENERIC SPINNING-BODY ORBITS:
GENERAL PRINCIPLES

We begin our discussion of spinning-body motion by
presenting a qualitative overview of their orbits and the
parametrizations used to describe them (Sec. III A). In
Sec. III B, we then discuss spin-induced deviations to
geodesic trajectories and orbital quantities. In Sec. 111 C,
we present the mathematical framework we use to compute
spinning-body orbits.

A. Characteristics of spinning-body orbits

Spinning-body orbits generally tend to be qualitatively
distinct from geodesic orbits. The most obvious difference
is the introduction of harmonics at frequency Y,, which
appear when s, # 0 due to the precession of the spin
vector. However, even when s = 0 so that there is no spin
precession, the libration range can vary over the course of
the orbit due to harmonics of both Y, and Y. Unlike the
geodesic orbits given in Egs. (2.17), the radial and polar
motions of a spinning body do not fully separate thanks to
their coupling via the variations in orbit’s libration region.
Instead, the radial turning points are functions of ¢ and y,,
while the polar turning points are functions of r and v ,;
see Ref. [12] for explicit analytic expressions for turning
point corrections.

Because bound geodesics have turning points that are
fixed for the duration of the orbit, we cannot in general
find a geodesic with the same turning points as a given
spinning-body orbit. We find, however, that aspects of the
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motion which are totally described by harmonics of the
radial frequency €2, do in fact have fixed radial turning
points; we call this the “purely radial” portion of the orbit.
Likewise, aspects of the motion which are totally described
by harmonics of the polar frequency €2, have fixed polar
turning points; we call this the “purely polar” orbital
motion. With this in mind, we define the reference geodesic
as the geodesic that has the same radial turning points as the
purely radial part of the spinning-body orbit, and that has
the same polar turning points as the purely polar part of that
orbit. Aspects of the motion which cannot be written as
purely radial or purely polar describe variations in the
orbit’s turning points, and are incorporated into functions
which combine the radial, polar, and precessional frequen-
cies. Section IVA?2 expands on this idea, providing
computational detail; see also Appendix A for discussion
of alternative mappings between geodesic and spinning-
body orbits used in the literature.

The simplest case is an equatorial orbit with aligned spin,
so that s, = 0. In this case, an orbit’s radial and polar
motion can be parametrized as

pM

r=——, 0=
1 +ecosy,

(3.1)

NN

This constrains the radial motion to the interval
p/(1+e)<r<p/(1-e), exactly as for geodesic
motion. Note, however, that the true anomaly angle y,
for the spinning-body orbit is not the same as the geodesic
true anomaly 7,.: there is a shift in the radial frequency from

Y, to T, =T, + Y5, as well as a shift to an oscillating
contribution to this angle.

For misaligned spin, with s, # 0, the spin vector
precesses and truly equatorial orbits do not exist.
However, we can find “nearly equatorial” orbits which
oscillate O(S) out of the equatorial plane. For the nearly
equatorial orbits, we can still parametrize the radial motion
in the same way as a geodesic, but there are adjustments to
the polar libration range due to the spin precession. The
turning points of the polar motion then depend on the spin
precession phase y,. We write nearly equatorial orbits in
the form

M
r=—2"" g =24 50
1+ ecosy, 2

(3.2)
where the angle 695 describes the O(S) librations in
polar angle. We investigate these orbits in detail in our
companion paper [9].

Spinning-body orbits which are inclined with respect to
the equatorial plane cannot be parametrized in the same
way as geodesics even when s; = 0. Inclined orbits
with aligned spin (i.e., with s, = 0) that are O(S) away
from circular—"nearly circular” orbits—can be parame-
trized using

r = pM + btg, (3.3)

cos @ = sin 1 cos yy. (3.4)
The polar motion in this parametrization is the same as that
for an inclined geodesic orbit (bearing in mind that the true
anomaly angle y, differs from the true anomaly y, that
describes a geodesic), but the radial motion includes a
function drg which accounts for oscillations in the radial
libration region due to spin-curvature coupling. This form
is discussed in detail in Sec. IV B 1.

For nearly circular orbits with misaligned spin, the radial
turning points depends on both & and y,; the polar turning
points depend on r and y,. The orbits in this case are
described by

r = pM + btg, (3.5)

cos @ = sin 1 cosyy + 53s. (3.6)
The function 635 accounts for variations in the cosé
libration region. This parametrization can be written as a
variation in polar angle:

835 = —6851/ 1 — sin” I cos? y.

This relationship is most useful for nearly equatorial orbits
which have sin/ =0, for which 833 = —d9s. Circular,
inclined orbits with misaligned spin are discussed in detail
in Sec. IVB 2.

Finally, in the fully generic case when the orbit is
eccentric and inclined with arbitrarily oriented spin, the
parametrization we use has the form

(3.7)

pM

" l—kecos;(,+ 5 (3:8)

cos @ = sinlcosyy + 635. (3.9)

This case is discussed in detail in Sec. IV B 3.

B. Perturbative framework for the motion
of spinning bodies

In Eq. (2.34), we defined a dimensionless spin parameter
s which satisfies 0 < s < 1 if the small body is itself a Kerr
black hole. The magnitude of the small body’s spin is then
S < u?, and so linear-in-spin effects are quadratic in the
system’s mass ratio. In what follows, we neglect terms in
our equations that are O(S?) or higher, as such terms are
negligible for the extreme mass ratio systems we are
interested in. Our approach thus hinges on the use of
perturbation theory in the mass ratio.

With a linear-in-spin analysis in mind, it is possible to
write the small body’s trajectory as
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x%(4) = 2%(A) + 6x5(A). (3.10)
Here, £(4) is the trajectory of a geodesic, and 6x%(4) is the
O(S)-deviation from the geodesic trajectory due to the spin
of the small body. Similarly, as defined in Eq. (2.40), we
can write

u® = a4 + ug. (3.11)
Observe, however, that the periodic motions which con-
tribute to £*(4) in general have different periods than the
ones which contribute to x*(1). Using Eq. (3.10), we
therefore expect ox§ to contain secular terms which
grow without bound. This means that §x%(4) as defined
in Eq. (3.10) cannot easily be characterized using a
frequency-domain description.

For this reason, we do not directly use the form
Eq. (3.10) when we evaluate spinning-body orbits in
Sec. IV. We instead parametrize spinning-body orbits using
amplitude-phase variables, where the frequency shift is
incorporated into the parametrization; see Eqs. (4.7)—(4.8)
and surrounding text. These variables are either periodic or
constant and do not contain secularly growing terms; they
can be described using Fourier expansions as outlined in
Sec. IV A. Once we have solved for the frequency shifts and
other unknowns, it is then possible to compute radial and
polar spin corrections 6rg and d6g, whose explicit forms
in terms of the amplitude-phase variables are given by
Eqgs. (4.25) and (4.26).

One of our goals is to compute corrections relative to
geodesic motion of important quantities associated with the
orbit. Such quantities include the constants of motion,
which we write in the form

XS = X 4 645, (3.12)
where X € [E, L., K, Q]. Here X is the quantity associated
with the reference geodesic and SX is the correction
required when we include the spin of the orbiting body.
Explicitly, the leading-order-in-spin corrections to the energy
SES and axial angular momentum SL? are defined by

ES=E+6ES, LS=1L_+6L5. (3.13)
where ES and L% are given by Egs. (2.31) and (2.32).
Similarly, the first order in spin correction to K is defined by

KS = K + 6K, (3.14)

where

5KS = 2Kaﬂﬁabt{;: + 5r50,Kaﬂﬁ“ﬁﬂ + 59569Ka/,'12a12ﬂ + 5CS
(3.15)

and where 6C5 is given by Eq. (2.36). Finally, using
Eq. (2.12), we can obtain the first-order shift in Q:
805 = 6K5 - 2(L. — aE)(SLS — aSE®). (3.16)
The spin of the small body also introduces corrections to
the fundamental frequencies of the orbit, which we write
in the form
T, =1, +75, TI=0+T%, (3.17)
where x € [r,60,¢]. As discussed in Sec. IIC, the spin
of the small body also introduces the spin-precession
frequency Y, into the motion, meaning that orbits of
spinning bodies can generally be described using Mino-
time Fourier expansions with harmonics of frequencies
T, + 7S5, Ty+7T5 and Y, This frequency-domain
approach is what we will use in Sec. IV to compute
properties of spinning-body orbits.

