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Old phase remnants in first-order phase transitions
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First-order phase transitions (FOPTs) are usually described by the nucleation and expansion of new phase
bubbles in the old phase background. While the dynamics of new phase bubbles have been extensively
studied, a comprehensive treatment of the shrinking old phase remnants remained undeveloped. We present
a novel formalism for remnant statistics in FOPTs and perform the first calculations of their distribution. By
shifting to the reverse time description, we identify the shrinking remnants with expanding old phase
bubbles, allowing a quantitative evolution and determination of the population statistics. Our results not only
provide essential input for cosmological FOPT-induced soliton/primordial black hole formation scenarios,

but can also be readily applied to generic FOPTs.
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I. INTRODUCTION

First-order phase transitions (FOPTs) are found across
disciplines as diverse as biology [1,2], condensed matter
physics [3,4], and cosmology [5]. In the cosmological
context, FOPTs are a natural consequence of many beyond
the Standard Model theories, and could play a crucial role in
generating the matter-antimatter asymmetry [6—10], form-
ing dark matter [11-22] and primordial black holes (PBHs)
[23-42], and leave detectable signals in current or near-
future gravitational wave detectors [43—48].

Cosmological FOPTs happen through the nucleation and
growth of new true vacuum (TV) phase bubbles in the old false
vacuum (FV) phase background. More attention has been
focused on the calculation and estimation of the properties of
TV bubbles, whose statistics are relevant for electroweak
baryogenesis [6—10] and the production of gravitational
waves [49-51]. As aresult, analytic methods were developed
to estimate the TV nucleation rate, wall velocity, and bubble
distribution [52—-66]. On the other hand, FV remnants are
more relevant for the mechanisms involving trapping particles
in the FV to realize baryogenesis [67], dark matter [15-22],
and PBHs [33-37]. Lacking an equivalent detailed descrip-
tion of the FV remnants, previous studies had to either use
naive estimations of the average remnant size and density
[16,20], or take those observables as free parameters [33,34].

In the existing framework, the FV phase acquires a
decay probability to the energetically favorable TV phase
below the critical temperature. The vacuum pressure
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causes the TV bubbles to expand, filling up the space
and leaving shrinking pockets of disconnected FV rem-
nants, see Fig. 1. We extend the TV bubble nucleation
formalism to include FV bubble nucleation by considering
the phase transition in reverse. From this reverse time
description, the centers of the collapsing remnants with
time flowing forward can be viewed as the nucleation sites
of FV bubbles with time flowing backwards. Thus, the
methods used for TV bubbles can be adapted for the
dynamics of FV bubbles. We perform the first calculation
of the properties and evolution of the FV bubbles based on
the reverse time description of the FOPT. Key to the
validity of this method is the projection interpretation, in
which we perform our calculations using the extrapolated
evolution of the FOPT as a mathematical tool. Although
we present our results within a cosmological context, they
can be easily adapted to general FOPTs in other fields.

In this paper, we develop a method for calculating
remnant statistics from first principles. In Sec. II, we
survey the formalism for TV bubble nucleation and connect
itto FV bubbles. In Sec. 111, we derive a general expression
for the FV nucleation rate in one, two, and three dimen-
sions. In Sec. IV the FV bubble distribution is explicitly
calculated in the exponential approximation and applied to
PBH formation. In Sec. V, we elaborate on the projection
interpretation and summarize our work. Details of the
angular integration are found in the Appendix.

II. BUBBLE FORMATION

A. True vacuum bubbles

We review the existing TV nucleation formalism for
cosmological phase transitions. We assume thin walls and

© 2022 American Physical Society
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FIG. 1. Progression of the FOPT; with the flow of time from
left to right, the initial FV (white) space is nucleated with TV
(blue) bubbles, which populate and surround the shrinking FV
bubbles. In the reverse time description, FV bubbles nucleate and
grow in a TV dominated space, eventually resulting in shrinking
TV bubbles.

