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Detecting high-frequency gravitational waves with microwave cavities
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We give a detailed treatment of electromagnetic signals generated by gravitational waves (GWs) in
resonant cavity experiments. Our investigation corrects and builds upon previous studies by carefully
accounting for the gauge dependence of relevant quantities. We work in a preferred frame for the laboratory,
the proper detector frame, and show how to resum short-wavelength effects to provide analytic results that
are exact for GWs of arbitrary wavelength. This formalism allows us to firmly establish that, contrary to
previous claims, cavity experiments designed for the detection of axion dark matter only need to reanalyze
existing data to search for high-frequency GWs with strains as small as z# ~ 1072210721, We also argue that
directional detection is possible in principle using readout of multiple cavity modes. Further improvements
in sensitivity are expected with cutting-edge advances in superconducting cavity technology.
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I. INTRODUCTION

The first direct observations of gravitational waves
(GWs) by the ground-based interferometers LIGO and
Virgo [1] have ushered in the era of GW astronomy. While
the central focus of such experiments has been on the hertz
to kilohertz frequency range, an exploration across a much
wider spectrum is warranted. The Universe is expected to
be populated by GWs over many decades in frequency,
analogous to electromagnetic (EM) radiation [2], carrying
information that may revolutionize our understanding of
nature. This fact has spurred the development of a large
array of observational efforts with the aim of detecting
much lower frequency signals compared to current
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interferometers. These include future ground-based [3-5]
and space-based [6,7] laser interferometers, atom interfer-
ometers [8—10], pulsar timing arrays [11,12], and CMB
observations [13,14], as well as new types of astrophysical
signatures [15].

On the other hand, GWs of much higher frequency have
more recently garnered renewed interest. A number of
interesting proposals and operating detectors for high-
frequency GW detection already exist, including interfer-
ometers [16-20], microwave and optical cavities [21-36],
optically levitated sensors [37], mechanical resonators
[38—41], superconducting rings [42], and detectors based
on the inverse-Gertsenshtein effect [43] and the excitation
of collective magnon modes [44] (we refer the reader to
Ref. [45] for a comprehensive review). However, there are
still orders of magnitude in both GW frequency and
amplitude, well-motivated by theory expectations, that
we are currently unable to explore.

In this work, we focus on how GWs couple to electro-
magnetism, highlighting in particular the role of small-scale
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laboratory experiments for the detection of gigahertz-
frequency signals. A GW propagating through a static
background EM field sources a feeble EM field that
oscillates at the frequency of the GW. Resonant detectors
are well-suited to the detection of such oscillating fields
provided that the GW 1is coherent over many oscillation
cycles. In fact, similar signals arise from other new physics
sources, most notably in the case of ultralight axion dark
matter that couples to electromagnetism. Motivated by the
tremendous progress in small-scale technology targeting
dark matter detection, we focus on setups that are either
identical or similar to existing experiments (such as ADMX
[46], HAYSTAC [47], ORGAN [48], and CAPP [49]),
which feature a resonant conducting cavity of size L4 ~
O(cm)-O(m) immersed in a strong static magnetic field.
Since the resonant frequencies of conducting cavities are
comparable to their inverse geometric size, such setups are
naturally sensitive to GWs in the gigahertz regime. Our
results also apply to other electromagnetic resonators, such
as LC circuits [50].

From a more general perspective, a second goal of this
work is to provide a description of how GWs couple to
electromagnetism in a manner that is largely agnostic to the
particular experimental setup. In performing such calcu-
lations, great care must be taken to preserve gauge
invariance (equivalent to consistently incorporating the
signal within a particular choice of frame). In particular,
GW signals are often computed in the so-called transverse-
traceless (TT) gauge, since the spacetime metric is espe-
cially simple in this case. However, in this frame, the
background EM field and the cavity modes do not coincide
with those in flat space. This has not always been taken into
account in previous calculations, which has led several
studies to conclude that no EM signal is generated when the
background magnetic field is aligned with the GW’s
direction of propagation. As we show in this paper, this
statement is at odds with gauge invariance. Our treatment
illustrates that existing experiments targeting axions, such
as ADMX and HAYSTAC, already have sensitivity to high-
frequency GWs and need only to reanalyze existing data
with a different signal template.

For the detectors considered in this work, complications
arising from gauge artifacts are avoided by noting that the
laboratory defines a preferred frame, the so-called proper
detector (PD) frame [51-53]. For this reason, the majority
of our calculations adopt the PD frame. However, in order
to demonstrate gauge invariance, we also perform a simple
toy example calculation in both the TT and PD frames to
show that they yield identical results. More generally, the
use of the PD frame has typically been restricted to
situations where the GW wavelength 4, is much larger
than the size of the detector Ly, [51,52], such that it
suffices to keep only the leading O(L3,,/A2) corrections to
the flat spacetime metric. Here, we further improve upon
such calculations by resumming the GW perturbation to the

metric to all orders in Lge/A,, allowing for the use of the
PD frame even when the GW is on resonance with the
cavity, which occurs when Lge /4, ~ O(1).

The rest of this paper is organized as follows. In Sec. II,
we provide a conceptual overview of the class of exper-
imental signals discussed here and derive the GW-EM
coupling in the form of an effective current. We also
demonstrate gauge invariance between the TT and PD
frames with a simple toy example consisting of a GW
impinging on a background magnetic field in empty space.
This lays the foundations for applying this formalism to a
more realistic setup consisting of a resonant cavity
immersed in a magnetic field, for which we motivate the
optimally coupled cavity modes in Sec. III. Following a
brief survey of possible GW sources in Sec. IV, in Sec. V
we discuss the overall sensitivity of setups identical or
similar to existing dark matter haloscopes and catalog the
GW-cavity coupling coefficient for various resonant
modes, GW propagation directions, and GW polarizations.
Finally, in Sec. VI we conclude and give an outlook on
future detection possibilities. Appendix A contains addi-
tional details about cavity mode functions and energy
densities.

II. GW ELECTRODYNAMICS IN THE PROPER
DETECTOR FRAME

In this section, we provide a detailed discussion of GW
electrodynamics, paying particular attention to the role of
gauge invariance. Before presenting the technical details,
we give a conceptual overview of the signal strength and
the process of graviton-photon conversion in the language
of classical fields. As we show in the following sections, we
find this formalism particularly convenient at the level of
identifying optimal cavity modes and quantifying the
dependence of the signal on the GW’s direction of
propagation. Our notation and conventions follow those
of Ref. [53].

The GW-EM coupling is encapsulated in the Einstein-
Maxwell action

1
S = /d4x\/—_g<—19”a9"ﬁFﬂuFa/}>v (1)

where F,, is the EM field strength. To isolate the effect
of a GW, we first linearize the metric as g,, = n,,+
hy, + O(h?), where N = diag(=1, 1, 1, 1) is the flat-space
metric, £, is the dimensionless GW strain, and O(h")
denotes a quantity order-n in strain /,,. In the presence of a
static external B-field B, the action contains O(h) terms
schematically of the form ~h B - By. This implies that a
GW of frequency w, can generate an EM field of typical
magnitude & B at the same frequency. Inside an EM cavity,
this signal will ring up coherently if w, matches the cavity’s
resonant frequency. At the level of single quanta, this effect
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A cartoon illustrating the differences between (left) GW-EM conversion and (right) axion-EM conversion in the presence of an

external magnetic field B,. The GW effective current is proportional to w,h By, with a direction dependent on the GW polarization and a
typical quadrupole pattern, yielding a signal field with amplitude 2B. The axion effective current is proportional to w,0,B,, with a
direction parallel to the external field By, yielding a signal field with amplitude 6,B,. The differing geometry of the effective current
yields different selection rules for coupling the GW and axion to cavity modes.

can be interpreted as graviton-photon mixing in a back-
ground magnetic field, known as the inverse-Gertsenshtein
effect [54-56]. We can also describe this effect in terms of a
classical effective current, which as we show below is
parametrically of size j ~ @ hB, when the cavity size is
of order Lge; ~ 1/, Because the graviton is described by a
spin-2 tensor field, the direction of this effective current is
nontrivially determined by the polarization of the GW.
As mentioned above, we make use of the PD frame
throughout this work. This frame utilizes so-called
Fermi-normal coordinates [51,57,58], which describe
GWs according to a freely falling inertial observer
(see footnote 3) and are written as an expansion in the
proper distance from the detector’s center of mass. The
lowest order terms in this expansion were derived in
Refs. [51,59-61] and to all orders in Refs. [62,63]. As
we illustrate below, the EM signals generated by GWs in
resonant cavities are most simply described using such
coordinates. Regardless, this computation is nontrivial
when the GW wavelength 4, is comparable to the cavity
size L4y, in which case the expansion parameter is
Lger/A, ~ O(1) and the series expansion cannot be approxi-
mated by the first few terms [64-68]. As far as we are
aware, a closed-form expression for the metric, including
terms to all orders in Lg/4, has not been presented
previously. In particular, we show below that resumming
the metric in the PD frame is possible for a monochromatic
GW of any wavelength traveling along a fixed direction.