C. Computing spinning-body orbits

We now outline the explicit mathematical framework
we use to compute the modification to the small body’s
trajectory arising from the spin-curvature interaction.
Equation (2.38) is the governing equation for the spin-
ning-body orbits discussed in this work. We repeat this
equation below:

Du” 1
dr = " RS = fin

(3.18)

We define the right-hand side of this equation to be the
spin-curvature force f'§. When we expand the covariant
derivative, we have

du®
dr

+ I ulu’ = f§/p, (3.19)

where [, is the Christoffel connection for the Kerr

spacetime. We find it convenient to perform all our
calculations in Mino-time, so we define

U* = % — Zua’

7 (3.20)

where the 4-velocity is u* = dx*/dr and Mino-time is
defined by d/dA = Zd/dz. Now that we have defined U“”
by Eq. (3.20), we multiply Eq. (3.19) by X?, yielding

dU(l
dA

+ 10" = F&/p, (3.21)

where
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U® dz
" = -——+1%,U°U".

Fy=2f5 T di

(3.22)

Consider Eq. (3.21) component by component. We start

with the axial and temporal components of the 4-velocity.

Begin by writing u, and u, as
u, = —E+ us,

up =L+ uf, (3.23)

where u}, = O(S). Combining the axial and temporal
components of Eq. (2.38) yields two equations of the form

duy _ du

A - e

(3.24)
where Ry and R, are functions of known geodesic
quantities. For the case of nearly equatorial orbits, these
functions are given in Eqgs. (5.13) and (5.14) of our
companion paper [9]; for the general case, they are among
the functions which we include in the supplementary
Mathematica notebook which accompanies this paper.
Using Egs. (3.24), we can then solve for u} and u}.

Turn next to the radial and polar components of
Eq. (3.21), which we write

d’r
ot =Fy, (3.25)
d*0
2t 1 = F¢ (3.26)

We solve Egs. (3.25) and (3.26) by linearizing in spin
and expanding in the frequency domain. In addition, we
preserve the norm of the 4-velocity along the orbit,
requiring that

uu, = —1. (3.27)
We linearize Eq. (3.27) in spin, and expand in the frequency

domain. Our full frequency-domain treatment of spinning-
body orbits is discussed in detail in Sec. IV.

IV. GENERIC SPINNING-BODY ORBITS:
FREQUENCY-DOMAIN TREATMENT

We now compute spinning-body orbits which have
arbitrary eccentricity and inclination, using a frequency-
domain treatment of the spinning body’s motion. In our
companion paper, Ref. [9], we described equatorial and
nearly equatorial spinning-body orbits in detail. In that
work, we used essentially the same frequency-domain
techniques to study equatorial (aligned spin) and nearly
equatorial (misaligned spin) orbits with arbitrary eccen-
tricity. We now extend this technique to encompass orbits
that have any orbital inclination, not only those that are
within polar angles O(S) of the equatorial plane.

A. Frequency-domain description

Writing quantities defined on a spinning body’s orbit in
expansions of the form

1 co

f) = Z Z jne " KT,

j=—1nk=—co

(4.1)

allows us to compute orbits to a high level of precision.
The Fourier coefficient f ', is defined by

v A A

x e UThtn T A +kT0k0) 4 d)od. (4.2)
The techniques we describe below allow us to precisely
compute a spinning body’s orbital frequencies T, and T,
for fully generic orbits. As discussed and defined in
Eq. (3.17), we treat these frequencies as ‘“spin shifted”
relative to the radial and polar frequencies of a reference

geodesic, writing Y, = T, + 15 and Ty = Ty + 5.

1. Generalities

We first examine the ¢ and ¢ components of the
4-velocity. The frequency-domain expansion allows us to
solve the axial and temporal components of Eq. (2.38),
which we write explicitly in the form shown in Egs. (3.24).

To do this, we expand u; and u} as":

1 [
s _ S =Y +nT,4+kT,)A
u;, = E E Uy i€ ( o)k, (4.3)

j=—1nk=—c0

1 oo

Jj==1nk=-co

We split u; into a constant uio plus an oscillatory

contribution &u? (4):

uy = upy + 6ui (2). (4.5)
We divide uj, in the same way:
ufy = w3+ 6us(2) (4.6)

Using Egs. (3.24), we can immediately solve for Su;
and Suj.

'Note that if the function we are Fourier expanding already has
a subscript, we use a comma to denote the specific Fourier mode.
For example, “fl,o-l is the j =1, n =0, k = —1 harmonic of

function u5.
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We also use a frequency-domain description to solve
the radial and polar Egs. (3.25)-(3.26). As described in
Sec. IIT A, generic orbits can be parametrized by

pM
=—— 1+ Oryg, 4.7
" 1+ecos;(,+ 'S (+7)

cos @ = sinl cosyy + 635. (4.8)
We break the radial true anomaly y, in Eq. (4.7) into a mean
anomaly w, = 1,4 and oscillating contributions §y,; we
break up the polar true anomaly y, in Eq. (4.8) similarly,
using wy = Tyh:
){r:wr+5)(rv )(('):W6'+6)(9' (49)

The mean anomalies have geodesic and spin-curvature
pieces,

wo= (T, +THA wo=(To+THA  (410)
where Y9 is the contribution to the radial Mino-time
frequency arising from spin-curvature coupling, and Y5 is
the analogous contribution to the polar Mino-time frequency.
The oscillating contributions likewise have one piece that
arises from geodesic motion dy, and another associated with
spin-curvature coupling 8y3, where x € [r, 6]:
& =88 (w.) + 617, xo = 6Re(we) + 525 (4.11)
In Eq. (4.11), the Fourier coefficients of §7,(w,) and
879(wy) are identical to those used to describe the anomaly
angle of a geodesic orbit with parameters p, e¢ and [ in
Egs. (2.20) and (2.21):

57, (w,) = Y SFpae”m, (4.12)
5to(wo) = Z Soxe™ ™. (4.13)

k=—00

Note, however, that the phases w, and wy are not the same as
those for the geodesic orbit with corresponding values of
(p.e,I), due to the presence of Y5 and Y3 in Eq. (4.10).
The spin-corrections to the fundamental frequencies are built
into our parametrization of spinning-body orbits. We explic-
itly include the w, and w, arguments in Eq. (4.11) to
emphasize this.

2. Reference geodesics

As we have discussed, we cannot in general constrain
the radial or polar motion of spinning body orbits to lie
between two fixed turning points as we can for bound
geodesics. However, we can constrain the purely radial

motion (aspects of the motion that only involve harmonics
of Y,) and the purely polar motion (with only harmonics
in Ty) to lie within the radial and polar turning points of a
given geodesic orbit. In our approach, we parametrize an
orbit by selecting a geodesic with parameters (p,e,I), as
well as an initial spin-vector orientation. The purely radial
motion of the spinning body’s motion is then confined to
the region pM /(14 ¢) <r < pM/(1 — e), and its purely
polar is confined to —sin/ <cosf <sinl. We call the
geodesic with parameters (p,e,I) in this picture the
“reference geodesic.” We briefly introduced this concept
in Sec. Il A. Note that there are alternative mappings
between geodesics and spinning bodies that have been used
in the literature; see Appendix A for further discussion.
We write §y; and §yj as Fourier expansions,

= &y ,emm, (4.14)
Sy = oxh e, (4.15)

k=—00

Note that because dy> and 5;(§ both have average values
of zero (they represent oscillatory contributions to the y3
and yy, we set 575, =0 and &y5, = 0). Notice that the
expansion for 8y; in Eq. (4.14) consists purely harmonics at
the radial frequency; 5;(5 in Eq. (4.15) likewise consists
purely of harmonics at the polar frequency. In this way, we
have constrained the purely radial motion to the interval
p/(1+e) <r<p/(1-e)and purely polar motion to the
interval —sin/ < cos@ <sin/.