Time evolution

constant velocity v,, throughout, which is a good approxi-
mation for a range of moderately strong FOPTs [58].
Consider a universe initially in an FV phase at high
temperatures. Below the critical temperature 7., the TV
phase becomes energetically favorable, giving a nonzero
probability for the FV space to tunnel to the TV. The TV
nucleation rate per unit volume and unit time is [55]

I(t) = A(t)eSW, (1)

where S(7) is the smaller of the two instanton-bounce actions
S3/T [68] and S, [69].

Assuming the bubbles grow spherically outwards, the
radius of a bubble nucleated at time ¢ is

R(t.7) =, A L ;((;,)), (2)

where a(f) is the scale factor of the Friedmann-
Lemaitre-Robertson-Walker metric. The fraction of space
in the FV is [53,54]

fru(r) =10, (3)

where

TV bubble

FIG. 2.

1) = /t tdt’l“(t’)%%”ﬁ(r, o, @)

with ¢, being the cosmic time corresponding to 7.

The distribution of TV bubbles at time ¢ with size R
must equal the average nucleation rate at a time ¢ at
which R(t#,7) = R (when the scale factor is negligible,
Y =t—R/v,),

a*(t)
a‘(r)’
where the factor of fy, restricts the nucleation to the false

vacuum. Integrating this equation, the total bubble number
density is given by

dntv
dR

(1) = fo(P)T() g

' a
w0 = [[anore sl ©

c

where we have used Eq. (2).

B. False vacuum bubbles

In the forward evolution of the FOPT, spherical TV
bubbles percolate when the FV volume fraction drops
below f, =0.71 [70], forming an infinite connected
cluster. As fy, decreases, FV regions are separated into
shrinking remnants, which eventually tend to be spherical
due to surface tension. When the process is considered in
reverse, roughly spherical FV bubbles nucleate in a TV
background, forming an infinite connected cluster around
fiv =1 —=0.71 = 0.29. This is the reverse time description
of the FOPT, in which we identify shrinking remnants
forward in time with nucleating bubbles backward in time.

We develop a formalism for FV bubbles in this reverse
time description and calculate a FV bubble nucleation rate.
To do so, the nucleation point of a FV bubble can be
identified as the projected center of a collapsing remnant,
with the nucleation rate equal to the collapse rate. The idea
is illustrated in Fig. 2, where we have plotted and compared
the shapes of two types of FV remnants. The physical FV
remnant, which really exists in a FOPT, as shown with the

Projected FV remnant
223 Physical FV remnant

lustration of the projection interpretation. Due to surface tension, the shape of a physical FV remnant will eventually tend to

be spherical, as shown in red dashed line. In contrast, the projected FV remnant shrinks as if the TV bubbles do not interact with each
other at all, and eventually becomes a triangle/tetrahedron in two/three spatial dimension case, as shown by the white region.
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red dashed line, eventually changes its shape to be more
and more spherical due to surface tension. The projected
FV remnant, which is an imaginary object assuming the TV
bubbles do not interact with each other, eventually shrinks
into a triangle/tetrahedron shape in the two/three spatial
dimensions case when the size of the remnant is much
smaller than the radii of the enveloping TV bubbles. In the
projection interpretation, we analytically calculate the
evolution of the projected FV remnants from the percola-
tion time to the final collapse, in order to describe the state
of the physical FV remnants at the percolation time. This is
the core idea of this article.

The projection interpretation, in which we extrapolate
the wall trajectories to the point of collapse, suggests a
counterpart to the reverse time description. In the reverse
time description, the FV bubbles nucleated at point C and
time ¢ > ¢ grow to asize R, (7, ¢') at time 7. In the alternative
forward time description, the FV remnants of size R,.(z, ')
at time ¢ are those whose walls are projected to collapse at
point C and time ¢ > t. These two viewpoints are com-
plementary and fundamentally equivalent.

