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We present a theoretical study of a0ð1710Þ, the isovector partner of f0ð1710Þ, in the process
Dþ

s → πþK0
SK

0
S. The weak interaction part proceeds through the charm quark decay process:

cðs̄Þ → ðsþ d̄þ uÞðs̄Þ, while the hadronization part takes place in two mechanisms, differing in how
the quarks from the weak decay combine into πK� with a quark-antiquark pair qq̄ with the vacuum
quantum numbers. In addition to the contribution from the tree diagram of the K�þ → πþK0

S, we have also
considered the K�K̄� final-state interactions within the chiral unitary approach to generate the intermediate
state a0ð1710Þ, then it decays into the final statesK0

SK
0
S. We find that the recent experimental measurements

on the K0
SK

0
S and πþK0

S invariant mass distributions can be well reproduced, and the proposed mechanism
can provide valuable information on the nature of scalar f0ð1710Þ and its isovector partner a0ð1710Þ.
DOI: 10.1103/PhysRevD.105.116010

I. INTRODUCTION

Though the scalar f0ð1710Þ resonance with IGðJPCÞ ¼
0þð0þþÞ is a well-established state quoted in the Review of
Particle Physics (RPP) [1], it has attracted a lot of
discussions and debates on its structure. The main decay
channels of the f0ð1710Þ resonance are KK̄ and ηη, while
the ππ decay branching ratio of the f0ð1710Þ resonance is
very small [1]. This indicates that f0ð1710Þ resonance has a
large ss̄ component in its wave function. This is indeed
what was found in Ref. [2]. It has also been suggested as a
scalar glueball candidate [3–5]. Furthermore, the scalar
mesons f0ð1370Þ, f0ð1500Þ, and f0ð1710Þ cannot be
simultaneously accommodated in the quark model, thus
they were widely investigated by different mixing schemes
[6–12].

On the other hand, the f0ð1710Þ was proposed to be a
state dynamically generated from the vector meson-vector
meson interactions [13–15], which remains valid even
after the vector meson-pseudoscalar meson and pseudo-
scalar meson-pseudoscalar meson interactions are
included in the coupled channel approach [16–18].
Within this picture, the f0ð1710Þ couples mostly to the
K�K̄� channel and most properties of f0ð1710Þ can be
well reproduced [18–27].
In fact, in Refs. [13,14], an isospin one partner a0ð1710Þ

of the f0ð1710Þ state is also obtained, with its mass around
1780 MeV and negative G-parity. The a0ð1710Þ also
couples mostly to the K�K̄� channel, but the ρω and ρϕ
channels are also important. Very similar conclusions are
also found in Ref. [28], where these pseudoscalar-pseudo-
scalar coupled channels were taken into account, while the
obtained mass of a0ð1710Þ of Ref. [28] is smaller than
those predicted in Refs. [13,14]. The properties of the
a0ð1710Þ of Refs. [13,15,28] are collected in Table I, where
the results of Ref. [28] are obtained with a cutoff
qmax ¼ 1000 MeV. Within the ranges of the model param-
eters of Ref. [14], the a0ð1710Þ mass is predicted in the
range of 1750–1790 MeV. In addition, one isovector scalar
resonance with a mass of 1744 MeV is also predicted
within the Regge trajectories [29].
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Recently, the BESIII Collaboration has performed an
amplitude analysis of the processDþ

s → πþK0
SK

0
S [30]. It is

found that there is an enhancement in the K0
SK

0
S invariant

mass spectrum around 1.7 GeV, which was not seen in the
BESIII earlier measurements ofDþ

s → KþK−πþ [31]. This
indicates the existence of the isospin one partner of the
f0ð1710Þ resonance, i.e., a0ð1710Þ. In addition, the
a0ð1710Þ state was also observed in the πη invariant mass
spectrum of the ηc → ηπþπ− decay by the BABAR
Collaboration [32]. The Breit-Wigner mass and width of
the a0ð1710Þ state1 are determined as,