The remaining dynamics, consisting of motion that is
neither purely radial nor purely polar, describes how the
libration regions varies, and is mapped onto the quantities
org and Oz5. We expand these quantities using generic
Fourier expansions of the form shown in Eq. (4.1):

1 o)
Sty = Z Z 5rs,j”ke—i(jw\-+nwr+kwe), (416)
Jj=—1nk=-co
1 o0
S35 = D D Saggue I (417)

Jj=—1nk=—o0

where w, = Y 4. Notice that harmonics of all three
frequencies—radial, polar, and spin precession—are
present in these expansions. When we evaluate
Eq. (4.16), we require that k and j cannot both be zero;
otherwise, that contribution would represent a purely radial
dynamic, which we have constrained to be in the anomaly
angle y,. Likewise, when we evaluate Eq. (4.17), we
require that n and j cannot both be zero, since the purely
polar dynamics is entirely contained in y,.
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In summary, the anomaly angles &y, and 5y} control the
shape of the orbit while keeping the turning points
unchanged relative to the reference geodesic orbit, whereas
org and 03¢ affect the position of the turning points and
introduce spin precession effects into the dynamics. In the
nearly equatorial case (I = 0), we find 535 = —dfy; in the
nearly circular case (¢ = 0), we have drg = org.

3. Deviation of a spinning body’s orbit
Jrom its reference geodesic
Once we expand the anomaly variables y, and y, as
discussed in Sec. IVA 1, a generic orbit’s radial and polar
motion as described by Egs. (4.7) and (4.8) can be written
in the form

pM
I+ ecos(w, + 67,(w,) + 525)

r(4) = +68tg,  (4.18)

cos O(4) = sin(I) cos(wy + 67¢(Wg) + Sx3) + 035 (4.19)

Here, 67,(w,), 8y3 and Sty are given by Egs. (4.12), (4.14)
and (4.16); the analogous quantities for the polar motion
570(wy), Sy, and 53¢ are given by Egs. (4.13), (4.15)
and (4.17). Notice that the functions &7, (w,) and §74(wy)
have as their arguments w, and wy, whose forms are given
in Eq. (4.10). These functions are exactly the oscillating
contributions to the anomaly angles that one computes for
geodesic orbits, but with their frequencies shifted to remain
phase-locked with spinning-body orbits. For geodesics,
their arguments would be W, = T,ﬂ and wy = Tgﬂ.

In Sec. III B, we defined the deviation from the geodesic
trajectory induced by the spin of the small body by writing
x%(2) as

Ox¢(A) = x*(A) — x%(4), (4.20)
where £%(1) is a geodesic orbit. Using the reference
geodesic in this equation, 7 and @ are given by

. rM
A) = , 4.21
F(2) 1+ ecos (W, + 67,.(W,)) (421)
cos O(2) = sin I cos (Wy 4 694 (Wy)). (4.22)
Here we use the purely geodesic forms
57, (W) = Y 87 e, (4.23)
570(Wo) = z Soxe” M. (4.24)

k=—o00

Combining the definition (4.20) with our solutions for the
spinning body’s motion, Egs. (4.18) and (4.19), and for the
reference geodesic, Eqs. (4.21) and (4.22), we find

Tfﬁ(l - iz}’ln&fhne—inwr) + 5%;"9 (Wr)
[+ e cos (, + 67, (,) .

ors(A) = epM

x sin (W, + 67,(W,)) + org, (4.25)
505(2) = T2 <1 - iZkéjewke"’ng + 875 (wp)
k
Obs (4.26)

~ sinZsin (Wy + 579 (Wg))

where we have used the fact that Y5 = O(S). Notice
that both 6rg(1) and 604(1) show secular growth. This is
because of the difference in frequencies between the
geodesic £%(4) and spinning-body x*(41) orbits. The pres-
ence of these secularly growing terms means that, as
defined, 6rg(4) and 60(1) cannot easily be studied using
a frequency-domain treatment [40].

To address this, consider a slightly modified version of
this definition:

5xg,shiﬂ(’1) = x%(4) = £ (). (4.27)

This deviation is defined versus a frequency-shifted for-
mulation of the geodesic motion:

. pM
w(d) = , 4.28
rshlft( ) 1 + ecos (Wr + 5)?r(wr)) ( )
cos Oy (A) = sin 1 cos (wy + 879(wg)).  (4.29)

Equations (4.28) and (4.29) describe a trajectory that is
identical to the reference geodesic, but with all periodic
features oscillating at the frequency associated with the
spinning body’s orbit. The deviation from this shifted
geodesic is given by

85 (w,)sin w, + 57, (w, )]

rS,shlfl( ) ep (1+eCOS {Wr+5)?r(wr)])2

+ors, (4.30)

035
sin 7 sin (Wy + 879(Wy))

005 shife = 5)(5(“’6) - (4-31)

We discuss a variant of Eq. (4.30) which does not include
the libration shift drg in Appendix A of our companion
paper [9]. These modified offsets from the reference
geodesic do not exhibit any secular growth, and can
be nicely described using this paper’s frequency-domain
expansions.
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4. Coordinate-time quantities

We can use our spinning-body solutions for u, to
compute the Mino-time ¢-frequency Y, using

15 = UY 500 (4.32)

where

" 1 A [Ny A "
Us,oo():m A A A Usd/lrdﬂgdlls; (4.33)

we remind the reader that U? = d¢/dA. Similarly, we
can calculate the spin-correction to I which denotes the
average rate of accumulation of coordinate-time ¢ per unit
Mino-time using

IS = U 405 (4.34)

where

. 1 A Do [A
US,()OO - m 0 o ) Usdﬂrdﬂgdls. (435)

Once we have the correction to I', we can convert any of the
Mino-time frequencies into coordinate-time frequencies.
Observing that

T, + T}

Qk‘l—gf: f‘-}-FS

(4.36)

for k € (r,0, ¢), we see that shifts to the coordinate-time
frequencies are given by

~ TS rs
o — gk( T>
T, T

(4.37)
to linear order in the small body’s spin.

B. Results

1. Nearly circular orbits: Aligned spin

We now discuss spinning-body orbits that are O(S) away
from being circular—nearly circular orbits. We outline
how we compute the first-order in spin contribution to
the polar Mino-time frequency Tg using a frequency-
domain description for the motion.

We consider a circular inclined reference geodesic, with
the spin vector of the small body aligned with the orbit.
In this case, orbits can be described using expansions
of the form

ﬂ) — Z fke—ikw(;.

k=—00

(4.38)

In order to evaluate these expressions, we truncate the
Fourier expansion at a finite value; for the expansion above,
we truncate the series at k.. By truncating this Fourier
expansion at an appropriately large k,,,, we can compute
orbits with an arbitrarily high inclination.

