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We consider a generic scattering process that takes place in a region of size R inside the static patch of the
de Sitter spacetime such that R is smaller than the curvature length scale of the background. The effect of
curvature can thus be studied perturbatively. We obtain the asymptotic electromagnetic field generated by
the scattering process including the leading order correction due to the presence of de Sitter background
and discuss its universal aspects. We finally calculate the resultant first order corrections to the flat
spacetime velocity memory effect.
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I. INTRODUCTION

Scattering amplitudes of gauge theories satisfy interest-
ing properties in low energy limit that are encoded in soft
theorems [1–7]. In the limit when the energy of a scattered
photon is taken to 0 (soft), the leading term in the scattering
amplitudes goes like inverse of the soft energy and the
coefficient of this term is a universal soft factor times the
lower point amplitude without the soft particle. This soft
factor depends only on the electric charge and momenta of
the scattering particles and is completely insensitive to the
bulk details of the scattering process. This universality has
attracted a lot of attention and is known to be a manifes-
tation of an underlying symmetry of the theory [8–12]. This
line of been study has been extended beyond the leading
order as well [13,14].
Soft theorems have also been studied at the level of

classical electromagnetism [15–17]. In the frequency space,
the classical field generated by a scattering process exhibits
universal properties in the low frequency limit. The leading
order term in the classical field is universal and goes like
inverse of the frequency. The coefficient of this term is
equal to the leading order soft factor that appears in
quantum soft theorem. This low frequency behavior con-
trols the late time limit of the classical field. Interestingly,
the leading mode in the late time radiative field is
observable via the velocity memory effect [18–21]. This
effect refers to the observable change in the velocity of a
free asymptotic charge due to passage of electromagnetic

radiation. This change in velocity is controlled by the
leading soft factor, it is universal and is insensitive to the
bulk details of the scattering process.
The above discussion pertains to electromagnetic radi-

ation emitted in flat spacetime. Since we live in an
expanding universe, it is necessary to include the effect
of the gravitational background on the above picture. In this
paper we aim to discuss the corrections to the velocity
memory effect arising due to presence of a small positive
cosmological constant (Λ). Therefore we study the electro-
magnetic radiation emitted due to scattering of charged
particles in de Sitter background. Some features of asymp-
totically flat spacetimes do not go over to this case. A key
feature of gravity with Λ > 0 is that no matter how far one
recedes from an isolated body, spacetime curvature does
not go to zero. This is different from asymptotically flat
spacetimes [22]. Another peculiar feature of the de Sitter
spacetime is that the full spacetime is not observable by any
observer. Hence the flat spacetime boundary observables
cannot be straightforwardly generalized to this case. In the
context of theory of inflation, future boundary correlators
in de Sitter spacetime form important observables and have
been explored extensively [23,24]. In [25], the authors
studied a natural observable associated to a scattering
problem (akin to the Minkowski S-matrix) involving
evolution of initial data from the past cosmological horizon
of the static patch to the future cosmological horizon. We
will also consider processes that are confined to a region
inside the static patch of the de Sitter spacetime and
calculate the radiative field in an appropriately defined
late time limit.
We will treat “Λ” as a small perturbation avoiding the

technical complexities of full nonlinear gravitational
theory. Incorporating the effect of de Sitter background
perturbatively, we obtain the first order correction to the
late time electromagnetic radiation which in turn is respon-
sible for corrections to the flat spacetime electromagnetic
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memory effect. Gravitational memory effects have been
investigated in de Sitter spacetime [26–30]. Similar ques-
tions have been investigated in the context of anti–de Sitter
spacetime in [31,32] for the special case of classical
radiation emitted in probe scatterer approximation.
We consider a generic scattering process taking place in a

region of size R inside the static patch of four dimensional
de Sitter spacetime. For validity of the perturbative expan-
sion, we assume that R and all the length scales of the
problem like the range of the scattering forces, the distance
at which we place the detector, etc. are smaller than the
curvature length scale of the background l (Λ ¼ 3

l2). When
any of these length scales become comparable to l the
nonlinear effect of the background becomes important and
the perturbative approximation breaks down. This approxi-
mation is applicable to terrestial experiments or also for
galactic sources. But due to the extremely small value
of Λ these effects are inconsequential experimentally.
Nonetheless studying these corrections will allow us to
explore the underlying symmetries. Therefore this problem
has theoretical significance.
The asymptotic radiative field generated by a classical

scattering process including the first order correction in
Oð 1l2Þ is obtained in (42). Then we study the effect of the
late time radiation on the motion of an asymptotic test
charge which is placed at a large distance r0. Here r0 is a
length scale larger than the length scales of the scattering
process but smaller than the curvature scale l. Due to the
late time radiation, the velocity of such a charge registers a
change of following form

½ΔWA�u0 ;r0→∞;
ju0 j<r0<l

∼
1

r20

�
Oðu00Þ þ

1

l2
½r0 þ u20 þ u0 þOðu00Þ�

�
:

Here u0 is a timescale such that u0 is bigger than all the
timescales involved in the scattering process but u0 < r0.
The l2-independent term is controlled by the leading soft
factor and gives rise to the flat spacetime velocity memory
effect. The rest of the terms are absent in flat space time
and arise as a result of the cosmological constant. It turns
out that the u20 and u0 modes are insensitive to the details
of bulk physics and are fixed universally in terms of
asymptotic properties of the scattering objects. The
coefficients of these modes are given in (47). We have
also obtained a part of theOðu00Þmode that depends on the
asymptotic trajectories of the scattering particles in (47).
We argue that details of the bulk process in principle
start affecting at this order but have not calculated such
terms explicitly.
The outline of the rest of the paper is as follows. In

Sec. II, we start by rederiving the flat spacetime electro-
magnetic memory effect and move on to basics of de Sitter
spacetime. Revisiting the definition of stereographic coor-
dinates, we study the motion of a point particle in these

coordinates. In Sec. III, we derive the Green function for
propagation of electromagnetic field on de Sitter back-
ground up to Oð 1l2Þ. In Sec. IV, we discuss the setup of our
scattering problem and use the Green function to derive the
asymptotic radiative field generated by the process. Finally
in Sec. V, we use above results to obtain the corrections to
flat spacetime electromagnetic memory effect up to Oð 1l2Þ.
We summarize our results in Sec. VI.