Ma0ð1710Þ ¼ 1723� 11� 2 MeV; ð1Þ

Γa0ð1710Þ ¼ 140� 14� 4 MeV; ð2Þ

by BESIII [30], and

Ma0ð1710Þ ¼ 1704� 5� 2 MeV; ð3Þ

Γa0ð1710Þ ¼ 110� 15� 11 MeV; ð4Þ

by BABAR [32].
Based on the new measurement of BESIII [30], Ref. [33]

has investigated the process Dþ
s → πþK0

SK
0
S, where

Dþ
s → πþK�þK�−, πþK�0K̄�0 firstly happen, then undergo

the K�K̄� final-state interaction to give rise to the final
states KK̄. Accordingly, the a0ð1710Þ and f0ð1710Þ
resonances are dynamically generated from the K�K̄�
final-state interaction. The production of a0ð1710Þ and
f0ð1710Þ states in the Dþ

s → πþK0
SK

0
S and Dþ

s →
πþKþK− reactions can be explained [33].
In this work, following Ref. [33], we will revisit the

process Dþ
s → πþK0

SK
0
S. In addition to the contributions of

the a0ð1710Þ and f0ð1710Þ states from the intermediate
processDþ

s → πþK�K̄�, we will also study the contribution
of K�, which could play a role in the intermediate process
Dþ

s → K�þK̄0 → πþK0K̄0. We wish to go beyond the work

of Ref. [33] and study the whole K0
SK

0
S and π

þK0
S invariant

mass spectra, where we will focus on the roles played by
a0ð1710Þ and K�þ to describe the line shapes of K0

SK
0
S and

πþK0
S, rather than just the f0ð1710Þ and a0ð1710Þ con-

tributions extracted from the experimental data, which was
well described in Ref. [33].
The paper is organized as follows. In Sec. II, we present

the theoretical formalism of the Dþ
s → πþK0

SK
0
S decay, and

in Sec. III, we show our numerical results and discussions,
followed by a short summary in Sec. IV.

II. FORMALISM

The decay Dþ
s → πþK0

SK
0
S can proceed via the S-wave

K�K̄� final-state interaction of the intermediate Dþ
s →

πþK�K̄� process, or through the intermediate K� process
of Dþ

s → K̄0K�þ with K�þ → K0πþ decay in P-wave. In
the following, we will present the theoretical formalism of
these two mechanisms respectively.

A. The mechanism of
D +

s → π +K�K̄� → π +K0
SK

0
S reaction

As shown in Refs. [33–36], a way for the Dþ
s →

πþK0
SK

0
S to proceed is the following: (1) the charm quark

in Dþ
s turns into a strange quark with a ud̄ pair by the weak

decay shown in Fig. 1; (2) the sd̄ [Fig. 1(a)] or us̄
[Fig. 1(b)] pair, together with the q̄qð¼ ūuþ d̄dþ s̄sÞ
pair with the vacuum quantum numbers created from
vacuum, hadronizes into ðπK�Þ0 or ðπK̄�Þþ, and the other
us̄ and sd̄ will hadronize to K�þ and K̄�0, respectively;

TABLE I. Predicted properties of the a0ð1710Þ state. gK�K̄�

stands for the coupling of a0ð1710Þ to the K�K̄� channel. ΓKK̄

corresponds to the partial decay width of the a0ð1710Þ → KK̄.
All are in units of MeV.

Set Ma0ð1710Þ Γa0ð1710Þ gK�K̄� ΓKK̄

I (Refs. [13,15]) 1777 148 ð7525;−i1529Þ 36
II (Ref. [28]) 1720 200 ð8731;−i2200Þ 74

(a)

(b)

FIG. 1. The internal W emission mechanisms for
(a) Dþ

s → πþK�−K�þ and (b) Dþ
s → πþK�0K̄�0.

1It should be stressed that in Ref. [30] BESIII does not
distinguish between the a0ð1710Þ and f0ð1710Þ, and denotes
the combined state as Sð1710Þ.
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(3) the final-state interactions of the K�K̄� will lead to
dynamical generated a0ð1710Þ, and finally it decays into
K0

SK
0
S. According to the topological classification of weak

decays in Refs. [37,38] the above processes proceed via the
so-called internal W emission mechanism.
The Dþ

s weak decay processes shown in Figs. 1(a)
and (b) can be formulated as following,

Dþ
s → V1½sd̄ → sðūuþ d̄dþ s̄sÞd̄�ðus̄ → K�þÞ; ð5Þ

Dþ
s → V2½us̄ → uðūuþ d̄dþ s̄sÞs̄�ðd̄s → K̄�0Þ; ð6Þ

where V1 and V2 are the strength of the production vertices,
and contain all the dynamical factors. One can rewrite the
two-quark two-antiquark products in the following way

X
i¼u;d;s

sq̄iqid̄ ¼ M3iMi2 ¼ ðM2Þ32; ð7Þ

X
i¼u;d;s

uq̄iqis̄ ¼ M1iMi3 ¼ ðM2Þ13; ð8Þ

where M is the qiq̄j matrix in the SUð3Þ flavor space,
which is defined as

M ¼

0
B@

uū ud̄ us̄

dū dd̄ ds̄

sū sd̄ ss̄

1
CA: ð9Þ

The elements of matrix M can be written in terms of the
pseudoscalar (P) or vector (V) mesons, which are given by
[33–35].

P ¼

0
BBB@

ηffiffi
3

p þ π0ffiffi
2

p þ η0ffiffi
6

p πþ Kþ

π− ηffiffi
3

p − π0ffiffi
2

p þ η0ffiffi
6

p K0

K− K̄0 − ηffiffi
3

p þ
ffiffi
6

p
η0

3

1
CCCA; ð10Þ

and

V ¼

0
B@

ρ0ffiffi
2

p þ ωffiffi
2

p ρþ K�þ

ρ− − ρ0ffiffi
2

p þ ωffiffi
2

p K�0

K�− K̄�0 ϕ

1
CA: ð11Þ

The hadronization processes at the quark level in Eqs. (7)
and (8) can be reexpressed at the hadronic level as,

ðM2Þ32 → ðV · PÞ32 ¼ πþK�− −
1ffiffiffi
2

p π0K̄�0; ð12Þ

ðM2Þ13 → ðP · VÞ13 ¼ πþK�0 þ 1ffiffiffi
2

p π0K�þ; ð13Þ

where we have neglected those terms with no contribution
to the intermediate πK�K̄� state. Using Eqs. (12) and (13),
we can rewrite Eqs. (5) and (6) as

Dþ
s → V1

�
πþK�−K�þ −

1ffiffiffi
2

p π0K̄�0K�þ
�
; ð14Þ

Dþ
s → V2

�
πþK�0K̄�0 þ 1ffiffiffi

2
p π0K�þK̄�0

�
: ð15Þ

To study the decay Dþ
s → πþa0ð1710Þ with a0ð1710Þ

dynamically generated from the final-state interaction of
K�K̄�, we should sum Eqs. (14) and (15) and produce the
combination of K�þK�− and K�0K̄�0 in isospin I ¼ 1. With
the isospin doublet ðK�þ; K�0Þ and ðK̄�0;−K�−Þ [39], we
obtain,

jK�0K̄�0i ¼ 1ffiffiffi
2

p ðjK�K̄�; I ¼ 1i − jK�K̄�; I ¼ 0iÞ;

jK�þK�−i ¼ −
1ffiffiffi
2

p ðjK�K̄�; I ¼ 1i þ jK�K�; I ¼ 0iÞ:

Thus, we have,

V1K�þK�− þ V2K�0K̄�0

¼ −
V1ffiffiffi
2

p ðjK�K̄�; I ¼ 1i þ jK�K̄�; I ