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In this paper we develop and compare different real-time methods to calculate spectral functions. These
include classical-statistical simulations, the Gaussian state approximation (GSA), and the functional
renormalization group (FRG) formulated on the Keldysh closed-time path. Our test-bed system is the quartic
anharmonic oscillator, a single self-interacting bosonic degree of freedom, coupled to an external heat bath
providing dissipation analogous to the Caldeira-Leggett model. As our benchmark we use the spectral
function from exact diagonalization with constant Ohmic damping. To extend the GSA for the open system,
we solve the corresponding Heisenberg-Langevin equations in the Gaussian approximation. For the real-
time FRG, we introduce a novel general prescription to construct causal regulators based on introducing
scale-dependent fictitious heat baths. Our results explicitly demonstrate how the discrete transition lines of
the quantum system gradually build up the broad continuous structures in the classical spectral function as
temperature increases. At sufficiently high temperatures, classical, GSA, and exact-diagonalization results
all coincide. The real-time FRG is able to reproduce the effective thermal mass, but it overestimates
broadening and only qualitatively describes higher excitations, at the present order of our combined vertex
and loop expansion. As temperature is lowered, the GSA follows the ensemble average of the exact solution
better than the classical spectral function. In the low-temperature strong-coupling regime, the qualitative
features of the exact result are best captured by our real-time FRG calculation, with quantitative

improvements to be expected at higher truncation orders.

DOI: 10.1103/PhysRevD.105.116017

I. INTRODUCTION

Nonperturbative studies in thermal field theory are most
commonly done within the imaginary time formalism [1],
where time is analytically continued to replace t — —ir with
the Euclidean time variable z € [0, ], where f = 1/T is the
inverse temperature of the equilibrium system. Along the
imaginary-time axis one introduces (anti)periodic boundary
conditions for the fields. This is the basis for the powerful
path-integral representation of the partition function (see
standard texts, e.g., [2,3]). If one is interested in real-time
quantities such as response functions or transport coeffi-
cients, however, this analytic continuation has to be undone.
Because the Euclidean time interval is compact at finite
temperature, the information is incomplete without further
input, and the underlying Wick rotation cannot simply be
inverted by back-substituting r — it. But even at vanishing
temperature, this typically leads to ill-posed inverse numeri-
cal problems.
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Methods working directly in real time have therefore
become increasingly popular over the last decades, despite
their generally higher computational requirements. They
avoid the analytic-continuation problem and allow one to
study off-equilibrium systems. The price is that standard
Monte Carlo simulations for ab initio studies as in
Euclidean spacetime are not possible since importance
sampling fails due to the sign problem. Other computational
methods are needed for real-time computations.

Here we are particularly interested in real-time methods
for spectral functions, which generally contain the complete
spectrum of quasiparticle, multiparticle, and collective
excitations of a system contributing to a given correlation
function, often including transport coefficients in particular
low-frequency limits as relevant e.g., for hydrodynamic
descriptions. Spectral functions can be formally defined as
expectation values of the unequal-time commutators of the
corresponding fields. After Fourier transformation, they
represent the density of states containing all possible
excitations in that channel. Under certain circumstances
functional equations for originally Euclidean correlation
functions such as Dyson-Schwinger [4-7] or FRG flow
equations [8—12] can be analytically continued back to the
real-frequency domain before they are being solved. For
phenomenological scattering theory and resolvent-based

Published by the American Physical Society


https://orcid.org/0000-0002-9780-7016
https://orcid.org/0000-0003-0303-9165
https://orcid.org/0000-0001-5588-135X
https://orcid.org/0000-0001-6739-1390
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.105.116017&domain=pdf&date_stamp=2022-06-22
https://doi.org/10.1103/PhysRevD.105.116017
https://doi.org/10.1103/PhysRevD.105.116017
https://doi.org/10.1103/PhysRevD.105.116017
https://doi.org/10.1103/PhysRevD.105.116017
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

ROTH, SCHWEITZER, SIEKE, and VON SMEKAL

PHYS. REV. D 105, 116017 (2022)

real-time approaches to calculate spectral functions, see e.g.,
Refs. [13-15]. The flexibility to include dissipative or
diffusive dynamics and the different dynamic critical
behavior have so far been beyond these approaches,
however.

In this work, we therefore focus on genuine real-time
methods as more general and versatile alternatives. In
particular, we employ three different nonperturbative real-
time methods for calculating spectral functions in a sim-
plified test system consisting of a single self-interacting
bosonic degree of freedom, the quartic anharmonic oscil-
lator, which can also be considered as the A¢* theory of self-
interacting real scalar fields in (0 + 1) dimensions, coupled
to an external heat bath which is modeled as an ensemble of
harmonic oscillators after Caldeira and Leggett [16—19].
This rather simple system has the advantage that its spectral
function can be calculated exactly using a standard discre-
tization of the Schrodinger equation, which allows us to
qualitatively discuss and quantitatively compare in detail the
different approaches and approximation schemes.

The different approaches we compare here are classical-
statistical simulations [20-24], which describe the purely
classical time evolution according to Langevin-type equa-
tions of motion; the Gaussian state approximation (GSA)
introduced in Refs. [25,26], where one additionally con-
siders the time evolution of two-point functions; and the
functional renormalization group (FRG) [27-35], which
we use here on the closed time path (CTP, also called the
Schwinger-Keldysh contour) [36—41], where we build on
the previous study of Ref. [36] and take a closer look at the
necessary causal structure of the regulators [40].

This paper is organized as follows. In Sec. II we start by
briefly summarizing the discretization scheme and for-
mulas needed for an exact calculation of the spectral
function. Sections III-V describe in detail the three real-
time calculation methods for the spectral function, i.e., the
classical-statistical simulations in Sec. III, the Gaussian
state approximation in Sec. IV, and the real-time FRG in
Sec. V. Our results from the different methods are
presented, compared, and discussed in detail in Sec. VI,
and our conclusions are given with a brief outlook on
possible further studies in Sec. VII. Several appendices are
added with further technical details and derivations,
especially for the Heisenberg-Langevin equations of
motion in the GSA, and our regulators and truncation
scheme for the real-time FRG flows.

II. QUARTIC ANHARMONIC OSCILLATOR

We consider a single quartic anharmonic oscillator of
unit mass, defined by the Hamiltonian

H= 34, (2.1)

|,

2
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in thermal contact with an external heat bath in equilibrium.
The heat bath is modeled as an ensemble of harmonic
oscillators, which is generally known as the Caldeira-
Leggett model in the literature [16—19] and which we will
explain in more detail in Sec. I'V.

The anharmonic oscillator can be interpreted as a self-
interacting single-component real scalar field theory in
(0 + 1) dimensions. It serves here as a benchmark system
for comparing different methods for calculating spectral
functions since its spectrum can be numerically determined
with essentially arbitrary precision using a discretization
of the Schrodinger equation on a lattice. Therefore, we refer
to the Schrodinger discretization method as the exact-
diagonalization solution.

The spectral function is defined as the real distribution
given by the thermal expectation value of the commutator
of two Heisenberg (field) operators taken at unequal times
as follows [42,43],

p(t=1) = i{[&(2), (1)),

where the average is taken over the canonical ensemble
e P /Z at temperature T = 1/ with the partition function
Z =Tre . To obtain a real distribution also in the
frequency domain from the real and odd p(—f) = —p(¢),

a factor of 271 is commonly absorbed in the definition of its
Fourier transform,

(2.2)

po) =5 / dip(r)e". (2.3)

which is then positive, p(w) >0, for @ > 0, also odd

p(—w) = —p(w), and normalized according to
/oo dowp(w) = 1. (2.4)

Without dissipation, this spectral function may be expressed
as a sum over energy eigenstates (see, for example,
Chapter 6.2 of Ref. [2]),

p(@) = 5 S e b0~ Ey + E,)

m.n

= (o + E, — E,))|(nlfm)2. (2.5)
For the noninteracting theory (4 = 0), i.e., the harmonic

oscillator with frequency @, this reduces to

po(w) = sgn(w)d(w* — w}) = %ImG{f(a)).

(2.6)

When the free oscillator is coupled to an Ohmic heat bath,
one describes an open quantum system, the retarded
Green function G¥ acquires an additional damping term
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with constant y >0, corresponding to Ggﬁy_l =
o

—(@* — @} + iyw), and the spectral function becomes
1 R
Po,y<w) = ;ImGO,y(w)
1 yo
' (@? — })* + yPa?

0 1 yo

(2.7)

This of course describes the collisional broadening of the
free spectral function py(w) due to the Ohmic heat bath,
together with the frequency shift of the damped harmonic
oscillator from the poles in Gg_y(w) at

o= +\/wd —y*/4—iy/2.

The interaction with the environment in the open system
introduces the new parameter y, which essentially quan-
tifies how strongly the single quartic oscillator (2.1)
couples to the degrees of freedom in the external heat
bath. The damping y then causes the spectral function to be
broadened even in the harmonic case (with A = 0) because
the system particle can decay into heat-bath excitations,
corresponding to a finite lifetime ~1/y. Hence, the thermal
expectation value in (2.2) is understood over a reduced
density operator where interactions with the environment
have been traced out. In the limit y — 0" we recover the
usual e-prescription of the retarded or advanced propa-
gators, and effectively consider a system in infinitesimal
contact with an external heat bath, described by the

(2.8)

canonical density operator p = e Pt /Z.

Applying the same collisional broadening to the spectral
function of the anharmonic oscillator in (2.5), one analo-
gously obtains

1 <
py(0) = S e (nls|m) P2AE,,

o 1 yo
T (wz - AE%m)2 + y2a)2 '

(2.9)

with AE,,, = E,, — E,. The only assumption here is that
the width y is not affected by the anharmonicity, in
particular, that it does not acquire a frequency dependence
for 2 # 0.' Otherwise this is an exact expression which we
will use for our benchmark calculations.

1Although this is reasonable for small y in the Ohmic bath, it
will not hold in more realistic situations with ultraviolet cutoff wp,
as in the Drude model for the bath, where memory effects will
necessarily occur on timescales shorter than wg!, inducing a
frequency-dependent damping y(®) on scales @ ~ wp [19].

To compute the spectral function of the anharmonic
oscillator with this constant broadening, we discretize
the coordinate x on a sufficiently large interval and solve
the eigenvalue problem for the corresponding finite
Hamiltonian matrix, obtained from (2.1) in coordinate
space, by exact diagonalization. We then verify that the
interval is large enough to cover the support of all relevant
eigenfunctions at a given temperature and that the dis-
cretization is fine enough to obtain precise results suffi-
ciently high up in the spectrum. For the parameters 4, y,
and T used in Sec. VI, typical interval sizes are x €
[=20,20] (in units of 1/,/wg) with ~3000 grid points. An
example is shown in Fig. 1 where we plot the spectral
function of the quartic anharmonic oscillator at a rather
large coupling of 1/w} = 4 for a temperature T/wy = 1,
and with a comparatively small damping of y/w, = 0.03,
from Eq. (2.9). In particular, the small damping allows us
to resolve the individual transitions: (a) between adjacent
energy levels |n) and |n + 1) in the main peak, which are
split up because they are no longer equidistant when 4 # 0,
(b) transitions across three levels between |n) and |n + 3)
in the second sequence of peaks at higher frequencies,
which are also due to the sizable 4 > 0, and (c) analogous
transitions across five levels |n) and |n+5), here for
frequencies above 8w,. The finite temperature manifests
itself in the contributions from the individual transitions
with n > 1 in each sequence, which vanish for 7 — 0,
where only the corresponding ground-state transitions
|0) < [1), |3), |5), ..., survive. In the results section
below we implicitly assume all dimensionful quantities
are quoted in the appropriate units of @y.
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FIG. 1. Exemplary spectral function (in units of wgy?) from
exact diagonalization with damping according to Eq. (2.9), for
T/wy=1,2/wj =4, and y/w, = 0.03. The dashed vertical lines
mark the discrete energy differences of the individual transitions
as obtained from the exact diagonalization.
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III. CLASSICAL SPECTRAL FUNCTIONS

In the classical-statistical limit [20-24], the full
Heisenberg equations of motion are truncated by approxi-
mating all quantum-mechanical expectation values of prod-
ucts of operators by the corresponding products of their
expectation values, i.e., (0;...0,) = (0,)...(0,), which
can be formalized via the real-time path-integral formulation
for classical-statistical systems [17,44,45]. One then arrives
at the well-known Langevin equations of motion describing
the purely classical dissipative dynamics [17,18],

d

—X=P 3.1
dt ’ ( )
dp ax—tx_yp ot (32)
-~ " 6 4 ’ '

where X () and P(t) are the expectation values of (z) and
p(#) in coherent states, and the stochastic fluctuating force &
is given by a Gaussian white noise with zero mean and
variance 2yT,

(3.3)

&)y = 2vrTS(1 - 1'). (3.4)
As mentioned in the previous section, the spectral function p
can be defined as the thermal expectation value of the
commutator of two operators, cf. (2.2) for our oscillator
here. It is related to the corresponding time-ordered Green’s
function G' via

G'(t,/)=F(t,1) - %p(t, N[O —-1)—-0({ -1, (3.5)

where F(t, t') is the statistical two-point function defined as
the expectation value of the corresponding anticommutator
[42,43], i.e., here,

F(1.1) = %<{5€(f), (1)} (3.6)
Since these equilibrium two-point functions all depend only
on the time difference 7 — 7, their Fourier transforms F(w),
p(w) depend on a single frequency w, where for p(w) we
use the definition in Eq. (2.3), but for the even function
F(-w) = F(w), we use the conventional form so that

F(r—1) —/czl—wF
T

Furthermore, in thermal equilibrium one applies the perio-
dicity or the Kubo-Martin-Schwinger (KMS) condition,

(w)e@t=r), (3.7)

G(1.1) = GT(¢.1 +ip), (3.8)

in the decomposition of Eq. (3.5), in order to derive the
fluctuation-dissipation relation (FDR) (e.g., see [46]),

F(w) = 2ng(0) + 1)ap(w)

— coth (%) p(w),

where we have used the special convention for the definition
of p(w) in (2.3), and ng(w) = 1/(e#” — 1). In the classical
limit 7> @ we approximate coth(w/2T) ~2T/w. The
classical FDR from (3.9) then relates the corresponding
classical two-point functions,

(3.9)

F. (o) = gZﬂpc(a)). (3.10)

In the time domain, undoing the Fourier transform, this reads

pelt—1) = —%thC(t— ). (3.11)

Furthermore, because the statistical two-point function is, in
the classical limit, given by the purely thermal correlation
function

Fo(t=1) = (X@)X(1))p — (X(1))p(X(1'))p.  (3.12)
the spectral function (3.11) can be written as [23]
pelt—1) = L (P(t)X(") = X(1)P(7))p,  (3.13)

2T

where P = X is the conjugate momentum which has zero
mean in the thermal ensemble, (P(7)); = 0. Because of the
time-reversal invariance of the thermal expectation values, the
two terms in (3.13) are the same, and the explicit antisym-
metrization in this definition of p.(—f) = —p.(¢) can be
introduced without loss. Evaluating Eq. (3.13) provides a
straightforward way of calculating the spectral function in the
classical-statistical limit [20-24].

IV. GAUSSIAN STATE APPROXIMATION
A. Closed system

Before considering the coupling to an environment, we
first briefly discuss the GSA for a closed system. The GSA
is obtained by truncating the full Heisenberg equations of
motion

| e

0 =ilH, 0] (4.1)

o

t

for the canonically conjugate Heisenberg operators ()
and p(1):
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d.

&= p. (4.2a)

3

P =-V({). (4.2b)

(oI

dr
gi) =—wd% —
dr

The equations of motion for the expectation values can
be obtained by averaging Eqgs. (4.2a) and (4.2b) over some
density operator p describing the mixed initial state of the
ensemble. These equations then contain expectation values
of the form (%?(¢)) and (#*(¢)), whose evolution equations
in turn include expectation values of even higher-order
combinations of X and p. This leads to an infinite hierarchy
of equations that cannot be solved analytically or numeri-
cally without further approximations. Moreover, to deal
with expectation values of products of X and p, we follow
Ref. [26] and introduce the Wigner transform of the density
matrix in position eigenstates,

Wz, p) = / dye (x4 y/20plx— y/2).  (4.3)

which allows us to express the expectation values of
symmetrized products of X and p in the form of classical
phase-space integrals, such as e.g.,

dxdp
2n

(&ptps) = / apw(e.p).  (44)

N =

To truncate the infinite set of equations given by (4.2a) and
(4.2b), the density matrix is itself approximated by a
Gaussian and can therefore likewise be characterized by
a Gaussian Wigner function [25],

1/x=X\T/0n 0 \7!
o -sen{ (2 (G 2
2\p-P Oxp Opp
(o)}
X .
p—P
Here, the parameters X = (&), P = (p) describe the center
of the Gaussian wave packet in coordinate and momentum
space. As such, here they are not necessarily the expect-

ation values in coherent states yet. The symmetrized
connected expectation values

(4.5)

oa=(aby=(ab+ba)/2 - (a)(b)

characterize the dispersions of the wave packet, and \V is a
normalization factor.