The probability of remnant collapse per unit volume per
unit time, d?P,/dVdt, at a point C can be found by
integrating along the past wall cone (similar to the light
cone but with wall velocity v,,) and finding the four points
of TV nucleation, so that the four resulting walls would
meet at point C and time ¢. We order the TV walls by their
proximity in time to ¢, with wall 1 being the most recently
nucleated wall and thereby avoid unnecessary combina-
toric factors. The nucleation point of wall 1 is only
constrained to lie on the past wall cone of point C, but
subsequent walls have to obey angular restrictions to form
a closed remnant. As the nucleations lie on the wall cone
surface, assuming constant velocity, the walls are always
equidistant from the center point. Due to this symmetry,
the radial/temporal and angular factors are independent.
We first introduce the formalism in one and two spatial
dimensions before developing the more complicated three
spatial dimensions case.

III. WALL CONE INTEGRATION

A. One spatial dimension

As an illustration of the main idea, let us first consider
the one spatial dimension case shown in Fig. 3, where the
TV bubbles that nucleate on surfaces of wall cone 1 (blue
line) and 2 (yellow line) collapse at point C (red dot). The
key point here is that all TV bubbles that can reach C from
the —% (+X) direction must nucleate on the surface of wall
cone 1 (2). Therefore, integrating along the wall cones
provides the probabilities of walls collapsing at C.

The physical event “two walls collapse at the same point
C(t,x)” can be decomposed into three independent sub-
events. The first one is wall 1 from the —X direction
approaching at the space region [x, x + dx] at time ¢. The

dt®dx

C () N\

Wall cone 1

Time

Space

FIG. 3. Sketch of two walls collapsing at point C in the 1 + 1
spacetime case.

corresponding probability can be derived by integrating
along the wall cone,

dP, = dx / "an (1), (7)

c

where the scale factor is omitted in this subsection for
simplicity. Similarly, the second subevent is wall 2 from the
+X direction approaching at point x but within the time
region [t,7 + d1t], and the probability is

t
dPZ = vwdt/ dtQF(tz). (8)
1

c

There is, however, an important third subevent, which is
no TV bubble reaches space point x before t, or equiv-
alently, no TV bubble nucleates in the region below wall
cones | and 2 (or say, inside the wall cone) in Fig. 3. This is
actually the probability of C lying in the FV region, i.e.,
S (t) given in Eq. (3). Combining the probabilities of the
three subevents, we eventually reach the collapsing prob-
ability density

d’ p |
KZ: vy f1 (1) [ | dnT(1) l dnl(t).  (9)

Ié c

This can be defined as the nucleation probability of the FV
bubbles, i.e., [14(r).

B. Two spatial dimensions

For simplicity, we omit scale factors in this exposition
and restore them in the full three-dimensional expression
Eq. (12). In its final stage, the infinitesimal shrinking FV
remnant is a triangle collapsing towards its incenter
surrounded by three TV walls. The collapse probability
per unit area per unit time, d’P,/dAdt can be found by
integrating along the past wall cone of the collapse point C.
The radial and angular integrations can be separated, and
the radial part is
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Uwffv(t) /l dtlvw<t - tl)r(tl) /t[l dtZUw(t - t2)r(t2)
x/”%wv—mnm, (10)

with the integration times ordered as t, < 13 < 1, < t| < t,
corresponding to the nucleation time of each successive
wall. The factors of I' gives the TV nucleation rate of each
wall, and the factor of the FV fraction, fy,, is required since
only FV points are eligible to collapse to TV. Since we are
integrating along the past wall cone, the integration space
of the walls is in the FV and no additional factors of fy,
show up inside the integrals. Otherwise, there would need
to be a TV nucleation inside the within the past wall cone
which would have already spread the TV point C before
time 7. This would contradict the overall factor of fy,
imposed on point C.