A. Analogies with axion dark matter detection

Though it is not strictly necessary for the logic of the
paper, itis useful at this point to make an analogy with axion-
photon conversion, since this will allow us to derive a quick
back-of-the-envelope estimate for the sensitivity of existing
axion experiments to GWs. Indeed, the similarity of the
phenomenology of axions and gravitons interacting with
EM fields has been noted since the seminal paper of Raffelt
and Stodolsky [69], and the effective current formalism [70]
is often used when studying axion dark matter signals in the
low-frequency (quasistatic) limit [71,72]. The Lagrangian
for an axion dark matter field a interacting with EM

fields is £ = —1g,,,aF, F* = g,,aE - B, where g,,, is
the dimensionful axion-photon coupling. Taking B = B to
be a static external B-field, the Lagrangian now contains
the bilinear g,,,a E, which allows an axion field at frequency
w, to convert to an E-field that oscillates at the same
frequency, with typical magnitude g,,,a By. This is reflected
in the equations of motion for the axion and EM fields,
which can be written so that the time derivative of a
nonrelativistic axion background field sources an effective
current t€rm jegr D gy, 0;a By = 0,0, By on the right-hand
side of Ampere’s law. Here, we defined the effective
dimensionless field 6, = g,,,a, which will allow for a
useful comparison to the GW case discussed above.
Since axion dark matter is described by a nonrelativistic
spin-0 field, the direction of the effective current is deter-
mined straightforwardly by the external field B, indepen-
dent of the axion.'

A schematic illustration of this axion vs GW comparison
is shown in Fig. 1. The effective current formalism helps
elucidate the fact that the cavity modes that couple most
strongly to GWs will in general be different from those
excited by axions. Nonetheless, we will show below that for
certain geometries, GWs do indeed have a nonzero cou-
pling to the TMy;( cavity mode currently employed in, e.g.,
the ADMX and HAYSTAC axion detectors, meaning that
these experiments already have some sensitivity to GWs
in their resonant frequency ranges. Momentarily ignoring
very important differences in the spectral characteristics of
the axion dark matter and GW fields, we can derive a
conservative estimate for the sensitivity of axion dark
matter experiments to coherent high-frequency GWs by
comparing the respective forms of the effective currents. In
particular, identifying 6, ~ h and noting that ADMX is
currently sensitive to the QCD axion parameter space,

'"To be more precise, the dominant coupling in the effective
current for nonrelativistic axions only involves the time derivative
and not the gradient of the axion field; instead, for relativistic
axions [73], the wave vector partially determines the direction of
the effective current. However, since gravitons are massless, GWs
are always relativistic in this sense, which is an important
difference with the axion scenario.
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corresponding to 6, ~ several x 10722, implies that such
experiments are sensitive to similar values of the strain / (as
well as smaller values for GW signals that are more
coherent than axion dark matter). A more precise sensitivity
estimate will be provided in Sec. V.

Aside from the difference in cavity mode selection rules,
there is a second important conceptual difference between
axions and gravitons related to the role of reference frames.
The axion dark matter field is assumed to have a
Maxwellian speed distribution in the galactic rest frame,
and moving to the laboratory frame where the cavity fields
are defined is a simple Galilean boost which does not
parametrically affect the signal strength. On the other
hand, the large gauge freedom of linearized general
relativity allows the GW signal to be computed in different
reference frames, but a gauge transformation will also
transform the background EM fields at the same order as
the signal strength. We explore these issues in detail
below.

B. General formalism

The equations of motion can be derived straightfor-
wardly from the action of Eq. (1). In particular, after
linearizing in A, and integrating by parts, the O(h) terms
in the action are

1 .
S$> —2/d4x]gffA”, (2)

where jh ~ O(h) is an effective four-current

1
kﬁ:a< MWWJfFW—h”FW> (3)

and h=n"h,, is the trace of h,. It is important to
emphasize that j’e‘ff is not a true four-current; for instance,
it does not transform covariantly between frames. This
stands in contrast to other tensors, such as the Riemann
tensor R,,,, ~ O(h), which upon transforming between
frames behaves schematically as R,,,, = R,,,; + O(h?)
and is thus frame independent to O(h) [64,74]. Hence,
although j4; is O(h), it is not invariant between frames.
At a technical level, this arises from the fact that in
linearized theory, the form of A, is not unique, up to a
residual gauge freedom in the choice of coordinates
¥ — x# = x4 &(x), where 9,6, ~ O(h). From the usual
transformation properties of a tensor we can conclude that
an O(h") tensor transforms as O(h") — O(h") + O(h™1),
which implies that a covariant O(h) tensor is gauge
invariant in linearized theory. This transformation, applied
to h,, and F,,, can also be used to show explicitly that Tae
is not invariant at O(h). That being said, /4 does couple to
the EM potential as a four-current does, and so sources
signal EM fields when a GW encounters a background EM

field.” The remainder of this section is dedicated to further
illustrating this point in a manner that is largely agnostic to
the particular experimental setup.

To evaluate Eq. (3), we must choose a frame. The
preferred frame of the laboratory is the aforementioned
PD frame, which generalizes the notion of an inertial
observer to curved spacetime and reduces to the flat
spacetime metric in the @, —>0 limit [51-53].
Furthermore, unlike in other frames, experimental para-
meters, such as the applied EM fields, are naturally defined
in the PD frame. In most applications of the PD frame, the
metric is written to leading order in w,Lge < 1, where L g
is the characteristic size of the detector. However, this is not
suitable for the experimental setup explored in this study,
which instead requires @ L4 ~ O(1). In our calculations,
we thus employ the full set of higher order terms in the
metric, which has been derived in, e.g., Refs. [62,63].
Adapting these results, we find that for R, ,,
the form of a monochromatic plane wave traveling
along the +Z direction, the metric in the PD frame can
be obtained exactly by resumming the full set of terms from
Ref. [62],

- eimg(t—z) in

o 1— e—iwyz
hoy = —Roipix'x! X 2| ——+ ———1,
00 0i0; |: qu (a)qZ)2 :|
1 1 e‘“" S R
I’lij ,k],x X X6|: + ’ - 2i 3J :|,
3 a)gz (w,2)
2 —zu)Jz 1= €_im92
hy = —= Ry :xixk x 3 -1
0nT 3ok [ 202 (0,2)2 (w,2)? }

(4)

where the symbol i denotes a spatial index only when
appearing as a superscript or subscript of a vector or tensor;
otherwise it is understood to be the imaginary unit.” In
Eq. (4), the Riemann tensor R, ,, is evaluated at the spatial
origin x' =0, which is chosen to coincide with the
detector’s center of mass, keeping the time-dependence
R,ps = Ryups(@,t) intact. Note that the second factor in
each line of Eq. (4) is equal to unity in the limit that w, — 0
and so smoothly matches the well-known long-wavelength
expressions [53]. To proceed, we take advantage of the fact
that R,,,, is frame independent to leading order in strain
[53]. For convenience, we can thus choose to evaluate R
in the TT frame, in which case Eq. (4) becomes

Hvpo

’In certain setups, EM signals can also arise indirectly from
mechanical deformations of the experimental apparatus. Since
such effects are not relevant for the experimental setups discussed
in this work, we postpone this discussion to future studies.

In general, Eq. (4) contains additional terms that are, for
instance, tied to the rotation and gravitational field of the Earth,
and thus contribute slow-frequency variations to the metric that
can be ignored for the experimental setups that we are interested
n [53].

116011-4



DETECTING HIGH-FREQUENCY GRAVITATIONAL WAVES WITH ...

PHYS. REV. D 105, 116011 (2022)

/ 1 — e—iw_qz
hop = —w>h T Tx%x {—L + 7] ,
00 9" ab ng (a)gZ)Z
1+ e~ iwgz 1 — e~iwy2
— 2 TT TT TT 2 TT b .
hi/ - wg[(éizhja + 5j2hia )Zxa - hij = 5i15jzhahxax ]|:_ (a)gZ)Q — (a)gz)3 ’
I e—iwgz 1 - e—ia}gz
i g iz"%ab 2wgz (wgz)z (wgz)3

where A1l o« e/ is the GW in the TT frame evaluated at
the spatial origin and the indices a,b = x, y run over the
spatial components that are perpendicular to the GW’s
direction of propagation. Substituting Eq. (5) into Eq. (3)
yields j4 in terms of k.l for a monochromatic
plane wave.* As a result, the physical effects of the GW,
as well as our projected sensitivity, will be phrased in terms
of h};yT, which can be regarded as the strain sourced by
some cosmological or astrophysical event in the
TT frame, decomposed in terms of its plus- or cross-
polarized components 41T and hIT [53]. To simplify the
notation, we will drop the “TT” superscript on the
strain polarizations, i , = hfx, for the remainder of this
work.

C. Toy example

We conclude this section with a simple toy example
calculation involving a GW impinging on a longitudinal
magnetic field. As we will see below, this calculation
highlights the importance of keeping track of frame-
dependent aspects of the signal, some of which have been
overlooked in the past literature but are necessary to
preserve gauge invariance. Generally, we aim to illustrate
the important point that laboratory parameters, such as the
EM field configuration or motion of a sensor, cannot be
held fixed in both the PD and TT frames. At the level
of this toy example, we concretely define the experimental
setup, and then we transform the relevant quantities
into the frame of interest in order to calculate an approx-
imately gauge-invariant observable in the form of
an O(h) covariant vector [see the discussion below
Eq. (3)].