II. PRELIMINARIES

A. Late time radiative field in flat spacetime

To set up the background for the main calculations,
we begin by rederiving the electromagnetic memory
term [19–21] in the late time radiation emitted in flat
spacetime. It is useful to use retarded coordinate system to
discuss the behavior of radiation in the far future. The flat
metric takes following form in this coordinate system
(u ¼ t − r):

ds2 ¼ −du2 − 2dudrþ r22γzz̄dzdz̄; γzz̄ ¼
2

ð1þ zz̄Þ2 :

Thus for every value of ðu; rÞ we have a 2-sphere. We will
use the unit position 3-vector x̂ or ðz; z̄Þ interchangeably to
describe points on S2. We will often use following para-
metrization of a 4 dimensional spacetime point:

xμ ¼ rqμ þ utμ; qμ ¼ ð1; x̂Þ; tμ ¼ ð1; 0⃗Þ: ð1Þ

μ takes value from 0 to 3.
In the scattering process, we have some n0 number of

charged bodies coming in to interact. Let us denote the
respective velocities by Vμ

i , charges by ei and masses bymi
(for i ¼ 1;…; n0). The particles interact for some time
jtj < T and ðn − n0Þ number of final charged bodies
with velocities Vμ

j , charges ej and masses mj (for j ¼
n0 þ 1;…; ðn − n0Þ) respectively are produced as a result of
the interaction. Thus the trajectory of an ith incoming
particle (xμi ) is given by:

xμi ¼ ½Vμ
i τ þ dμi �Θð−T − τÞ:

τ is an affine parameter. We have restricted ourselves to
the leading order in coupling e so that we can ignore the
effect of long range electromagnetic interactions on the
asymptotic trajectories. Similarly, an outgoing particle has
the trajectory:

xμj ¼ ½Vμ
jτ þ dj�Θðτ − TÞ:

The bulk trajectories might have any complicated form
depending on the short range forces and will not affect our
analysis. The current is given by summing over all particles
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that participate in the scattering. The asymptotic part of this
current can be written down as:

jasymσ ðx0Þ ¼
Z

dτ

� Xn
i¼n0þ1

eiViσδ
4ðx0 − xiÞΘðτ − TÞ

þ
Xn0
i¼1

eiViσδ
4ðx0 − xiÞΘð−T − τÞ

�
:

Here we have labeled the incoming particles by i running
from 1 to n0 and outgoing particles by i running from n0 þ 1
to n. Next we need to find the radiation produced by the
above current. In Lorenz gauge, the radiation can be
obtained from the equation□Aμ ¼ −jμ. Using the retarded
propagator, we get:

Aasym
σ ðxÞ ¼ 1

2π

Z
d4x0 δð½x − x0�2Þjasymσ ðx0ÞΘðt − t0Þ: ð2Þ

We have added a superscript to note that we have ignored
the bulk sources of radiation. Henceforth, we will drop this
superscript but it should be remembered that we are
calculating only the asymptotic part of the field. The
retarded root of the delta function δð½x − xiðτÞ�2Þ is
given by

τ0¼−ðVi:x−Vi:diÞ−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðVi:x−Vi:diÞ2þðx−diÞ2

q
: ð3Þ

Hence, we can write down the total asymptotic field
generated by the scattering process. It is given by:

AσðxÞ ¼
Xn

i¼n0þ1

1

4π

eiViσΘðτ0 − TÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðVi:x − Vi:diÞ2 þ ðx − diÞ2

p
þ
Xn0
i¼1

1

4π

eiViσΘð−T − τ0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðVi:x − Vi:diÞ2 þ ðx − diÞ2

p : ð4Þ

Here Vi:x denotes the Lorenztian dot product between the
respective Lorentz vectors.
Next let us take the limit r → ∞ with u finite in Eq. (4).

Using τ0 ¼ u
jq:Vij þOð1rÞ in (4):

AσðxÞ ¼ −
1

4πr

� Xn
i¼n0þ1

eiViσ

Vi:q
Θðu − TÞ

þ
Xn0
i¼1

1

4π

eiViσ

Vi:q
Θð−T − uÞ þ � � �

�
þO

�
1

r2

�
: ð5Þ

The 1
r-term gives us the radiative field. At large values of u,

we see that it goes like u0. ’…’ denote u-fall offs that are
faster than any (negative) power law behavior. This mode
gives rise to a change in velocity of an asymptotic charge.
We will calculate the field strength and substitute it in the

equation of motion for a point test charge: m ∂Vμ

∂τ ¼ eFμ
νVμ,

the magnitude of the shift in velocity over a timescale u0
turns out to be

mΔVμ ¼ e
Z

u0

−u0
du ∂uAμ ¼ −

e
4πr

Xn
i¼1

ηiei
Vμ
i

Vi:q
þO

�
1

r2

�
:

ð6Þ

Here u0 is a timescale larger than the time scales of the
scattering process (T). We have used ηi ¼ 1ð−1Þ for
outgoing (incoming) particles. Thus the shift is controlled
by the leading soft mode as discussed in Sec. III of [18].
This is called the flat space velocity memory effect [19–21].
To summarize we obtained the asymptotic field gener-

ated by a scattering event and discussed its effect on a test
charge. As visible from the form of the expression, the
amount of kick received by a test charge is insensitive to
the details of the scattering. The corrections to (5) at higher
orders in e have been discussed in [33,34] and take
following form

AμðxÞ ∼
1

4πr

�
f1μðx̂Þu0 þ f2μðx̂Þ

1

u
þ f3μðx̂Þ

logu
u2

þ � � �
�

þO
�
1

r2

�
: ð7Þ

The u0-mode is uncorrected at higher orders in e and f1μðx̂Þ
is given by (5). The corrections are subleading at large u.

B. de Sitter spacetime

Our goal in this paper is obtain the leading order
corrections to (7) arising due to the presence of the
cosmological constant and study the resultant corrections
to the electromagnetic memory effect. Consider a scattering
that takes place in a background with cosmological con-
stant. In presence of cosmological constant, the background
has to satisfy following equation

Rμν −
1

2
Rgμν þ Λgμν ¼ 0:

The maximally symmetric solution to above equation is the
well-known de Sitter solution. A well-known observation
made by Schrodinger is that de Sitter spacetime can be
embedded in a higher dimensional flat spacetime. Let us
start with 5 dimensional flat spacetime. 4 dimensional
de Sitter solution can be embedded in this spacetime via the
constraint equation [35]

H∶ ηABXAXB ¼ l2:

Here XA are Cartesian coordinates in the embedding space,
(A ¼ 0; 1;…; 4) and ηAB is the corresponding flat
Lorentzian metric. We will use stereographic coordinates
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to describe de Sitter spacetime. These coordinates are
defined according to following equations [36]

xμ ¼ 2

1 − X4

l

Xμ … ðμ ¼ 0; 1; 2; 3Þ: ð8Þ

The coordinate X4 is fixed by the constraint equation and
turns out to be1

X4 ¼ l
x2 − 4l2

x2 þ 4l2
: ð9Þ

In above equation and henceforth x2 is used to denote
ημνxμxν. Now we can project the 5 dimensional metric
onto the H-hyperboloid given by ηABXAXB ¼ l2, to
get the 4 dimensional de Sitter metric. We have
ds2 ¼ ηABdXAdXBjH ¼ gμνdxμdxν, where

gμν ¼ Ω2ημν; Ω ¼ 1

1þ x2=4l2
: ð10Þ

Greek indices will be used to denote de Sitter tensors.
An advantage of using above coordinate system is that

the metric is conformally flat. We see that x2 ¼ −4l2 is a
singular surface in this coordinate system. But this singu-
larity does not affect our analysis. Our physical set up
involves scattering of charged particles in a region of size
R. This region is such that the points in R have xμ < l for
every component “μ.” Hence jx2j < 4l2 for us. Also the
transformation in (8) is ill defined for X4 ¼ l. But from (9),
we see that our region of interest corresponds to X4 ∼ −l.
Hence above coordinate system is well defined for the
entire region of our interest, i.e., region R.
Let us discuss where this region of size R sits inside

the Penrose diagram of the de Sitter spacetime. The blue
colored triangle in Fig. 1 is the static patch of de Sitter
spacetime. In terms of the static coordinates (t̃, r̃, ωa), the
stereographic coordinates take following form [37]

t ¼ −lΩ−1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

r̃2

l2

s
sinh

t̃
l
;

xa ¼ Ω−1r̃ωa…ða ¼ 1; 2; 3Þ and
X3
a¼1

ðωaÞ2 ¼ 1:

Hence we see that r < l and jtj < l region is mapped to a
region: r̃ < l and jt̃j < l. Thus the scattering region as
well as the detector lie within some region “R” in the static
patch of the de Sitter spacetime such that R < l.