Equations (4.2a) and (4.2b) are then averaged over the
Gaussian state with the Wigner function (4.5). Applying
Wick’s theorem as needed, one then obtains

d
—X =P,

” (4.6a)

d y)
—P=-w}X - A (X3 + 3Xo,,). (4.6b)

dr

To evolve the dispersions o,,, o, and o,,, the

Heisenberg equations for the corresponding symmetrized
operator products are employed:

d
G =h s (4.7a)
dip+px | o A
& 2 - p? —a)gxz—gx“, (4.7b)
d A2 diaa | AnA A A N3 A3 A
P = eo(pR+Ep) L (PF + D). (47c)

Averaging Egs. (4.7a)—(4.7c) over the Gaussian state
with the Wigner function (4.5), applying Wick’s theorem,
and subtracting the disconnected contributions, the remain-
ing equations of motion are obtained as

d

Eo-xx = dep, (483)
d A
ao'xp = Gpp —_ a)%axx —EO'XX(}(2 + Gxx)

=0,, —0,C(X,0y), (4.8Db)
d 2 2
340 = =250y, — 40, (X° 4 0,y)

= —20,,C(X,0,), (4.8¢c)

where we have introduced the curvature of the potential,

C(Ko)=ad + 2 4o, (49)
The equations of motion (4.6a), (4.6b), and (4.8a)—(4.8¢c)
can be integrated numerically using a symplectic leapfrog
algorithm, as described in Appendix A3, to obtain a
complete description of the Gaussian state at any time.

We conclude this section with some general remarks on
the formal structure of the GSA, which will be particularly
relevant for the systematic construction of a thermal
equilibrium state in Sec. IV B 2 below.

(i) In general, we call a (possibly mixed) state p
Gaussian if its Wigner transform (4.3) has the form
of a Gaussian probability distribution (4.5) for some
X, P, Orxs Oxps Opps with obvious generalizations to
an arbitrary number of degrees of freedom, where
the o’s are replaced by the covariance matrix X.
Note that a Gaussian state pg defined in this way is
not necessarily a pure state. This can be seen most
easily by calculating the von Neumann entropy [26].
One observes that the purity of a Gaussian state is
related to the determinant detX of the covariance

(i)
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matrix X. This determinant is a product of pairs of
symplectic eigenvalues f, one per bosonic degree
of freedom (DOF). With N of them, Heisenberg’s
uncertainty relation then implies that

Nyof )

1\ Naot
detX = | | 2> (= .
e ' fi= (4)

On the other hand, the von Neumann entropy
vanishes and the Gaussian state is pure, if and only
if f, =1/2 for all DOF’s. For a single degree of
freedom as above, for example, we have

_ 2
f - OxxOpp — Oxp>

and restricting to pure Gaussian states therefore
defines a nonlinear subset G C H = L?(R) of the
full Hilbert space (of square-integrable functions),
which can be parametrized by a four-dimensional
manifold with X, P € (=0, ), 6, 6, € (0, 00)
and constrained by o,.0,,>1/4. To ensure
that the von Neumann entropy vanishes, the off-
diagonal variance is then fixed up to a sign by
Oy = £1/00,,—1/4

(iii) To describe more general Gaussian states pg, we
again follow Ref. [26] and define the set of mixed
Gaussian states in terms of those density operators
that can be written as mixtures of the pure Gaussian

states in G,
P = Ip(w)lw (w

weg

, (4.10)

with probabilities p(y) that are likewise Gaussian.

B. Caldeira-Leggett model

In order to study the dynamical properties of thermal
equilibrium states, we introduce a coupling between the
system, our anharmonic oscillator which we also refer to as
the particle, and the environment, consisting of an ensemble
of harmonic oscillators, which models a fixed-temperature
heat bath. Such a model in the canonical operator formal-
ism, as well as in the functional path-integral formulation
(after Feynman and Vernon), has been discussed frequently
in the literature; see, for example, Refs. [18,19,47-55]. Born
and Markov approximations are often employed, leading to
master equations which are easy to solve but generally not
accurate. Exact solutions also have been obtained analyti-
cally [55]. However, this is unfortunately not the case for the
anharmonic oscillator.

The total Hamiltonian under consideration then consists
of those of the system S and the heat bath B, together with
their interactions /, and reads [18,19]

I:I:I:\Is‘i—[,'\IB—f—HI, (4118.)
a2 2

o P W Ay
Hs =7+ 58 + 53, (4.11b)
R A2 w?

Hy = 7, 4.11
=2(5+5%) (@.11¢)
A g2
H,:—fc§ Gs(s + & 2 (4.114)

S

2 b
K Zw“‘

where @, 7, denote the coordinate and the conjugate
momentum of the heat-bath oscillator with index s,
is its eigenfrequency, and g, is the coupling constant of its
linear coupling to the coordinate x. The quadratic term in
H, serves to exactly compensate the bath-induced (neg-
ative) shift of the oscillator frequency squared,

Aw} = Z(j}i (4.12)

that would otherwise arise. This guarantees that w3 is the
physically measured natural frequency of the noninteract-
ing system oscillator with damping. Completing the square,
we can then write the interaction-plus-bath part as

. . 2wl g5 \2
Hp+H; = (—“+—“(¢‘ ——“2) ) (4.13)
B 1 Z: ) ) s wz

1. Heisenberg-Langevin equations of motion

Introducing a spectral function to describe the ensemble
of bath modes by

J(w) = ﬂzi—s (o —w,) — 5o+ a,).  (4.14)

which corresponds to a positive-definite spectral density,
one can eliminate the heat bath from the full set of
Heisenberg equations to derive the quantum equations of
motion of the Caldeira-Leggett model for a general heat
bath described by J(w) (see e.g., Refs. [18,19]),

d

—Xx(1) = p(1),

4.15
5 (4.15a)

—b(t) = —Atdt’y(t—t’)i’(f’) —V'(&(1) +&(1), (4.15b)

with an operator-valued fluctuating force
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(4.16)

Here #(t) is defined such that it only acts in the bath’s
Hilbert space, and we have furthermore introduced the
damping kernel

y(1) = 2A°°d—“’L“))cos(m). (4.17)

2r

For the simplest case of an Ohmic bath with damping
constant y and a sharp cutoff at @ = A, we have

Ja(w) =2yw0®(A - |@

), (4.18)
and thus

2y A sin(At) Ao
ZASINAY Aoey s,

A7 (4.19)

7 sharp (t) =

Note that the “transient term” —y(7)%(0) in Eq. (4.16)
corresponds to a sudden initial shift in the thermal distri-
bution when the particle is connected to the bath [18] at
t = 0. It can therefore safely be omitted in all calculations as
long as we are interested in times A7 > 1, or analogously
for wpt > 1 with y(t) = yop exp{—wpt} in the Drude
model for the bath [19].

Equations (4.15a) and (4.15b) together are commonly
referred to as the Heisenberg-Langevin equations (HLEs)
in the literature [55,56]. They generalize the classical
Langevin equations (3.1) and (3.2) which describe the
dissipative dynamics of the expectation values of position
and momentum. The corresponding HLEs, on the other
hand, encode the full dynamics of the quantum-mechanical
operators in the Heisenberg picture [56]. A common
approximation is to replace the operators in the HLEs
by their expectation values and the quantum noise by a
classical colored-noise source, which results in the so-
called quasiclassical Langevin equations [18]. While these
can provide a reasonable description of nearly harmonic
systems [57,58], other important general features of the
HLEs such as the Heisenberg uncertainty principle for the
operators X and p are lost. Finally, the classical Langevin
equations are obtained in the Markovian limit in which all
memory effects are disregarded and the noise becomes
local in time (white noise limit).

As a first step towards a solution of the Heisenberg-
Langevin equations in the GSA, we assume that at the
initial time 7 = 0 the bath is in equilibrium, while the
system particle is described by some density matrix pg with

a Gaussian Wigner function as defined in Eq. (4.5); i.e., we
assume that the initial state is given by

po = p(to) = ps ® P (4.20)
We defer the precise specification of the equilibrium
density matrix pp of the heat bath to Sec. IV B 2 where
we discuss some further subtleties associated with its GSA
description.

Our goal here is to formulate a Langevin-type equation
in the Gaussian state formalism, which preserves more of
the features of the HLE than the quasiclassical or classical
approach, thus having extended applicability. First of all,
we consider the most general Gaussian Wigner function W
that describes the entire system of the oscillator and heat
bath,

wiE=Nexp{ -3 (€2 0E-Z) . @21

where the vector E: (X, py e, @5, g, ...) €T denotes a

point in the full phase space I' of the system, Z(t) =
(X(1), P(1), ..., D,(1),1,(1), ...) are the expectation values
of the corresponding Heisenberg operators, and

Oxx Oxp Oxp, Oxr,
Oxp Opp Opp, Opn,
- (4.22)
Op,x  Ogpsp O, Oy,
JﬂSx Gﬂ:p 6¢S ”S 6”5”5

represents the corresponding covariance matrix. Note that £
will, in general, also contain cross-correlations such as o,
between the oscillator particle and the heat bath, which
encode quantum entanglement.

In order to translate (4.15a) and (4.15b) into correspond-
ing equations of motion within the GSA [25], in a
systematic and thermodynamically consistent way, we
adopt the following procedure:

(i) Average the Heisenberg equations of motion (4.15a)
and (4.15b) together with (4.16) using the general
Gaussian state (4.21) and write down the resulting
equations for all dynamic quantities contained in Z
and X. Evaluate correlation functions using Wick’s
theorem.

Integrate out the heat-bath degrees of freedom by
solving the equations of motion obtained from step
(1) for the bath oscillator coordinates @, I, and the
system-bath cross-correlations Crp.sOpp,s Oxny> Oprys
under the assumption that the full solution

(i)
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X(1),P(1),6.(1), 0,,(1),0,,(t) is already known.
Use initial conditions of the form

0,:(0) 0,,(0)]... 0O 0
0,,(0) 6,,(0)] ... 0 0
x0)= 0 0 6yp(0) O ’
0 0 0  0,,(0)

(4.23)

to obtain the two-point correlators, but leave the
initial phase-space variables @ (0), I, (0) of the heat
bath arbitrary. Insert these formal solutions into the
five remaining equations of motion for the Gaussian
particle.
(iii) Notice that the remaining five equations of motion
for the particle only depend on the initial conditions
of the bath, ®(0),1,(0), Xy, (0), where Xy, (0)
[the lower right corner of X(0) in (4.23)] describes
all the two-point correlators of the bath oscillators’
phase-space variables. Therefore, to introduce ther-
mal fluctuations, all we need to do is distribute the
initial expectation values of the bath oscillators
according to a thermal distribution (to be specified
below), e.g., via a fluctuating force term.
Since the quantum average over the Gaussian Wigner
function (4.21) in step (i) according to the prescription in
(4.4) is entirely different from the thermal average over the
initial conditions in step (iii), we denote the former by (- - )
and the latter by (- --); with an additional index g = 1/T.
Before we can investigate the solution of the equations of
motion from steps (i) and (ii), we first have to take a closer
look at how to represent the “thermal initial state of the
bath” which enters in step (iii) in the Gaussian approxi-
mation, i.e., how ®@(0), I1;(0), and Z;,4,(0) are distributed
in a thermal-equilibrium state at a given temperature 7.
This is surprisingly subtle, however, as discussed in the
next subsection.

2. Gaussian thermal equilibrium state

Since the bath is described as an ensemble of harmonic
oscillators in Gaussian mixed states, we still have to
specify what precisely we mean by a “thermal equilibrium
state” for a single bath oscillator in the harmonic case with
A = 0, where the Gaussian approximation becomes exact.
Constructing a thermal ensemble of Gaussian states that
models a quantum canonical state at temperature 7', along
the lines described for mixed Gaussian states at the end of
Sec. IV, is not entirely trivial. We have to express the full

quantum-mechanical mixed thermal state of a harmonic
oscillator, described by the density operator (with spectral
representation in the energy eigenstates |n) of the har-
monic oscillator),

pro = e )2 =771 e Pt D |n) (|, (4.24)

that acts on the full Hilbert space H, in terms of a p; acting
on G C H to describe a Gaussian mixed state, by a density
operator of the form (4.10). In general, a mixed thermal
state describing a canonical ensemble is not of this form, so
this involves an approximation. For the harmonic oscil-
lator, however, it can be easily verified from the definition
in (4.3) that the density operator pyo in Eq. (4.24) has a
Gaussian Wigner function, which is given by

2 p2 +a%x2

e @oF(wp)
F(ay)

P

where F(w) = cothT

’

Who (%, p) =
(4.25)

is its thermal distribution function. To express the canoni-
cal equilibrium ensemble at temperature 7', represented by
the mixed-state density operator pyo in Eq. (4.24), as a
mixed Gaussian state of the form (4.10), we now use our
classical phase-space variables X = (%), and P = (p),,
here restricted again to the expectation values of X and p in

coherent states,

o) = e Sy, (4.26)
Vn!
n=0 .

These states are characterized by the complex variable o
whose real and imaginary parts are given by X and P,

a= (X +1iP). (4.27)

1
\/20)0
We therefore denote these coherent states simply by the
two real phase-space variables in the following, i.e.,

|X, P) = |a). (4.28)

The coherent states of the harmonic oscillator have
minimal uncertainty with

1

O-gx = <5€2>(1 - <5Z (21 = 2—0)0 s (4298)
A ~ ,

ohp = (P)a— (B)a =" (4.29b)
1 EoRIEaN AR A A

02y =5 &P +PRa = RalP)a =0 (4.29¢)
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On the other hand, for the mixed equilibrium state in the
canonical ensemble from (4.24) at temperature T = 1/,
with (0) 5 = TrOpyo, one has (&), = 0 and (p); = 0, and
the full variances ¢/) in the thermal state are readily
computed [or read off from (4.25)] as

A 1
agcx) = <x2>ﬁ — 70 (nB(a)O) + 2), (4.30a)
1
opn = (p?); = wy (nB(wo) - 2), (4.30b)
W _ L
Oxp =5 (p+px); =0, (4.30¢)

where ng(wg) = 1/(exp(fwy) — 1) is the Bose-Einstein
distribution. Therefore, here we see explicitly that the full

thermal widths %) and aﬁ,@ of the oscillator’s phase-space

variables can be split into purely thermal or “classical”
parts o, 6%, plus the purely “quantum” parts 6%, o',
from minimal uncertainty, as noted in Ref. [26], i.e.,

() 0 ) 0
Oxx = 0% + 0y, Opp = 0pp + Opps

(4.31)
with

0% = ng(wp)/wy, 05y = wong(@y). (4.32)
The minimal-uncertainty variances are already included in
each coherent pure state. To define a mixed Gaussian state
P with the variances of the thermal equilibrium ensemble,
we therefore only include the classical thermal widths of
(4.32) in the incoherent sum [26], defining

~ 2 P2
p - XdP - - X.PY(X,P 4.
po=A7 [axa exp{ . 26;;,,}' P)(X.P|, (4.33)

with normalization factor A, ensuring that Trpg = 1,
which is clearly of the form (4.10). The index G here
emphasizes that such a mixed Gaussian state is, in general,
not equal to the mixed thermal quantum state p, in the
canonical ensemble.” For the harmonic oscillator in
Eq. (4.24), however, we have pyo = pg-

One may directly verify that such a thermal state is
indeed a stationary solution of the harmonic Gaussian
equations of motion—(4.6a), (4.6b), and (4.8a)—(4.8c). In
general, it maps Gaussian states to Gaussian states in the
Hilbert space, as required. This finishes the discussion of
the Gaussian thermal state of a single harmonic oscillator,

While every coherent state is Gaussian, the converse is not
true. There are pure states that are Gaussian, by the definition in
Eq. (4.5), which do not correspond to any coherent state (4.26)
and are therefore not contained in the incoherent sum (4.33).

and we now continue to model the entire system consisting
of our anharmonic oscillator coupled to an ensemble of
harmonic oscillators, in mixed Gaussian states with thermal
variances as described here, reintroducing the heat-bath
index s.