As described in Sec. IIT A, we use a parametrization to
describe the motion in € which resembles the form typically
used to describe geodesic orbits, as in Eq. (2.21). In
addition to this, we must account for the fact that the spin
of the test body induces oscillations about pM, the radius of
the circular reference geodesic. We thus parametrize the
orbit as

r= pM + btg, (4.39)

cos @ = sin 1 cos (wy + 579(wg) + Sx3)- (4.40)

The functions 8y3 and Sty are described by purely polar
oscillations in this case:

Sy = Z Sy e, (4.41)
k=—00
5?3 = Z 5rS’k€_ikW9. (442)

k=—00

We insert Egs. (4.39), (4.40) and (3.23) into (3.25)-
(3.26) and linearize in spin. The first-order-in-spin piece of
Eq. (3.25) becomes

ch‘irs
2 + G, + Gy

+:Z,-19Tg +Izut’0 +I3u(/)’0 + j = 07

d&rs d%

F. + H. St + Hody,

(4.43)

where F., G., Gy, Hy, Hgy Z19s Lo, I3 and J are all
functions of known quantities evaluated on geodesics. We
now consider the first-order-in-spin piece of Eq. (3.26),
which becomes

d*sy;
dr
+ Z/{IGTQ + Z/{2Mt.0 +Z/I3u¢’0 -+ V = 0,

d&rs d5){9

Qy + S, + Sy

+ T ors + T oSy
(4.44)

where Q, S, Sy, T., Ty, U9, U, Uz and V are all
functions of known quantities on geodesics. Third, we use
the constraint u”u, = —1 to obtain a linearized equation of
the form

d5rs
dir
+N2Mt’0 +N3M¢’O +P =0,

ds,
IC Kg ){9 + Mr5ts + Mg(i)(g + ngTg

(4.45)
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Example of the motion of a nearly circular orbit for an aligned spinning test body around a Kerr black hole with a = 0.9M.

Top left panel shows r versus A for a geodesic (black dashed) and a spinning test body (blue solid) orbit. The radial reference
geodesic is circular, with p = 10, e = 0. Bottom left panel shows cos 8 versus A for a geodesic (black dashed) and a spinning test
body (blue solid) orbit. These orbits share polar turning points, corresponding to / = 30°. Note that, in the left two panels, we have
used an unphysically high spin us/M = 10° in order make the spin-curvature effects clearly visible. Also note that the spinning-
body orbit has been shifted slightly: its polar frequency Ty = Ya + Tg has been replaced with ”fg. This is done so that the geodesic
and the spinning-body orbit pass through their polar turning points at the same times, which helps to illustrate differences in their
motion between each turning point. Top right shows —u; (red), 6,,ng“/’ /2u (orange), SES (blue) as well as drg (black), all versus A.
Finally, the bottom right panel shows ui (red), —0594,S™ /2u (orange), SL3 (blue) as well as 5y (black), all versus 1. Notice that
the spin-induced shifts to the integrals of motion E and L, are constants, although each such term has contributions that oscillate.

In making these plots, we have used s = s and ky,, = 6.

where IC,, ICg, M, My, N 19, N5, N5 and P are again all
functions® of known quantities on geodesics.

We write the functions F,, G,, Gy, H., Hg, Z19- L2, L3,
j’ Qg, St’ SH’ Tr’ TH’ ul(‘)’ Z/{Z’ Z/[3, V’ ICw ’CQ’ Mr’ MH’
Nig, Ny, N3 and P as Fourier expansions of the form
(4.38). The explicit forms for many of these expressions
in the limiting case of nearly equatorial Schwarzschild
orbits (@ = 0) can be found in Appendix C of Ref. [9].
For the general case, we provide expressions using the
Mathematica notebook in this paper’s Supplemental
Material [13]. Some of the general expressions are very
lengthy (hundreds of terms long) and could likely be
simplified with some effort; we present them in a

*The functions F,, G,, etc., follow a mostly alphabetic
sequence; however, we skip the letter £ in our scheme to avoid
confusion with the angular momentum 4-vector defined in
Eq. (2.44).

companion Mathematica notebook for convenience and
completeness.

We insert these expansions along with (4.41) and (4.42)
into (4.43), (4.44) and (4.45). We then solve for the
unknown variables &r, &g, Tj u; and u;.

In the left-hand panels of Fig. 1, we show r and 0 for a
circular, inclined, spin-aligned orbit; r and € for the
corresponding reference geodesic orbit are overplotted.
The period associated with the spinning-body orbit’s polar
motion is shifted so that it remains phase-locked with the
geodesic orbit. The right-hand panels of Fig. 1 show drg
and &y for the spinning-body orbit. We also plot u; and u},
alongside the spin contributions to the orbit’s energy and
axial angular momentum, SES and 6L§ . Notice that the
spinning-body orbit we obtain is not circular; this can be
seen in the top left panel of Fig. 1, where the effect is
exaggerated so that the oscillations in r are clearly visible.
In our companion paper Ref. [9], we perturbed about an
equatorial reference geodesic and obtained a spinning-body
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FIG. 2. Plot of residuals versus k., for a nearly circular
(e = 0) orbit of an aligned (s = s) spinning body. We plot T3,
“f,o’ uqsw using red circular, orange square and blue triangular
markers respectively. To compute these residuals, we evaluate the
change between subsequent values of k.,, for each of the
quantities plotted. Top panel shows I = 10°;, middle shows
I = 20°; and bottom shows I = 30°. In all cases, the large black
hole has spin parameter a = 0.9M, and the orbit has p = 10.

orbit that did not lie in the equatorial plane; here we perturb
about a circular reference geodesic, yielding a correspond-
ing spinning-body orbit that is not circular. In contrast to
the behavior we saw in Ref. [9], we cannot attribute this
behavior only to spin precession, since we see this effect
even when the spin vector is aligned.

In Fig. 2, we see how Yy, 1 and ’43;,0 converge to their

true values in the case of nearly circular, inclined orbits. We
define “residuals” here to mean the difference between the
value of the quantity computed at successive k., S, rather
than a direct comparison with an exact value (as they were
defined in Ref. [9]). As expected, the residuals generally
decrease as k,, increases. However, the pattern of con-
vergence is not strictly monotonic; the residuals tend to tick
upwards for odd values of k.

2. Nearly circular orbits: Misaligned spin

We now consider nearly circular inclined orbits with the
spin of the test body misaligned from the orbit (i.e., circular
orbits s, # 0). Taking into account the effect of spin
precession, many orbital quantities can be described using
frequency-domain expansions of the form

(4.46)

1 &)
fA)y =" fueiimthv),

Jj=—1 k=—c0

As described in Sec. III A, the parametrization of the orbit
in this case has the form

r = pM + brg, (4.47)

cos @ = sin I cos (wg + 574(wg) + Sx3) + 535.  (4.48)
Compared to the parametrization in Sec. IV B 1, there is a
new term 3¢ which adjusts the polar turning points relative
to the reference geodesic. The libration variations Org
and &35 depend on both Ty and Y|, while 5y5 only has
oscillations at harmonics of T:

5Zg = Z 5Zg,ke_ikwg’ (4.49)
k=—00
1 0
Sty = z z Stk e~ ilkwotjw,) (4.50)
Jj=—1k=—c0
1 0 ) )
O35 = Z Z 5és,jk€_l(kws+jw“)’ (4.51)

j=—1k=—c0

where, in the last line, j cannot equal zero. We then follow
the same procedure as described for nearly circular inclined
orbits with aligned spin to convert the time-domain
expressions into a linear algebraic system in the frequency
domain, but now including the term J3g in the equations.

We insert equations (4.47), (4.48) and (3.23) into
(3.25)-(3.26) and linearize in spin. Equation (3.25) can
be written

d*Srg dbrg dsy;

+ Hgé)(g + H5553 + Ilng
+ Louyy + Lsuy g+ J =0,

dégs

T S dj

+ Htéts

(4.52)

where F, G, Gy, G;, Hy, Ho, H;, 19, 5, 153 and J are all
functions of known quantities evaluated on geodesics.
Similarly, we can write Eq. (3.26) in the form
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d25)(9

d*s ds das
5s+5 rs+8 J(e

Q e dj

+9Q

d55$
di
+U19T9 +Z/[2M;S:O —|-Z/[3M;;;7O + V = 0,

+8,—=+ T, 6vs+ Ty + T ,835

(4.53)

where Qg, Qé’ Sr, 89, 85, Tt? Tg, Té, Z/{lg, Uz, U3 and )V
are all functions of known quantities evaluated on geo-
desics. We again also use u“u, = —1, yielding

dérg dogg
dAi S da
+ M, 035 +N19T§ + Nous, —|—N3u5)’0 +P =0,

(4.54)

d5)( 9

K. + Ky +K + M, S5 + Mydy;

where K, Ky, K;, M, Mg, M;, N1, No, N3 and P are
again all functions of known quantities evaluated on
geodesics.