For simplicity, we begin by considering a low-frequency
plus-polarized GW of amplitude /4 traveling along the +2
direction over a region of space that contains a magnetic
field B. To proceed with the calculation, we must specify a

*The resulting expression of Jie 18 quite cumbersome and not
particularly illuminating with regards to the underlying physics,
but for completeness it is provided in Eq. (24) for the case of a
spatially uniform static magnetic field.

|

detector, two examples of which are discussed here. One
such detector is an ideal conductor. In this case, we
expect the oscillating EM fields generated by the GW to
drive a small signal current that scales as J, & ch, B,
where ¢ is the conductivity of the detector. Let us take the
background magnetic field to be static, spatially uniform,
and pointing along the +Z direction in the TT frame,
B!T = Byz2. Though real experimental B-fields will usually
be static in the PD frame, this choice allows us to most
easily compare to previous calculations (which work solely
in TT gauge [69]) and to demonstrate the frame depend-
ence. For concreteness, we take the position of the
conducting detector to be approximately fixed in the
PD frame. This is physically motivated and can be ensured
by fixing the detector in the laboratory to an arbitrarily
stiff mount that can resist the tidal forces induced by
the GW.

It is instructive to compare the signal current Jg, as
derived in either the TT or PD frame. In the TT frame,
the trace and divergence pieces of the metric vanish, in
which case only the third term of Eq. (3) contributes
to the effective current of the previous section, such
that

jlelffA,TT = _F%@aﬂh?ﬂ = ingiTZThiTTﬂ =0, (6)

where we took the GW to be a monochromatic plane wave
traveling along the +2 direction, 2Lf o« e/:("~?). The last
equality shows that in the TT frame the effective
current vanishes in the case that the background
magnetic field is aligned with the GW’s direction of
propagation.

To illustrate the signal, we adopt from Ref. [63] the
coordinate transformations from the PD frame (denoted
with x#) to the TT frame (denoted as x;), which to leading
order in the long wavelength limit are

°In adopting the results of Ref. [63], we have switched to our
convention of a GW propagating in the +Z direction.
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i .
2_ 2
trr =t — ng(x —y*)h e,

1 . ,
yrr =y + Ey(l —iw 2)h e,

Equation (7) can be used to transform the four-velocity U
of the conducting detector in the PD frame to the TT frame.
Since the conductor is assumed to be stationary in the PD
frame U* = (1,0,0,0), this implies that it moves with a
small Ul ~ O(h, ) velocity in the TT frame. Such move-
ment in the stationary background magnetic field BJT
generates a Lorentz force, driving a small oscillating signal
current. More concretely, the covariant generalization of
Ohm’s law J§, = J4 U, U" = cF*™U, dictates that the
signal current’ is Ji, 11 = oF ¥ Urr, + O(h?) [75], which
yields

Tigrr =5 0Bowgh, ey, x.0) (8)

to leading order in w,, x length. Hence, as expected, we see
that the effect of the GW is to drive an oscillating current in
the conductor at the same frequency as the GW. The
calculation proceeds in a similar manner in the PD frame, in
which case the coordinates of the conductor are fixed.
However, transforming the EM field strength from the TT
to PD frame shows that the EM fields pick up an oscillating
component from the GW,

i .
E ~ 5 Byw,h e'(y, x,0),
i .
B~B[T - EBOa)gh+e""ﬂ’(x, -y,0). 9)

From the above expression for the electric field, we see that
the signal current in the PD frame, J ;ig = oFE', agrees with the
same result in the TT frame in Eq. (8) (we have also checked
that this agreement holds to all orders in @, x length).
Another example of a simple detector is a wire that is
prepared by driving a current along the +Z direction,
parallel to the applied magnetic field, such that the wire
experiences zero Lorentz force in the absence of a GW.
However, we expect a signal to arise in the form of an
oscillating Lorentz force, distinct from the usual tidal force,
when the GW sources small EM fields perpendicular to the
direction of the wire. As before, we take the background
magnetic field to be BT = By? in the TT frame, and for
concreteness, we assume that the applied current density
Jo in the wire is constant in time in the PD frame,

®Here and in the rest of the paper, we define four-currents to be
covariant vectors (such that, e.g., D, F** = J¥) and not tensor
densities.

~ Y — — —7 iw,t
XTT & X 2x(l iw,2)hye .

i )
T =7 — ng(xz -y h e, (7)

[
Jy = (0,0,0,Jp). For a GW propagating in the +2 direc-
tion, i rr = 0, as in the previous example, and one might
be tempted to conclude that no EM signal is generated.
However, using the transformations of Eq. (7), the current
density in the wire picks up additional oscillating compo-
nents in the TT frame,

i

Jh o~ Jh
0,TT 0 + 2

Jow,h, e"(0,x,—y,0), (10)
which induce small Lorentz forces. In particular, from the
covariant form of the Lorentz force density, f’s‘ig = F"Jy,,
we obtain

nooo L
sig, TT — 2

JoBowyh (0, y, x,0). (11)
In the PD frame, we calculate the force density obtained by
the corrections to the EM fields in Eq. (9). As expected, we
find that this agrees with the TT force density of Eq. (11).

From the calculations above, we see that the signal, as
described by the O(h) covariant current or Lorentz force
density, is invariant between the TT and PD frames.
Generally, the EM signal sourced by a GW interacting
with a background EM field has individual contributions
that differ between frames but whose sum enters into a
gauge-invariant observable. In the remaining sections, our
calculation differs somewhat from the toy example pre-
sented above, in that the applied magnetic field B is
considered to be spatially uniform and static in the PD
frame (instead of the TT frame). In this case, in the TT
frame the effective current vanishes for a GW propagating
in the direction of By, and instead the signal arises from the
transformation of the background EM fields between
the PD and TT frames. Previous studies have neglected
the latter contribution by taking the background EM field
in the TT frame to be the same as in the laboratory; in this
case, one is led to mistakenly conclude that the signal
vanishes for a magnetic field aligned with the GW’s
direction of propagation (see, e.g., Refs. [76-78]).

For a more general geometrical configuration, the signal
in the TT frame has contributions both from the effective
current and the transformation of EM fields between
frames. On the other hand, for a rigid detector in the PD
frame the signal solely arises from the effective current,
since the background EM fields are defined with respect to
the laboratory. Since the isolation of the effective current
as a source simplifies the analysis for more general
geometries, we work solely in the PD frame for the
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remainder of this work. In the next section, we develop this
formalism further, by evaluating j.¢ and the resulting signal
for an experimental setup consisting of a static magnetic
field inside a cylindrical cavity.

To conclude, we note that the main lesson from our toy
example is simple and well-known: we can measure only
gauge-invariant quantities. Above, we computed two quan-
tities, Jf, and f%,, which are frame independent at O(h).
Going beyond this, the Lorentz force, for instance,
projected onto the four-velocity of an observer fﬁ'ig v, =
F*J,U, is frame-independent to all orders in h. In the
remainder of the paper, we implicitly compute gauge-invari-
ant observables, with the contraction with U, understood.
Appropriate probes in the laboratory (and so in the PD frame),
such as test currents J, and observers U, are sensitive to the

different F** components that we compute below.

III. RESONANT EXCITATION OF CAVITIES

In this section, we calculate the EM signal that arises in a
resonant cavity immersed in a magnetic field Bj. As
emphasized above, in a realistic experimental setup, B
is static and spatially uniform in the PD frame. Note that
this is essentially the reverse of the toy example discussed
above, where B was instead taken to be static in the TT
frame. By contrast, our calculational setup, as illustrated in
Fig. 2, corresponds to the physical situation of turning on a
static and spatially uniform magnetic field in the PD frame.

We begin in Sec. III A by discussing the general form of
the signal for an arbitrary cavity, which admits a decom-
position of the EM fields into resonant modes [79]. We
continue in Sec. III B by focusing on cylindrical cavities
that are already employed in searches for axion dark matter.
In this case analytic expressions for the cavity modes are
tractable, and considerations of the EM signal greatly
simplify if the external magnetic field is oriented along
the symmetry axis of the cavity.

A. General formalism

The components of the effective current i = (pefr.Jerr)
enter as additional source terms in the inhomogeneous
Maxwell equations,

V-E = pgt + p, (12)

VxB = 0,E =j +J, (13)

where p andj are physical charge and current densities. The
piece of j independent of h,, sources, for example, the
external B-field: V x B, = jj. In the following we subtract
all such zeroth-order pieces from Eq. (13) such that all
fields are O(h). On the other hand, the homogeneous
Maxwell equations (Gauss’s law for magnetism, V- B = 0,
and Faraday’s law, V x E + 9,B = 0) are not modified by
the GW. Indeed, this is because these Maxwell equations
come from a topological equation of motion dF =0
(where d is the exterior derivative and F is the field-
strength two-form) which does not involve the metric g,,, .
This will be of practical importance because the homo-
geneous Maxwell equations determine the resonant cavity
modes, and thus we will see that the change in the modes
induced by the tidal force of the GW affects our signal only
at O(h?).

Combining Eq. (13) with Faraday’s law yields the
standard form of the wave equation

V xVxXE+?E = —0,j.i — 0,]. (14)

The electric field in the cavity is expanded in terms of the
resonant modes E, (x) as [75,79,30]

E(x,1) =) e,(E,(x), (15)

where n indexes the various modes and e,, is a dimension-
less time-dependent coefficient. In general, the sum over
the modes E, includes both solenoidal (V - E, = 0) and
irrotational (V x E,, = 0) contributions. Since irrotational
modes are not resonantly enhanced (see Appendix A 1),
they are omitted from our analysis below. Note also that
we assume any degenerate modes have been diagonalized
into orthogonal mode functions and indexed separately in
the sum.

Proper detector frame: Transformation: TT frame:
6“7«:3‘
- Lo 3
Jeft ~ wghBO [ e M Jet =0
6| Bol
~ O(h
|Bol ()

GW: Riemann tensor
invariant at O(h)

By :
0By = O(h) V

FIG. 2. A heuristic sketch of our experimental setup in the PD and the TT frames, as well as the transformations between them. The
EM signal arises from a GW-induced effective current in the PD frame, where the external magnetic field B, is static. In the TT frame the
effective current vanishes for specific B-field geometries, but there is nonetheless a signal from an O(k) oscillating correction to B. To
avoid these gauge artifacts, we work entirely in the PD frame, which corresponds to the experimental situation where the EM fields are
set up in a frame where the detector and the applied B-field are static.
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The spatial mode functions E,, satisfy the relations

VZE, (x) = —;E,(x), (16)

/ d3xE,,(X) Ef(x) :5nm/ d3X|En(X) 2, (17)
Veav Veav

where w,, is the resonant frequency of mode n and V,, is
the volume of the cavity. The above relations are supple-
mented by the boundary condition fi x E,, = 0 over the
surface of the cavity, where f is the unit vector normal to
the boundary. Note that formally this boundary condition is
unchanged even in the presence of the GW, since it follows
from the standard form of Faraday’s law, as mentioned
above. The boundary of the cavity can oscillate in the
presence of a GW, but as we will see below this only affects
the signal at O(h?).

Using Egs. (15)—(17), the wave equation in Eq. (14) can
be rewritten in terms of the mode coefficients e,. In the
absence of external physical current sources, this gives

_ fv &XE;, - 0ot
fvu‘V &PX[E,[*

<a,2 TP +w§>en(z) - (18)

Q.

where the mode-dependent quality factor Q,, appears from
losses in the cavity. In principle, w, and V,, appearing in
the above equation are perturbed by the tidal force of the
GW at O(h). However, if in the absence of the GW there is
no power in the cavity modes, this effect corrects our signal
only by terms of O(he,) and O(hj.;), both of which
are O(h?).

Taking the GW to be monochromatic and on resonance
with the cavity mode, i.e., (X, 1) = e'®j(x) where the
GW frequency is w, ~ w,, the solution to Eq. (18) is
enhanced by the large quality factor Q, > 1. The steady-
state form of the excited signal electric field Eg;, = ¢,E,, is
then given by

sig

fvm PXE; - Jege 0

Eg (x,1)=-——& <
Slg( ) fvca,d3xl|En|2 wg

En(X)eimﬂt, (19)

where for convenience, we will drop the subscript from the
quality factor, Q = Q,,, from now on. Note that if there are
multiple degenerate modes at w,, we must sum over all
such modes with their own time functions e,(#) to obtain
the total signal field; we will see such an example
for cylindrical cavities in Sec. IIIB below. Since the
effective current scales as j.g o a)f/ in both the high- and
low-frequency limits (see Sec. III B), we decompose it into
a dimensionful amplitude and two spatially dependent
dimensionless functions j, (x) and j,(x) that describe
the spatial profile and polarization of the GW signal as
follows:

Jerr(X) = Boaw2Vls (h J (X) + b ju(x)).  (20)

The steady-state signal power delivered to the cavity can
then be expressed as

0]
Psig = ﬁ Vo d3X|Esig|2’ (21)
which follows from the energy density stored in resonant
cavity modes (see Appendix A 3). Note from Eq. (19) that
when both polarizations in j; are present, the power will
generically have cross terms between the two polarizations.
However, for simplicity of presentation, we will often
consider the case where only one of the polarizations is
present at a time. In this case, we can define a dimension-
less coupling coefficient

’7 = | fvcav d3XE;; 'j+’><|
"V ([, Px[E, )V

(22)

in terms of which the signal power can be written as
1 5/3
Py = 3 wa;chv (2hoBo)*. (23)

where hy = h or h, is the magnitude of the GW strain.
Equation (23) illustrates the scaling of the power in a
transparent way; when both polarizations are present,
the power should be computed directly from Egs. (20)
and (21). In the next section, we evaluate Eq. (22) for
different configurations, corresponding to various cavity
modes, GW polarizations, and orientations of the GW’s
direction of propagation with respect to the symmetry axis
of the cavity.

B. Selection rules for cylindrical cavities

The discussion in the previous section is valid for
cavities of any shape. In the following, we focus specifi-
cally on cylindrical cavities in part because existing experi-
ments use this geometry. For concreteness, we will consider
such a cavity of equal radius and length, Ry, = Lge. The
solenoidal modes of a cylindrical cavity are classified into
transverse magnetic (TM) and transverse electric (TE)
modes. For cylindrical cavities, the generic mode number
n, introduced in the previous section, is represented by
three integers n = (m, n, p) and a + index, where m, n, and
p stand for the azimuthal, radial, and longitudinal mode
indices, and the 4 indexes a pair of degenerate modes for
m # 0 with distinct azimuthal dependence. The explicit
form of the mode functions, along with expressions for the
corresponding resonance frequencies @,,,,, are provided in
Appendix A 2.

As illustrated by the coupling coefficient of Eq. (22), itis
advantageous to have a large overlap between the electric
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FIG. 3. A cross-sectional view of (left) the dimensionless effective current j . and (right) the electric field of the TE,,_ signal-mode
Eg,. The black arrows denote the direction ij+ or Eg, projected onto the xy plane (in units of the cavity radius R.,,) near z =0
(corresponding to the cavity’s center of mass) where the symmetry axis of the cylindrical cavity, the applied magnetic field, and the
gravitational wave’s direction of propagation are chosen to align with the z axis (not shown). The lighter/darker colored regions
correspond to smaller/larger magnitudes of j+ or Eg,. The geometrical coupling between the gravitational wave and the cavity

(encapsulated by the coupling coefficient #,) is O(1), as can be inferred from the similar spatial profiles of _;+ and Eg,.

field mode and the GW-induced effective current j.;. A
cross-sectional view of j. is shown in the xy plane in the left
panel of Fig. 3, taking both the GW’s direction of propa-
gation and the applied magnetic field B, to be along the
cavity axis. We define our coordinate system such that the
center of the cavity is located at the origin and the cavity axis
is along the z axis. The black arrows illustrate the direction of
j ., while the lighter/darker colored regions correspond to
smaller/larger magnitudes | j, |. The effective current exhib-
its a quadrupolar structure in the xy plane, due to the spin-2
nature of the gravitational field (see the discussion below).
An optimally coupled cavity mode is one that possesses the
same spin-2 structure along the azimuthal direction. This is
shown in the right panel of Fig. 3, which displays the vector
field for the electric component of the TE,;,_ mode. As is
evident by comparing both panels of Fig. 3, the effective
current and the electric field of the TE,;,_ mode have a
similar spatial dependence and therefore a large overlap,
as quantified by Eq. (22). In Sec. V B, we confirm this
statement by numerically evaluating the coupling coefficient
1, for different cavity modes and find that 7, ~ O(0.1) is
generic for various geometrical configurations, including
this one.

For this specific example, the direction of the GW and
the applied magnetic field preserve the cylindrical sym-
metry of the cavity. As a result, the form of ji; vastly
simplifies, and one can derive simple cavity mode selection
rules. This is made manifest by rewriting j%; in cylindrical

coordinates, i.e., /5 = (Petrs Jogp Sk Joir)» such that

" Boa)gr
Jeff =~ €
6v2
+ e*Ph_,,0) x f(w,z),

iyt (0’ ie—2i¢h+2 _ i€2i¢h_2 , e—2i¢h+2
(24)
where

fx)=-3-6ix"! =12 *x72 = 12i(1 —e™™)x™3  (25)
is a dimensionless function that obeys lim,_, f(x) = 1 and
lim,_,, f(x) = =3. Above, we have introduced the GW
helicity components 4, = (h, + ih,)/+/2, which trans-
form under a rotation by A¢ about the cavity/GW axis as
hy, — e™?¢h,. From the explicit form of the current
in Eq. (24), we can understand our choice of normalization
for j.i in Eq. (20). Indeed, the spatial components of the

current scale as jog hOBOa)gr, where the typical size of r

. 1/3 . .
is Ca{v. Since resonant modes parametrically have

r~1/w,, this recovers the naive scaling jes ~ hoByw,
presented in Sec. IL

For a fixed GW polarization, the effective current in
Eq. (24) is only invariant under rotations about z for
¢ — ¢+ qr,q € Z, reflecting the spin-2 nature of the
tensor field hﬂy.7 The background field B, being uniform

"Recall that in general, spin-j fields are minimally invariant
under rotations ¢ — ¢ + 2x/j, the famous example being the
“Dirac plate trick” which provides a human-scale example of a
system only invariant under rotations by 4z [81].
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and aligned with the cylindrical axis, is a scalar under the
cylinder’s U(1) rotational symmetry. The EM fields of a
cylindrical cavity can be decomposed into a sum over
modes with definite transformations under the cylindrical
U(1) symmetry, E « e*™? (see Appendix A2). Thus,
from Eq. (22), only modes with m = 42 couple to the
effective current for this particular example. This matches
the intuition garnered from Fig. 3, where the angular
overlap of j.; with an m = 2 mode is visually apparent.
It is also instructive to apply this argument to the case
where the GW remains coaxial with the cylinder, while B,
is not aligned with the cavity axis. In this example, the
direction of the applied magnetic field does not preserve the
symmetry of the cavity. Since B is a pseudovector under
the cavity’s U(1), along with the spin-2 GW, this yields an
effective current with a spin-1 component, which can
couple to m = =£1 cavity modes. The coupling coefficient
for such geometries is evaluated numerically in Sec. V B.