3. Heisenberg-Langevin equations in the GSA

We now turn to the form of the Heisenberg-Langevin
equations of motion (4.15a) and (4.15b) evaluated in the
Gaussian approximation. Steps (i) and (ii) from the
quantum equations of motion (4.15a) and (4.15b) with
the Ohmic bath (4.18), on timescales Ar>1 for a
sufficiently large cutoff A, cf. (4.19), lead to

d
—X=P,

= (4.34a)

d yl yl
—P=—(w?+= X-2X3—yP 4.34
dr (wo +2o-xx> 6 Y +§(t)v ( 3 b)

for the center (X, P). The derivation is the same as the one
for the classical Langevin equations of motion, except for
the application of Wick’s theorem to the three-point
correlator (%*(¢)). The fluctuating force term &(¢) is given
by the expectation value of the quantum stochastic force
&(¢) from (4.16), where the transient initial shift vanishes if
the expectation value of %(0) vanishes,

E(r) = (&) = (1) - r(1)(%(0))
= ZQS [‘Ds(O) cos(w,t) + I1,(0)

sin(wyt)|.  (4.35)

Wy

It thus only depends on the initial conditions of the bath
oscillators’ phase-space variables @ (0), I1,(0). Although
no longer operator valued and hence classical, this
GSA noise &() is colored, in general, as we discuss in
Sec. IVB 5.

For the Gaussian widths, the analogous averaging of step
(1) leads to

d
S o =10, (4.36a)
d
Eaxp =O0pp — UxxC(X, O-xx) —VOxp
+ (x(OA(1)) = 273(1)0.,.,(0), (4.36b)
d
30 = —20,,C(X,0,,) —2y06,),
+2(p()A(0)) — 4y8(1)o,,(0).  (4.36c)

Here we have already assumed the Ohmic heat bath
Ja(®@) in the limit A - co where the memory integrals
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collapse, cf. (4.19). The initial delta functions can then
safely be neglected.

On the other hand, the irreducible correlators of the
oscillator particle’s position and momentum with the
fluctuating force operator, (X(7)7(z)) and (p(1)7(1)),
both contain a logarithmically divergent contribution
d(A) ~1In(A/Cy), where Cy is the ¢t = 0 initial value of
the time-dependent curvature of the potential,

C(H)=C(X,0) = @} + % (X2(1) + 0,(1).  (4.37)

We show in Appendix A 1 that this divergence can be
absorbed by a formally infinite but time-independent shift
of the particle’s momentum width 6,, = 6,, — d(A) in
such a way that it cancels from both Eqgs. (4.36b) and
(4.36¢c), which then describe the time dependence of the
ultraviolet-finite part of o,,, together with finite 6,, and
o, at all times. Note that the divergence of 5, with A —
oo is an unavoidable effect of the unrealistic assumption of
an Ohmic bath without an UV cutoff. It can be interpreted
as corresponding to the bath continuously “measuring” the
position of the particle with arbitrarily high “resolution”
without an UV cutoff for A — oo [18,49].

Finally, for the evaluation of the irreducible correlators
(x()fp(¢)) and {p(1)7(z))) according to rules (ii) and (iii),
we need to make an additional adiabatic approximation as
also explained explicitly in Appendix A 1. In this adiabatic
approximation we assume that we can average the curva-
ture C of the potential in (4.37) over timescales that are
large compared to the relaxation time of the heat bath. The
heat-bath oscillators are then considered as the fast degrees
of freedom that can adjust to slow changes in the curvature
C(r). This adiabatic approximation then yields, for the
Gaussian widths,

%axx =20, (4.38a)
d
ao-xp =O0pp — C(t>o-xx —Y0xp

+ C(t)F(C(1)) — Ax(C(2)), (4.38Db)
0y = =20(1)o, = 270, + 24 ALC()),  (4380)

where for the Ohmic bath J,(w) with A — oo the fluctu-
ating force ((X(7)7(¢))) after ultraviolet subtraction yields
CF — Ag. The first contribution is obtained from

/11 W — 72 /4
= |-+ —arctan| <~~~ 4.39
Son <2 +—are an( ”~ (4.39)

upon inserting C() together with an equally slowly varying
frequency

F(C)

we(t) = /C(1) —=7*/4 > 0,

assuming weak damping. The second contribution to the
fluctuating force is the ultraviolet subtracted one, given by

(4.40)

Ag(C(1)) = (C(1) = ¥*/2)F (C(1))

- Co-P/F(C) - LT,

(4.41)
which determines the relevant (ultraviolet-finite) part of the
fluctuating force {(p(¢)7(z))) on the ultraviolet subtracted
o,p as well, and which vanishes when C = () is used at all
times in the static limit; see Appendix A 1.

Together with Egs. (4.34a) and (4.34b), these equations
for the evolution of the Gaussian widths, from Eqs. (4.38a)—
(4.38c), constitute the full set of equations of motion for our
particle in the anharmonic potential, and in contact with an
external heat bath, i.e., the Heisenberg-Langevin equations
within the GSA in our adiabatic approximation.

The static approximation is obtained from Egs. (4.38a)—
(4.38c) by simply using the time-independent C = C,,, for
which we have Ag(Cy) = 0. In this case, the equations for
the widths, cf. (A26a)—(A26c), can be solved independently
of those for the coordinates X, P; see Appendix A l.
The asymptotic behavior of the solution, cf. Eq. (A.28),
uniquely fixes

o (t) = F(Cy), fort— . (4.42)
Therefore, with the static solution, there are only two
effects remaining from the GSA in comparison with the
classical time evolution. These are (a) a time-dependent

shift of the oscillator frequency in Eq. (4.34b),

y)
w} = o} + 3 F(Cy), (4.43)

with the stationary value (4.42) of o, (¢) for sufficiently late
times, and (b) a modified colored noise &(#), which we
specify in Sec. IV B 5 below. At very high temperatures, the
frequency shift is negligible, and the noise becomes white
again, such that the correct classical limit is guaranteed to
be recovered in this static approximation.

In the other direction, to go beyond the adiabatic
approximation, one could, in principle, include the feedback
of the time dependence of the curvature C(¢) in (4.37) on the
off-diagonal variances between system particle and heat-
bath oscillators via postadiabatic corrections in the spirit of
time-dependent perturbation theory, in the future, as briefly
outlined in Appendix A 1 as well. For the results presented
below, we have either used the static approximation with
constant Cy, cf. Egs. (A26a)-(A26c), or the adiabatic
approximation in Eqgs. (4.38a)—(4.38c), for comparison.
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4. Initial conditions

In the adiabatic approximation the thermal equilibrium
value C, is an initial condition that has to be known
beforehand. It can be obtained by maximizing the von
Neumann entropy at fixed energy.

For a mixed Gaussian state of our single bosonic degree
of freedom, the von Neumann entropy S = —Tr(pInp) can
be written in terms of the symplectic eigenvalue

— 2
f - OxxOpp — Oxp

of the correlation matrix

¥ — ( Oxx pr ) 7

Oxp  Opp
which is related to the pair of eigenvalues 1, = +if of 2Q,
where Q is the symplectic matrix for the canonically

conjugate variables x and p. Thermal equilibrium implies
oy, =0, and we thus have f =, /6,6,,

(4.44)

The von Neumann entropy can then be written as

S = (f—i—%) In <f+%) - (f—%) In (f—%). (4.45)

Because we also have X =0 and P =0 in thermal
equilibrium, the expectation value of energy in the
Gaussian state reduces to

2
1 on

A
E = 2% +26,, +-02,. (4.46)

2 8

We can thus express ¢, in terms of E and o, and write

f? =2Ec,, — w}oi, — (4.47)

3
— Oy

4

Because the entropy (4.45) increases monotonically with f,
it reaches its maximum when f does, which is the case
when df?/dc,, = 0. This yields

34
E= a)(z)axx + go)zm (4.48)

A
f2 = (w(Z) + _Gxx> 6)26)6'
2
The temperature 7" is now introduced using
p_OE _OE (95\1 _ OE (of \*t(a8)"!
- 0S  of \of) = do,, \Oo,, of)

Working out the partial derivatives with respect to f and
0.y, We thus obtain

(4.49)

-1
[ 2 1 4 1
Oxx\/ Wy + idxx + 2
/2 4 4 1
Oxx\/ ¥p +§6xx -2

_ C<ln4<co—w3>m+z>—l
— VMG - e -2)

A
T = a)(%—I—EGXX In

(4.50)

with Cy = +%0,, in the interacting case for 1 # 0.
Before we start a simulation at a given temperature, we
can therefore calculate C;, numerically via (4.50). In the
static approximation this is then fixed, and so is o,, in the
HLEs (4.34a) and (4.34b) for X and P.

The underlying initial conditions for the widths o, ,
and o, , of the heat-bath oscillators in Eq. (4.23) corre-
spond to the thermal harmonic-oscillator variances
Egs. (4.30a)—(4.30c), with additional off-diagonal cou-
plings o,, between the system and bath suddenly
switched on at r =0 as explained in more detail in
Appendix 1 b.

One crucial point left to mention here, however, is that
beyond the static approximation, the widths o,,,0,,,0,,
actually do evolve nontrivially in time, even in the adiabatic
approximation, when C(¢) is assumed to vary slowly in
time. This is because the relaxation time for the widths of
the system particle to approach their stationary limits is
given by 1/y, and this relaxation time is, in general, not
negligible compared to the characteristic timescale 6t of the
variations 6C(t). Assuming, in the adiabatic approximation,
that the heat-bath DOF’s are fast compared to this char-
acteristic time 6t is totally different from assuming that 1/y
is. In fact, for small damping y we expect to have 1/y >
ot > 2x/w, for the relevant high frequencies that dominate
the Ohmic bath. We further comment on this in Sec. IV B 6
below, after elaborating on the colored noise needed in
either case.

5. Colored noise

Step (iii) in our approach to modeling the heat bath in the
GSA by the quantum-mechanical expectation value &(1) =
(E(r)) of the stochastic quantum force from Eq. (4.35)
requires specifying initial conditions for the thermal corre-
lations of the bath oscillator expectation values ®, = (§,),,
and II; = (7,), in coherent states. In particular, the dis-
cussion leading to (4.33) implies that their initial thermal
variances are given by the classical variances (4.32) for
each heat-bath oscillator,

<q)s(0)q)s’(0)>/} = GZ,S%, (0) = O4¢Np (ws)/ws’
<HS(O)H\/(O)>ﬁ = O-;\ﬂs/ (O) = &vs’wsnB (a)s)7
(®,(0)1y(0)) = 05,,(0) = 0. (4.51)

Equation (4.35) then yields
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W)y = Y Zny(wy) cos(w, (= 1)) (4.52)

s s

With the definition of the spectral density of the heat bath in
Eq. (4.14), we can thus finally represent the unequal-time
correlations of &(¢) in the form

o dw

€0 = [T L s (@)ool =) (@453

for an arbitrary spectral distribution J(w) of oscillators in
the bath. For the Ohmic bath (4.18) in the limit A — oo, the
integral can be solved analytically, yielding

N xT 1
ey =11 <_ sinb? (T (c= 7)) 2T (1 - ﬂ)2>
(4.54)

in the time domain, where the terms in brackets approach
25(t — ") for T — o0, i.e., the classical-statistical limit with
a noise term &£(¢) in the equations of motion which is
Gaussian and local in time [23]. For numerical purposes
and completeness, in the frequency domain the noise in
(4.54) corresponds to

(E(@)]?)5 = (E(-0)é(@))y
=yw (coth %) - sgna))
= 2ywng(w), for w >0, (4.55)

where the white-noise limit is recovered from the classical
Rayleigh-Jeans law with ng(w) - T/w at high temper-
atures. Therefore, £(7) represents a “colored” noise term
with a Gaussian autocorrelation, but with the quantum
contribution subtracted, in the sense that £(#) vanishes
identically at 7 = 0. This is due to the fact that in our
framework, zero-point fluctuations are already naturally
taken into account by the Gaussian widths, 6%,,6%,.69,,
and therefore do not contribute to the fluctuation of the
mean coordinate and momentum.

6. Extracting the Gaussian spectral function

In order to extend the definition of the (antisymmetrized)
classical-statistical spectral function in Eq. (3.13) to the
correct quantum spectral function that respects the fluc-
tuation-dissipation relation with the colored-noise distri-
bution of the heat bath in the GSA, first note that the FDR
(3.9) must be replaced by

K(w)

iF(w) = 2w

27ip(w), (4.56)

for a general heat-bath kernel K (w) = (|&(w)[*) ;. Now we

use the definition (3.10) of the classical-statistical spectral
function to arrive at a balance-type equation

T T

- —/)c<a))

p(@) (@)

pe(®),  (4.57)

N wng(w)

which allows us to use the classical-statistical extraction
scheme for the spectral function, i.e., using Eq. (3.13) in the
GSA as well, and just rescale the result to obtain the
corresponding quantum spectral function.

Having defined the extraction scheme of the spectral
function in the GSA, we can further elaborate on the
problems that occur when we keep the full time evolution
of the Gaussian widths (4.38a)—(4.38c). Since the GSA is
only an approximation to the infinite hierarchy of the time
evolution of higher moments of the (in principle, exact)
Wigner quasiprobability distribution w(x, p) in phase space,
to quadratic order [25], one can no longer guarantee that
classical and quantum dynamics are strictly divided into the
evolution of the expectation values X, P, and the second-
order moments oy, ¢,,, 6y, respectively. Therefore, some
classical contributions to the spectral function are also
contained in the time evolution of the widths. Extracting
the spectral function naively as in (4.57) is therefore not
sufficient, if the quantum corrections are highly non-
Gaussian by themselves, when the full time evolution of
the widths is included. In this case, one would actually need
some improved procedure to correctly extract these non-
Gaussian contributions contained in the second-order
unequal-time correlators. This undesirable effect is explic-
itly demonstrated for sufficiently large anharmonicity A
in Sec. VL.

In summary, a complete simulation eventually comprises
the following steps:

(i) Generate a random realization of the stochastic force
&(¢) distributed according to the colored-noise cor-
relations in (4.54).

(i1) Integrate the Gaussian equations of motion (4.34a),
(4.34b), and (4.382)—(4.38c) numerically.

(iii) Calculate the spectral function from the particular

time history of the expectation values via (4.57).
(iv) Finally, repeat steps (1) through (3) and average the
spectral function over all realizations of the stochas-
tic force to obtain the thermal equilibrium spectral
function.
More details of steps (i) and (ii) are described in
Appendixes A 2 and A 3, respectively.

V. REAL-TIME FRG

As another possibility for real-time calculations we have
also explored the FRG [27-29] on the closed time path
[38]. In the FRG one aims to compute the effective action
I, which is obtained from the generating functional Z of the
theory [3]. Assuming the so-called effective average action
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I') is known at some initial energy scale A in the UV, the
essential idea is to construct the full I" step by step by
interpolating I'; from the microscopic UV action I', to the
macroscopic action I' in the IR. This is achieved by
introducing a parameter k corresponding to the energy
scale down to which the theory is valid. Using an auxiliary
device called the regulator R;, one suppresses both thermal
and quantum fluctuations of modes with @ < k. In par-
ticular, assuming that at sufficiently high energies (and
momenta, where S >> #) the theory behaves classically, one
may start the interpolation in the UV with I'y = S, the
classical bare action [see Eq. (5.27) below]. (This can be
shown rigorously by a saddle-point approximation, where
the regulator term acts as a 6 functional in the limit K — oo
[36].) One then computes the flow of the effective average
action through “theory space” [29] until it reaches the full
macroscopic effective action I',o =1 of the theory.
Ideally, one would solve the flow from k — oo to k =0,
but in almost all practical applications it is sufficient to start
with some large but finite UV cutoff k = A and to stop at
some sufficiently small finite value k = kp in the IR.

A. Flow equation

The FRG flow is determined by the equation that was
derived by Wetterich [27,28] in the imaginary-time formal-
ism but here formulated on the CTP [38],

i 2 -1
o4 =5 Tr{(OR) o (OB +R)T . (5.1)
for a real scalar field ¢” (x) = (¢¢(x), ¢4 (x)) in D = d + 1
spacetime dimensions and Keldysh space, where we adopt
the convention of Ref. [37] and define the Keldysh rotation
to be measure preserving, i.e.,

c_i + -

for the classical (or average) field ¢¢ and the quantum (or
response) field ¢?, and vice versa,

P =—(¢"—9¢7). (5.2)

Nia

+_L ¢ q ——i C — h1

for the inverse transformation. By ¢* we denote the field
components that live on the forward (4) and backward (—)
parts of the closed time path. This convention has the
convenient property that for a symmetric potential V(¢),
the potential term —V(¢") + V(¢~) on the closed time
path is invariant under the interchange ¢¢ <> ¢4, i.e., does
not distinguish between classical and quantum field
components. For a detailed introduction to the formalism
and a derivation of the flow equation, see, for example,
Refs. [38,36].