1. Motion of a classical particle
in stereographic coordinates

Let us study the trajectory of a point particle moving in
de Sitter spacetime. We will work in stereographic coor-
dinates and expand all the quantities to first order in 1

l2.
Hence from (10), we get

gμν ¼ Ω2ημν ¼ ημν −
x2

2l2
ημν þ � � � : ð11Þ

The inverse metric is given by

gμν ¼ ημν þ x2

2l2
ημν þ � � � :

The Christoffel’s symbols and curvature tensors turn out
to be

Γμ
νλ ¼ −

1

2l2
½δμðνxλÞ − xμηνλ� þ � � � :

Rμνλσ ¼
1

l2
½ημληνσ − ημσηνλ� þ � � � ;

Rμν ¼
3

l2
ημν þ � � � : ð12Þ

Next we can write down the equation of trajectory for a
point particle. Denoting the trajectory of such a particle by
xμi ðτÞ, the geodesic equation is given by

d2xμi
dτ2

þ Γμ
λσ

dxλi
dτ

dxσi
dτ

¼ 0: ð13Þ

To the zeroth order in 1
l2-expansion, the trajectory is simply

xμi j 1
l2
¼0 ¼ Vμ

i τ þ dμi :

FIG. 1. Penrose diagram of the de Sitter spacetime.

1The other solution to the constraint equation is X4 ¼ l where
our coordinates are ill defined.
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The first order correction in 1
l2 to motion of particle is

given by

d2xμi
dτ2

¼ −
τ

2l2
Vμ
i þ

Vμ
i

l2
Vi:di þ

dμi
2l2

: ð14Þ

Above equation is integrated to obtain the velocity.
The constant of integration is fixed by demanding

gμν
dxμi
dτ

dxνi
dτ ¼ −1. The trajectory turns out to be

xμi ¼ Vμ
i τ

�
1þ d2i

4l2
−

τ2

12l2
þ Vi:di

2l2
τ

�
þ dμi

�
1þ τ2

4l2

�
:

ð15Þ

We consider scattering of freely falling objects. Hence our
scattering particles move on trajectories described by above
equation (both) before and after the scattering event.

III. THE GREEN’S FUNCTION FOR
ELECTROMAGNETIC FIELD

In this section, we solve for the retarded Green’s function
for minimally coupled U(1) gauge field propagating in
de Sitter spacetime upto first order in 1

l2. The equation of
motion of the gauge field is given by

gμν∇μFνσ ¼ −jσ:

Here, Fμν ¼ ∂½μAν�, gμν is the de Sitter metric and ∇μ is the
associated covariant derivative. Choosing the generalized
Lorenz gauge ∇μAμ ¼ 0, we get the following equation of
motion for the gauge field [38]

∇2Aμ −
3

l2
Aμ ¼ −jμ:

There is a standard way to calculate the Green’s function
for the propagation of the U(1) field in arbitrary spacetime
described in [39]. The solution of the gauge field is
given by

AμðxÞ ¼
1

4π
gμν

Z
d4x0

ffiffiffiffiffiffiffi
−g0

p
Gν

λ0 ðx; x0Þjλ
0 ðx0Þ: ð16Þ

The Green function satisfies the equation

∇2Gμ
λ0 ðx; x0Þ −

3

l2
Gμ

λ0 ðx; x0Þ ¼ −4πδ4ðx; x0Þgμλ0 : ð17Þ

Here gμν0 is the parallel propagator along the geodesic
connecting x and x0 and δ4ðx; x0Þ is the covariant Dirac delta
function.
The Green function can be obtained using the Hadamard

ansatz as discussed in [39].

Gμ
λ0 ðx; x0Þ ¼ Uμ

λ0 ðx; x0Þδþðσ þ ϵÞ þ Vμ
λ0 ðx; x0ÞΘþð−σ þ ϵÞ:

ð18Þ

In the above expression x is assumed to lie in the normal
convex neighborhood of x0 so that a unique geodesic links
these two points. σ is the Synge world function which is
half the geodesic distance squared between x and x0.
δþðσ þ ϵÞ and Θþð−σ þ ϵÞ are distributions such that
δþðσ þ ϵÞ has support when x is on the future light cone
of x0 while Θþð−σ þ ϵÞ has support when x in the
chronological future of x0. The small parameter ’ϵ’ is
introduced to make the distributions differentiable at
σ ¼ 0 and will be taken to 0 at the end of calculations.
The subscript “þ” refers to the retarded condition,
i.e., t > t0.
Using (18) and taking ϵ → 0, we get

∇2Gμ
λ0 ðx; x0Þ −

3

l2
Gμ

λ0 ðx; x0Þ
¼ −4πδ4ðx; x0ÞUμ

λ0 þ δ0þðσÞ½2σγ∇γU
μ
λ0 þ ðσγγ − 4ÞUμ

λ0 �

þ Θð−σÞ
�
∇2Vμ

λ0 ðx; x0Þ −
3

l2
Vμ
λ0

�

þ δþðσÞ
�
−2σγ∇γV

μ
λ0 þ ð2 − σγγÞVμ

λ0

þ∇2Uμ
λ0 ðx; x0Þ −

3

l2
Uμ

λ0

�
: ð19Þ

Details of derivation of above equation can be found
in [39]. Here we have used σμ to denote ∇μσ and σγγ
denotes ∇2σ. Comparing with (17), we demand that
Uμ

λ0 → gμλ0 as x → x0 and that the last two lines of above
equation vanish. This determines Uμ

λ0 and Vμ
λ0 for us.

Let us first solve forUμ
λ0 by setting the coefficient of δ

0ðσÞ
to 0. This has already been done in [39] and we will quickly
review the calculation here. We start with the ansatz
Uμ

λ0 ¼ gμλ0 ðx; x0ÞUðx; x0Þ where gμλ0 is the parallel propagator
and Uðx; x0Þ is an arbitrary biscalar. We get following
equation for Uðx; x0Þ

2σγ∇γU þ ðσγγ − 4ÞU ¼ 0: ð20Þ

Next we use a property of the van Vleck determinant. It is
defined as follows

Δ ¼ det½−∂μ∂0νσ�ffiffiffiffiffiffi−gp ffiffiffiffiffiffiffi
−g0

p : ð21Þ

The van Vleck determinant satisfies following equation [39]

ðσγγ − 4Þ ¼ −σμ∇μ logΔ ¼ −
∂ logΔ
∂τ

:
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In the last equality we have used τ to denote the affine
parameter on the geodesic joining x and x0, so that
σγ∇γ ¼ ∂