IV. SOURCES

Before moving on to calculating the sensitivity of an EM
cavity to a generic GW in Sec. V, we first briefly survey the
kinds of sources that could give rise to spatially localized
(on the sky) high-frequency monochromatic GWs. Our
main examples are mergers of subsolar mass objects—
including primordial black holes (PBHs) and other exotic
compact objects—and boson clouds from PBH super-
radiance. As we will see below, for binary mergers to
generate inspiral signals in the gigahertz regime, the
merging objects must be much lighter than a solar mass.
Exotic compact objects [82] can be considerably lighter
than a solar mass and therefore can emit GWs at high
frequencies. Examples of such exotic compact objects are
boson and fermion stars [82-85], gravitino stars [86],
gravistars [87], and dark matter blobs [88]. In general,
the GW waveforms generated by merging exotic compact
objects and PBHs are distinct, though this difference is
small when the orbital radius is much larger than the spatial
size of the merging objects; for simplicity, in our analysis
we treat the merging objects as pointlike.

The frequency of the GW emitted by a merging binary
increases during the inspiral phase as the two compact
objects approach each other. There is an upper bound on the
frequency of GWs emitted by a binary in a quasicircular
orbit in the weak-field limit, corresponding to the GW
frequency at the innermost stable circular orbit (ISCO).
For a binary consisting of compact objects of
equal mass M,, at sufficiently early times such that
the orbital radius r, is greater than the ISCO radius
risco = 12GyM,,, the GW frequency evolves as w, ~
14 GHz x (107 My/M,)(risco/7»)>'* [53]. Thus, only
very light binaries, such as sub-Earth mass PBHs [89-91],
can generate GW signals in the gigahertz regime well
before reaching the ISCO.

However, such GW signals are highly transient near the
ISCO, as the frequency of the emitted GW evolves in time
according to dw,/dt o (M,/r,)'"/®, which can limit the
sensitivity of resonant experiments. In particular, GWs
from the merger of light binaries can typically only
resonantly excite a cavity for a short amount of time that
decreases for heavier masses. This is quantified by the
number of orbital cycles Ny a binary spends emitting
GWs within the resonator bandwidth w,/Q, given by
Nye ~ 1073 x (1076 M /M,,)>3(10°/Q) for w, ~ GHz.
Requiring that a typical cavity is fully rung up by the GW
signal, i.e., Ny 2 Q ~ 10°, requires that M;, < 107! M,
which, amusingly, is a scenario where PBHs could con-
stitute an O(1) fraction of the cosmological dark matter
abundance [92-95]. The expected strain from inspirals at a
distance D from Earth is

1 pc M, SB30 w 2/3
hy ~ 1072 9 )" (26
0 % < D >(10-“ MO> | GHz (26)

The best case strain can be estimated under the
assumption that the PBHs are 100% of the dark matter
and all PBHs are paired in binaries. In this case we get
D =107 pc and hence a best case sensitivity of
hy~ 10726, A more realistic study [96] finds that the
average distance where one expects one merger event

per year is D = 0.21 pc(ﬁﬁ)%. Note that the merger

rate is used as an approximation for the number of events
where the gigahertz frequency band is crossed by a source
nearby. Plugging the more realistic value for the distance D

into Eq. (26) yields hy = 1073! (wﬁ)g(] ‘(‘]’«;{Zﬁ.

The experimental setup we discuss in Sec. V below has
parametrically reduced sensitivity to sources that only
spend a much smaller number of cycles exciting the cavity,
which makes detecting heavier binaries (with a correspond-
ingly larger strain) difficult. On the other hand, since
transient mergers sweep through a large range of frequen-
cies, the resultant GWs will hit multiple resonant frequen-
cies of the cavity. Therefore, unlike searches for axion
dark matter, one does not have to scan different cavity
frequencies by tuning the cavity when looking for GWs
from such signals; the frequency sweeping is done by the
merger itself.

High-frequency GWs can also arise from the
annihilation of boson clouds generated by black hole
superradiance [97-106]. For instance, bosons of mass
my ~ pueV x (107 My/Mpgy) accumulate in large num-
bers outside a PBH of mass Mpgy. When such bosons
annihilate into gravitons in the background gravitational
field, the frequency of the emitted GW is w, = 2m,~
GHz x (m,/ueV). Thus, if such PBHs and sub-electron-
volt bosons both exist, superradiant clouds emit very high-
frequency GWs. From the point of view of the experimental
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signals discussed here, the advantage of this GW source is
that the associated waveform is monochromatic and coher-
ent over very long timescales. The coherence time is limited
by the change in gravitational potential energy of the boson
cloud as it annihilates, which leads to a small positive drift
in frequency, dw,/dt > 0 [106]. This drift is small, such
that the signal is effectively coherent for much longer than
the cavity ring-up time ~Q/w,. However, the masses of
such hypothetical bosons and PBHs are unknown, so unlike
the case of a transient inspiral signal, a scanning strategy
must be implemented. The expected strain of such signals
arising from a PBH a distance D from Earth is [107]

_ 10 kpC MPBH
h0~1027x< )( ! . @)
p J\10* my

where we have used that the fraction of PBH mass that the
axion cloud carries is ¢ = 10~3 and %:% =0.5,
where G is the gravitational constant and £ is the orbital
quantum number.

In agreement with all current constraints on PBH dark
matter we can assume that PBHs constitute 1% of the dark
matter density. This enables us to estimate the average
distance to be D ~ 1 pc from what we estimate A, ~ 10723,
Note that this is a best case scenario and the actual strain
might be orders of magnitude worse [96] because we have
not taken into account how the PBHs attained the spin that
is necessary to generate the boson clouds via the super-
radiance mechanism.

While we do not focus heavily on noncoherent sources in
this paper, there are also interesting sources of high-
frequency stochastic GWs. The most prominent examples
include GWs arising from first-order phase transitions
[108,109], cosmic strings [110,111], inflation [112-115],
preheating [116,117], and the thermal plasma (the so-called
cosmic gravitational microwave background) [118-120];
for a review see, e.g., Ref. [121]. We briefly discuss the
detection of stochastic GWs with EM cavities below and
will return to this issue in future work.

V. SENSITIVITY ESTIMATES AND CAVITY
COUPLING COEFFICIENTS

In this section, we apply the formalism developed
in Sec. III to a concrete experimental setup. We begin in
Sec. VA with a general discussion of the sensitivity of a
resonant cavity to coherent or stochastic GW sources,
assuming an optimal cavity-GW coupling coefficient
1, ~ O(0.1), and illustrate how this sensitivity scales with
the assumed experimental parameters. In Sec. V B, we then
examine the angular dependence of 7, with respect to the

direction of an incoming monochromatic GW for different
cavity modes and GW polarizations. We find that for various
cavity modes, 7, is O(0.1) over a large fraction of a solid
angle, including the TMy;q and TM,, modes, which are
already employed by existing axion dark matter experi-
ments, such as ADMX and ORGAN. The strong depend-
ence of the coupling coefficient on the incident direction of
the GW makes a plausible case for directional detection.

We note that our estimates are purely based on the signal
induced by the direct coupling of the GW to photons that
we described in the previous sections. In principle, the GW
can also induce other effects. We have already discussed
how deformations of the cavity walls are not observable in
these setups, since they generate an EM signal at O(h?).
The GW can in principle also induce a relative motion
between the laboratory apparatus generating the back-
ground B-field and the cavity itself. This relative motion
can produce an additional oscillating EM field in the rest
frame of the cavity. The resulting O(h) oscillating compo-
nent of the background electromagnetic field is shielded by
the cavity itself (even in the absence of additional electro-
magnetic shielding). In practice only the static component
penetrates the cavity walls efficiently and can produce an
O(h) signal within the cavity after interacting with the
wave. Thus, any electromagnetic “signal” generated by
deformations of the external B-field source generates a
signal only at O(e x h) < h where ¢ depends on the
electromagnetic shielding of the cavity. An alternative
justification for ignoring such effects is that the time-
dependent electromagnetic fields generated by the GW
interacting with the external electromagnetic source can
only couple to the electromagnetic modes of the cavity by
driving currents along the cavity walls. Such currents do
not resonantly couple to the electromagnetic modes of the
cavity since, by definition, the electric components of these
modes vanish at the cavity wall.