(5.3)

The flow in Eq. (5.1) on the right-hand side includes the
regulator R; and F,(f) [#], the Hessian of I';[¢],

(rria rria)

where we have already used a notation defined below, in

Eq. (5.5), for brevity. Note that R, and F,<{2> both have the
form of self-energies on the closed time path, i.e., 2 x 2
matrices in Keldysh (c, ¢) space. Therefore, o denotes 2 x
2 matrix multiplication, and the trace also implies integra-
tion over adjacent coordinates. We denote functional
derivatives of the effective average action as

T 4]
5¢al (xl ) . .5¢an (xn) ’

where Greek indices from the beginning of the alphabet
denote CTP indices, ay, ..., a, € {c, ¢}. Correspondingly,

r?(g) = (5.4)

T g, ) (xy, .. (5.5)

 Xp)

r ,(c") [¢] denotes the tensor of rank n containing all func-
tional derivatives with respect to the classical and quantum
fields. The full scale-dependent propagator G, in front of
the background field expectation value ¢ is given by

~Gr'[¢) = R + T[] (5.6)

in compact matrix notation, or explicitly
GK(pos] =0, (5.7a)
Gilbos] = =T [dos] + RE)™". (5.7b)
Gloos] = —(T (o] + RO, (5.7¢)
Gf o) = GF o (T [os] +RE) 0 GF (5.7d)

at the scale-dependent minimum ¢, which satisfies the
quantum equations of motion 8I'[¢y;] = 0. The super-
scripts A, R, K, and K denote the advanced, retarded,
Keldysh, and anomalous components, respectively. For the
expressions in an arbitrary background field configuration
¢(x), see, for example, Ref. [38].

Being the imaginary part of the retarded propagator, the
spectral function p; () can be computed from the retarded
two-point function in the usual way,

1 Im[ (o)
"~ 7 (Rel¥(w))? + (ImI'* ()2

pir(@) (5.8)

B. Causal regulators

The need for respecting causality in the process of
constructing regulators for the real-time FRG was already
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mentioned in Ref. [40], where the advantages of using such
a causal regulator were manifest in the results for dynami-
cal critical exponents. In this section, we construct such a
causal regulator step by step in the 0 4+ 1 dimensional case.
The construction is based on considering the regulator term
as an additional self-energy with the causal matrix structure
of the Keldysh action, and it can be generalized to field
theories in higher dimensions. For our single real degree of
freedom @7 (1) = (¢°(1), $9(¢)), we first add a term to the
Keldysh action of the form

asiigl =5 [ "ot [T ard R 0g). (659)

with

Ry (t,7) =

(R,{((t, ) R(r, ’/>) (5.10)

RE(t./) RE(1.7)

being a 2 x 2 matrix on the CTP. We call a regulator causal
if it maintains the causal structure of the corresponding
Keldysh action, as e.g., defined in Chapter 2.7 of Ref. [17].
Most importantly, a causal regulator has to ensure that the
retarded (advanced) propagator stays retarded (advanced)
during the flow.

Here, we propose a new, quite general construction of
causal regulators which proceeds as follows: We assume
that the bilinear term AS, [¢] really is the result of a coupling
of the field ¢ to an ensemble of Gaussian degrees of
freedom which have been integrated out, e.g., see
Chapter 3.2 of Ref. [17]. In fact, the other way round,
any term quadratic in the fields can be linearized via
Hubbard-Stratonovich transformation to replace it by a
linear coupling to the Gaussian Hubbard fields representing
the ensemble. Therefore, the assumption that AS;[¢] is the
result of integrating an ensemble of Gaussian degrees of
freedom should still be fairly general. As such, after Fourier
transform, the corresponding retarded/advanced compo-
nents can readily be written as spectral integrals

RR/A(a)) _ _/°°d_a)’ 20" (@)
k 0 27 (w+ie)? —w?’

so that the spectral density J;(w) >0 for @ > 0 of the
fictitious Gaussian ensemble is given by the imaginary part
of the retarded bath propagator DX, (w), which is repre-
sented here, after the Gaussian integration of the bath, by
Df (@) = —RE(0). ie.

(5.11)

Ji(w) = 2ImDE , (w) = 2ImR¥(w),  (5.12)
as can explicitly be checked from (5.11). Note that for a
single oscillator with frequency @, and coupling g, in the
bath, it is normalized here to wJ;(w) = zg?(5(w — wy) +

5(w + wy)), and we generally have J(—w) = —J(w). This
fixes the retarded/advanced components of the regulator.
Since it is furthermore desirable to keep a system in
thermal equilibrium during the flow, if it was in equilibrium
initially, one may also require the symmetry
ASUT j. Ty = ASilp, ), (5.13)

which is a sufficient condition for thermal equilibrium on
the closed time path [59], where the transformation 7 4 is

defined as

(@) ) cosh(/’%) - sinh(/’%) ¢ (—w)
Ty = '

¢!(w) —sinh(%)  cosh(&) ¢ (—w)

for our real degree of freedom ¢(#). We can now insert the

general ansatz for the regulator term and check that this
condition is satisfied, if

RK(w)=0, and
Rf (0) = coth(Bo/2)(R (@) — R} (w))
= coth(Bw/2)iJ, (o). (5.14)

This implies that our fictitious Gaussian ensemble should
then represent a heat bath at the same temperature 7 as that
of the equilibrium system that is being regulated.

Our construction of causal regulators for thermal equi-
librium systems therefore starts at specifying suitable FRG
scale k-dependent spectral densities J;(w) to represent
some fictitious heat bath. Here, we specifically use an
analytic spectral density of the form

Ji(®) = kw exp{—w?/K*}, (5.15)
which has the desired regulating property by giving rise to
an Ohmic bath with damping constant y;, = k/2 in the IR,
while it rapidly goes to zero towards the UV,

(5.16)
0 for w > k.

ko for w <k
Jk(w d {

The suppression of low-frequency modes is thus realized
by the coupling to the fictitious heat bath with a FRG-
scale-dependent damping constant which starts out large,
of the order of A in the UV, and vanishes with £k — 0
towards the IR. Inserting (5.15) into the spectral repre-
sentation (5.11) explicitly yields, for the corresponding
causal heat-bath regulator in our example,

1 /1 ® ikw w?

RMVA ()= — (k2 —koF (=) ) + —— -
s () ﬁ(zk ke <k>) 2 eXp{ k2}’
(5.17)

116017-14



REAL-TIME METHODS FOR SPECTRAL FUNCTIONS

PHYS. REV. D 105, 116017 (2022)

—— Re[R(w)/k?]
Im[Ry(w)/k?]

FIG.2. Real and imaginary parts of RX(w) in units of k2 for the
bath with the analytic cutoff in Eq. (5.15).

with the Dawson function

2 2 2 /x 2
—-eVerfi(x) = e~ dre’”.
NG (x) A

T

F(x)= (5.18)

The real and imaginary parts of the retarded regulator are
shown in Fig. 2. Note, however, that its feature of
representing a causal Green function unavoidably entails

|5

In particular, whenever we construct a causal regulator in
this way, the real part must have a zero crossing. It must
start out negative for @ > k in the UV, and with a single
zero crossing as shown here, it thus becomes positive for
o < k in the IR.

Note that a positive real part at @ = O corresponds to a
negative mass-squared shift, which can affect the propa-
gator poles for sufficiently large k in an uncontrollable and
unphysical way, a feature that is at least unpleasant for a
FRG regulator. Here, the easiest way out seems to be
adding a frequency-independent counterterm that has the
form of a Callan-Symanzik regulator. Such a frequency-
independent term is certainly causal, and it can offset

Rfl{gf}k(a)) by a k-dependent constant such that the real part

of the resulting regulator stays strictly negative during the
flow. We therefore introduce an additional positive param-
eter a to define

+ R (w /—4ReRR w)=0. (5.19)

R (o) = R (@) — ak?. (5.20)

Since the absolute value of the real part of Rﬁﬁk(a)) is
monotonically decreasing for @ > 0, we restrict a from
below by requiring a > RSQ,C(O) /K2,

The effect of this can be understood in two equivalent
ways: First, as every bath ensemble, cf. Eq. (4.12), the
regulator heat-bath necessarily induces a negative shift of
the system particle’s mass or oscillator frequency squared,

by —Awi (k), which here is k dependent as our regulator
bath is and can explicitly be written in the form

o dw J(w)
wip (k) /) 7 o

With our analytic spectral density (5.15), for example, we
have Aw?y(k) = k?/\/4x, and @ must be chosen large
enough to compensate this mass shift, ak® > Awgy (k).
This is necessary for the theory to remain causal during the
flow in the first place; see the discussion that follows below.
Second, in order to regularize all infrared modes, we must
have a negative real part of the regulator at @ = 0, requiring
the strict inequality ak® > Ry (0).

To further illustrate how the analytic structure of the
propagators is changed by the heat-bath regulator, and how
a suitable Callan-Symanzik counterterm can solve the
issue, it is constructive to consider a spectral density for
the regulator bath based on the Drude model, cf. Sec. IV B
and Ref. [19], as a simpler alternative, which yields, with
2]/ = wp = k,

RE/A

s (). (5.21)

wk

J =, 5.22
) = T g 62)
Using Eq. (5.11) again, we then explicitly obtain
RV (@) = Lk e (5.23)
k 21 Fiw/k ’ '

where we already included the Callan-Symanzik counter-
term for which we expect to require a > 1/2 = Awgy /K.
To see how the regulator affects the poles during the flow,
we consider an exemplary retarded (advanced) propagator
of the form

1
»? Liyw — a)O+RR/A( )

G (@) = - (5.24)

The two are related by the symmetry GR(w) = G{* ().
The simplicity of the regulator (5.23) allows us to derive
analytic expressions for the poles w, = w,(k) by solving
the cubic equation

k2

__ak=0.
2(1 F i, /k)

o} tiyw, — wf + (5.25)

To keep the analytic structure intact, when the regulator is
switched on, the retarded (advanced) propagator must only
have poles in the lower (upper) half-plane. For simplicity,
in our illustration here, we assume that a)(z) and y stay
constant during the flow. The resulting poles w (k) of the
retarded propagator are shown in Fig. 3 for different

choices of a. For k = 0 the physical poles of the retarded
propagator are located at
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(a) a=0 (b) a=1/2 (c)a=1

2 . " . 2 . . . 2 . . .

1+ g 1k g 1k
z | 2 =
3 of 13 of X 13 of g
E £E ° A ° = /o o\

Y

—1f 1 -1 4 » 1 -If A

-2 L ) L L n 2 L L

-2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2

Re wp(k) Re wp(k) Re wp(k)

FIG. 3. Trajectories of the poles ), (k) of the retarded propagator (5.24) with the Drude regulator (5.23) in the complex plane, moving
with the FRG scale k from the UV towards the IR, with wy = 1, y = 0.5, and three different values of a. The black dots mark the
quasiparticle poles (5.26) of the propagator at k = 0, where the regulator vanishes. They move with k in the lower half-plane, as
indicated by the arrows, but never cross the real axis. The crosses at the origin mark the points where the regulator-induced third poles
disappear with k — 0 in the IR. Their flows are indicated by arrows as well. For a < 1/2 this relaxational regulator pole violates
causality: It starts in the upper half-plane and only crosses at a finite value of the FRG scale k during the flow into the lower half-plane,
where it has a turning point (at the end of the line) before it moves up again and disappears in the origin.

N &
in the complex plane, as represented by the black dots in
Fig. 3, corresponding to the expected quasiparticle excita-
tions. We see that these two poles w,(k) are located
symmetrically around the real-part-zero axis. They move
upwards with k towards the IR, coming from lower values
of their imaginary parts, and thus always stay in the lower
half-plane and never cause problems with causality, even
for a vanishing Callan-Symanzik term with a = 0.

However, for nonvanishing k > O there is a third pole
with a vanishing real part moving along the imaginary axis,
which is entirely due to the regulator. In the time domain, it
represents the purely relaxational contribution [18] arising
here from our regulator heat bath. The crosses in the origins
in Fig. 3 mark the point where it disappears for k — 0T in
the IR. The corresponding FRG scale k£ dependence of its
imaginary parts Imw, (k) are shown for the same three
values of a in Fig. 4.

Following these from the IR towards the UV, we see that
for a < 1/2 the imaginary part of the relaxational regulator
pole first moves to smaller values. Eventually, however,
it turns around and increases again towards the UV, for
a < 1/2 without bound. In this case it thus always crosses
the real axis and moves into the upper half-plane (where a
retarded self-energy should be analytic) so that causality is
violated by the regulator at the finite FRG scale k. For a =
1/2 it turns around as well but approaches 0~ for k — oo in
the UV and never moves into the upper half-plane. This is
the liming case where « is chosen precisely such that the
total regulator in (5.23) has a root at @ = 0. For larger
values a > 1/2 the imaginary part of the relaxational
regulator pole remains strictly negative, and the regulator

never violates causality (here, for o =1 it decreases
monotonically, in fact). Its real part has no zero crossings
anymore and always leads to a positive mass/frequency shift
because the Callan-Symanzik counterterm is large enough
to overcompensate the negative shift in the squared mass/
frequency caused by Aw#y from the heat-bath regulator.

C. Truncation of the effective average action

Before we discuss the details of our truncation, we first
give the explicit expression for the effective average action
at the starting point k = A, where it equals the bare Keldysh
action, I'y = S. For the anharmonic oscillator (2.1) coupled
to an external Ohmic heat bath with damping constant y, the
Keldysh action is given by [17]

— a=0
a=1/2

— a=1

Im w,

5

FIG. 4. FRG scale k dependence of the imaginary parts
Imw, (k) of the regulator-induced relaxational poles in the
retarded propagators of Fig. 3. Here, @ = 1/2 is the limiting
case; i.e., causality is always violated at large k for @ < 1/2.
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1 [ed
Slol = 5/_oo£¢T(_w) (a)2 + iyw — wf

di(pe (1) (1)° (1)(2) + ¢ (1) (1) p?(1)9* (1)),

24 [

Y

where we already used the Fourier transform of the
quadratic part in the action for convenience. With this
general structure of the bare action in mind, one possibility
to truncate the Wetterich equation for the full effective
average action is a functional Taylor expansion in terms of
the 1-PI n-point vertex functions [28]. Using the origin in
field space, ¢y = (¢, ¢¢) = 0, as the expansion point, and
the abbreviation

T (xyox,) = T [ = 0.9 = 0)(xy. ... x,)

to denote the n-point vertex I' ,({">, it reads

9
Ig] = Z%/de,...de,,
n=1"""
X )P (x1). ™ (x,),

such that the Q-point vertex is the highest one that is taken
into account.

In this work, we use this vertex expansion (5.28) up to
the order Q = 6 in combination with a loop expansion of
the corresponding right-hand sides of the flow equations.
For the latter we adopt an ordering scheme tied to the
vertex expansion in such a way that the highest n-point
function (with n = Q) is assumed to be given by a
|

aj...q,
er ”(xl,...

(5.28)

rldl =5 [ 7 0( e, %iWM»W”

FE{Z)’R(x, ) I

(2, x')

1 3

~61 ). Gl )¢ () + 5 () (7)) + %,uk(ﬁc(x)((]ﬁ"(x))s) +O(4b),

where we denote spacetime integrations over x, in short, by

[o= [ e

The first line in (5.29) corresponds to the two-loop exact
two-point function, the second line to the one-loop exact
four-point function, and the third line to the zero-loop

(5.30)

a)2—iya)—a)%> (@)
®
2iyw coth(s%)

(5.27)

frequency- (and momentum-) independent (but scale k-
dependent) vertex, while successively higher loops are
included for the lower n-point functions. Specifically, we
include (Q — n)/2-loop structures for the n-point func-
tions with n = 2, ..., Q. With Q = 6 here, this amounts to
taking into account the two-loop structure of the two-
point functions, the one-loop structure of the four-point
functions, and the scale-dependent constant six-point
vertex without substructure (corresponding to order zero
in the loop expansion).

Note that our combined vertex and loop-structure
expansion at the order Q = 4 would essentially only yield
a mass resp. frequency shift of the main peak in the spectral
function, corresponding to the 0 <> 1, 1 <> 2, and higher
one-step transitions. In order to describe effects such as
collisional broadening or higher resonance excitation
frequencies in the spectral function, e.g., corresponding
to 0 <> 3 or 1 < 4 transitions, one needs nonlocal (here
meaning frequency-dependent) corrections of one-loop
form in the four-point function [36]. In the combined
scheme we adopt here, with Q = 6 this implies self-
energies of two-loop structure; it then automatically also
includes the local but k-dependent six-point vertex, which
leads to a further quantitative improvement.