∂τ.
Using above expressions in (20), the equation for U

takes the form ∂U
∂τ ¼ 1

2
∂ logΔ
∂τ U and we get the solution

Uμ
λ0 ðx; x0Þ ¼ gμλ0 ðx; x0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δðx; x0Þ

p
: ð22Þ

It is should be noted that above expression is exact; no
approximation has been made so far and in fact it holds for
a generic background.
Before proceeding let us briefly discuss the form of field

generated by Uμ
λ0. We define

A½I�
μ ðxÞ ¼ 1

4π
gμν

Z
d4x00

ffiffiffiffiffiffiffiffi
−g00

p
Uν

λ0 ðx; x00Þjλ
00 ðx00Þ: ð23Þ

Let us consider a point source with an arbitrary velocity
profile WμðτÞ so that the source is given by

jμðxÞ ¼ effiffiffiffiffiffi−gp
Z

dτ δ4ðx − x0ðτÞÞWμðτÞ: ð24Þ

x0ðτÞ is the trajectory of the source. Integrating over x00
we get

A½I�
μ ðxÞ ¼ e

4π
gμν

Z
dτ gνλ0 ðx; x0ðτÞÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δðx; x0ðτÞÞ

p
× δþ½σðx; x0ðτÞÞ�Wλ0 ðτÞ: ð25Þ

Above expression can be written as

A½I�
μ ðxÞ ¼ e

4π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δðx; x0ðτþÞÞ

p
j∂τσðx; x0ðτþÞÞj

gμν0 ðx; x0ðτþÞÞWν0 ðx0ðτþÞÞ:

ð26Þ

Here x0ðτÞ denotes the trajectory of the source and τþ is the
retarded solution of the equation σðx; x0ðτÞÞ ¼ 0. Above

contribution to the gauge field A½I�
μ at point x arises due to

sources lying on the past light cone of x. The gauge field is
obtained by parallel transporting velocityWν0 of the source
from the point x0ðτþÞ to the point x along the null geodesic
joining the two points and then multiplying with the

factor
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δðx;x0ðτþÞÞ

p
j∂τσðx;x0ðτþÞÞj.

A. Evaluating (26) in de Sitter spacetime in
stereographic coordinates

Next we will calculate various quantities appearing in
(26) using the stereographic coordinates introduced in (8).
We recall that in (26), Δ is the van Vleck scalar determi-
nant, σ is the Synge function and gμν0 ðx; x0Þ is the parallel
propagator. We will review the definition of each of these

quantities and calculate them explicitly. The Synge func-
tion is given by [39]

σ ¼ 1

2

Z
1

0

dτ gμν
∂ξμ

∂τ

∂ξν

∂τ
:

Here ξμ is the geodesic in the de Sitter spacetime such
that ξμð0Þ ¼ x0μ and ξμð1Þ ¼ xμ. We need to calculate σ
perturbatively to first order in 1

l2. To the zeroth order we
have σ0 ¼ 1

2
ðx − x0Þ2. Let ξμ0 denote the geodesic in the flat

spacetime hence ξμ0¼ðxμ−x0μÞτþx0μ. Then the first order
correction to the Synge function using (11) is given by

σ ¼ σ0 − ημν
1

4l2

Z
1

0

dτ ξ20
∂ξμ0
∂τ

∂ξν0
∂τ

:

Hence the Synge’s function turns out to be

σðx; x0Þ ¼ 1

2
ðx − x0Þ2 − 1

4l2
ðx − x0Þ2

�
x:x0 þ 1

3
ðx − x0Þ2

�
:

ð27Þ

Therefore on a null surface, upto Oð 1l2Þ we get

∂τσ ¼ ðx0 − xÞ:∂τx0
�
1 −

1

2l2
x:x0

�
: ð28Þ

We turn to the parallel propagator. Parallel propagator
gμν0 ðx; x0Þ is defined as a bivector that parallel transports a
vector at x0 to x along the unique geodesic that links the two
points [39], i.e.,

TμðxÞ ¼ gμν0 ðx; x0ÞTν0 ðx0Þ:

The parallel propagator satisfies the equation
∂ξσ

∂τ ∇σgμν0 ðξ; x0Þ ¼ 0, where τ is an affine parameter on
the geodesic ξσðτÞ connecting x and x0 [40]. For de Sitter
spacetime, up to Oð 1l2Þ the equation of the parallel
propagator is as follows

∂

∂τ
gμν0 ¼ −

∂ξρ0
∂τ

Γμ
ν0ρðξ0Þ:

The Christoffel’s symbols have been calculated in (12).
Since the Christoffel’s symbols start atOð 1l2Þwe can use the
flat spacetime geodesics ξμ0 in the above equation. Above
differential equation can be easily solved subject to the
boundary condition gμν0 ðx; xÞ ¼ gμν0 ðx0; x0Þ ¼ δμν0 . The
parallel propagator up to Oð 1l2Þ turns out to be

gμν0 ðx; x0Þ ¼ δμν0 þ
1

4l2
ðx2 − x02Þ þ 1

2l2
ðxμx0ν0 − x0μxν0 Þ:

ð29Þ
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Finally we calculate the van Vleck determinant defined
in (21). We have calculated the geodesic distance in (27).
Using the same in (21), we get

Δ1=2 ¼ 1þ ðx − x0Þ2
4l2

: ð30Þ

Let us recall (26)

A½I�
μ ðxÞ ¼ e

4π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δðx; x0ðτþÞÞ

p
j∂τσðx; x0ðτþÞÞj

gμν0 ðx; x0ðτþÞÞWν0 ðx0ðτþÞÞ:

Using (28), (29), and (30), we get

A½I�
μ ðxÞ ¼ e

4π

�
1

j∂τσj
ημνWνðx0Þ

�
1þ ðx − x0Þ2

4l2
−

1

4l2
ðx02 þ x2Þ

�
þ 1

2l2
½xμx0:W − x0μx:W�

�
τ¼τþ

¼ e
4π

1

jðx0 − xÞ:∂τx0j
�
ημνWνðx0Þ þ 1

2l2
½xμx0:W − x0μx:W�

�
τ¼τþ

: ð31Þ

Here x0ðτÞ denotes the trajectory of the source and τþ is the
retarded solution of the equation σðx; x0ðτÞÞ ¼ 0.

B. The tail term in de Sitter spacetime

Next we turn to calculating Vμ
λ0 ðx; x0Þ. This term leads to

propagation of electromagnetic waves inside the null cone.
Such terms are called tail terms as they give rise to
propagation of signal at speeds less than the vacuum speed
of light.
We calculate the tail term perturbatively to first order in

1
l2. Let us revisit (19). When we demand that the coefficient
of δðσÞ vanish, it fixes Vμ

λ0 in terms of Uμ
λ0 on the null cone

via the equation

On σ ¼ 0∶ σγ∇γV
μ
λ0 þ

1

2
ðσγγ − 2ÞVμ

λ0

¼ 1

2

�
∇2Uμ

λ0 ðx; x0Þ −
3

l2
Uμ

λ0

�
:

The van Vleck determinant has been calculated in (30) to be

Uμ
λ0 ¼ gμλ0 ðx; x0Þ

�
1þ 1

4l2
ðx − x0Þ2

�
:

Using the expression for parallel propagator in (29), to the
first order in 1

l2 we have

1

2

�
∇2Uμ

λ0 ðx; x0Þ −
3

l2
Uμ

λ0

�
¼ −

1

2l2
δμλ0 :

Thus, we get the following equation for Vμ
λ0

On σ ¼ 0∶ σγ∇γV
μ
λ0 þ

1

2
ðσγγ − 2ÞVμ

λ0 ¼ −
1

2l2
δμλ0 :

To leading order, the solution of above equation is given by

Vμ
λ0 ¼ −

1

2l2
δμλ0 on σ ¼ 0:

Next we need to calculate Vμ
λ0 inside the null cone. This is

done using the third equation obtained from (19) by setting
the coefficient of Θð−σÞ to 0. We have

∇2Vμ
λ0 ðx; x0Þ −

3

l2
Vμ
λ0 ¼ 0 for σ < 0:

Above equation determines Vμ
λ0 inside the light cone. The

form of Vμ
λ0 on σ ¼ 0 acts as the boundary data for above

equation and allows for a unique solution. We can use the
following ansatz for the bivector Vμ

λ0 ðx; x0Þ [41]

Vμ
ν0 ¼ −

1

2l2
δμν0 ½1þ fðσÞ� þ 1

l2
gðσÞσμσν0 ;

and we demand that f; g → 0 as σ → 0. We need to solve
following equation at the leading order: □Vμ

λ0 ¼ 0 where

□ ¼ −∂2t þ ∂⃗
2 is the flat DAlembertian operator. Using the

above ansatz for Vμ
ν0 we get

σμσν0 ½g00ðσÞσλσλþg0σλλ�−
1

2
δμν0 ½f00ðσÞσλσλþf0σλλþ4g�¼0:

We can set the coefficients of the each of these terms to 0.
From the first coefficient, we get g ¼ 1

σ but this solution
does not have a well defined limit as σ → 0. Hence we are
forced to set g to 0. This further leads us to set f to 0
following similar logic. Thus we get following solution for
the tail term

Vμ
λ0 ¼ −

1

2l2
δμλ0 for σ ≤ 0: ð32Þ

The tail term was missed in [31,32].
Let us study the field generated by above part of the

Green’s function. We define

A½II�
μ ðxÞ ¼ 1

4π
gμν

Z
d4x00

ffiffiffiffiffiffiffiffi
−g00

p
Vν
λ0 ðx; x00Þjλ

00 ðx00Þ:
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As earlier we consider a point source with an arbitrary
velocity profile WμðτÞ. It is described by following source

jμðxÞ ¼ effiffiffiffiffiffi−gp
Z

dτ δ4ðx − x0ðτÞÞWμðτÞ: ð33Þ

x0ðτÞ is the trajectory of the source. To leading order, we get

A½II�
μ ðxÞ ¼ −

e
8πl2

gμλ0
Z

dτΘþð−σÞWλ0 ðτÞ: ð34Þ

Let us compare our results with [42]. In [42], the author had
argued that in conformally flat spacetimes, the electromag-
netic gauge field in general develops a tail term as we see
in (34). Also the author had argued that the field strength
tensor on the other hand has no tail term in conformally flat
spacetimes. Let us calculate the field strength correspond-
ing to (34), we get

F½II�
μν ðxÞ ¼ e

8πl2

Z
dτ δþðσÞgλ0½μ∂ν�σWλ0 ðτÞ: ð35Þ

Thus consistent with the result of [42], we see that the field
strength tensor propagates only on the null cones and
contains no tails. It should be noted that (34) is not a pure
gauge term since it leads to a nonvanishing contribution to
the field strength.

IV. RADIATIVE FIELD EMITTED IN A
SCATTERING PROCESS

Let us describe our physical setup. The scattering
problem involves some n0 number of freely falling charged
particles coming in. They start around some time t0 and
distance r0 such that r0, t0 are much larger than the length
scales involved in the scattering but r0; t0 < l. Let T denote
the scale of short range forces that are responsible for

scattering. For t < −T the particles continue to fall freely as
there are no other forces acting on the particles. The short
range forces can be ignored for jtj > T. Hence the
trajectory of an incoming particle is given by (15):

xμi ¼
�
Vμ
i τ

�
1þ d2i

4l2
−

τ2

12l2
þ τ

2l2
Vi:di

�

þ dμi

�
1þ τ2

4l2

��
Θð−T − τÞ:

We have denoted the respective velocities by Vμ
i , charges

by ei and masses by mi (for i ¼ 1 � � � n0). τ is an affine
parameter. We have ignored the effect of long range
electromagnetic interactions on the asymptotic trajectories.
The particles come closer and interact in the region jτj < T.
This short range interaction could be of any kind and of
any strength. ðn − n0Þ number of final charged particles
with velocities Vμ

i , charges ei and masses mi (for
i ¼ n0 þ 1 � � � ðn − n0Þ) respectively are produced as a
result of the interaction. These particles move out. Once
they are sufficiently apart (jτj > T) they continue on
geodesics, hence, the outgoing trajectories take the follow-
ing form

xμi ¼
�
Vμ
i τ

�
1þ d2i

4l2
−

τ2

12l2
Vμ
i þ

τ

2l2
Vi:di

�

þ dμi

�
1þ τ2

4l2

��
Θðτ − TÞ:

It should be noted that this is different from [31,32] wherein
the Oð 1l2Þ corrections to trajectories were not considered.
In the asymptotic regime, above process is described by

following current

jμðxÞ ¼
Xn

i¼n0þ1

eiffiffiffiffiffiffi−gp
Z

dτ

�
Vμ
i

�
1þ d2i

4l2

�
−

τ2

4l2
Vμ
i þ

�
Vμ
i

l2
Vi:di þ

dμi
2l2

�
τ

�
δ4ðx − xiÞΘðτ − TÞ

þ
Xn0
i¼1

eiffiffiffiffiffiffi−gp
Z

dτ

�
Vμ
i

�
1þ d2i

4l2

�
−

τ2

4l2
Vμ
i þ

�
Vμ
i

l2
Vi:di þ

dμi
2l2

�
τ

�
δ4ðx − xiÞΘð−T − τÞ: ð36Þ

Our aim is to obtain the electromagnetic field created by
above source including the first order correction due to the
cosmological constant. We will substitute above source in
Green function solution given in (16). We have seen that the
Green function given in (18) contains two parts: one that is
responsible for purely null propagation and a tail part that
leads to propagation inside the null cone. The first part has
been calculated in (22) and we also discussed the field
generated by this term for a general point source in (26).

This expression is evaluated on the retarded root τþ.
The retarded root is obtained by solving the equation
σðx; xiðτÞÞ ¼ 0. Since we are working with conformally
flat metric given in (11) null cones continue to be be given
by ½x − xiðτÞ�2 ¼ 0 as seen in (27). But it should be noted
that xiðτÞ itself contains corrections at Oð 1l2Þ since the
scattering particles move on geodesics of de Sitter space-
time in the asymptotic region. We can evaluate the root
pertubatively. We call the root given in (3) as the zeroth
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order retarded root. It pertains to the case when scattering
particles move on straight line trajectories. So we will
evaluate the higher order terms in ½x − xiðτÞ�2 ¼ 0 on
τ ¼ τ0. The equation for the corrected root turns out to be

− ðx − diÞ2 þ τ2 þ 2τVi:ðx − diÞ

þ 1

l2

�
τ0½τ0 þ Vi:ðx − diÞ�

�
x2i0
2

þ τ20
3

�

−
1

2
ðxi0 − xÞ:diτ20

�
¼ 0:

Here we have used xi0 to denote the zeroth order trajectory,
i.e., xμi0 ¼ Vμ

i τ0 þ dμi to compactify the equation. Above
equation is now just a quadratic equation in τ. The retarded
root is

τþ ¼ −ðVi:x − Vi:diÞ −
�
X2 þ 1

l2

�
τ0X

�
x2i0
2

þ τ20
3

�

þ 1

2
ðxi0 − xÞ:diτ20

��
1=2

:

Here we have used X to denote X2 ¼ ðVi:x − Vi:diÞ2 þ
ðx − diÞ2. We can expand the square root to Oð 1l2Þ:

τþ ¼ τ0 −
τ0
2l2

�
x2i0
2

þ τ20
3

�
þ τ20
4Xl2

ðxi0 − xÞ:di: ð37Þ

To get a flavor of the correction to the retarded root let us
study the asymptotic behavior of the retarded root.

½τþ�u;r→∞;
u<r<l

¼−
uþq:di
q:Vi

−
1

l2

�
u3

12

1

ðq:ViÞ3
þOðu2Þ

�
þO

�
1

r

�
:

ð38Þ

Since u2

l2 < 1, we see that the leading order behavior of the
retarded root is effectively OðuÞ.
Substituting this behavior in (26), we see that the field at

large r and large juj gets contribution from the sources at
large u. The bulk source corresponds to region jτj < T
and contributes to the field at finite values of u. Thus to
calculate (26), it suffices to use only the asymptotic

trajectories, i.e., the source given in (36). We will use
the velocity profiles given in (36) and substitute in (26) to
get the respective contribution to the electromagnetic field.
The story is different for the tail term. The field generated
due to the tail term was written down in (34) and is an
integral over the entire region lying inside the past light
cone of the field point including the bulk region where
scattering takes place. The integral in (34) has been done
in Appendix A.
Let us collect above terms together. To avoid clutter we

first write the field generated by an outgoing particle “i.”
At the end we will simply sum over all incoming and
outgoing particles. Thus using (36) in (26) and (A4), up to
Oð 1l2Þ we get

AðiÞ
μ ðxÞ ¼ ei

4π

Θðτ − TÞ
jðx − xiÞ:∂τxij

�
Viμ

�
1þ d2i

4l2
−

τ2

4l2

þ τ

l2
Vi:di −

τ

2l2
x:Vi

�

þ diμ
2l2

ðτ − x:ViÞ þ
1

2l2
xμxi:Vi

�
τ¼τþ

−
ei

8πl2
Θðτ − TÞ½Viμτþ þ diμ� þ Abulk

iμ : ð39Þ

Here Viμ ¼ ημνVν
i . Similarly all vectors in the above

expression have been lowered using the flat metric. Abulk
iμ

represents the bulk contribution that cannot be determined
without knowing the details of the scattering. In (A4) we
have argued that this term starts at Oðu0r Þ. Next we evaluate
the denominator of above expression.

ðxi − xÞ:∂τxi ¼ −½τþ þ Viðx − diÞ�

×

�
1þ d2i

4l2
−

τ20
4l2

þ τ0
l2

Vi:di

�

− x:di
τ0
2l2

þ d2i
τ0
4l2

þ τ30
12l2

þ Vi:di
4l2

τ20:

Using above expression we can write down the field
generated by by an outgoing particle “i” including Oð 1l2Þ
corrections.

AðiÞ
μ ðxÞ ¼ ei

4π
Θðτ0 − TÞ

�
Viμ

X

�
1 −

τ0
2l2

x:Vi þ
1

2Xl2

�
x:diτ0 − 3

τ20
2
Vi:di − d2i τ0 −

τ20
2X

ðxi0 − xÞ:di
��

þ 1

2X

diμ
l2

ðτ0 − x:ViÞ þ
1

2Xl2
xμxi0:Vi −

1

2l2
½Viμτ0 þ diμ�

�
þ Abulk

iμ : ð40Þ

Here X ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðVi:x − Vi:diÞ2 þ ðx − diÞ2

p
and τ0 is the zeroth order retarded root given in (3). In above expression wewill do

a gauge transformation to eliminate the term proportional to xμ. We will use

EFFECT OF A SMALL COSMOLOGICAL CONSTANT ON THE … PHYS. REV. D 105, 124028 (2022)

124028-9



∂μfðτ0Þ ¼ −f0ðτ0Þ
�
1

X
ðx − diÞμ þ Viμ þ

Viμ

X
ðVi:x − Vi:diÞ

�
:

For our case f0ðτ0Þ ¼ −xi0:ViΘðτ0 − TÞ. Hence we get

AðiÞ
μ ðxÞ ¼ ei

4π
Θðτ0 − TÞ

�
Viμ

X

�
1 −

Vi:x
2l2

di:Vi þ
di:Vi

2l2
xi0:Vi þ

1

2Xl2

�
x:diτ0 − 3

τ20
2
Vi:di − d2i τ0 −

τ20
2X

ðxi0 − xÞ:di
��

þ 1

2X

diμ
l2

ðVi:di − x:ViÞ −
1

2l2
ViμVi:di −

1

2l2
diμ

�
þ Abulk

iμ : ð41Þ

Similarly we can write down the contribution from incoming particles as well.
The total field is given by summing over all the particles.

AμðxÞ ¼
1

4π

Xn
i¼n0þ1

Θðτ0 − TÞei
�
Viμ

X

�
1−

Vi:x
2l2

di:Vi þ
di:Vi

2l2
xi0:Vi þ

1

2Xl2

�
x:diτ0 − 3

τ20
2
Vi:di − d2i τ0 −

τ20
2X

ðxi0 − xÞ:di
��

þ 1

2X

diμ
l2

ðVi:di − x:ViÞ−
1

2l2
ViμVi:di −

1

2l2
diμ

�

þ 1

4π

Xn0
i¼1

Θð−τ0 − TÞei
�
Viμ

X

�
1−

Vi:x
2l2

di:Vi þ
di:Vi

2l2
xi0:Vi þ

1

2Xl2

�
x:diτ0 − 3

τ20
2
Vi:di − d2i τ0 −

τ20
2X

ðxi0 − xÞ:di
��

þ 1

2X

diμ
l2

ðVi:di − x:ViÞ−
1

2l2
ViμVi:di −

1

2l2
diμ

�
þAbulk

μ : ð42Þ

This is an important result of this paper. It is the expression
for the asymptotic field generated by a generic scattering
process occurring in region R valid up to Oð 1l2Þ. Since our
expression in (42) is covariant, it can be used to obtain the
field in any coordinate system. Next we will use above
expression to derive the corrections to the memory effect.

V. CORRECTIONS TO THE VELOCITY
MEMORY EFFECT

Let us consider a test charge (e). At early times there is
no electromagnetic field: Fμν ¼ 0. So the charge moves
on a geodesic and satisfies following equation of motion
m ∂Wμ

∂τ þ Γμ
νλW

νWλ ¼ 0. Wμ ¼ ∂xμ
∂τ is the covariant velocity

of the test charge. The charge is placed at a very large
distance r ¼ r0 away from the scattering event but r0 < l.
The velocity can be written as Wμ ¼ W0ð1; w⃗Þ. Since the
particle is massive we have jw⃗j < 1 where we have set the
vacuum speed of light to be 1. The spatial acceleration
given by Γa

νλW
νWλ for a ¼ 1, 2, 3 is of Oðjw⃗jÞ. If we

consider the case jw⃗j ≪ 1, we can ignore the gravitational
acceleration experienced by the test charge.
After the scattering process takes place the emitted

radiation eventually reaches the test charge and it will
experience electromagnetic force. The equation of motion
is given by

m
∂Wμ

∂τ
¼ eFμ

νWν: ð43Þ

The electromagnetic interaction has a component which is
Oðjw⃗j0Þ. Due to our approximation of jw⃗j ≪ 1, we can
ignore the higher order terms. Since we assume the
magnitude of the 3-velocity is small we effectively ignore
the magnetic part of the interaction. The position of the test
charge takes following form

r ¼ r0 þ jw⃗jtþOðeÞ þO
�
1

l2

�
:

As discussed earlier r0 is larger than all length scales of the
problem except the curvature length. Hence it suffices to
approximate r ¼ r0 in all our expressions. Next we turn to
the components of the velocity that are transverse to the
radial direction. Working in the fr; u; zAg coordinates
defined in (1), we have WA ¼ 1

r ∂
AqμWμ.

m
∂WA

∂τ
¼ eFA

uWu ⇒ m
∂WA

∂u
¼ eFA

u: ð44Þ

The field strength tensor component is as follows:

FA
u ¼

1

r2

�
1 −

ur
l2

−
u2

2l2

�
γABFBu: ð45Þ

We calculate the field strength tensor in (B2). Also we
recall that FBu ¼ rð∂BqμÞFμt via coordinate transformation
given in (1). Let us consider the following terms that arise
from “½url2 þ u2

2l2�FBu”:
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−
�
ur
l2

þ u2

2l2

�� Xn
i¼n0þ1

ei
∂Bq:Vi

q:Vi
∂uΘðu − TÞ þ

Xn0
i¼1

ei
∂Bq:Vi

q:Vi
∂uΘð−u − TÞ

�
:

These terms are of the form uδðu − TÞ or u2δðu − TÞ. Thus these terms have support in the u ∼ T region and are sensitive to
bulk details. Such terms are similar to the bulk terms we had in (42). It is strange that the Oð r

l2Þ term also depends on the
bulk. Using (B2), the field strength can be written as

FA
u ¼

γAB

r2

�
1 −

ur
l2

�
∂u

�
1

4π

� Xn
i¼n0þ1

ei
∂Bq:Vi

q:Vi
Θðu − TÞ þ

Xn0
i¼1

ei
∂Bq:Vi

q:Vi
Θð−u − TÞ

�

−
1

8π

u2

l2

� Xn
i¼n0þ1

ei
∂Bq:Vi

ðq:ViÞ3
Θðu − TÞ þ

Xn0
i¼1

ei
∂Bq:Vi

ðq:ViÞ3
Θð−u − TÞ

�

−
1

8π

u
l2

ð∂BqμÞqσ
� Xn
i¼n0þ1

eiJiμσ
ðq:ViÞ3

Θðu − TÞ þ
Xn0
i¼1

eiJiμσ
ðq:ViÞ3

Θð−u − TÞ
�

−
1

8π

1

l2
ð∂BqμÞqσ

� Xn
i¼n0þ1

eiJiμσ
ðq:ViÞ3

q:diΘðu − TÞ þ
Xn0
i¼1

eiJiμσ
ðq:ViÞ3

q:diΘð−u − TÞ
��

þ bulk termsþO
�
1

r3

�
: ð46Þ

We reiterate that “bulk terms” in the above expression refer to l dependent corrections to the u0r0 mode. We use the
above expression in (44) and integrate the equation over a timescale u0 which is greater than the timescale of the scattering
process (T) but smaller than r0. We get for the transverse components of the velocity

γABr20½mΔWA�ju0 j;r0→∞;
ju0 j<r0<l

¼ e
4π

�
1 −

r0T
l2

�Xn
i¼1

ηiei
∂Bq:Vi

q:Vi
−

e
8π

u20
l2

Xn
i¼1

ηiei
∂Bq:Vi

ðq:ViÞ3

−
e
8π

u0
l2

Xn
i¼1

ei
ð∂BqμÞqσ
ðq:ViÞ3

Jiμσ −
e
8π

1

l2

Xn
i¼1

ηieiq:di
ð∂BqμÞqσ
ðq:ViÞ3

Jiμσ þ bB: ð47Þ

We recall that ei, Vμ
i are respectively the charges and

asymptotic velocities of the scattered particles. Jiμν ¼
diμViν − Viμdiν is the orbital angular momentum of the
ith particle. ηi ¼ 1ð−1Þ for outgoing (incoming) particles.
qμ defined in (1) captures the angular position of the
field point.
The first (l2-independent) term in the above expression

is the so-called electromagnetic velocity memory effect. We
obtain the corrections to this effect as result of the
cosmological constant. The corrections are of Oðr0l2Þ,
Oðu20l2Þ, Oðu0l2Þ, and Oð 1l2Þ. The Oðu20l2Þ mode is universally
fixed in terms of the asymptotic momenta and charges
of the scattering particles. We expect that this mode is
insensitive to other attributes of the scattering objects.
Hence even for the case of scattering of bodies of a finite
size (say with some nonuniform charge distribution) the
coefficient of this mode is expected to remain unchanged.
TheOðu0l2Þ-mode depends on the orbital angular momentum
of the particles. So we expect that this mode would get
modified by the intrinsic spin of the scattering objects and
also in presence of nonminimal electromagnetic coupling.

Nonetheless these modifications are expected to be uni-
versal and insensitive to the details of the scattering. On the
other hand, the Oð 1l2Þ-mode is expected to be have non
universal terms (denoted by bB) that depend on such
details. We have extracted out the “asymptotic” part of
this mode in (47). The Oðr0l2Þ term also depends on the
details of the bulk and has not been calculated explicitly.
The structure of the universal coefficients is reminiscent

of the soft factors present in flat spacetime. This calls for a
thorough examination of existence of symmetry underlying
the new modes.

VI. SUMMARY

Recent investigations have shed light on rich structure
of IR physics of gauge theories and gravity around flat
spacetime. One of the significant outcome of this analysis is
the existence of classically observable velocity memory
effect due to passage of electromagnetic radiation.
In this paper we have obtained the first order corrections

to the flat spacetime electromagnetic memory effect arising
due to presence of a de Sitter background. We have
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considered a generic scattering process taking place in a
region of size R inside the static patch of the de Sitter
spacetime such that R < l. This allows us to study the
emitted radiation perturbatively in 1

l2. Our process involves
scattering of freely falling particles and is described by the
current given in (36). As seen in this expression we do not
assume anything about the bulk details of the scattering
process. We calculate the asymptotic radiative field gen-
erated by such a classical scattering process, i.e., the field at
distance r0 much larger than the scattering length scale but
smaller than the curvature length scale l. This expression
has been obtained in (42) and includes the first order
correction in Oð 1l2Þ.
We analyzed the effect of the late time radiation on the

motion of an asymptotic test charge. Due to the late time
radiation, the velocity of such a charge registers a shift that
has been calculated in (47). We have already discussed the
universal aspects of this expression and will not repeat it
here. The most interesting aspect of this result is the close
resemblance of the universal coefficients to the flat space-
time soft factors. This hints that the new modes arising in
presence of a small cosmological constant could be con-
trolled by underlying symmetries. We leave the investiga-
tion of these (perturbative) symmetries to the future.
It should be emphasized that our setup is different from

[26–28] that study gravitational memory in dS spacetime.
Reference [26] studied sources of the special form as given
in Eq. (31) of that paper. The final result of [26] given
in Eq. (69) of the paper involves F × ð1þ rHÞ where
ð1þ rHÞ is the redshift factor and F is the flat space
memory term and is given as integral of the flat space
source (