A. Sensitivity estimate

The signal power Py, due to a coherent GW on
resonance with the cavity is given by Eq. (23). The
signal-to-noise ratio (SNR) is then given by the Dicke
radiometer equation as

Py, [t
SNR ~ &, /-1 (28)
Toys V Av

where Ty is the effective noise temperature, f;, is the
measurement integration time, and Av is the signal fre-
quency bandwidth. The sensitivity is estimated by taking
SNR > 1, which after using Egs. (23) and (28) yields
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1 GHz\3/2 /0.1 T 1 md
s (L)) ()
0)9/27[ M BO Vcav

where we have adopted experimental parameters similar to
those of ADMX [122]. Recent advances in superconduct-
ing cavity technology suggest that achieving Q = 107 with
By = 6 T may be possible in the near future [123], and, of
course, a longer integration time is possible for a dedicated
GW search.

In a realistic setup, the signal bandwidth Av will be
determined by a combination of factors. For instance, Av is
bounded from below by, e.g., the intrinsic frequency spread
of the GW source or the drift of the cavity resonant
frequency, and it is bounded from above by the cavity
|

3/2
e (9 (2) D)
w,/2n n, By

Indeed, this technique is already used in the GW detection
community in the form of “matched filtering” [53], which
ensures that the SNR scales as #;, as long as the precise
waveform of the signal is known.

The sensitivity estimate from Eq. (29) is illustrated in
Fig. 4 for various existing axion experiments, as well as for

5/6 (10°\1/2 (T \ V2 Av \'/4 /1 min\1/4 -
) () () (o) (27) @

|
bandwidth ~w,/(27Q). Our conservative benchmark of
Av = 10 kHz corresponds to the cavity bandwidth for
Q0 =10° and w,/2z =1 GHz, similar to that of the
ADMX cavity. The fundamental lower bound on the
bandwidth is given by the frequency resolution
Av > 1/t,, which is saturated for a sufficiently mono-
chromatic source with infinite coherence time in a phase-
sensitive measurement scheme such as a lock-in amplifier.
In this case, the SNR scales linearly with #;,, resulting in a
sensitivity of

0.1 m3 5/6 1_05 1/2 E 1/2 /1 min 1/2. (30)
Vcav Q 1 K tinl

|
superconducting cavities being developed at the SQMS
Center at Fermilab which can support both large B-field
and high Q factors [123]. Note that the sensitivity is
generally weaker at higher frequencies because the cavity
volume typically scales with the signal mode frequency as
Viay & a)f. After taking the volume scaling into account,

Projected Sensitivities of Axion Experiments

wy /27 € [0.65,1.02] GHz

JlQ~8x10% By=75T
ADMX cav = 136 L, Tays ~ 0.6 K

wg/27 € [5.6,5.8] GHz

JlQ~3x10%, Bo=9T
HAYSTAC Vear = 2 L, Tays ~ 013 K

wg /27 € [1.6,1.65] GHz

JlQ~4x10% By=73T
CAPP Veav = 347 L, Toys ~ 1.2 K

wg/2m = 26.531 GHz

Jle~13x10", Bo=7T
ORGAN Veav ~ 0.0078 L, Tsys ~ 4 K

SQMS params.

wg /27 € [1,2] GHz
’ qN 6 =

e 100 100 10-19

Strain Sensitivity hq

FIG. 4. Projected sensitivity of axion experiments to high-frequency GWs, assuming an integration time of #,,; = 2 min for ADMX,
HAYSTAC, and CAPP, f;,, = 4 day for ORGAN, and #;,, = 1 day for the SQMS parameters. These integration times are characteristic
of data-taking runs in each experiment. The GW-cavity coupling coefficient is fixed to 7, = 0.1 for each experiment, and the signal
bandwidth Av is conservatively fixed to the linewidth of the cavity. Dark (light) blue regions indicate the sensitivity at the lowest
(highest) resonant frequency of the tunable signal mode. For ADMX [46,122,124], HAYSTAC [47], and CAPP [126], the signal mode is
TMy)0, but for ORGAN [438] the signal mode is TMy. The system temperature 7'y, defining the thermal noise floor of each experiment
is given in the figure, along with relevant experimental parameters including the loaded cavity quality factor Q.
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we find that the sensitivity to h, is proportional to w,,
which degrades linearly at large frequencies. One might
overcome this by using higher modes if the coupling
coefficient for such modes does not decrease (discussed
further below), though at very high mode numbers the Q
factor will tend to decrease and mode crossings make
isolating the signal mode difficult. Alternatively, one could
consider a multiplexing strategy with N cavities each of a
fixed volume V., in which case the sensitivity would
improve as 1/+/N. Indeed, this sort of strategy is being
pursued by ADMX for their small “sidecar” cavities [124].
A similar approach could be implemented in multicell
cavities of the type typically used for radio frequency (RF)
acceleration [125].

Although not the main focus of this study, we conclude
this subsection with a brief discussion of stochastic GW
signals and leave a more detailed investigation to
future work. A stochastic GW background is described
by the average strain power per unit frequency, i.e., the
strain power spectral density Sj,(w). For a stochastic
GW background of cosmological origin, this determines
the energy density in GWs per logarithmic frequency,
normalized by the critical energy density today, as
Q,(w,) ~w}S,(w,)/H}, where H, is the present-day
Hubble expansion parameter. Such a noncoherent signal
appears as an additional noise source in the detector, such
that the SNR is given by the ratio of the signal and noise
power spectral densities, independent of the integration
time [53,127]. For the experimental setup described here,
this amounts to

SNR ~ Qa)gnztochB(z)VcavSh (a)g)/Tsysa (31)

where 72, is the effective stochastic GW-cavity coupling
coefficient. Although a stochastic signal does not reso-
nantly excite the cavity, the SNR in Eq. (31) scales linearly
with the quality factor since larger values of Q correspond
to suppressed intrinsic thermal fluctuations. Experimental
parameters similar to those adopted above lead to projected
sensitivities that are cosmologically meaningless €, > 1,
although our setup may be applicable to stochastic sources
of noncosmological origin, such as populations of merg-
ing PBHs.

B. Evaluation of the coupling coefficient

In the above estimates, we used an approximate value of
the coupling coefficient, #, ~ 0.1. In this subsection, we
demonstrate that this is indeed a typical value for various
mode choices in a cylindrical cavity, using the intuition
gained from the selection rules of Sec. III to help identify
optimally coupled resonant modes. In a realistic setup, the
only aspect of the geometry that we could hope to control is
the relative orientation of the cavity axis and the applied
magnetic field, which we denote by the angle a. The angle

. A
FIG.5. Geometry of a GW incident on a cylindrical cavity from
an arbitrary direction in the yz plane of the cavity. The angle
between the GW direction and the cavity symmetry axis is . The
external B-field is rotated with respect to the cavity symmetry
axis by an angle a. The GW propagation direction is 2, and we
take the coordinates in the GW frame to be a rotation of the yz
plane by . The x axis is not shown.

of the incoming GW with respect to the cavity axis is
denoted by p. This is shown explicitly in the schematic
illustration of the experimental setup in Fig. 5. For
simplicity, the applied external magnetic field B is taken
to be coplanar with the GW wave vector and the cavity
symmetry axis Z, but we will also discuss the more general
case below. For concreteness, we take cavity dimensions of
equal radius and length, Ry = Ly

The resummed metric is given in Eq. (4) assuming a GW
propagating along the Z direction. In our calculations, we
evaluate the effective current j.; assuming the GW is
traveling along the 2’ direction, which we define as a
rotation of the Z axis in the yz plane by an angle f, as in
Fig. 5. After determining the effective current in the cavity
frame, we numerically evaluate the coupling coefficient 7,
as in Eq. (22). Note that 77, includes contributions from both
azimuthal polarizations of the EM mode (added in quad-
rature), denoted as the + modes mentioned at the beginning
of Sec. III B (see Appendixes A2 and A 3).

Before explaining the structure of our numerical results
in detail, let us consider the coupling of a GW to the cavity
mode typically used for axion detection, TM;0.* This will
enable us to gain some intuition as to why ADMX,
HAYSTAC, and other axion experiments only need to
reanalyze their existing data to set a limit on GWs, and in
doing so why using the full resummed metric in the PD
frame is necessary. The electric field component of the

8Stn'ctly speaking, this is the TM;o_ mode in our notation, but
for simplicity we leave out the minus index since there is only a
single mode function for m = 0 rather than a degenerate pair.
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TMy;o mode is Egjo o Jo(rxg;/Reay)2, Where xq; is the
first root of the Bessel function Jy(x). From the Ef;, -
integrand of the coupling coefficient in Eq. (22), it is clear
that we need only consider the Z component of the effective
current. Taking the orientation of the background magnetic
field to be aligned with the cavity axis (a = 0, as is typical
for axion experiments), and keeping only the first few terms
in the long wavelength limit, we find

A 2i
Jx 2 singbsinﬁ(—l +§wg(zcosﬁ— rsin ¢ sin )

+0<w%,Lﬁet>), (32)

where we have switched from Cartesian to cylindrical
coordinates. Using the above expression in Eq. (22), we see

TE11,

180°

270°

TEo1,,

180°

270°

that the volume integral of the leading-order contribution
to the coupling coefficient 7y;y vanishes, owing to the
integration of sin ¢ between 0 and 2z. However, the next-
to-leading-order term contributes to even powers of sin ¢ in
the integrand of Eq. (22), yielding 7y > 0. If we had
instead considered j, then we would have obtained a
nonzero result only by including even higher order terms.
This example clearly shows that keeping the entire series
of terms in j.¢ (and hence in the metric), rather than only
the leading-order term in the expansion, is necessary to
see that the TMy;, mode can be excited by the incom-
ing GW.