To explain the truncation in more detail, we start with the
formal expression for the effective average action,

i % /u/ ¢ () (TP (x, ) (x) g ()

(5.29)

exact six-point function. Their detailed structures are
explained in reversed order, starting from the six-point
function, in Secs. V C 1-V C 3, respectively.

At this point it is convenient to follow Ref. [36] and to
introduce the shorthand notations BY, B!, BX as follows,

BE = G o ,RE o GE, (5.31a)

’In the symmetric phase of ¢)* theories, without spontaneous symmetry breaking or tunneling in quantum mechanics for w3 > 0, all odd
n-point functions vanish identically, and the minimum of the effective average action is fixed at ¢y = (¢, ¢¢) = 0, independent of k.
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B = G o 0yR} o G, (5.31b)
BX = GR o 0,RE o G + GR 0 0,RE o G¥
+ GK o 4R} 0 G, (5.31c)

for convolutions of propagators and regulator insertions
with fixed outgoing legs (¢, g), (¢, c), and (c, ¢), respec-
tively. These are counterparts of the retarded, advanced, and
Keldysh propagators G, G¢, and G¥ with all possible ways
of inserting one regulator term d; R in between.

1. Six-point function and effective potential

Working out general flow equations for n-point couplings
by the diagrammatic method can be rather cumbersome,
especially in the case of the six-point coupling that we are
interested in. In fact, it is much more convenient to first
consider the flow equation for the scale-dependent force
from the effective potential Vi (¢), here defined as a

function of the rescaled classical field ¢ = ¢°/+/2 by

1 ol [¢]
_V/ = )
(@) V264 (x) 4=,

and generally valid with any ansatz for the effective average
action I'y[p], where the prime denotes ordinary differ-
entiation with respect to the constant classical field variable
@. In a general nonequilibrium situation, the potential might
be spacetime x = (x°, x) dependent. This is not the case,
however, for a spatially homogeneous system in thermal
equilibrium.

The definition in (5.32) is motivated by the form of the
potential term Sy [¢¢, ¢?] in the bare Keldysh action on the
closed time path, given by

e [ (02}

for a general potential V(¢) in the Lagrangian of the theory,
where —V’(¢) is the force in the classical field equations
obtained from the ¢ — 0 limit.

For the spacetime-independent vertices, we are inter-
ested in the flow equations for the Taylor coefficients

(5.32)

V" (0) of the scale-dependent effective potential Vy(g)
used in (5.32), when expanded around a possibly likewise
scale-dependent minimum ¢ ;. In our case, ¢ = 0 for
all k, and we are interested, in particular, in the sixth-order
Taylor coefficient, which is precisely our six-point
coupling constant, y; = V,(f)(O).

Using Eq. (5.32) to define the scale-dependent effective
potential (up to a constant), we can then furthermore relate
the desired Taylor coefficients to the spacetime integrals of
the corresponding n-point functions, via

V]((”) (O) — _2n/2—1 /

X2 Xp

O xg, conx,),  (5.34)

where we have also used the exchange symmetries of the
n-point functions,

r}(--“ﬂ“-(,,.,x,y, )= F;(“ﬂ”“'(...,y,x, )

(5.35)
which are valid specifically for a real scalar field theory
[60], in order to combine equivalent terms in (5.34).

To obtain the flow equation for the derivative of the
effective potential, we thus have to project the Wetterich
equation (5.1) on constant classical field configurations
accordingly. To achieve this, we first take the functional
derivative with respect to the quantum field ¢4 (x) on both
sides of the Wetterich equation and then set ¢? =0,
¢° = const, which diagrammatically corresponds to the
equation (see e.g., [37])

olyle] i
Mogu(z) 2 ' (5.36)

Due to the functional derivative, the flow of the zero-point
energy V(0) is lost, of course. This is generally true on the
closed-time path, however, where the Keldysh action
contains no information on the zero-point energy either
because the contributions to a constant offset in V(¢)
from the forward and backward branches exactly cancel,
cf. Eq. (5.33).

For the flow of the higher Taylor coefficients of the
effective potential, we can set ¢? = 0in (5.36), but we need
to maintain the dependence on the constant classical field
@. This implies that one would need a partially field-
dependent, full three-point vertex function

FZf]:(X,XZ,X3) = FZCC[d)C = ﬁfp? ¢q = O](X, Xz,x:;)

in the loop diagram on the rhs of (5.36) which obeys its own
flow equation involving successively higher n-point func-
tions as usual. At this point we employ a local-vertex
approximation in the sense that we neglect possible space-
time-dependent substructures but maintain the required field
dependence in the local part. Consistency with Eq. (5.34)
then requires us to use,

1
Lo (x,x0,x3) = = 7 VI (@)d(x = x7)8(x — x3),
where the dependence on the constant classical field ¢ will
be needed for the higher-order derivatives later. Using this
local-vertex approximation and the definition in (5.31c), the
flow equation for the effective potential from (5.32) and
(5.36) becomes

(5.37)

avifo) = =3V [ GLELp). (539
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The notation Bg . on the right indicates that field-dependent

propagators G, , = Gk[\/i(p, 0] are analogously being used
inside the loop. To further illustrate the technique needed
for further derivatives with respect to the classical field
expectation value ¢, first consider, for example, the fully
field-dependent retarded propagator GR[¢¢, 7). For the
successive Taylor coefficients of the effective potential,
we can again set the classical field ¢°(x) = v2¢ to its
constant expectation value and the quantum field to zero,

¢?(x) =0. For the partially field-dependent G}, =

GR[V2¢,0] this implies that we can relate the ordinary
partial derivative with respect to the constant field expect-
ation value ¢ to its functional derivative with respect to the
classical field ¢°(x),
SGE(#°, #7]
. GR dD
=2 [ e

To evaluate the functional derivative inside the integral, we
make use of (5.7b), which, after applying the functional
chain and product rules, directly tells us that

86G§[¢°. 0]
¢ (x)

The dots in the arguments of the intermediate three-point
function indicate that the middle argument is fixed by the
external differentiation point x, whereas the first and the
third argument are convoluted with those of the propagators
at the outgoing and incoming legs. After this functional
derivative we can now insert our local-vertex approximation
from Eq. (5.37), which, from (5.39), then yields

9
op

This is the final derivative relation for the retarded propa-
gator that we intended to illustrate here. Together with the
FDR, we can now construct arbitrarily high ¢ derivatives of
the retarded, advanced, and Keldysh propagators in the
local-vertex approximation,

(5.39)

0 (0)=v2p
#9(x)=0

= Gf o FZCC(-,x, ) o Gf. (5.40)

Gq)k = —VZ’(go)GS,k o Gg,k. (5.41)

9,G M ) = V() (GE ()%, (5.42a)
9,GX (@) = =V}!(9)GE (0)(GE () + G2 (o)),
(5.42b)

(y7 B) (', 8"
8krzﬂﬁlo‘/(x,y,y',x') - _

(z, O4) (a',0)

(yﬁ)i z(y ,8')
(z, a) (z',a")

9, BN () = =2V () B (0) R (). (5.42¢)
9,B5 1 (0) = =V (@) {(BE () + B} ()G ()
+ Bf [ (0)(Gy (@) + G 4 (@)} (5.42d)

These relations form the basis for a set of recurrence
relations because we can now obtain flow equations for the
higher derivatives of the scale-dependent effective potential
from (5.38) by iterating the relations (5.42a)—(5.42d).
Setting the classical field variable ¢ to the expansion point
(here at ¢ = 0) afterwards, then finally results in corre-

sponding flow equations for the Taylor coefficients V,(C") (0)
which are related to the n-point coupling constants via
(5.34). The resulting flow equation for the sixth-order
Taylor coefficient py = V,((>(0) is derived explicitly in
Appendix B 3.

2. Four-point function

In a real-time ¢* theory there are three different types of
four-point vertices at one-loop level, namely, (a) the
classical ¢ pcp? vertex, (b) the quantum ¢°Pp9¢p9p?
vertex, and (c) the “anomalous” ¢“@?¢p°p? vertex [36]. The
former vertices (a) and (b) already exist at tree level in the
bare Keldysh action (5.27) and acquire (nonlocal) correc-
tions during the FRG flow. In contrast, the anomalous
vertex (c) does not exist at tree level and is first generated at
one-loop order. Since in our truncation scheme we want the
flow of the four-point function to be one-loop exact, we
have to consider all three vertices (a)—(c).

We start with a few general remarks on how to truncate
the flow equation for a four-point function ' 7< consis-
tently within the framework of our truncation scheme, with
the upper indices aff'a’ corresponding to
(a) the classical aff'a’ = cccq vertex,

(b) the quantum apf'ad’ = cqqq vertex, and

(c) the anomalous afff'a’ = cqcq vertex.

The flow equation for each of these four-point functions is
obtained from a corresponding fourth-order functional
derivative of the Wetterich equation (5.1). This is straight-
forward but tedious, so it is not explicitly repeated here.
The result, evaluated at the origin in field space (see e.g.,
[61]), can be compactly summarized [38] as follows,

(y, B) (v', ﬁ)

(5.43)

(z, @) (z', ")
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At this level, when using scale-dependent local vertices
on the right-hand side of the flow, there is a natural
separation into s-, ¢-, and u-channel contributions, corre-
sponding to the first three diagrams in (5.43). We
furthermore omitted the explicit labeling of the legs in
the rightmost diagram containing the six-point function,
which is local anyway, at the order Q =6 of our

|

7 (x,y,y/,x')

=06(x—y)5(x' =y

truncation scheme, and the order of the external legs is
hence irrelevant.

With scale-dependent local vertices inside the flow, we
can now apply our loop expansion by splitting the four-
point function T 7 into a sum of s-, -, and u-channel
contributions, each of which is local in two of the three
relative coordinates x — x/, x —y, and x' — y/,

)1—«1/};/)’/(1/ (X X/) (s — channel)

+8(x—x)8(y =y )T (x,y) (¢—channel)

+8(x—y)8(y —x )T (x x') (u— channel),

with the symmetries T%% (x,x') =% (y/

F{aﬂ, “ and FZﬂﬂa = FZﬂ“ﬂ. Note that such s-, -, and u-
channel splitting is generally not possible beyond one loop:
Although (5.43) formally has a one-loop structure, with full
four- and six-point vertices on the right-hand side of (5.43),
it would contain structures of arbitrarily high loop order.
In general, i.e., with nonlocal vertex functions inside the
loops, Eq. (5.44) would therefore represent an additional
approximation.

x), P —

(v,

OTeTF e (g oty = i

z' =y’

where an extra factor of 1/3 in front of the six-point diagram
occurs because we evenly distribute the local six-point
contributions to the s-, t-, and u-channels, cf. Eq. (5.44). As
full four- and six-point functions on the rhs of the flow
equation in (5.45) would invalidate this s-, 7-, and u-channel
splitting, they are therefore beyond the truncation scheme
used here. At the present order Q = 6 this scheme requires
the flow of the four-point function only to be one-loop
exact, and we may therefore replace the full four-point and
six-point vertex functions by effective local coupling con-
stants v, and py, respectively. For the four-point functions
on the rhs of (5.45) this amounts to inserting

l—‘zf"ﬂ’a’ (x’ y, y/’ x/) N

1 ' 1
— S5 = y)3(x = X3 - )

(5.46)

with effective local coupling constants /" 7o [see Bq. (5.48)
below]. Moreover, at our truncation order Q = 6 the
six-point function is determined by the scale-dependent

local (classical) vertex V,(f)(O) = u; already, cf. Eq. (5.34).

i(y/,ﬁ) /

=Y, (z, )

(5.44)

Here we stick with scale-dependent local vertices inside
the loops and decompose Eq. (5.43) into the three channels
(5.44), which are all determined by essentially the same
two-point correlation Fkﬁ pa (x,x") with suitably permuted
indices and arguments. We are therefore free to arbitrarily
select one out of the three equivalent channels. For the
s-channel the flow equation reads

(5.45)

(z',a") z= ya

[

Inserting (5.46) into (5.45), the rhs of the flow equa-
tion (5.45) therefore becomes

a,(rfjf’;/”“' (x,x") = 4 aﬁy‘s 5/ rPa ’BW (x,x") G (x, x')

2.4yk5(x x')BE (x,x'),

(5.47)
where summation over repeated indices is implied again.
The effective local coupling constants v, are given by
summing up all the (nonlocal) contributions of the four-
point function,

1 ] ')
—5u :/ / / T ey y ). (5.48)
x=y Jx—=x" Jx'=y

We can then insert the ansatz (5.44) into (5.48) and Fourier
transform as follows,

Ljapa _ (passa | pataps | pavpe)

~ 3% (5.49)

‘p:()’
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where one can readily see that the v’s are just the sum over
the three channels of (5.44) evaluated at zero momentum,
consistent with the one-loop expansion of the flow equation.
The relation (5.49), together with the flow equation (5.47),
constitutes our final system of one-loop exact flow equations
for the full four-point function F‘,fﬂ 7 in which the scale-
dependent constant vertices are calculated self-consistently.

Having the general flow equations for the four-point
functions of type (a)—(c) at hand, we need to briefly discuss
one minor additional subtlety. Recall that the anomalous
vertex (c) is first generated at one-loop order. It hence has a
structure that is highly nonlocal in spacetime. The local
approximation (5.48) is therefore not suitable in this case,
and the anomalous vertex has no constant contribution at
tree level. Thus, it is, in fact, more accurate to set the
effective coupling constant for this anomalous vertex (c) to
zero, ie., 17 =0, on the rhs of Eq. (547) at our
truncation order, and only employ (5.48) for the classical
and quantum vertices (a) and (b). We emphasize that we
nevertheless still solve (5.47) for all of three vertex
functions (a)—(c). Setting ;Y = 0 to zero only effectively
removes all diagrams from the rhs of the flow equa-
tions (5.47) that would represent a constant contribution
from the anomalous vertex. As a result, the anomalous
vertex is not fed back at all into the flow equations for the
four-point functions. One would have to go beyond the one-
loop expansion on the rhs of the flow equations (5.47) in
order to do this in a consistent way (see [36]). In our
combined vertex and loop-expansion scheme, that would
imply increasing the truncation order to at least Q = 8.
However, the calculated anomalous four-point vertex func-
tion will enter the flow of the two-point function and thus
cannot be neglected entirely, although it does not reenter the
flow equations for the four-point functions themselves.

We conclude this subsection by introducing a few further
notations that will be convenient in the following sub-
sections. For the two-point vertex functions we define the
shorthand notations

Oy (z,2') = —

DO | =

(z, ) (2',a’)

The s- and u-channel contributions [the second and third
diagrams in (5.52)] are responsible for generating a dynamic
frequency dependence in the two-point function and there-
fore in the spectral function likewise. This is why we have to
go to at least order Q = 6 in the first place, to see effects in
the spectral function that are beyond a constant mass or
frequency shift. These contributions generate a dynamic

Vil o) =15 (x, X)),
VI (x,x) =T (x, X)),

Vi (x, ) = T500 (x, )

to emphasize the distinction between the classical (a),
quantum (b), and anomalous (c) vertex functions. We
furthermore introduce the diagrammatic notation

P

to denote the two-point correlation I'#*# (x, ') in each
channel of the full four-point vertex function, in order to
emphasize its one-loop structure. We use this notation in
the next subsection to represent the two-loop order in the
flow equation of the two-point function I'¢* (x,x’).

(z, ) (=", 8"

(', a)

rgﬁ?ﬁ’“’( (5.50)

no_
x,2') = o)

3. Two-point function

The exact flow equation of the two-point function at the
minimum ¢, = 0 has the formal structure of a tadpole
diagram, except that it contains the full four-point vertex
function [36,38],

“,a!) = 3 ©(5.50)

(z, ) (2',a’)

According to our truncation scheme at order Q = 6, we
need to solve the flow equation for the two-point function
in a two-loop exact way, which we achieve by inserting our
one-loop exact four-point functions (5.44) from the pre-
vious section without further approximation into the rhs of

the flow equation (5.51). With the notation just introduced
in (5.50) above, this yields

[ |

(I,Oé) (3:/7(1/)

(5.52)

(z,0) ==(z’, ")

l

frequency dependence since they explicitly depend on the
external frequency (and momentum in higher dimensions)
that flows through the diagram. In contrast, the z-channel
contribution [first diagram in (5.52)] is proportional to
~&(x — x) and thus only contributes a constant shift to the
bare mass or frequency wg. Translating the diagrams into
formal expressions then finally leads to
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i D
Ay (p) = =3Vir = 0) [ G5B o)

—i / (;ﬂ)qg (Bf(q)Vi'(p - q)

+ B (q)Vi"(p — q)). (5.53)
0T (p)=—i / (;T)"Dwf (Ve (p—q)

+B(Q)Vi' (p—a)+Bi(9)V{"(¢-p)), (5.54)

here for the advanced A and Keldysh K components of
the two-point function. Together with the flow equations
for the four-point vertex functions [see (5.49) and (5.47)] and
the scale-dependent six-point vertex (see Appendix B 3),
they now represent a closed system of flow equations. We
solve this coupled system of flow equations numerically with
the method outlined in Appendix B 1; we then calculate the
spectral function in the IR (k — 0) via (5.8). As we have
explained in the beginning of this work, this system of flow
equations is then fully consistent with our expansion order
Q = 6 in the sense that the flows of the two-point functions
are two-loop exact, those of the four-point functions are one-
loop exact with self-consistent tree-level contributions, and
those of the six-point function, being a scale-dependent
constant, are self-consistent at tree level.