For the angular factor, we denote the normal vector of
wall i by F;, i.e., the unit vector pointing from the TV
nucleation point towards C, the incenter of the triangle. For
the three walls to form a closed triangle, —f; must lie
within the angular range bounded by ¥, and f,, as
illustrated in the left panel of Fig. 4. Integration over this
restricted angular parameter space yields an additional
factor of 273 (see Appendix for a derivation).
|

r(0 = e =32t (o) ["an ([ an S ro) S [ an ([ at 208) e 40

>2F(t3> iz((t;; [ diy ( / ar, Z(Z;)zr(m) il((t;‘)) . (12)

dvdt

t ' ¢
x/zdt3</ dtga(3)
1 13 a(t

where the integrals over the scale factors come from the
integration element of the radial direction in spherical
coordinates. Equation (12) is a general formula for the
FV nucleation rate for arbitrary TV nucleation rate I" and
expansion history. The integral simplifies to

FIG. 4. Geometry of a collapsing FV remnant. Left: In two-
dimensional space, to form a closed triangle, —f; must lie in the
angular range bounded by t, and f,. Right: In three-dimensional
space, to form a closed tetrahedron, —, must lie in the solid angle
delimited by T}, T,, and 3 (the four walls are omitted for clarity).

In the reverse time description, the FV bubble nucleation
rate is defined as the remnant collapse probability per unit
area per unit time, I'24(¢) = d’P,/dAdt. Combining
Eq. (10) and the angular contribution, the FV bubble
nucleation rate in two dimensions is

szwﬁﬁm/MWmmm

t

¢

X/tl dfz(l‘—tz)r(fz)[[2 diz(1—13)['(13).  (11)

C. Three spatial dimensions

Next, we build on our two-dimensional results and apply
the method to three dimensions. Integrating over the past
wall cone, the radial factor is similar, but the angular factor
is more complicated, as the three-dimensional remnant is
now tetrahedral with four collapsing walls. Ordering the
walls temporally and labeling the normal vectors as before,
the condition that the four walls form a tetrahedron is that
—t4 should lie in the solid angle delimited by ¥, I'», and t5,
as illustrated in the right panel of Fig. 4. This leads to an
overall angular factor of 32z* (see the Appendix for a
derivation). The FV bubble nucleation rate at time 7 is then

(Km&$Y*“”% (13)

when the scale factors can be taken as constant.

IV. FALSE VACUUM BUBBLE DISTRIBUTION

In the reverse time description, we can use the FV bubble
nucleation rate, Eq. (12), to find the FV bubble distribution.
Analogously to the TV bubble case, a FV bubble which
nucleates at # > t has a radius

R.(t.7) = v, [ﬂ dt”%, (14)

at time ¢.
The FV bubble size distribution is then

" () = L (1= f ()T

15
dR, vy a*(t)’ (15)
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where ' is resolved using Eq. (14), reducing to ¥ = +
R,/v,, in the limit of constant scale factor. Integrating
Eq. (15) over R, yields the overall FV bubble number
density

a(t)

ml) = [Ca =IO GE. (6)

where ¢, is the ending time of the FOPT, which can be
effectively taken as +oo and fy,(,) = 0.

A. Exponential nucleation

So far, our results are rather general and apply to any
FOPT scenario as long as the TV nucleation rate I'(7) is
available. We now evaluate our results in the exponential
nucleation rate approximation,

['(t) =T, e, (17)

expanded around an arbitrary time ¢, € (¢,.,1,), where
p = —dS(t)/dt|, can be treated as the inverse of the
FOPT duration. This exponential approximation is accu-
rate if the FOPT proceeds rapidly compared to the Hubble
time scale, i.e., f/H(t,) > 1 [58,71].! Hence, the scale
factor a(t) is approximately constant over the transition
and can be neglected. This treatment will be adopted for
the rest of this article.