In Figs. 6 and 7, we numerically evaluate the coupling
coefficients for various TE and TM modes, respectively.
The plots are presented in polar coordinates, for simplicity
taking the cavity axis, GW wave vector, and external
B-field to be coplanar. The radial coordinate is the

TEq1,

180°

TEsa1,,

180°

270°

FIG. 6. The GW-cavity coupling coefficient #,,,, (the radial component in the polar plane) as a function of the angular direction of
the GW propagation (f) in degrees, for various TE modes and GW polarizations. The notation for the mode index is defined in
Egs. (A11)—~(A13). Left: the external B-field is orthogonal to the cavity symmetry axis (@ = 7). Right: the external B-field is aligned with

the cavity symmetry axis (a = 0).
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— p=0

TMOlp

180°

TMjy,,

180°

TMay,,

180°

FIG. 7.

TMOlp

180°

TMyy,

180°

TMay,

180°

270°

The GW-cavity coupling coefficient 7,,,, (the radial component in the polar plane) as a function of the angular direction of

the GW propagation (f) in degrees, for various TM modes and GW polarizations. The notation for the mode index is defined in
Egs. (AT1)~(A13). Left: the external B-field is orthogonal to the cavity symmetry axis (o = 7). Right: the external B-field is aligned with

the cavity symmetry axis (a = 0).

magnitude of #,, and the azimuthal coordinate is the angle
of the GW with respect to the cavity axis (see Fig. 5). Each
row shows a different m mode for a particular choice of
GW polarization. In the left (right) columns we take the
external B-field to be perpendicular (parallel) to the cavity
symmetry axis. These results confirm that the typical value
of 17,, for an optimally coupled mode is O(0.1); we leave an
exhaustive investigation of all possible modes and polar-
izations to future work.

The coupling coefficient is shown in Fig. 6 for various
TE,,,, modes, including the m =2 TE modes that were
discussed in Sec. III B. In particular, the bottom-right panel
of Fig. 6 verifies that this is the only class of modes that
couples to a GW when both the external B-field and GW
wave vector are on-axis with the cavity (¢ = =0).
This selection rule was derived previously from the spin-2
azimuthal dependence of the effective current in
Eq. (24). We also investigate more general geometrical
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configurations in the remaining panels of Figs. 6 and 7,
taking the external B-field and/or GW wave vector to be
unaligned, but still coplanar, with the symmetry axis of the
cavity (a, f #0). In this case, the lack of cylindrical
symmetry implies that a larger set of modes can optimally
couple to GWs of various polarizations, while still obeying
certain selection rules in the coplanar limit. For instance,
the m = 0 TM,,,,,, modes of Fig. 7 only couple to A, for the
geometries shown. While such selection rules do not
generally apply outside of the coplanar limit, these results
illustrate the general fact that different modes have different
sensitivities to &, and h,, potentially enabling the deter-
mination of the polarization of a putative GW signal.

An important point, evident from Figs. 6 and 7, is that
different modes have different directional sensitivity.
Therefore, if the direction of the GW source is constant
over the measurement time, one can in principle spatially
localize the GW source by looking at multiple modes,
which may be possible if the signal arises from a compact
object merger which is continuously scanning over
frequencies (see Sec. IV). We leave a detailed examination
of a multicavity setup’s ability to efficiently characterize
GW properties (including the possible role of degeneracies
between different polarizations and directions of propaga-
tion) to future work.

C. Coupling coefficient in the quasistatic regime

More generally, we may also consider resonant con-
version of GWs to EM fields with a lumped-element LC
circuit, where, unlike a cavity, the resonant frequency of the
circuit is not tied to the geometrical size of the detector.
In this setup, the magnetic field volume can remain large,
providing an increased sensitivity for low-frequency sig-
nals in the quasistatic limit @ Ly << 1, where L is the
characteristic size of the experiment.9 Indeed, this has
already been demonstrated as a promising strategy to
search for kilohertz to megahertz axions with
ABRACADABRA [72,128-130], ADMX-SLIC [71,131],
and DM Radio [50,132].

However, we briefly argue here that the GW-EM signal
decouples much faster in the quasistatic limit than an axion
signal, leading to poor sensitivities at lumped-element
experiments. As we showed in Sec. III B, in the low-
frequency limit the GW effective current scales as
jeffNa)gBOhLdet, while, as discussed in Sec. IT A, the
axion effective current scales as j.p ~ @,Byf,. In the
limit @ Ly < 1, the GW effective current is therefore
suppressed by an additional power of w L4, compared to
an equivalent axion signal with 6, ~h. For, e.g.,
ABRACADABRA-10 cm with Lg,=10cm and
w, = 10 kHz, this amounts to a suppression of

°Note that in this limit the full time dependence of oscillatory
quantities is retained; i.e., @t is not a small number, where 7,
is the experimental integration time.

~3 x 107°. That being said, this low-frequency suppression
may, in fact, be a feature for transient signals in quasistatic
experiments with broadband capabilities, since the signal
strength of a frequency-scanning signal, such as a merger,
would grow rapidly even for a fixed strain and could
manifest as a chirplike signal. This parametric suppression
motivates considering alternative strategies for GW detec-
tion in the kilohertz to megahertz range, including up-
conversion of GWs in an oscillating EM background of a
driven cavity [26-33], induced by either the GW-EM or the
mechanical-EM coupling. We will return to these possibil-
ities in future work.

VI. OUTLOOK AND CONCLUSIONS

In this work, we have analyzed the interaction between
GWs and EM fields. By consistently working in the proper
detector frame, which is the reference frame relevant for
laboratory experiments, we have shown that axion dark
matter haloscope experiments have sensitivity to gigahertz-
scale GWs and only need to reanalyze existing data to set
the current best bound on such signals. A generic feature of
these setups is that the detailed structure of the signal is
strongly tied to the incoming direction and polarization of
the GW. Thus, the use of multiple cavities or multiple
readout modes of a single cavity may enable the ability to
localize the source and determine the polarization of a
tentative signal. We have identified subsolar mass binary
mergers and GW emission from superradiant boson clouds
as two possible sources in the gigahertz range to which our
setup could theoretically have some sensitivity, though
the immediate prospects for detection are not strong.
Throughout, we have focused predominantly on EM
conversion of GWs in a static background B-field using
resonant cavity readout, since the signal is parametrically
suppressed by w,Lge << 1 for experiments targeting much
lower frequencies. Along these lines, we have noted that
most axion experiments designed for lower frequency
signals are not favorable for GW detection.

There is, however, at least one important exception to
this parametric statement. For instance, using microwave
cavities pumped with an oscillating B-field considerably
improves the low-frequency scaling of the signal. This
technique was proposed to detect the mechanical signal
induced by GWs through the vibration of the cavity walls in
Refs. [25-33]. A similar concept was subsequently applied
to the EM signals generated by axion dark matter in
Refs. [133-136]. In a future companion paper, we will
extend previous studies to include the direct GW-EM
coupling with an oscillating background field, which gives
rise to a visible signal also in the idealized case where the
cavity is completely isolated from external vibrations. It
would also be interesting to compare the generic sensitivity
of such a heterodyne detection scheme to the sensitivity of
interferometers such as LIGO, extrapolated into the kilo-
hertz to megahertz regime. More generally, we plan to
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explore the applicability of other axion experimental setups
to GW detection, such as those planned for broadband
readout at high frequencies [137].

A wealth of precious information on the fundamental
laws of nature is encoded in GWSs spanning orders of
magnitude in frequency and strain. The high-frequency
regime, well above known astrophysical sources, is par-
ticularly interesting to extract information on early times
(and extremely high energies) in the history of the
Universe. The interactions of GWs with electromagnetism
have long been proposed as a possible avenue toward
detection in this frequency regime. In this work, we have
further fleshed out details of this approach, leveraging
cutting-edge advances in high-Q cavity technology, and we
have set the foundations to study future experimental setups
that can target this important new frontier in GW detection.
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APPENDIX A: CAVITY MODE FUNCTIONS AND
ENERGY DENSITY

In general, the E-fields in a cavity can be expanded in a
basis of solenoidal and irrotational cavity modes [79,80]

Z{em n(X)}.

The solenoidal mode functions satisfy V - E, = 0 in the
cavity volume, while the irrotational mode functions satisfy
V x E;, =0. At this point it becomes evident that in
general irrotational mode functions are also needed to
expand the E-field in a cavity, since if we would include
only solenoidal mode functions, Gauss’s law [cf. Eq. (12)]

) + ein(nE; (A1)

could never be fulfilled. Both solenoidal and irrotational
mode functions have vanishing transverse field components
on the surface of the cavity. This follows directly from
Faraday’s law, which as we have argued in Sec. III is not
modified by a GW.

In Appendix A 1 we show that irrotational modes cannot
be resonantly enhanced, hence justifying our analysis of
purely solenoidal modes in the main body. In Appendix A 2
we give explicit expressions for the two types of solenoidal
mode functions, namely TM (transverse magnetic) and TE
(transverse electric) modes. In Appendix A 3 we derive the
energy density that is stored in a resonantly excited
solenoidal cavity mode.

1. Irrotational modes cannot be resonantly enhanced

The spatial mode functions fulfill the following relations:

VZE,; (%) = =03, By (x), (A2)

VE (x) = o i (%) (a3)

/V dVE,,(x) - E%,(X) = &, /V dVIE,,(x)]2,  (Ad)
/V dVE,;,(x) - Ef, (X) = 8, /V dV|E, (x)P.  (AS)
[ e, mam =0

where w,, and w;, are the frequency eigenvalues of the
solenoidal and irrotational modes, respectively.

For the current that appears in Eq. (14) we can assume
Ohm’s law:

j—z{Qm e () + 2 <r>Em<x>}, (A7)

1243

where Q,, and Q;, are the quality factors for the solenoidal
and irrotational modes, respectively.

We insert now all expressions into Eq. (14) and use
that Vx Vx E,, = -V?E,, + V(V-E,,) = 02,E,, and
VxVxE,;, =0:

E 2 E 2
esnwsnEsn + a esnEsn
n

sn win
+Z |:Qwa esnE\n ) Q_ateinEin(X)

in

—"_azelﬂEH’l(x)]

= —0,Jest (X, 1).
(AB)

Multiplying Eq. (A8) with EJ,, integrating over the cavity
volume, and using Eqgs. (A4) and (A6) gives
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(atz + @at) 6,',,(1‘) —_ _iwg fVC.dV dVE:‘Fn(X) 'jeff(x) eimgt’
Qin fvm dV|E;,(x)[?
(A9)

where we have assumed a monochromatic GW; i.e., the
effective current density can be written as j.g(x,t) =
e''j ¢ (x). The solution for the irrotational mode functions
in Eq. (A9) is given by

_iwg fvcav dVE:Fn (X) 'jeff(x) el

‘fvcav dVlEin(X)|2 a)é - lwé—cj:"’

ein(t) = (AIO)

where we have dropped the decaying solutions. From

the last factor in Eq. (A10) we see that on resonance at

w, = w;, there is no enhancement. This is fundamentally

different for the solenoidal time functions. In that case, a
1

similar calculation gives ey, () ~——5 ==, Wwhich is
Wsn =@yt Osn

resonantly enhanced at w, = w,, for large Q,.

2. Solenoidal mode functions

The solenoidal modes for a cylindrical cavity are
classified into TM and TE modes [79]. The TM,,,,,, modes
are

[A. sinmg k .
Ei: - _ + :| 7ZSII’I(I€ Z)an('”Ymn)me
_A, Cos m¢ w%nnp - k% ’
(A1)
[A. cosme¢ k . m
Ef—_| 7t } ————sin(k.z) —J, (1Y mn)»
¢ |—A_sinmep| w3, — k? o
(A12)
A, sinme
B = ) cos(hs). (AL3)

where @,,,, is the resonant frequency of the mode, the +
signs at the E-fields indicate the upper/lower components
in the brackets, A, are constants that are determined by
normalizing the modes as in Eq. (A4), k, = np/L...
Ymn = Xmn/Reav> Leav @and R, are the length and radius
of the cavity, respectively, and x,,, is the nth zero of J,,.
The mode numbers m and p are non-negative integers
while 7 is a positive integer. The TE,,,, modes are

A cosmg io m
+ _ + . mnp
Er = [—A_ sinm(p} sin (kzZ)m7Jm(rymn),

(A14)

A_ sinm¢ iw )
E;/E = _|: " :| %Sln (kzz)‘]/m<ymnr)7mn7

A_cosme| w? k2

mnp — Rz

(A15)

Ef =0,

Z

(A16)

where all variables are defined as in the TM case except that
Ymn = Xmn/ Reay, Where x7,,, is the nth zero of J},. In the
main text we denote the mode functions by E}} . or
E, .. Often we drop the superscript TM and TE because
it is clear from the context what we mean. TM and TE
modes are orthogonal to each other in the sense that
fVm dVE™ . ETE — (, and likewise the + and — modes

are degenerate and orthogonal for the same m # 0, n, and
p- Note that an equivalent formalism is to define the modes
in a basis of eigenfunctions of the azimuthal rotation
generator d,, which amounts to taking linear combinations
of E, and E_; this is convenient in Sec. III B when
demonstrating the spin-2 nature of the effective current.

3. Energy density

In this section we derive the stored energy in a solenoidal
cavity mode on resonance. While this is standard material
(see, e.g., Refs. [75,79]), we present the derivation here for
a self-consistent treatment and also to highlight a pitfall
regarding the possible interference term generated from a
strong background field and a weak signal field which
has led to some errors in the literature. For better readability
we leave out a generic mode index n in all equations in
this section.

The energy density w of the EM field in the cavity is
given by

(Re[E(x. 7)) + Re[B(x.)?).  (Al7)

N =

w(x, 1) =

We replace the real parts

wixot) = g (Bx,0) + EX(x. 0P + [B(x.0) + B (x. D),
(A18)
and multiply out all terms:
w(x,t):%(E(x,l)z4—2E(x,t)E*(x,t)4—E*(x,t)2
+B(x,1)?+2B(x,1)B*(x,1) + B*(x,1)?). (A19)

It is important to note that the fields in Eqgs. (A17)-(A19)
are the total EM fields; i.e., the B-field has a zeroth-order
term plus a term of O(h). In the main text of this paper we
assume that it is clear from context when a quantity is first
order. However, to avoid confusion in this section we
denote explicitly with (0) and (1) superscripts if a field is
zeroth order or first order in 4. We therefore write

B(x,t) = BO + B((x, 1), (A20)
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E(x,1) = EW(x,1), (A21)

where B(l)(X,t) — ei(UlB(l)(X), E(l)(x,t) — ei‘”’E(l)(x),

and B(®) = const.
The magnetic part of Eq. (A19) is

(B(x,1)? + 2B(x, t)B*(x, ) + B*(x,1)?)

0| —

wg(X,1) =

(A22)

S ((BO)2 1 2BO - BU(x, 1)+ (BO)(x,1))
+2(IBOP+BO BN (x,1))* + (BO)*BM(x,1)
+BOx.0)P)

((BO) P4 2(BO) - (B (x.0)"+ (B (x.0))2)
(A23)

When we perform a time average over all terms in
Eq. (A23), we are left with the terms

wp(X) I%((B("))z +2(BOP+BU(x)) + ((BO)*)?).

(A24)

The total time-averaged magnetic energy density is

wp(X) =Wy +Wwg (A25)
with
. 1 x
w0 = o ((BO)2 +2|BO2 + ((B)*)?) (A26)
and
wg) = - BO(x)[? (A27)

Note that there is no first-order term wg) in the energy

density because this term vanishes after the time average;
note also that in specific experimental realizations such as
ADMX, which measure only power in specific cavity
modes, this term cannot be measured. This fact has led

(Vx EW) - (V x (BM)) = e40,E{ e, 0y (En') =

to some errors in the literature [78]. Similarly, the total
time-averaged electric energy density is

()= EVEP (A2)

Therefore the total energy density on top of the energy

(0)

density Wy’ is

(IBY )] + [EN(x)P).

=

w2 (x) = Wy (x) + W (x) =
(A29)

The total energy stored in the cavity due to GW
excitations is

we =w? L wi? = / dviv®@(x).  (A30)
Vcav

On resonance the magnetic and electric energies are equal:

1
W =g [ avBU) - 800 (A31)
L @ xED) (W x (BED)) (A32)
4diviw |y

cav

1
 4@?

/ (EM)* - (V x V x ED)

+ V- (EM)* x (VxEM)Y)] (A33)
1 2 (12
+ / ds - (EM)* x (Vx EW)) (A34)
S
= l/ dVIEW]2 = wi. (A35)
4 Ve

When going from Eq. (A31) to Eq. (A32) we have used that
the B-field fulfills Maxwell’s equations, and we have assumed
that we are on resonance, where w = w, is the resonance

frequency of the solenoidal cavity mode that we consider. In
the second step [Eq. (A32) to Eq. (A33)] we have used that

1)y * 1 1)y* 1
- €ijk€i1m(E£n)) 015]‘E§c )+ €ijk€i1m51((E§n)) 0ng< )

= (EW)* - (Vx VxED) + V- (EW)* x (V x ED)),
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where we have used a partial integration (PI) by going from
the first to the second equation. Finally, when going from
Eq. (A33) to Eq. (A34) we used V x V x E() = —?E(1)
for a solenoidal mode; here S is the surface of the cavity.
Furthermore, we used Gauss’s theorem. In the last step we
used that on the surface of a perfect conductor dS is parallel
to E(M, and therefore the last term vanishes.

To summarize, the total energy that is stored in the cavity
and due to the interaction with GWs is

1
w® :5/ dVIEW (x)[.

cav

(A36)

In the case that E(V) is the sum of two E, modes
[cf. Eq. (A11) to Eq. (A16)], W is the squared sum of
both contributions since E, modes are orthogo-

1)/ on 2
nal: W@ =1, aviEY (x)| +3 v dVIED(x)P.
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