At this point we note, for completeness, that the
classical-statistical limit is readily implemented in the
real-time FRG flows by simply deleting the quantum
¢CPpldip? vertex from the microscopic action (5.27)
together with replacing the quantum distribution function
by the classical Rayleigh-Jeans distribution, which
amounts to replacing coth(fw/2) = 2T /w for o K< T
(e.g., see [17]).

4. UV initial conditions

In the UV (at k = A) the effective average action is given
by the bare action (5.27), from which we can read off the
initial conditions for two, four, and six-point functions,

F(Az).k(w) -0, (5.55a)
T2 () = 02 + iynw — w2, (5.55b)
FE\Z),K(w) = 2iy o coth (fw/2), (5.55c¢)
1 qu a
Vi) = Vi'(@) = =7 Vi'(@) = 0.
s = 0. (5.55d)

with the bare damping y », the inverse temperature f = 1/T
(entering through the FDR), the bare coupling constant 4,,
and the bare frequency w,.

VI. RESULTS

For the discussion of the results, we set the bare mass/
frequency @, = 1 to unity, which corresponds to implicitly
expressing energies in units of @, and all dimensionful
parameters in appropriate powers thereof (e.g., the coupling
A is measured here in units of a)g). We furthermore use a
rather small damping of y = 0.06 in order to warrant the
reliability of our benchmark solution from the exact
diagonalization.

We start by discussing our results at a rather high
temperature of 7 = 32 (in units of @) in Fig. 5. The high-
temperature spectral functions, in principle, contain all
possible energy differences E, — E,, in the spectrum
which are allowed by selection rules, e.g., due to the
conserved parity in our case, weighted by the appropriate
factor e #En|(n|%|m)|? that quantifies the probability for the
transition in the thermal mixed state of the canonical
ensemble, cf. Eq. (2.9). At a small value of 1 = 1/32 for
the coupling in the quartic anharmonicity in panel (a), the
system behaves nearly harmonically, and all approaches
more or less coincide. The classical approximation for
T > w is well justified. The main peak has a Breit-Wigner-
like shape which arises from the thermal ensemble of one-
step transitions |n) — |n+ 1) (see Fig. 1), where the |n)
are distributed according to the Boltzmann weight e #En,
cf. Eq. (2.9). Because the coupling is small, the transition
energies for the different n that contribute are all close to
that of the ground-state transition, which itself is only a
little larger than @y, = 1 in the harmonic case. The central
frequency w,. of this rather narrow main peak at w, 2 1 is
therefore also close to @,. All nonperturbative methods
describe this main peak in perfect agreement with the exact
solution. In contrast, the results from NLO two-loop
perturbation theory (taken from Ref. [36]) show spurious
double-peak structures. Most importantly, such a splitting
of the main peak does not occur in the classical-statistical
limit. Although the quartic coupling A = 1/32 is rather
small in Fig. 5(a), this is not surprising because the relevant
thermal coupling AT = 1 is comparatively large: In fact,
one can rescale variables in the classical-statistical theory
to trade the explicit dependence on the quartic coupling 4
for a dependence only on the combination AT (which is not
possible in the full quantum theory). Hence, the effective
expansion parameter of the classical-statistical theory in
the perturbative series is not 4 but the thermal coupling A7
Since AT = 1 in Fig. 5(a) and even AT = 128 in Fig. 5(b),
we cannot expect the perturbative expansion to be valid
here. This once again emphasizes the need for nonpertur-
bative real-time methods here, and we can appreciate the
huge qualitative improvements brought about by the FRG.
This is particularly reassuring for field-theory applications
beyond the classical-statistical limit where we neither have
exact solutions nor ab initio results from real-time
simulations.
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FIG.5. Comparison of high-temperature spectral functions, at 7 = 32 with weak damping y = 0.06, over frequency (all in units of @)

from the various methods. Panel (a) shows results at a weak coupling of 2 = 1/32, and (b) shows the corresponding ones at a rather
strong coupling of A = 4. The sharp individual peaks from the quantized transition energies, cf. Fig. 1, gradually build up the broad
continuum distributions observed at high temperatures in (a). These represent the classical limit in which the classical-statistical spectral
functions agree with the GSA results (static/adiabatic), and all of them coincide with the solution from the exact diagonalization.
Increasing the coupling at fixed temperature increases the splitting between the transition energies so that the individual peaks reemerge
in (b). The main peak represents the ensemble of one-step transitions |n) <> |n + 1), and the second one represents that of the three-step
transitions |n) <> |n + 3) at higher excitation energies. The time-dependent second moments o,,(t), 6,,(t), and 6, () beyond the static
approximation in the GSA produce contributions which are dismissed when extracting the spectral function from the quasiclassical
method described in Sec. IV B 6. These contributions, which can be neglected in the nearly harmonic system (a), are mainly responsible
for the differences between the static and adiabatic GSA results in (b). The classical limit also serves to assess the truncation used in the
real-time FRG calculations (performed on a frequency grid with 512 points in the interval @ € [0, 15]). Whether or not we are explicitly
employing the classical limit in the real-time FRG flow equations makes no noticeable differences here. The corresponding NLO two-

loop perturbative results are shown as dashed lines for comparison and agree with those of Ref. [36].

The second peak represents the corresponding thermal
ensemble of three-step transitions, [n) — |n + 3). It would
be absent in the harmonic case and is therefore small
because A is small. In the NLO two-loop perturbative
calculation it occurs at @ = 3w, corresponding to the
unperturbed energy difference in all these transitions.
Diagrammatically it originates from nonlocal “sunset”
diagrams at two-loop level which contain three bare
propagators. Cutkosky’s cutting rule then implies that
the spectral function, i.e., the imaginary part of the retarded
propagator, peaks at @ = 3@y. It is therefore neither at the
correct frequency nor of the correct shape. The perturba-
tive calculation overestimates its height and underesti-
mates its width. This is a manifestation of the fact that the
perturbative expansion is not valid here because the
effective expansion parameter of the classical-statistical
theory, AT = 1, is not small.

Beyond perturbation theory, the spread of the individual
transition energies generally grows with @, and the second
peak therefore tends to be wider than the main peak as well.
The resonance frequency of the second peak is somewhat
larger but close to 3w, (which is still well below T = 32
here). In fact, in our present truncation to the real-time FRG
flows, the second peak has to be at w = 3w,., as discussed
below. The fact that its central frequency is thus somewhat
underpredicted by the real-time FRG in Fig. 5(a) is there-
fore a first hint at the systematic errors due to the truncation.

All other methods (except perturbation theory, of course)
are in perfect agreement with the exact diagonalization
result around this second peak as well. In particular, we
observe no noticeable differences between the static and
adiabatic GSA results. This also implies that extracting the
Gaussian spectral functions quasiclassically, as described in
Sec. IV B 6, is justified because the spectral function of the
nearly harmonic system depends almost solely on the
evolution of the expectation values X and P.

Results at the same temperature 7 = 32 but a consid-
erably larger coupling of 1 =4 are shown in Fig. 5(b).
This fairly strong coupling increases the splitting between
the individual transition lines, whose widths are due to the
heat-bath coupling with the same small y = 0.06 as before
in each of the two ensembles so that the two corresponding
peaks are broadened significantly and their substructure
becomes clearly visible in the exact-diagonalization sol-
ution. For the same reason, these peaks have moved up in
energy to about 3w, and 9w, respectively, which also
implies that the classical limit 7 > @ is not as well satisfied
here, especially in the second peak. As compared to Fig. 5
(a) this second peak is more pronounced because the matrix
elements for the three-step transitions are larger at larger
coupling.

The real-time FRG, at the order Q = 6 in the truncation
outlined in Sec. V, has notable problems reproducing the
classical limit for large coupling, as also seen in Fig. 5(b). Its
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FIG. 6. Strong-coupling spectral functions with 4 =4 (and y = 0.06) at successively lower temperatures starting with 7 =4 in
(a)downto T = 0.5 in (d). With decreasing temperature the contributions from higher states in the one-step and three-step transitions get
exponentially suppressed so that the corresponding ensembles of the main and second peaks in the spectral functions get compressed
towards their lowest transition frequencies until only a few individual transition lines remain. The (static) GSA spectral function follows
the ensemble averages of the main and second peaks more closely than the classical one as temperature is lowered beyond the range of
validity of the classical approximation (7 > w). In our present truncation of the real-time FRG, the second peak for @ ~ 3w, stays at
about 3 times the central frequency w,. of the main peak (a frequency grid with 320 points on w € [0, 8] was used for 7 = 1, 2, 4, and one
with 200 points on @ € [0, 5] for T = 0.5). As in Fig. 5, the corresponding NLO two-loop perturbative results are included as dashed

lines for comparison.

main peak is so broad that it almost swamps the second
peak. To improve the truncation, on one hand, we have to go
to higher orders of Q > 8 in our combined vertex and loop
expansion. On the other hand, self-consistent solutions
might also be important, as shown, for example, in
Ref. [36], where the four-point function flowed self-
consistently. Quite expectedly, this increases the analytical
as well as the numerical effort tremendously. Unfortunately,
it also leads to a decreased numerical stability of the flow at
the same time. As shown in Ref. [36] the relevant parameter
in the loop expansion is the thermal quartic coupling AT.
There, it was observed that the FRG spectral functions
start to deviate from the classical-statistical result for rather
small but certainly nonperturbative values of AT =~ 4 when
the four-point function of one-loop structure is employed.
This should be compared to the comparatively huge value
AT = 128 in Fig. 5(b), which exceeds this proposed range
of validity by nearly 2 orders of magnitude. As visible in

Fig. 5(a) and also below in Fig. 6(d) for comparatively small
but already nonperturbative values of AT ~ 1-2, the real-
time FRG is still capable of accurately describing the shape
of the spectral function. Hence, there seems to be a limiting
value AT ~ 4 for our combined loop and vertex expansion at
the present order as well. At this value e.g., the splitting of
the four-point function in the s, ¢, and u channels is no
longer sufficient, and higher loop structures have to be taken
into account. Compared to the perturbative results, this is a
tremendous improvement, however, as already discussed in
relation to Fig. 5. The NLO two-loop result is not able to
describe the spectral functions reasonably well for any of
the parameters that we have considered. Despite its diffi-
culty with the necessarily very large thermal couplings AT of
the classical limit, the real-time FRG is thus nevertheless
very well suited to describe nonperturbative phenomena at
lower temperatures where the classical-statistical calcula-
tions have to break down eventually.
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Due to the sufficiently high temperature, as in Fig. 5(a),
the classical and the static GSA spectral functions still
coincide, with minute differences due to the higher relevant
frequencies here only in the second peak. They both
interpolate the substructure of the exact solution and agree
with the average shape very well. However, the GSA in the
adiabatic approximation, with the nontrivial time evolution
of the Gaussian widths included, now shows visible
deviations from those averages in the second peak of the
three-step ensemble. This is because for a coupling as
strong as 4 = 4 used here, our quasiclassical approach of
extracting the spectral function described in Sec. IV B 6
becomes inconsistent, which we can infer from the fact that
the classical spectral function better matches the exact one
than the adiabatic GSA result does. Beyond the static
approximation, the time dependence of the Gaussian
widths o,,(t), 6,,(t), and 6,,(t) produces contributions
to the spectral functions that are not contained in the
quasiclassical extraction scheme based on the classical
unequal-time correlators of X(7) and P(z) alone. This
explicitly demonstrates the relevance of the discussion at
the end of Sec. IV B 6.

Our results for the same strong coupling of 4 =4 (and
y = 0.06), but now at successively lower temperatures
between T'=4 and T = 0.5, are summarized in Fig. 6.
We leave out the GSA results from the adiabatic approxi-
mation with the time-dependent widths in this summary
because they do not represent improvements over the static
GSA results. A dedicated comparison of the two approxi-
mation schemes for the GSA is deferred to Fig. 7 and
discussed below.

1x10" | E
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1x107

1x1072

spectral function p(w)

1x10°8

L exact diag.
GSA (static)
GSA (adiab.)

0 1 2 3 4 5 6 7 8

1x10

FIG.7. Comparison of static and adiabatic approximation in the
GSA at strong coupling (4 = 4 with y = 0.06 as before) and low
temperature (7 = 0.5). With the adiabatic corrections included in
the time evolution, the central frequency of the main peak
matches the exact one slightly better than in the static approxi-
mation. An additional “flank” on its right (shown in the insert)
resembles the multipeak substructure of the individual transitions
from the exact diagonalization. Moreover, we observe a splitting
of the second peak in the adiabatic approximation, which at least
qualitatively resembles the first two distinct three-step transitions
in the exact diagonalization.

The two ensembles of one-step and three-step transition
lines in the exact spectral functions of Fig. 6 become
sparser with decreasing temperature because the transitions
with larger n get sequentially more suppressed. Because
this removes strength from the higher-frequency side of
each of the two, the corresponding peaks become narrower
and their central frequencies shift to smaller values with
decreasing temperature. In contradistinction to the high-
temperature limit and Fig. 5, for very low temperatures
these ensembles cannot be represented by broad peaks
anymore, and the quantization in terms of the individual
transition lines can eventually no longer be neglected.

While all methods reproduce the general trend of the
overall infrared shift and reduction of width of the main
peak in the spectral function, there are quantitative
differences worth discussing: At the starting temperature
of T = 4 in Fig. 6(a), classical and GSA spectral functions
are still very similar and both agree well (on average) with
the exact result, while the FRG solution shows problems
analogous to those discussed in relation to Fig. 5(b).
Reducing the temperature to 7 = 2, we see in Fig. 6(b)
that the classical and GSA spectral functions start to
separate from each other. The classical result tends to
underestimate the central frequency of the main peak, and
the GSA more closely follows its shape, on average. In
particular, the GSA tends to better reproduce its rather
abrupt start due to the relatively sharp and well-isolated
quantum-mechanical ground-state transition line on the
low-frequency side.

When it comes to the second peak representing the three-
step transition lines, the GSA result is clearly able to
describe their ensemble average significantly better than
the classical spectral function. This trend continues towards
lower temperatures, where the GSA results are able to
follow these ensemble averages more closely than the
classical spectral functions and show an enhanced strength
in the second peak as compared to the classical-statistical
result. Consequently, all these effects become more pro-
nounced at 7 = 1 in Fig. 6(c). At the lowest temperature
T = 0.5 of this comparison in Fig. 6(d), it becomes obvious
that the GSA in our static approximation eventually also
tends to underestimate the central frequency of the second
peak in the Caldeira-Leggett model.

The classical spectral function is bound to approach its
mean-field value in the limit 7 — 0, which is here simply
given by the Breit-Wigner form with width y around the
unperturbed wy. It should therefore only be considered valid
for high temperatures. In contrast, the exact vacuum spectral
function (for 7 — 0) in the interacting theory still contains
all possible ground-state transitions |0) <> |1),[3),5), ...
which are inherently quantum mechanical. Because even the
lowest energy difference between the ground and first
excited states increases in the presence of the quantum
self-interactions which are not included in the classical
limit, the latter thus necessarily fails to describe the
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low-temperature mass shift correctly. We also notice that it
produces a main peak which is systematically too broad in
comparison with the exact solution. In the language of the
closed time path and the Martin-Siggia-Rose (MSR) path-
integral formulation of classical-statistical mechanics, it is
missing a quantum ¢°@?¢p?¢p? vertex. The real-time FRG,
which includes such a vertex, therefore becomes better for
smaller temperatures, and the location of its main peak, with
central frequency w,, fits the quantum-mechanical solution
quantitatively quite well. The strength from the higher
excitations in the second peak is best reproduced by the
real-time FRG as well, although its central frequency stays
closer to the one in the classical spectral function, as most
prominently seen in the 7 = 0.5 plot in Fig. 6(d). The
reason for this can be understood from the truncation
described in Sec. V. The effective mass shift of the main
peak is indeed generated by the tadpole diagram in (5.52).
However, nonlocal “sunset” diagrams are responsible for
the second peak (e.g., see Ref. [36]). They contain three
Green functions which all include the correct effective mass
shift as explained above. The imaginary part of this diagram
from Cutkosky’s cutting rule then fixes the location of the
second peak in the spectral function to @ = 3w,. This could
best be improved upon with self-consistency and by
including higher-order vertex corrections.