The exponential approximation fits numerical simu-
lations the best when ¢, is chosen to be the time at which
the bubble statistics are computed. For the remnant
distribution, we choose ¢, to be the FV bubble percolation
time, which we approximate as f,(z,) = 0.29 and I, =
—1In(0.29) = 1.238.

We explicitly solve for the FV filling fraction, Eq. (3)
with

3
_ Sﬂzzvr*eﬂ(t—t*) = 1,ePl1), (18)

using fA(t, —t.) > 1. Integrating Eq. (12), the FV bubble
nucleation rate is

1(1)

I4ﬁ4
L,(1)~ 19*21}3 e*P=1) =101), (19)

Using Eq. (15), the FV bubble distribution in the constant
velocity, constant scale factor exponential approximation is

4 g4
dng, ( ) ~ i e4ﬂRr/“we—l*e/’Rr/vw
dr, " " 19203,

x (1= el (20)

TFor a long-duration FOPT, the Gaussian nucleation rate
approximation is more suitable [58].

where the factor of 1 — f,(#) comes from FV bubbles
nucleating only within the TV.

B. Normalization

We determine the approximate shape of the FV bubbles
by normalizing the total volume contained in the FV
bubbles to the filling fraction f7, at the remnant percolation
time 7,. The initially tetrahedral FV bubble is expected to
become more rounded as additional TV walls partially cover
the bubble, mimicking the effects of tension neglected in
this treatment. We expect FV bubbles at the percolation
threshold to be roughly spherical with some abnormality, as
depicted in Fig. 1. We therefore parametrize the volume
formula as A(4z/3)R?. Here R is the minimum distance
between the central point C and the remnant walls so A = 1
implies a spherical volume and (A — 1) measures the
departure from sphericality. Normalizing to the FV fraction,

47R? dny
dR, AN (1) = 0.9, 21
JRLE e1)

yields A =1.15. This suggests that the FV bubbles/
remnants are somewhat spherical. From another point of
view, the factor A = 1.15 is the required normalization for
the formalism to be self-consistent. Although overlap
between adjacent FV bubbles is ignored here, the volume
V ~ 1.15(4n/3)R? is the average volume that effectively
“belongs” to each collapsing remnant of size R at the
percolation time.

Since the value of the FV percolation chosen here,
[ty = 0.29, is strictly valid only for spherical bubbles of
equal size, the exact percolation threshold would have to
be determined by numerical simulation. The volume factor
A is reasonably close to 1, so we do not expect the true
percolation threshold to significantly deviate from the
approximate value used.

C. Primordial black holes

As a concrete example, we apply our method to the Fermi-
ball/PBH formation scenario proposed in Refs. [20,35] and
subsequently studied in Refs. [22,36,37]. During the FOPT,
an asymmetric population of dark fermions y — j is trapped
between the expanding TV bubble walls into the collapsing
FV remnants due to a large mass differential for y in the two
phases. As the remnants shrink, the fermions and antifer-
mions annihilate, leaving only the asymmetrical portion
supported by degeneracy pressure. The total number of y
fermions trapped in a remnant with size R, at the FV
percolation time ¢, is [20,35]

o 71;(5(&) 4”R2

QFB _ffv(t*) 3 ’

(22)
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where 1, = (n,
entropy density.

Since the Fermi-ball/PBH mass Mppy « Qg [20], the
distribution of R, is key to deriving the Fermi-ball/PBH
mass profile. Lacking methods to compute the R, distri-

bution, Refs. [20,35] estimated the average size to be

3p 1/4 v
R, ~ w — 1432 2
¥ <47IAF*> 3 p ’ ( 3)

—ny)/s is the y-asymmetry with s the

resulting in a monochromatic Fermi-ball/PBH mass distri-
bution. With the technique developed in this work, we
compute the average R, using Eq. (20),

dnfv Uy,
R), = | dR.R,——(t,) = 1.12—. 24
®). = [arR ) =12 (24)

Although the difference is minor, a continuous R, distri-
bution results in an extended Fermi-ball/PBH mass profile,
which greatly impacts experimental constraints [72,73]. In
Fig. 5, we display an example PBH distribution at present
time which comprises all of dark matter within the PBH
mass window, 10'7 g < M < 10%* g [74].