We describe F, G, Gy, G;, Hy, Ho, H;, Ly, 25, 13, T,
Q0 Q4,81 80, 8, T, T, T, Uy, Uy, U3, V, Ky, Ky, K,
M,, My, M,, Ny, N, N3 and P using Fourier
expansions of the form (4.46). We provide the full

expressions for these functions in the Mathematica note-
book in the Supplemental Material accompanying this
article [13]. We insert these expansions along with
(4.49), (4.50) and (4.51), into (4.52), (4.53) and (4.54).
We then solve for the unknown variables &tg, 8y3, 635, Y5,
u; and u).

In the left-hand panels of Fig. 3, we show r and 0 for a
misaligned nearly circular spinning-body orbit, with the
circular inclined reference geodesic overplotted for refer-
ence. As in Fig. 1, the spinning-body orbit’s polar fre-
quency is shifted so that it remains phase-locked with the
geodesic orbit. The form of drg, 5;(5 and 03 for this orbit
are shown in the right panels of Fig. 3. As in Fig. 1, we plot
u$ and ui as well as the corrections to the spinning body’s
orbital energy SES and axial angular momentum SL? in the
right panels of Fig. 3.

In the bottom right panel of Fig. 3, we show the spin-
correction to the Carter constant K. We plot the first-order
in spin correction to the term K, u*u” and the quantity 8Cs
which is defined in (2.36), giving us the overall first-order
correction to K denoted 6KS. For equatorial reference
geodesics, 5Q° has the simple form 2as|, as was discussed
in our companion article Ref. [9]. In this case, when the

a=05M,p=10,e=0,1=15 5 = 0.5
-- Geodesic Spinning 7
— 8
10.005 0.01 0.003 fasaam WA AMAAAAAAAAIAAAAAAAA S i
) M »
S w “JWW\I\N\AMANWW\NWWA]V : 0"
~ 10 M0 o UYL AT Y VYL & M .
= 0 ~0.01 -0.003 L
9.995 0.5 .
0.00002 . 3 " 4
, 7N g
_(ng 0 0. \x«.w’/ \v\,,\‘ﬂ ZWZ Q?Qwusaﬁ
0.8 Soinning s i
. pinning —0.00002 .0 1
55 ) = 5L
0.6 Gegdeste (frequency-shifted) P
0.4
A al S T SN
S O2kARAAARARAANRAASLR] w2 0 T = L s
o) vy ey el g vty s, 4 2
S (),.n.'r:,..ll,.-.::,I,",u,n‘:.,:,..‘: —0xs 0. m
IR R R AT R I AT R RER IR IR, S -2 Lses
—0.2}y M y \:' ‘,' v ‘,I \ You oy Y vou =03 Sp
—0.4 0 5 15 20 25 30 0 5 10 15 20 25 30 ims
0.6 : y
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FIG. 3. Example of the motion of a nearly circular orbit for a nonaligned spinning test body around a Kerr black hole with a = 0.5M.

Top left panel shows r versus 4 for a geodesic (black dashed) and a spinning test body (blue solid) orbit. The radial reference geodesic is

circular, with p =

10, e = 0. Bottom left panel shows cos € versus A for a geodesic (black dashed) and a spinning test body (blue solid)

orbit. The polar reference geodesic has I = 15°. Note that, in the two left panels, we have used an unphysically high spin us/M = 0.5 in
order make the spin-curvature effects clearly visible. Also note that for making this plot, the spinning-body orbit has been shifted
slightly: its polar frequency Yy = Ty + T3 has been replaced with T,. This is done so that in the plot the geodesic and the spinning-
body orbit pass through their polar turning points at the same times, which helps to illustrate differences in their motion between each
turning point. Middle column shows dt, 5y; and 83, all versus 4 and all drawn with black solid lines. Top right panel shows —u; (red),
aﬂng“ﬂ /2u (orange), SES (blue), all versus A. Middle right panel shows u; (red), —aﬂgde“ﬂ /2u (orange), SL? (blue), all versus A.
Finally, bottom right panel shows (K u'u ) (red), 5CS (orange), 5KS (blue), all versus 1. Notice that the spin-induced shifts to the
integrals of motion E, L, and K are constants, although each such term has contributions that oscillate. In making these plots, we have

used s = 5/2, 5, = V3s/2, ¢y = /2 and ky,, = 3.
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orbit is inclined and the spin vector is precessing, we find
that the first-order in spin correction to K, u*u” is no
longer constant. The oscillations in this quantity precisely
cancel oscillations in 8C5, yielding constant values for
SKS and 605.

3. Generic orbits

We finally examine generic orbits of spinning test
bodies. We use the following Fourier expansion

[sS) 1
f(/?') _ Z ijnke—i(jwﬁrnwﬁrkwé,) (455)

nk=—oo j=—1

for the various quantities we must evaluate. To evaluate
these expressions, we truncate the Fourier expansion at a
finite value; for the expansion above, we truncate the radial
series at n,,, and the polar series at k,,,,. By truncating this
Fourier expansion at an appropriately large n,,,, and kg,
we can compute orbits with an arbitrarily high eccentricity
and inclination.

In general, the radial and polar motions are coupled
and consequently orbits of spinning bodies have radial and
polar turning points that vary over the course of the orbit.
This means that positions of the radial turning points
depend on @ and likewise the polar turning points depend
on the radial position of the body, as explicitly shown in
Ref. [12]. In addition, the turning points depend on the
precession phase y, defined in equation (2.48). Therefore,
as in Egs. (4.7)-(4.8), we include the terms drg and d3¢ in
our parametrization to capture the modification to the
libration range, yielding

pM
= oy, 4.56
"= T ecos (w, + a7, 0m) + 50) O (459)
cos @ = sinl cos (wg + 379(wg) + Sx3) + 835 (4.57)

As described in Sec. IVA 2, the true anomaly angles &y
and 5)(5 contained inside the arguments of the cosines in
Eqgs. (4.56) and (4.57) consist of purely radial and purely
polar oscillations, respectively:

5)(;? = Z 5)(.2‘”16—inw,’ (458)
Sy = oy e, (4.59)

k=—00

Motion that is not purely radial or purely polar is subsumed
into the functions drg and J3. These quantities are written
as Fourier expansions of the form (4.55). For the radial
libration variation,

1 <)
— —i(nw,+kwg-+jw,
org = E E St jye Rt

j=—1nk=-o0

(4.60)

where k and j cannot both be zero; for the polar libration
variation,

1 0
_ —i(nw,+kwy+jw,
035 = E E 03s, jnk€ ( o)

j=—1nk=—c0

(4.61)

where n and j cannot both be zero.

We insert Egs. (4.56), (4.57) and (3.23) into (3.25)—
(3.26) and linearize in spin. The radial equation (3.25) now
has the form

0.001

1076

Residuals

107-°

0.01

1074

Residuals

1076

1078

10—10

® 1) (e=01)
0.100 uy (e=0.1)

¥ udy (e=0.1) E

0.001

Residuals

107°

107 /\

10°9 1=30°

kIIlé.LX

FIG. 4. Plot of residuals versus k,, for a generic (¢ = 0.1)
orbit of an aligned (s = s) spinning body. We plot Tg, u, u
using red circular, orange square and blue triangular markers
respectively. As in Fig. 2, we compute the residuals by evaluating
the change between subsequent values of k. for each of the
quantities plotted. Top panel shows I = 10° middle shows
I = 20°; and bottom shows I = 30°. In all cases, Ny, = Kmaxo
the large black hole has spin parameter a = 0.9M, and the orbit
has p = 10.
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PoyS e dsyS | ders . doyd deyS  dors . doyS . doy
f r f r 4 K r K: K [ K S 5 S
di? * di? +6 di + G dAi + G di " d + dA + dAi + di + Moy
dé S s
+95 djS+H 5)(r+H 5rS+H96)(9+H 655‘ +Mr5rs+M95)(9+M3555+Nerr +N](JT9
+ Nougy + Nsuy o+ P =0, (4.64)