To further assess the influence of the static approxima-
tion in the GSA, we also ran the adiabatic GSA simulations
at our lowest temperature 7 = 0.5. The results are shown
in Fig. 7. We observe that the adiabatic approximation of
the GSA quantitatively yields a slightly better estimate of
the central frequency in the main peak. An additional
structure on its right side, as shown in the inserts, might
even be interpreted as a remnant of the individual tran-
sition-line substructure. Such a process is not contained in
the classical-statistical approach.

The three-step transitions at higher frequencies are
captured by both of the GSA results. In the adiabatic
version of the GSA, a double-peak structure thereby
emerges resembling the corresponding substructure in the
exact diagonalization result, which is a purely quantum-
mechanical effect [and which is never observed in the
classical spectral function, cf. Fig. 6(d)]. Quantitatively,
however, both GSA results underestimate the exact frequen-
cies and appear to be too broad as compared to the exact
diagonalization solution. The continuous high-frequency
falloff of the spectral function from there on is in fact
described best by the static GSA result, which includes the
quasiclassical correction factor from the colored quantum
noise, cf. Sec. IV B 5. In contrast, the large-w behavior of
the adiabatic GSA result does not match that of the exact
solution so precisely anymore. This is another indication
that the quasiclassical method to measure the spectral
functions as described in Sec. IV B 6 eventually becomes
inconsistent with the full time evolution of the Gaussian
widths in the adiabatic GSA at very low temperatures (or

very high frequencies), in agreement with the discussion of
the classical limit of the GSA in Fig. 5 above.

VII. CONCLUSION AND OUTLOOK

In Secs. II-V we have established four different real-time
methods for calculating spectral functions. These are based
on exact diagonalization, classical-statistical field theory,
the GSA, and the FRG formulated on the Keldysh closed-
time path. We have compared the results from these various
methods in Sec. VI for the spectral function of the quartic
anharmonic oscillator coupled to an Ohmic heat bath at
finite temperature as in the Caldeira-Leggett model.

Having established the underlying quantum-mechanical
structure of the spectral function for the anharmonic
Caldeira-Leggett oscillator from exact diagonalization in
Sec. II, we were able to demonstrate explicitly how the
quantum-mechanical system with its discrete transition
lines gradually turns into a classical one when the temper-
ature is increased, as illustrated here by the changing
behavior of the spectral function. The quartic anharmo-
nicity with coupling strength 4 of the system is responsible
for the emergence of distinct thermal ensembles, each of
which consists of individual transition lines whose sepa-
ration increases with A. With increasing temperature 7,
more and more transitions between states higher up in the
spectrum contribute to each ensemble. It is then the
ensemble averages that tend to the continuous broad peaks
of the spectral function in the classical limit 7 > w.
Although computationally expensive, such an approach
could be used to calculate spectral functions for field
theories or at least small many-body systems exactly,
which is an interesting topic for future work. Here it
provides our benchmark solution.

We have summarized the most important concepts
needed for classical-statistical simulations in Sec. III.
These can be used for ab initio calculations of spectral
functions in the classical limit of large bosonic occupation
numbers. This limit is realized at high temperatures or low
frequencies, i.e., for T > w, and it can therefore also be
used to study the static and dynamic universal behavior
near a thermal phase transition at 7', of the critical infrared
modes with @ < T, [21-24]. Here it served us as the
limiting case to verify the validity of the other approaches
in the high-temperature limit. We have observed that in this
limit the classical result describes the exact spectral
function perfectly well as a coarse-grained version of the
quantum-mechanical one. However, the classical approach
is not able to resolve the quantum-mechanical substructure
from the individual transition lines, and it also under-
estimates the frequencies of the main and second peaks in
the spectral function when it reaches its limitations at
smaller temperatures.

In Sec. IV we have shown how to construct a consistent
description of an external heat bath in the Gaussian state
approximation, describing the effects of thermalization,
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dissipation, and quantum-mechanical decoherence. There,
we have employed two distinct approximations—static and
adiabatic—and discussed their effects on the spectral
functions in Sec. VI. We have verified that the GSA is
perfectly consistent with the high-temperature limit, where
it reproduces the classical results as expected. In the static
approximation the GSA is able to follow the ensemble
averages of the exact solution towards lower temperatures
than the classical spectral functions, thus extending their
range of applicability by some margin. While the GSA can
serve as a useful qualitative tool to study the existence and
rough structure of quantum effects as (small) corrections to
classical-statistical simulations towards lower tempera-
tures, it leaves the discrete substructure in the ensemble
peaks unresolved. An interesting opportunity for future
studies would be to investigate alternatives to Gaussian
distributions of pure states, e.g., based on the logistic
function as suggested in [62], for the system particle at
large anharmonicities, where the leading corrections to the
classical limit are already expected to be non-Gaussian.

While the GSA in the static approximation presented
here might not be so well suited for high-precision
calculations at strong coupling 4, it does incorporate the
exact classical-statistical field theory limit near a thermal
second-order phase transition at a critical temperature 7',
where the dynamics are dominated by critical infrared
modes. However, at a finite “distance" to the critical point
or in nonequilibrium phase transitions along trajectories in
the phase diagram that get close to it, quantum-mechanical
effects might well become important. In such a situation, as
relevant e.g., in heavy-ion collision experiments searching
for the QCD critical point, the GSA could serve as a useful
indicator for that to happen.

For our real-time FRG calculations of spectral functions,
in Sec. V we have introduced the novel concept of heat-bath
regulators. These are constructed from coupling the system
to a fictitious external heat bath, which is introduced in the
spirit of the Caldeira-Leggett model as an ensemble of
harmonic oscillators, controlled by a FRG scale k-depen-
dent spectral density J;(w). This provides a rather intuitive
picture of suppressing infrared modes by overdamping, and
it is particularly well suited for near-equilibrium real-time
calculations. The construction includes regulating real and
imaginary parts of self-energies, while the causal structure
of the Keldysh action is built in. At the same time, this
causal structure of such a regulator added to the Keldysh
action necessarily also requires adding a Callan-Symanzik
counterterm, in order to avoid acausal regulator singularities
and to suppress long-wavelength infrared modes. With these
counterterms included, however, our heat-bath regulators
can straightforwardly be generalized to field theories in d
spatial dimensions, which is the subject of ongoing work.
An analogous construction scheme might also be feasible,
for example, by imagining the bath to be an ensemble of
Klein-Gordon fields, which brings along further subtleties

such as e.g., Lorentz covariance that are not present in our
0 4 1-dimensional example here.

After establishing our causal regulators, we have adopted
a truncation scheme for real-time FRG calculations, which
1s a modification of that used in Ref. [36] in that it combines
vertex and loop expansions. At our present truncation order
it includes a self-consistent vertex expansion of the self-
energies up to two-loop order. We have demonstrated in
Sec. VI that such a truncation yields robust and quantita-
tively very reasonable results for the main peak in the
spectral function at low temperatures. Noticeable problems
occurred only in reproducing the classical limit at strong
coupling A, which indicates that higher-order nonlocal
structures in the vertex functions might have to be taken
into account to describe this regime in parameter space.

With regulators and the truncation scheme for real-time
FRG calculations in place, the potential of this new
direction of field-theory applications for the future includes
studying dynamic critical phenomena and nonequilibrium
phase transitions, work we have not touched upon here but
which is also underway already.

The first FRG calculations of dynamical critical expo-
nents z for various dynamical models [39-41] or critical
spectral functions [37] have only relatively recently
become available and will be systematically expanded.
Moreover, the approach of building causal regulators
might be analogously possible also for fermions, leading
to the perspective of studying different dynamics in
renormalizable chiral effective theories, such as the
quark-meson model as an alternative and extension to
the analytically continued Euclidean FRG flows [8—10,12]
or the chiral parity-doublet model for nuclear and chirally
symmetric hadronic matter [11,63] within our real-time
FRG framework.

For nonequilibrium phase transitions, both the real-time
FRG and classical-statistical simulations are well suited to
study off-equilibrium phenomena such as finite-time tra-
jectories in the vicinity of a critical point in the phase
diagram [64]. It is believed that the theoretical under-
standing of such systems might yield protocols to locate
the QCD critical point through the data obtained from
heavy-ion collisions (see e.g., [65-68]). Both the classical-
statistical simulations, possibly extended by the static GSA,
and the real-time FRG provide promising computational
frameworks for further investigations of such nonequili-
brium systems in the future.
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APPENDIX A: GSA DETAILS

1. Equations of motion for Gaussian widths
Based on an adiabatic approximation, in this appendix
we derive expressions for the stochastic forces K ,(¢) and
K ,,(t) on the variances o,,(t) and 6,,(t) in Egs. (4.36b)
and (4.36¢), which are given by the irreducible correlators

Koo ()= (x0n()), and K,,(1)=(p0)i(1)). (Al)

With the explicit expression for the fluctuating force in
Eq. (4.16), without the transient initial shift, these are

K., (1) = ng (GW\ () cos(w,t) + wi G r (1) sin(a)st)> ,

(A2)

K, ()= g, <qu,; (1) cos(w,t) + wiG,,ﬂs (1) sin(wst)> ,

(A3)

Gir, (1) = (2(1)7,(0))), (Ada)

Gy, (1) =(P(0)D5(0)).  Gpr (1) = (p(1)7,(0))) (A4b)
describe the irreducible correlations between the heat-bath
oscillators and the system particle. To calculate these
correlators we first consider their respective equations of
motion obtained straightforwardly from their time deriva-
tives together with the HLEs (4.15a) and (4.15b) for %(¢)
and p(1),

%Gm (1) = G,y (1). (ASa)
d G =G AS5b
8 Gon (1) = Gy 1), (Ash)
%GM_(:) __ A "dry(t-1)G,, ()

— (V') @5(0)) + (E(1)@s(0)),  (A5c)
00 == [ atr1=1)G,e (0

— (V' (3(0))2,(0)) + (E(1)7,(0). (A5d)

To evaluate the last cumulants on the right of Egs. (A5c)
and (A5d), we first note that the bath oscillators have
(equally distributed and independent) minimum uncertainty
at the beginning,

(s (O)@s’(o)» = 5”/1/(2a)s), (A6)
«ﬁs (O);[s’ (O)» - 5ss’ws/2' (A7)
Therefore, Eq. (4.16) immediately entails that
(E09.(0) =5cos(t).  (ASa)
(E02,0)) = Zsin(oy1). (A8b)

2

Having in mind the limit A - oo for later, the contri-
bution from the transient initial shift y (#)%(0) — 2y5(¢)x(0)
is dismissed here again.

More difficult to compute are the cumulants with the
conservative force terms on the right of Eqgs. (A5c) and
(A5d). The application of Wick’s theorem is a priori only
justified for equal-time correlators from the Gaussian state
(4.21). If we also use it for the unequal-time correlators
here, we obtain

(V'(x(0)@s(0)) = C(X(1), 0,:(1)) Gy, (1), (A9)
with the curvature of the potential given by
2 Ay
C(X.0.) = a5+ 2 (X* +0.) (A10)

and an analogous expression for the corresponding force
term in (AS5d). As in the main text, we abbreviate the time-
dependent curvature in the following simply by

and its initial value by Cy = C(0).

Putting everything together, and combining (A5a) and
(A5b) with (A5c) and (AS5d), then yields two decoupled
second-order differential equations for the irreducible
correlations of %(#) with the initial heat-bath coordinates
and momenta. These differential equations describe driven
harmonic motion with damping (including memory effects)
and, most importantly, with an, in general, time-dependent
frequency given by the square root of the curvature C(¢),

d2 ! / / d !
@Gw\ (1) + | dr'y(r—t )@Gmp.\.(f )
HC(1) Gy, (1) = 22 cos(w, 1), (Alla)
d2 ! / / d /
@me(t) + 0 dz ]/(t - t)@Gxnl\(t)
+ C(1) Gy, (1) = T sin(w,1) (A11b)
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For low frequencies m; << A, on the timescales relevant
for the driving force, the memory integrals over the
damping kernel reduce to ordinary (local in time) damping
terms y 4 G, (¢) and y$ G, (1), cf. Eq. (4.19).

An exact analytic solution to the general oscillator
problem with time-dependent restoring force C(z) is
unfortunately not known, at least to us. Therefore, we
have to resort to an additional adiabatic approximation,
assuming that the curvature of the potential fluctuates
slowly about a temperature-dependent equilibrium value
Co(T) obtained from a mean-field prescription,

CoT) = (C(X,0u))y = f +5 () (A12)

To go beyond this approximation, we furthermore split the
time-dependent value of the curvature into this constant
equilibrium value plus a small perturbation,

C(t) = Co(T) + 6C(1), (A13)
and treat 5C(7) as a correction to the exactly solvable
Egs. (Alla) and (Allb) for the constant Cy= Cy(T)
(dropping the temperature dependence in the following)
in time-dependent perturbation theory with the initial
condition 6C(0) = 0 so that the equilibrium value C, is
our initial value for C(¢) at the same time.

a. Static solution

The zeroth-order static solution is then the textbook
problem of the driven harmonic oscillator. After the
transient initial time, when all contributions from solutions
to the homogeneous equations have died out due to the
damping, the solutions are given by

Gl (1) =5 = A(w,) cos(,t = 0(@,).  (Al4a)
s a)s
Gl (1) = 2 A(,) sin(0,1 = 0(@,)).  (Al4b)
with amplitude
1
Alw) = (A15)
V(€= @) + P’
and phase shift 0(w),
Yy
tan O(w) = o (A16)

Inserting the static solutions (Al4a) and (A14b) into the
fluctuating force of Eq. (A2), for example, we obtain

1) cos(w;t) —|— GQ,, ( )sin(a)st)>

Z%(
oo
_Zzw 0 - 202’

tro

(A17)

where trigonometric relations are used to simplify the result
in the last line. The analogous calculation for the force in
(A3) yields

}’a)s
2 4 22

Zgz

Using the definition (4.14) of the spectral function J(w) of
the bath modes, the fluctuating forces on the variances
defined in (A1) finally become

(A18)

wdo J(w)(Cy—w?)
K = — Al19
xp(t) A o (CO _ 0)2)2 + 7/2602 ( )
and
o dw J(w)w?
K = — . A2
ro(t) 7//) 27 (Cy — @*)? + y*w? (A20)

Note that in the static approximation with constant C,, the
stationary solutions (Al4a) and (A14b) lead to stochastic
forces K, and K,, that are in fact time independent
as well.

If we now introduce the Ohmic heat bath J, (@), we
observe that these constant stochastic forces are logarithmi-
cally UV divergent in the limit A — oo, however. This is a
known artifact of the Ohmic bath without a cutoff as
mentioned in the main text [18,49]. To remove this constant
contribution, which is irrelevant for the time evolution of
o, in (4.34b), we first introduce

o dew I (w)o?
d(A\) = — ,
R e s

which for the Ohmic bath in Eq. (4.18) diverges with
A - o as

xp

(A21)

(A22)

With this constant contribution to the fluctuating forces,

we then define a subtracted Ohp via
ohp =0,, —d(A). (A23)

This removes the UV divergence in the stochastic forces
from both Egs. (4.36b) and (4.36¢) at the same time. The
constant stochastic force K, on ¢, in Eq. (4.36b) is then
absorbed completely in the static approximation, and the
subtracted force in (4.36b) reads
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odw  Jy(w)Cy
K A)=
xp+d< ) A Zﬂ(co_w2>2+y2w2

2 _ .2
- Co (71' + 2arctan <Ly/4> > . (A24)

dr (O] Ywe

for A — oo, where we have introduced the shifted oscillator

frequency,
e = \/Co—y2/4 > 0,

assuming weak damping. The complete equations of motion
(4.36a)—(4.36¢) for the relevant Gaussian widths, without
the transient initial terms and with the subtraction (A23), in
the static approximation thus read

(A25)

d
o= 20,,, (A26a)
d r
aaxp =0}, — Cooy — 10, + CoF(Cy), (A26D)
d—ta;p = =2Cy0,, — 2y07,,. (A26¢)
where
1 /1 1 w2 —y*/4
F(Cy) = — (= +—arctan| <227 ). A27
() 2wc (2—|—”arcan< Yo >) (A27)

This is a rather simple set of inhomogeneous first-order
differential equations with the particular solution, for weak
damping y < 2+/Cy, when all homogeneous contributions
have died out for ¢t — oo,

O'xx<t) - F(CO)’
0,,(t) = 06,,(0) +0),,(t) = 0,,(0).

op(1) =0,
(A28)

b. Initial conditions

The vanishing constant force on the subtracted o7}, in
the last line of this static approximation is consistent with
the initial condition ¢,, (0) =0, cf. (A3) for ¢=0.
Because of the constant subtracted force (A.24) on oy,
however, we have implicitly assumed nontrivial initial
conditions for the o, . Suitable initial conditions that are
consistent with the constant (subtracted) K, can be read

off from Eq. (A2) for t =0,

i (0) =
o =20, G-+

(A29)

With 6, (0) = 0 and 5, (0) = 0 the time derivative of
Eq. (A2) for t = 0 then implies that o,, (0) = 0 also.