R
duL in the notation of [26]). In this paper our

physical event is described by the source given in (36) such
that the scattered particles move on geodesics of de Sitter
spacetime which is different from flat spacetime sources.
Similar difference is also seen in the approach of [28].
Quoting the results of [28]: “we have shown that if we
identify the FLRW spacetime with Minkowski spacetime
via the coordinates (7) in such a way that aðηsÞ ¼ 1, and we
place the same physical source at q and the same physical

detector at p in both spacetimes, then the memory effect in
the FLRW spacetime will be a factor of 1

aðηsÞ ¼ 1
ð1þzÞ smaller

than the corresponding memory effect in Minkowski
spacetime.” This is different from the class of scattering
events that we consider.
Let us conclude with some further questions that can

probed in this context. It would be interesting to include the
effect of long range electromagnetic interactions between
the scattered charges on the late time radiation. We believe
that the u20 mode in (47) should be uncorrected by long
range forces. It can be argued that the long range inter-
actions would give rise to a universal Oðu0 logu0Þ mode
in (47). Another question to probe is how do the gravita-
tional interactions between the scattering particles affect the
velocity shift given in (47)?
An intriguing question that needs to be understood is

the nature of bulk corrections to (47). It is likely that the
bulk correction to the Oð 1l2Þ-mode is the analogue of the
remainder terms present in flat spacetime case [43,44]. In
this paper we have considered a generic scattering process.
Instead one can consider a particular scattering process
such that the bulk trajectories are also completely fixed
(and known) and then determine the bulk corrections
to (47). It should be worth exploring the structure of these
bulk terms to compare it with the structure of the flat
spacetime remainder terms.
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APPENDIX A: CONTRIBUTION OF THE
TAIL TERM

Substituting the source (36) in the tail term (34), we get
the contribution of the tail term to be

A½II�
μ ðxÞ ¼ −

Xn
i¼n0þ1

eiViμ

8πl2

Z
∞

T
dτΘþð−σÞ −

Xn0
i¼1

eiViμ

8πl2

Z
−T

−∞
dτΘþð−σÞ −

1

8πl2

Z
jt0j<T

d4x0 Θþð−σÞjbulkμ ðx0Þ: ðA1Þ

Here Viμ ¼ ημλVλ
i . We recall that σ is half the geodesic

distance, i.e., σ ¼ 1
2
½x − xiðτÞ�2. The superscript “þ”

refers to the condition that t > t0, i.e., t has to lie in
future of the source. The last term represents the con-
tribution of the bulk source. The explicit form of the bulk
current depends on the details of the scattering process.
We will not assume anything about the bulk details.

It should be noted that the second integral diverges at
lower limit. We will see that this divergence does not
affect any physical quantities. Let us regulate this integral
with a lower limit “L”.
We are interested in the asymptotic field, i.e., at large r

and large juj. Now Θþð−σÞ ⇒ τ0 − τ > 0. Using
τ0 ∼ u

jq:Vij þ…, we get
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½A½II�
μ �u≫T ¼ −

Xn
i¼n0þ1

eiViμ

8πl2
½τ0 − T� −

Xn0
i¼1

eiViμ

8πl2
½−T − L� − 1

8πl2

Z
jt0j<T

d4x0 jbulkμ ðx0Þ

½A½II�
μ �u≪−T ¼ −

Xn0
i¼1

eiViμ

8πl2
½τ0 − L�: ðA2Þ

Above expression can be rewritten as

½A½II�
μ �juj;r→∞;

juj<r<l
¼ −

Xn
i¼n0þ1

eiViμ

8πl2
τ0Θðτ0 − TÞ −

Xn0
i¼1

eiViμ

8πl2
τ0Θð−T − τ0Þ þ

Xn
i¼1

eiViμ

8πl2
TΘðτ0 − TÞ

−
1

8πl2

Z
jt0j<T

d4x0 jbulkμ ðx0ÞΘðτ0 − TÞ þ
Xn0
i¼1

eiViμ

8πl2
L: ðA3Þ

Thus, we see that the last term which represents the
diverging piece is a constant and will drop out of the field
strength tensor and other physical quantities.
Next let us try to evaluate relevant part of the bulk piece.

We will use a trick [17,45] that exploits the conservation
law of the U(1) current. Using ∂μσ ¼ xμ − x0μ, we get

xμAbulk
μ ¼ −

1

8πl2

Z
jt0j<T

d4x0 jbulkμ ðx0Þ∂μσ þOðr0Þ:

Now we know that ∂μσ ¼ −∂0μσ. Further using conserva-
tion of current, we are left with boundary pieces

xμAbulk
μ ¼ −

1

8πl2

Z
jt0j¼T

d4x0 tμjbulkμ ðx0Þσðx; x0Þsignðt0Þ

þOðr0Þ:

tμ ¼ f1; 0⃗g. At jt0j ¼ T we can use the form of current
given in (36) which is valid for jt0j > T. Then it is simple to
do the x0 integral and we get

xμAbulk
μ ¼ 1

16πl2

Xn
i¼1

ηieixμ½xμ − 2ηiViμT − 2diμ� þOðr0Þ:

ηi ¼ 1 for outgoing particles and ηi ¼ −1 for incoming
particles. The first term in the square bracket vanishes due
to conservation of charge and we get

Abulk
μ ¼ −

1

8πl2

�Xn
i¼1

ηiei½ηiViμT þ di� þO
�
u0

r

��
:

Using above expression in (A3), we get after dropping the
unphysical constant mode

½A½II�
μ �juj;r→∞;

juj<r<l
¼−

Xn
i¼n0þ1

eiViμ

8πl2
τ0Θðτ0−TÞ

−
Xn0
i¼1

eiViμ

8πl2
τ0Θð−T−τ0Þ

−
1

8πl2

Xn
i¼1

ηieidiμΘðτ0−TÞþO
�
u0

r

�
: ðA4Þ

APPENDIX B: THE FIELD STRENGTH

Let us calculate the expression of the field strength. From (42), we have

AμðxÞ ¼
1

4π

Xn
i¼n0þ1

Θðτ0 − TÞei
�
Viμ

X

�
1þ 1

2Xl2

�
x:diτ0 − 3

τ20
2
Vi:di − d2i τ0 −

τ20
2X

ðxi0 − xÞ:di
��

þ 1

2X

diμ
l2

τ0

�

þ 1

4π

Xn0
i¼1

Θð−τ0 − TÞei
�
Viμ

X

�
1þ 1

2Xl2

�
x:diτ0 − 3

τ20
2
Vi:di − d2i τ0 −

τ20
2X

ðxi0 − xÞ:di
��

þ 1

2X

diμ
l2

τ0

�
þ Abulk

μ :

ðB1Þ
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FμνðxÞ ¼
1

4πr

Xn
i¼n0þ1

ei∂u

�
Θðτ0 − TÞ q½μViν�

q:Vi

�
1 −

τ0q:di
2l2q:Vi

�
þ Θðτ0 − TÞ 1

2

q½μdiν�
l2q:Vi

τ0

�

þ 1

4πr

Xn0
i¼1

ei∂u

�
Θð−T − τ0Þ

q½μViν�
q:Vi

�
1 −

τ0q:di
2l2q:Vi

�
þ Θð−T − τ0Þ

1

2

q½μdiν�
l2q:Vi

τ0

�
þ Abulk

μ þO
�
1

r2

�
: ðB2Þ
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