+ I, 07+ T Ty + Touly + Tauy o+ T =0 (4.62)
where IC,., KC,, ICp, IC;, M., My, Mg, My, Ny, Nyg, Ny,

As we have seen in earlier expressions, the quantities F,, A+ and P are acain all known functions evaluated on
]:ts gr, gt’ gﬁs gs’ Hrs Hrs HQ, H53 I]r, Ilg, Iz, I3 andj 3 g

are all functions of known quantities evaluated on geo- geodesics.
desics. Eq. (3.26) becomes ! ¢ We describe 7, 7+, Gr, Gr, Go» Gy Ty, T, Hoo Ty Lo,
e . 119’129139 t7> QH’ Qs’ SnSt’Sﬁ’ 85’ Tr?Tr’TH’ Tgvulr’
Uip, Uy, Us, V, K, Koy Koy gy My Mo, My, My, Ny,
sy d*53 dsys dérg dsy; N9, N5, N5, and P using Fourier expansions of the form
o d}? +Q di? +5 dAi +& dl +8y dl (4.55). We provide full expressions for these functions in
the Mathematica notebook in the Supplemental Material
+ Ss d /1 S+ 7,505 +To0ts+ T o2 o+ 7,085 for this paper [13]. We insert these expansions along with

s s s s B (4.58), (4.59), (4.60) and (4.61) into (4.62), (4.63) and
U U TG+ Usu + Usg o +V =0, (4.63) (4.64). We then solve for the unknown variables &y, dts,

&> 03s» Y7, Y5, ui and wy. This frequency-domain
where Qp, Q. S,, 8., 80, S8,. T, T, Ty, T,, Uy, Uy, Uy, approach therefore naturally allows us to compute the

U, and V are all functions of known quantities evaluated on  first-order-in-spin corrections to the orbital frequencies Y5
geodesics. We also use u“u, = —1 to obtain and T3 for totally generic orbits of spinning particles.
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FIG. 5. Example of generic orbit motion for an aligned spinning test body around a Kerr black hole with a = 0.9M. Top left panel
shows r versus 4 for a geodesic (black dashed) and a spinning test body (blue solid) orbit. The radial reference geodesic has p = 4,
e = 0.3. Note that, in the two left panels, we have used an unphysically high spin us/M = 10 in order make the spin-curvature effects
clearly visible. Also note that the spinning-body orbit has been shifted slightly: its radial frequency Y, = Y, 4+ T5 has been replaced
with T, and its polar frequency Yy = 'f}, + T3 has been replaced with Y},. This is done so that in the plot the geodesic and the spinning-
body orbit remain phase-locked, which helps to illustrate differences in their motion between each turning point. Bottom left panel
shows cos @ versus 4 for a geodesic (black dashed) and a spinning test body (blue solid) orbit. The polar reference geodesic has 7 = 15°.
Again, note that for making this plot, the spinning-body orbit has been shifted slightly: its polar frequency Yy = Ty + T3 has been
replaced with Yg for the same reason described above. The right column shows &y3, 5y, 6){5 and 63, all versus 4 and all drawn using
black solid lines. In making these plots, we have used s = s and 1y, = kpay = 3.
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In Fig. 4, we see how Ty converges to its true values as
Nmax and k., increase for a reference geodesic that is both
inclined and eccentric. In Sec. IV B 1, the convergence
of Yy for nearly circular (e = 0) orbits is plotted in Fig. 2.
At all inclinations, at n,, = 2, the residuals are smaller
for the e = 0 reference orbit than for the slightly eccentric
e = 0.1 reference orbit. For the smallest inclination I = 10°
(top panel), this difference holds for all n,,,,; the quantities
corresponding to a reference geodesic that is both eccentric
and inclined (Fig. 4) all converge slower than those
corresponding to a reference geodesic that is nearly circular
and inclined (Fig. 2). However, as the inclination is
increased, the difference in the rate of convergence between
the eccentric and circular cases decreases. At the highest
inclination, 7 = 30°, they converge at roughly the same
rate.

Fig. 5 shows an example of r and @ for a generic
spinning-body orbit, in addition to the functions &7, &3,
org and 3¢ which go into constructing the orbit’s r and 6.
In the two left-hand panels of Fig. 5, the reference geodesic
orbit associated with this spinning-body orbit is overplotted
with a dotted black curve; both the radial and polar
frequencies associated with the spinning-body orbit are
shifted so that it remains phase-locked with the geodesic

reference orbit. In addition, us/M has been chosen to
have an unphysically large value of 10 in order to clearly
show the effect of spin-curvature coupling on the shape of
the orbit.

Figure 6 shows how Y varies with p for nearly
equatorial eccentric orbits, and likewise how Tg varies
with p for nearly circular inclined orbits. Notice that the
spin corrections to the polar Mino-time frequencies Tg
(bottom left panel) have a different dependence on p
compared to the radial Mino-time frequencies Y3 (top left
panel). For all spins, we see that the radial correction Y%
increases rapidly near the last stable orbit (LSO). For small
values of a, the behavior of Tg is similar, increasing as
orbits approach the LSO, albeit with a shallower slope.
However, for large a (a > 0.8M), a different trend emerges.
For a = 0.85M and a = 0.87M the curve flattens, with a
slight uptick as it approaches the LSO; for a = 0.89M and
a = 0.9M, the curve reaches a maximum and begins to
trend downwards very close to the LSO, as can be seen in
the bottom left panel of Fig. 6. The dependence of the
frequency corrections on a is fairly similar for both Y and
Tg : In both cases, at fixed p, the frequency correction is
larger for the smaller value of a. Figure 6 displays
coordinate-time frequency corrections €,, Q, and €, for

0.4
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M a=03M M a=08M M2
ol =03 a=08 0.3} - | =7
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FIG. 6. Example of the spin contributions Y? and Yg to the radial and polar Mino-time frequencies Y, and Y,, as well as spin
contributions 7 and Qg to the radial and polar coordinate-time frequencies €, and Q,. Top left panel shows Y3 versus p with e = 0.5
and I = 0° for different values of a. Bottom left panel shows Y5 versus p with e = 0 and / = 30° for different values of a. Top right
panel shows €7 (black dashed) and Qg, (blue solid) versus p with a = 0.9M, ¢ = 0.5 and I = 0°. Bottom right panel shows Qg (black

dashed) and Qi (blue solid) versus p with a = 0.8M, ¢ = 0 and I = 30°. In making these plots, we have used n,,, =

kiax = 5.
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FIG. 7. Example of the spin contributions Y5 and Y3 to the
radial and polar Mino-time frequencies Y, and Y4. Top panel
shows Y3 versus p with e =0.1 for [ =0° (red), [ = 15°
(orange), I =30° (yellow) and I = 40° (blue). Bottom panel
shows T§ versus p with 7 =15° for e =0 (red), e =0.1
(orange), ¢ = 0.2 (yellow) and e = 0.3 (blue). In making these
plots, we have used @ = 0.9M and 5| = s. In making these plots,
we have used n,,, = kpax = 3-

an equatorial orbit (top right panel) and an inclined orbit
(bottom right panel).

Figure 7 shows how the corrections to the radial YT and
polar Tg Mino-time frequencies vary with p, e and I when
the reference geodesic is both inclined and eccentric. In
Fig. 7, we see similar trends to those in Fig. 6. In the bottom
panel of Fig. 7, T3 increases with decreasing p until it
reaches a maximum and then begins to decrease as p
approaches the LSO. Increasing the eccentricity of the orbit
shifts the maximum Y to a higher value. In the top panel of
Fig. 7, T increases with decreasing p. Increasing the
inclination angle of the orbit leads to a more rapid increase
in T3 as p approaches the LSO.