In summary, the presence of the constant force on o), in
(A.26b) requires us to slightly modify the initial covariance
matrix in (4.23). As we switch on the coupling between the
heat bath and the particle at r =0, we have implicitly
assumed here that this happens via switching on the off-
diagonal o, via the term

01, (1) = (1)1, (07) + -+ with
_ 9 2
0y, (07) = 2a; CoA*(wy).

R

(A30)

This is analogous to the discontinuities that arise in o, ()
and 6,,(1) at t=0 as well, from the initial shifts in
Egs. (4.36b) and (4.36¢). Therefore, the initial covariance
matrix in (4.23), strictly speaking, refers to £(07), whereas
we start the integration of the equations of motion in the
GSA at t = 0" with

0 (0) 6,(07) ] ... 6,4, (07) O
0,,(07) 6,,(07)] ... 0 0
(0T =
9 0y, (07) 0 64.0.(0) 0
0 0 0 0',,l\_,,3_(0)

(A31)

c. Adiabatic approximation

Assuming that the curvature of the potential C() varies
slowly in time compared to the relevant bath oscillator
frequencies, we can elevate the static approximation to an
adiabatic one: Using the driven oscillator solutions in
Egs. (Al4a) and (A14Db) for the fast bath oscillator degrees
of freedom, we may then simply replace Cy by C(7) in the
final expressions for the equations of motion. The stochas-
tic forces then become time dependent as well, but they
remain ultraviolet finite also for the Ohmic bath J, (@) with
A — o0, after the time-independent subtraction of the static
approximation. The adiabatic approximation then yields,
for the Gaussian widths,

%axx =20, (A32a)
aaxp = 6;1) - C(t)axx —Y0xp

+C(O)F(C(2)) — Ag(C(1)). (A32b)
d
d—ta;p = =2C(t)o,, — 2y0),, +2rAx(C(1)),  (A32c)
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where K,,(t) is obtained from (A24) or (A26b) with
C() - C(l), i.e.,

Fe) = [

and an additional time-dependent force

© dw UND)
27 (C(t) — @*)* + y*a®’

(A33)

AK(t)—Aoog—iJA(a))

200 =C) = (C2(1) ~CF)
()0 + 2Rt ra?) O3

arises on both o, and ¢,,.

Finally, to include time-dependent (postadiabatic) cor-
rections to this adiabatic approximation, one might fur-
thermore use the retarded Green function of the unperturbed
oscillator,

1
gr(t) = w—@(f)e_ﬂ/z sin(wct),
C
ih (L L Vgl =80, (A35)
w1 dt2 }/dl 0 |9r - .

This allows one to reformulate Eqs. (Alla) and (Allb) asa
self-consistency problem of time-dependent perturbation
theory [with the initial condition that C(z = 0) = Cy],

Gy (1) = G2, (1) - / ™ 4 ge(1=1)3C(1)Goy, (1), (A36)

Gms(t)—Ggﬂ:(t)—Awdt’gze(t—l’)5C(f’)Gmx(f’), (A37)

where the leading-order corrections are obtained upon
inserting G9, and GY, for G,, and G,, on the right-
hand sides of these equations. Exploiting the corresponding
perturbative corrections or even self-consistent solutions
might be an interesting opportunity for further studies.

2. Colored-noise synthesis

As already discussed in Sec. IV B 1 the colored noise
will lead to our equations of motion (4.34a), (4.34b), and
(4.38a2)—(4.38c) being non-Markovian, i.e., nonlocal in
time [48]. Therefore, the stochastic noise £() occurring
in (4.34b) can no longer be generated “on the fly” as done
in classical-statistical simulations. However, different
realizations of colored noise and their numerical synthe-
sis have already been extensively studied in the context of
effective open quantum system formalisms, especially in
quasiclassical Heisenberg-Langevin and Schrodinger-
Langevin approaches (see e.g., [57,69-72] and references
therein). We employ a commonly used approach profiting
from FFT algorithms [73]. The idea is to sample a

realization of the stochastic forces in frequency space
according to

([¢(@)P?) = K (@) (A38)

with the noise kernel

K(w) = 2ywng(w), for w > 0. (A39)
Performing a discrete Fourier transform (DFT) of the
&(w) then yields a realization of the stochastic force in the
time domain which (in the continuum limit) is described

by the desired autocorrelation

00 2
_ Yy 14
- BPsinh?(zf/p) + at?’ (A41)

To this end, the discrete and finite set of time points
t; € {0,h,2h, ..., tha — h, tnax b at which expectation val-
ues are calculated is translated into the set of relevant
frequencies a)ie{—%,—%—l—tifx,—%—i—%,...,%—ti’;,%}. For
all frequencies, the stochastic force &(w;) is then sampled
from a Gaussian distribution with variance K (w; ). Finally, a

DFT of &(w;) is performed, yielding the desired &(t;).

3. Leapfrog algorithm

In the traditional leapfrog integration scheme, before the
first step, P and o,, are staggered backwards half a step
according to

Pliy=h/2) = Pli) =3 (). (A%2)

h.
pr(to - ]’Z/Z) = pr(IO) - ngp(t())' (A43)
After that, each step follows the same procedure. First,
we evolve P and o, a full step forward in time,

P(t+ h/2) = P(t— h/2) + hP(t) + VhE(),  (Ad4)

0yp(t+h/2) =0,,(t—h/2) + hé,,(1), (A45)

and then evolve X, o,,, and 6,,, by a full step using the new
values of P and o

X(t+h) = X(t) + hX(t + h/2), (A46)
O (t+h) =0,(t) + hé,, (1 + h/2), (A47)
o,p(t+h) =0,,(t) + hé,,(t+h/2). (A48)
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Note that 6,,(t 4 h/2) would require the knowledge of
C(X, 6xx)lr4n/2» Which is approximated by

Cle+ hy2) = SO HCEHR)

> (A49)

To obtain all expectation values at the same point in time,
P and o,, can be evolved forward by half a step,

h.

P(1) = P(1—1/2) =3 P(1). (AS0)

04p(t) = 0,p(t=h/2) - géx,,(t). (A51)

APPENDIX B: DETAILS ON THE
REAL-TIME FRG

1. Numerical implementation

The numerical implementation starts by incorporating
the two-point function on an w-grid using 2N — 1 grid
points on an interval [—L, L]. The number of grid points
2N — 1 is chosen to be odd to ensure that @ = 0 is one of
the grid points. Therefore, there are 2N — 1 possible values
w=-L,-L+56,..,0,....L =6, L with§=L/(N-1).

The advanced two-point function F,iz)’A(a)) and the
vertex functions are therefore represented by a discrete
data set

2).A

(2).4 (
4t

(w)), V;{j =V (w;) and Vit = Vit(w;)
(B1)

with @; = =L + jé for j =0,...,2(N — 1). The numeri-
cal implementation also exploits the symmetry relation
VI(w) = V{/(~w) to only calculate and store the
classical and anomalous vertices. Using these approx-
imations the coupled set of flow equations consisting of
partial and ordinary integro-differential equations is
reduced to a finite set of ordinary integro-differential
equations for the variables

(2);‘4 cl
05 Vi

Vi forj=0,....2(N-1), and p. (B2)
For simplicity, the resulting differential equations are
numerically solved using an explicit Euler method. To
increase the efficiency, the equations are reformulated
using the RG “time” parameter ¢ = log(k/A). In general,
convolution integrals of the type

1“mvmmm—w» (B3)

(e8]

with Q fixed, have to be solved numerically using a
trapezoidal rule for integration. Doing this for N grid

points has a numerical complexity of O(N?). This may be
optimized by performing a FFT to real space, where the
convolution integrals are simply multiplications, and then
translating the result back into momentum space using an
inverse FFT, as is done in Ref. [36]. Furthermore, the
convolution requires g to be evaluated outside the region
where the discrete data are available. Therefore, the
function value g(w) must be extrapolated from the
discrete values g; = g(w;). Here it is important to roughly
know the behavior of g(w) for |o| — .

If g(w) > oo for || - o (ie., for g= F,((Z)’A), a
second-order Taylor expansion at the boundaries is
employed, where the derivatives are evaluated using finite
differences with a single-sided three-point form for the first
derivative and a single-sided four-point form for the second
derivative.

If g(w) — const for |w| - oo (i.e., for g = V¢, Vém), the
function value g(w) is just set to the limit lim,,_,. o, g(@').
The drawback is that this constant must be known a priori,
which, in general, is not the case, but can be motivated from
the UV limit (5.55d), replacing 1, by the corresponding
effective coupling following Eq. (5.48). This method works
best if L is chosen large enough that g(w) =~ lim,/_, 1, g(@')
for |w| > L is a sensible approximation.

For all numerical calculations the flow parameters are
characterized by A = 20, kjg = 0.01. In every case the @
grid is chosen large enough to cover the full range of all
relevant excitations and fine enough to properly resolve
individual peaks of width y.

2. Regulator dependence

An important test for a given truncation is how sensitive
it is to the specific choice of the regulator. In the optimal
case, the effective average action lim;_,o I'; in the IR should
not depend on the regulator. But for any finite truncation a
spurious dependence on the regulator will certainly be
introduced. To analyze this dependence, we test two
possibilities of causal regulators, namely,

(i) a linear combination Ryg; — ak? of a heat-bath
regulator defined as (5.11) and the Callan-Symanzik
regulator (in the following referred to simply as
“heat-bath regulator” or in short “HB+CS”) and

(ii) a Callan-Symanzik-like regulator where the damp-
ing is uniformly increased by 2k for all frequen-
cies, i.e., R¥*(w) = —k? + 2ikw (in the following
referred to as “CS+damping regulator”™).

For convenience, the heat-bath regulator is reparametrized
according to a = ay + o, where the a, term eliminates the
negative mass shift quadratic in k from the heat-bath
regulator and the « term then adjusts the regulating mass.

To be explicit, we have ay = 1/v/4x for the regulator
in Eq. (5.17).
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(b) T =0.5
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Comparison between different choices for the Callan-Symanzik counterterm coefficient @ at the UV parameters A = 4,

y = 0.06 at two temperatures 7 = 4 (a) and T = 0.5 (b) for the heat-bath regulator (“HB+CS”), the CS + damping regulator, and results
from the classical-statistical simulation. We also include the result for the classical limit in the real-time FRG, which arises by deleting
the quantum ¢“¢?¢9¢? vertex and replacing the quantum distribution function with its Rayleigh-Jeans counterpart [17]. For T = 4 it
agrees very well with the full quantum result from the FRG, indicating that we are already close to the classical limit there. For 7 = 0.5 it
differs from the quantum result and matches the classical-statistical spectral function better, as expected. (For the FRG we use an
N =320, L =8 grid for T =4, and an N =200, L =5 grid for T = 0.5.)

For the parameters 4 = 4 and y = 0.06 and two different
temperatures 7 = 0.5, 4, a comparison between the result-
ing spectral functions is shown in Fig. 8. We also include
the comparison with the FRG result when applying the
classical limit, i.e., deleting the quantum ¢“¢@9¢?¢h? vertex
and replacing the quantum distribution function by the
Rayleigh-Jeans distribution, coth(wf/2) — 2T /w [17]. It
becomes clear that the results indeed depend on the specific
choice for the regulator.

We first focus on the T = 4 case, visualized in Fig. 8(a),
where we know from the discussion in Sec. VI that the
main peak is quantitatively well described by the classical
result. Taking this classical-statistical spectral function as a
benchmark for the FRG, we see that the qualitative
structure of the main peak is better described by a lower
value for «. In contrast, the second bump in the spectral
function at around @ = 6 is better described for a higher
value of . Therefore, @ should be chosen such that both
the main peak and the second peak are both described
sufficiently well, resulting in an optimization problem
for o

For the CS + damping regulator the main peak is
slightly more sharpened, reducing the agreement with
the classical-statistical spectral function in comparison
with the heat-bath regulator. The CS + damping regulator
also shows a second bump, but it is much less pronounced
than in the case of a heat-bath regulator. This 0+ 1
dimensional example already indicates the importance
of using a heat-bath regulator in practical calculations.

“It is worth mentioning here that for higher values of « than
the ones listed in Fig. 8, the stability of the flow decreases
significantly.

For completeness, we note that the classical limit of the
FRG agrees very well with the full quantum result, which
indicates that 7 =4 is indeed a temperature where the
system behaves classically.

We now turn to the low-temperature (7 = 0.5) case,
shown in Fig. 8(b), where we qualitatively observe the
same regulator dependence as in the 7 =4 case in
Fig. 8(a). The resulting spectral function obtained from
the FRG shows a very weak dependence on the Callan-
Symanzik counterterm parameter ¢. It also shows a slight
broadening of the main peak and a minor enhancement of
the second bump for increasing «’. The CS + damping
regulator produces a sharper main peak like in the 7' =4
case and, further, a decrease in the height of the second
bump. This suggests that the effects of the regulator noted
above are stable under the variation of the temperature,
such that the same conclusion in favor of the heat-bath
regulator applies. Turning to the classical limit of the FRG,
we see that the resulting spectral function lies significantly
closer to the classical-statistical result, most visible
through the shape of the main peak, as expected. The
shape of the second bump of the classical limit in the FRG
also agrees with the classical-statistical spectral function.
However, it is located at lower frequencies, which is an
effect of the structure of the nonlocal sunset diagrams in
the flow equation of the two-point function (cf. the
discussion in Sec. VI in the context of Fig. 6), and
therefore a purely truncational issue.

We conclude from this discussion that a heat-
bath regulator produces more accurate results than sim-
pler options like the CS + damping regulator, and it
therefore should be the preferred choice for real-time
calculations.
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3. Full flow equations

For the four-point vertex, we choose to neglect the
contributions arising from the anomalous vertex on the rhs
of Eq. (5.47) entirely and to approximate both the classical
and the quantum vertex by combining all (possibly non-
local interaction terms) into one effective local interaction.
In terms of the effective coupling constants, this choice
reads

where the effective coupling constants are the same for all
permutations of the CTP indices. Equipped with this choice
of the effective coupling constants, it is straightforward to
draw the diagrams in Eq. (5.47) to arrive at the flow
equations listed in Egs. (B6a)—(B6c).

The flow equation for the six-point function is gained, in
principle, by functionally differentiating the flow equa-
tion (5.1) six times. Since this is rather cumbersome, in
general, as mentioned above, we instead use the method of

1 eeq ceicq Taylor expanding the flow of the effective potential to sixth
b T 3 (p=0), (B4a)  order as described in Sec. V C 1. As a shorthand notation
we define
1 :
—Ev;qqq =307 (p =0), (B4b)
A= and A" =y (B5)
1 .
-~ =0 d all others =0 B4
2yk anc afl otiers (Bac) for the effective coupling constants.
|
OVl (x,x') = —iﬂ,ﬁlﬂ,‘c’l(B,f (. X')GA (x, ') + B (x.x)GE (x, X)) + i p8(x = x')BK (x — x' = 0). (B6a)
OV (x.4') = = 1" (BE (x,3)GE (. ) + BE(x. ¥ )G (x.¥)) + 5 pyd(x = X ) Bf (x = ' = 0), (B6b)
i u u
Vi (x,x') = —Z/li’(/lilBkK(x, X GE(x,x') + 2B (x, X' )G (x, x') + A1 BR (x, X')GR (x, X)), (B6¢)

2

=4 [ S {1512[873(19)65 (P)2G(p) + GR(p)) + BX(p)GE(p)(GA(p) + 2GE(p))

(2m)P

+ B (p)(Ge (p)GE(p) + (Gi(p)* + (GE(p))?)]

15
2

== mlG (p)(BR () + B (p)) + B (p)(Gi(p) + GE(p))] } (Bod)
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