V. DISCUSSION

In our derivation of the FV bubble nucleation rate
Eq. (12), we made a few simplifying assumptions. First,
the walls were assumed to be infinitesimally thin and the
wall velocity constant. TV bubble mergers can alter the
effective location of the TV wall nucleation. Furthermore,
surface tension tends to shape the collapsing remnants to be
more spherical, whereas the collapsing remnant is treated as
tetrahedral. All of these effects are exacerbated near the end

Up=(100 GeV)* ]

025F

— T,=200 GeV;
— 020} B/H.=60:
) v,=0.2;
2 015 2,=106.75
= —10-3.
= 0.10 =107
2
S

005}

0.00 f! ) ) ) ) 5
0 2 4 6 8 10
Mppy [10'8 g]

FIG. 5. A benchmark f(Mppy) distribution (red curve) for the
Fermi-ball/PBH formation scenario of Ref. [35] calculated with
an exponential nucleation rate at constant scale factor, where f is
the PBH mass distribution probability function with the FOPT
parameters shown in the figure. We compare (Mpgy) (black solid
line) from this work and the estimate of Mpgy (blue dashed line)
from Ref. [35].

of the phase transition when TV bubbles inevitably merge,
surface tension becomes more prominent as the surface area
to volume ratio increases, and particle trapping may stop or
slow the collapse.

We resolve these issues by interpreting the formalism for
computing I',(¢) as a projected description of the FOPT
rather than a physical description. In other words, beyond
the remnant percolation time 7, at which we evaluate
Eq. (20), the future evolution of the FOPT is irrelevant to
the remnant statistics evaluated at ¢,. Causally, the remnant
size distribution and number density at 7, cannot be affected
by events at later times 7 > t,.. Thus, the remnant statistics at
the remnant percolation time depend only on the past
history of the FOPT, during which these four assumptions
are only mildly violated. The observables will be the same
whether, in the later stages of the transition, our idealized
collapse scenario or a more physical scenario with surface
tension effects is applied. Hence, the projection interpreta-
tion is that our method traces the walls of the collapsing
remnants forward beyond time z, to find the collapse point,
in order to then trace the collapse backwards in the reverse
time description and infer the size of the remnant at time ¢,.

We offer an analogy; the shadow of a falling apple can be
used to infer its instantaneous position. Whether or not the
apple eventually lands directly on its shadow, is perturbed
by a gust of wind, or drops on an unwitting head, is
immaterial to the determination of its instantaneous posi-
tion. Likewise, whether the remnant eventually collapses
spherically or is stopped by degeneracy pressure is irrel-
evant to its size distribution at remnant percolation.
Therefore, in the derivation of the remnant distribution,
our tetrahedral collapse model is more appropriate than a
physically realistic spherical-collapse model because the
shadow (or projection) of the collapsing walls is tetrahedral
and not spherical.

In summary, we have performed the first calculation of
the FV remnant distribution and evolution in FOPTs. By
identifying the center of a collapsing remnant as a FV
bubble nucleation in reverse, the established TV bubble
nucleation formalism can be adapted to derive remnant
statistics. Our results provide a more sophisticated treatment
of FOPT remnants than previously available, and are
directly applicable to many new physics mechanisms
involving trapped particles [15-22,33-37,67]. The novel
formalism developed in this paper can be readily general-
ized and applied outside the cosmological context.
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APPENDIX: ANGULAR CONTRIBUTION

For the two-dimensional angular factor, we denote the
normal vector of wall i by F;, i.e., the unit vector pointing
from the TV nucleation point towards C. For the three walls
to form a closed triangle, —f'; must lie in the angular range
bounded by ¥, and t,, as illustrated in the left panel of
Fig. 2 of the main text. To integrate over all the allowed TV
bubble configurations, we first choose t; along the % axis
and parametrize the other two normal vectors as
t, = (cos ¢y, sing,), 3 = (—cos s, —sing3). (Al)
Then for 0 < ¢, <z, the closure of the FV triangle
requires 0 < ¢p3 < ¢h,; while the case 7 < ¢, < 27 is just
a reflection of the case 0 < ¢, < x across the X axis.
Therefore, the angular integral reads

z b2
271'/ 2d¢2/ d¢3 = 271'3,
0 0

where the first “2z” factor represents the integral over the
arbitrary t; angle, while the “2” factor in ¢, integral
accounts for the 7 < ¢, < 2z region.

Similarly, in three dimensions, with the collapse point C
at the origin, we set the Z axis in the direction of ¥; and
axis along the ¥, x £, direction, defining our spherical
coordinate system. The normal vectors can then be para-
metrized as

(A2)

it = (sin6,,0,cos 6,),

3 = (sin 05 cos ¢h3, sin 05 sin ¢h3, cos 63),

F4 = (—sin@,cos ¢y, —sin O, sin by, —cos ;). (A3)

When 0 < ¢p; < 7, the closure condition requires 0 < ¢4 <
¢3 and 0 < 64 < O(¢p4), where

_ t0; — cotd
0(¢4) = arccot (cot¢92 cos¢hy + cotbs = cotl; cos s sin ¢4)

sin g3
(A4)

is determined by the intersection of plane Ct,2
[(sin¢py)x — (cospy)y = 0] and plane Ci,f3 [(cot,)x+
(sin ¢p3) ™! (cot @5 — cot @, cos ¢h3)y — z = 0]. Here the range
of the arccotangent function is limited to (0, ). As the case
7 < ¢p3 < 2x is just a reflection of the case 0 < ¢p; < 7 over
the Cx Z plane. Therefore, the angular integral reads

z z O(chs) 2n z
4 / d6’2 / d6’3 / d94 / d¢2 / 2d¢3
0 0 0 0 0

b3 . . .
X / dg4 sin 0, sin 05 sin 0, = 3274, (A5)
0

where the first “4z” factor represents the integral over the
arbitrary ¥, while the factor of “2” in the ¢; integral accounts
for the 7 < ¢p; < 27 region.

Alternatively, we can derive Eq. (A5) in a more intuitive
manner. Requiring —4 to be in the solid angle established
by &, £, and 3 results in the two conditions

n < Q4 ST+ s, (A6)

and

max(92,6’3,94) > — min(92,93,94). (A7)
The ¢ condition can be understood as the requirement that
walls 2, 3, and 4 form a triangle in the plane of wall 1, and so
is analogous to the two-dimensional case Eq. (A2). The 6
condition can be interpreted as the need to form a closed
tetrahedron in the Z direction. To understand this condition,
first sort the angles 6,,65,0, — 0, <6,, <0,. Take the
limiting case where wall 4 is arranged opposite of wall /, so
that the corresponding azimuthal angles satisfy ¢, =
7+ ¢b;. We see that the closure requirement is satisfied if
r—0;,<0, <rm where at the lower bound wall & lies
directly opposite of wall / and at the upper bound, wall % is
directly opposite wall 1. Therefore, the ¢ contribution to the
three-dimension probability integral is

Azn dg, Azﬂ de, Aﬂ 2des AH% dpy = 4%, (A8)

and the @ contribution is

/” a6, sin6’13!/ﬂ d6, sin 6, /” 0, sin 6,
0 0 max(r—6,,0;)

O
X / de,, sinf,, = 8. (A9)
0,

The combinatoric factor of 3! comes from the sorting of 6,,
05, and 6, into the low, medium, and high angles. As in
Eq. (A5), the combined angular contribution is 327*.
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