V. SUMMARY AND FUTURE WORK

In this paper, we present a frequency-domain approach
for precisely computing the orbits of spinning bodies. This
extends the work presented in our companion paper [9]
by considering completely generic orbits with arbitrarily
oriented spin, going beyond the equatorial and nearly
equatorial orbits discussed previously. In Sec. III, we
outline our perturbative approach to studying spinning-
body dynamics both qualitatively and quantitatively, and in
Sec. IVA, we describe how we compute spinning-body
orbits in the frequency-domain. In Sec. IV B, we discuss
the results we obtain using frequency-domain methods; in

particular, we compute the corrections to the radial T and
polar Yg frequencies due to the spin of the orbiting body.

There are several future avenues we plan to explore
related to this work. First, we aim to study the role played
by nonlinear-in-spin terms near resonance in pushing the
spinning-body dynamics from integrable to chaotic via the
KAM theorem; this would extend the preliminary inves-
tigation in Ref. [10]. Second, we are working on incorpo-
rating secondary spin into gravitational waveform models
using an osculating geodesic scheme [41,42]. For example,
this method has already been applied to produce spinning-
body inspirals for a Schwarzschild background in Ref. [43].
Our goal is to build a framework for completely generic
adiabatic inspirals of spinning bodies.

In addition, we aim to systematically explore and present
the orbital frequencies obtained in this work. First, we want
to explicitly demonstrate that the frequencies obtained
in Ref. [12] are entirely equivalent to those presented in
this work. We explicitly show the equivalence of the
two approaches for the equatorial spin-aligned case in
Appendix B and we intend to extend this comparison to
include frequencies associated with completely generic
orbits. Second, we plan to compare with post-Newtonian
results based on the analysis in Refs. [44,45] as another
validity check of our results. A catalog of these frequencies
and how they vary with the parameters describing orbits
and the small body’s spin orientation is likely to be of use as
waveform models for large mass ratio systems are devel-
oped and incorporated in gravitational-wave measurement
pipelines.

ACKNOWLEDGMENTS

This work has been supported by NASA ATP Grant
No. 8ONSSC18K1091, and NSF Grants No. PHY-1707549
and No. PHY-2110384. We are very grateful to Vojtéch
Witzany for reading through a draft of this paper and
providing helpful feedback, and to Viktor Skoupy whose
feedback and checks of our analysis uncovered a typo-
graphical error in the supplementary material which
accompanies this paper.

APPENDIX A: REFERENCE GEODESICS

There are different mappings that can be constructed
from the triplet of constants (p,e,I) defining a geodesic
(i.e., the “reference” geodesic) to a particular spinning-
body orbit. The choice of reference geodesic we use in
this article is discussed in Sec. IVA 2. In brief, we find
spinning-body orbits for which the “purely radial” and
“purely polar” components of the motion have the same
turning points as the reference geodesic; see Sec. [VA 2 for
mathematical details. However, there are other physically
equivalent mappings which can be used instead and may be
particularly useful in certain circumstances. We outline
three approaches that have appeared in the literature below.
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1. Reference geodesic has the same turning points
as the spinning-body orbit

The definition of reference geodesic we use in this work
is most similar to that used by Mukherjee et al. in Ref. [46]
and Skoupy et al. in Ref. [47]. In Refs. [46,47], they study
eccentric equatorial orbits where the spin is aligned, and in
this case the reference geodesic has the same radial turning
points as the spinning-body orbit under consideration. In
our approach, we generalize this for generic orbital con-
figurations and misaligned small-body spin: The purely
radial and purely polar parts of the spinning-body motion
are constrained to have the same libration range as the
corresponding reference geodesic. Complementary to this,
there are additional corrections to the libration range
due to motion that is not purely radial, or purely polar
(see Sec. IV A 2). For example, if the reference geodesic is
equatorial, the corresponding spinning-body orbit is not
equatorial except in the aligned spin case. Instead, it lies
O(S) out of the equatorial plane. An example of a reference
geodesic with the same radial turning points as the
corresponding spinning-body orbit is shown in Fig. 8(a).

2. Reference geodesic has the same initial conditions
as the spinning-body orbit

In the analyses by Bini et al., the reference geodesic is
defined as the geodesic that has the same initial conditions
as the corresponding spinning-body orbit [48,49]. Work
by Mashhoon et al. takes a similar approach [50]. For
example, in Ref. [48], analytic expressions for a spinning-
body orbit with the same initial position and 4-velocity as a
circular equatorial reference geodesic is obtained; this
calculation can represent a scenario where spin-curvature
force is “turned on” at a certain point along a geodesic orbit
and subsequent spinning-body motion is computed. An
example of a reference geodesic with the same initial
conditions as the corresponding spinning-body orbit is
presented in Fig. 8(b).

3. Reference geodesic has the same constants
of motion as the spinning-body orbit

In the analysis by Witzany in Ref. [12], the “fiducial”
geodesic is taken to be the geodesic with the same
constants of motion as the spinning-body orbit, modulo
a —2as|sgn(L, — aE) correction to the definition of the
Carter constant K. The inclusion of the —2assgn(L, —aE)
term in the choice of fiducial mapping ensures that the
formulas for the turning point corrections presented in
Eq. (48) of Ref. [12] are finite for motion in the equatorial
plane. The turning point spin-corrections corresponding to
those constants of motion are then computed and used to
parametrize the orbital motion. An example of a reference
geodesic with the same constants of motion as the corre-
sponding spinning-body orbit is presented in Fig. 8(c). See
Appendix B for a detailed discussion of the approach in

20

(a) -- Geodesic Spinning
w T
4 i I} I
15 a1 i At 1
1 [
'y 1 b 1o
1
T / M o ' 1 [ Y
;o\ [ st [
0 /0 [ Y [
! \ Y I \ [
| \ I \
] \ / \
I} \ ! ¢ I} \ ! :
i \ ’ \
/ v . 2 v/ 3
/ \ / \
5
20
(b) -- Geodesic Spinning
~ Y ' ~
15 " N b "
1 1\ HE i\
] \ H
! ! x I
T / M 1o ) \ AN !
! \ i 1
[ ! A /B!
10- 7 & i A R AR
] \ ! \ h \ 1 \
1 \ ! \ K \ I \
N \ 1 \ F \ N \
/ N/ vy \Na \
i N ! /) U \
5
20
(c) -- Geodesic — Spinning
7 T - -
\ \ \ \
] i ' /
15 A 1l i A
[ /Al " [
1 [N H [
i
7 S A LR
] 1 ] [N
\ \ \ \
10 ,' \ H \ ,' \ ,‘ \
i ! 1 \ I \ 1 \
I Y 1 \ i \ i \
’ N N v \
LY N/ (Vi (A Y.
5
0 5 10 15
MA

FIG. 8. Example of radial motion for an aligned, spinning body
in an equatorial orbit around a nonrotating black hole (a = 0). All
panels show r versus A for a spinning body (blue) and corre-
sponding reference geodesic (black, dashed) orbit. Radial turning
points, corresponding to p = 8.13721, e = 0.525726, of the
spinning body’s orbit are shown by the solid red lines. Different
choices of reference geodesic for the same spinning-body orbit
are shown in (a), (b) and (c). Top. (a) The spinning-body orbit and
reference geodesic have the same turning points. Middle. (b) The
spinning-body orbit and reference geodesic have the same initial
conditions. Bottom. (c¢) The spinning-body orbit and reference
geodesic have the same constants of motion. In making these
plots, we have used s = s and pus/M = 0.05.

Ref. [12] and an explicit comparison with our formulation
for the case of equatorial, aligned-spin orbits in a
Schwarzschild background.

APPENDIX B: COMPARISON WITH
WITZANY, 2019

In Ref. [12], Witzany outlines an approach for obtaining
the equations of motion for spinning bodies to first-order in
spin using the Hamilton-Jacobi equation. This approach
yields the equations of motion Egs. 46(a)-(c) in Ref. [12]
which we reproduce here:

d

T = AW — e el e3P, (B1)
do ~

T = 0 — eoel e, (B2)
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dy, &((rz —l—flz)E —al, N aiz —Aa(l - Z2)E>’
da K+ r? K—-a*7?

where the tetrad ef. is the parallel transported tetrad given
by Egs. (2.45)—(2.46) in Sec. IIC. Here B, C and D are
labels for the tetrad legs. Note that y, in Eq. (B3) is
denoted ¢ in Ref. [12]; Eq. (B3) is identical to Eq. (2.47).
The expressions for 5., are underneath Eq. (33) in
Ref. [12]. From Egs. (B1)—~(B3), we can find the turning
points of the equations of motion using the condition that
the 4-velocities vanish:

(WQZ - eOyelé;yeDKSCD =0, <B4)
where y = r, 6. Using condition (B4), Witzany derives
analytical expressions for the corrections to the turning
points due to the small body’s spin. These expressions can
be found in Egs. 48(a)-(f) of Ref. [12] and apply for fully
generic orbits in the first order in S limit.

1. Description of the two approaches

The framework used in Ref. [12] is an alternative method
for calculating spinning-body orbital frequencies Y, and
Yy. In an approach analogous to that used by Carter in
Ref. [27], Witzany uses the Hamilton-Jacobi equation
to obtain expressions for dr/dA and d@/dl, yielding
Egs. (B1)-(B3). The Mino-time frequencies Y, and T,
are then calculated by integrating these velocities with
respect to angle-type coordinates; this procedure is in
turn analogous to that used in Refs. [16,20] to compute
geodesic Mino-time frequencies. The approach we use in
this article is to solve the Mathisson-Papapetrou equa-
tions (2.38)—(2.39) directly in the frequency-domain. We
introduce a frequency correction explicitly into our para-
metrization and solve for it as one of the unknowns in a
linear-algebraic system.

The orbital motion of the spinning body is parametrized
differently in the two descriptions. In Ref. [12], analytic
expressions for the corrections to the turning points are
obtained using the aforementioned Eqs. (B1)-(B2). The
spinning body’s motion is then parametrized in terms of
these analytic expressions for the turning points. In our
analysis, we do not have explicit expressions for turning
point corrections built into our parametrization. Instead, we
divide the corrections to the motion of the spinning body
into two categories: We include corrections which do not
alter the libration range relative to the reference geodesic
(x>, x3), as well as corrections which do modify the
libration range (drg, 03g).

In summary, in Ref. [12], the constants of motion
(E,L_,K) associated with a certain geodesic (called the
“fiducial geodesic,” as discussed in Appendix A 3) are
selected, and the turning point corrections for the

corresponding spinning-body orbit with the same constants
of motion are computed (modulo a —2assgn(L, — aE)
adjustment to K), whereupon the frequency corrections can
be obtained. Contrastingly, in our framework, we begin
by choosing the turning points (p,e,I) for a particular
reference geodesic. We then compute the spinning-body
orbit which has purely radial and purely polar motion
constrained to match the turning points of the reference
geodesic. The concomitant frequency corrections and
constants of motion for that orbit can then be computed.
We show below that our method is consistent with Ref. [12]
for orbits in the equatorial plane with aligned small body
spin3 ; we leave a detailed comparison of the frequency
corrections for fully generic orbits for future work.

2. Numerical comparison of the two approaches

We compare between the method described in this
paper and that presented in Ref. [12] by evaluating the
expressions for the radial turning point corrections. For
equatorial orbits of a small body with aligned spin and
a = 0, Egs. 48(a)-(f) in Ref. [12] become:

7-4 <(Esr2>2 - r2>, (B5)

:LSESZ7
§=LET ar\ A

ESLS[r(LS)? — Mr* —3M(L$)?)

e =2 , B6

“0r€Cy D AL + ~2)(r —2M)? (BS)

5r— —su 2G + A[(LS)? + r*legyecy, €5, (B7)
L) + 77 e

gt

where dr is the radial turning point correction evaluated at
the fiducial geodesic turning points, which are denoted r,.
This reduces to a simple expression for dr:

ESL3(r—2M)(r — 3M)
[(r —2M)* = r(ES)*(r — 3M)]

(B8)

or = sy
r r=r,
o
Note that ES and LS here are the energy and angular
momentum of the spinning-body orbit. As discussed in
Appendix A 3, the fiducial geodesic is the geodesic orbit
that has the same energy and angular momentum as the
spinning-body orbit we are considering, i.e., Egq = ES
and ﬁz’ﬁd = LS. Equation (B8) is evaluated at the turning
points of the fiducial geodesic, r,; and r,, and gives the
correction to these turning points 6r(r,,) and 6r(r,,) due
to the spin of the small body.

3As mentioned in Ref. [12], Witzany conducted a similar
consistency check using the effective potential given by Tod et al.
[51] and Hackmann et al. [52].
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a. Procedure for computing turning points

As discussed in Appendix A, the approach in Ref. [12]
is to consider a fiducial geodesic which has the same
constants of motion as the spinning-body orbit; this
fiducial geodesic has turning points given by ry; and
rg2- The turning point corrections are then computed using
Eqgs. 48(a)—(f) in Ref. [12].

(1) We begin with the constants of motion for a
spinning-body orbit with semilatus rectum p and
eccentricity e. The energy ES and angular momen-
tum L? corresponding to this choice of p and e are
given by

ES=FE+6ES, LS=1L_,+6L5, (B9)
where expressions for E, L., SES and L? are given
by Egs. (B15), (B16) and (B17) of Ref. [9]. We
reproduce these equations below:

(p=2)>—4e*> .

A pM
E= L L= (BI0
pp—3-) T e B

s (1=e?)?

5ES = - , B11
M2p(p—3-e?)*? (B11)
2p—9-3e2)\/(p—2) — 4

o18 — su 2P VP =2 4 gy

2p1/2(p —3_ 62)3/2

(2) By using Egq = ES and L,5q = LY and inverting
Egs. (B10), we can find expressions for the semi-
latus rectum pgy and eccentricity ey of a geodesic
orbit, given ES and L. Notice that these are not that
same as semi-latus rectum and eccentricity of the
spinning-body orbit—they are the semilatus rectum
and eccentricity corresponding to a geodesic orbit
that has the same energy ES and angular momentum
LS as the spinning-body orbit we are considering.

(3) Then, the fiducial turning points can be found, using:

_ PriaM
1 + €fid ’

s rgtz (B13)

(4) Next, we evaluate Eq. (B8) to find 6r at each of these
fiducial turning points: 6r(r,) is the correction to
the fiducial apastron and 67(r,, ) is the correction to
the fiducial periastron. We add these corrections
to find the spin-correction turning points:

Fsit = Tgnl —}-5}’(}’9,1), rst2:rgtz+5r(rgt2)- (B14)

(5) We can convert these turning points r,,; and r,; into
semi-latus rectum p and eccentricity e of the
spinning-body orbit using:

_ 2’"‘?11 T'si2

9
Tsi1 +r$t2

e:rstl_rsﬂ‘ (B]S)

pM
Tsi1 + Ts2

b. Numerical example

We follow the procedure outlined in Sec. B2 a with a
specific numerical example. For this example case, we
already know the turning points of the radial motion and we
verify that the turning points computed using Eq. (B8) are
consistent. Consider a spinning-body orbit with small-body
spin us = 0.001M, semilatus rectum pM = 7M and eccen-
tricity e = 0.4.

(1) From Eq. (B9), this orbit has E’ = 0.951965

and L = 3.57273M.

(2) Using Egy=ES and L,5 = LS and inverting

Egs. (B10), we find that pgg = 7.05356 and
€fid — 0.3947009.

(3) Next, we find the fiducial turning points r,,; and ry,
using Egs. (B13); they are rj; = 11.6532M and
Fg1 = 5.05737M.

(4) Then, we find that &r(r,,)=0.0135323M and
0r(ryp) = —0.0517264M. The spinning-body turn-
ing points are ry;; =11.6667M and r;,, =5.00564M.

(5) The spinning-body p and e are found using
Eq. (B15): p =7.00553 and e = 0.399527. We
have recovered the expected p and e for this orbit.
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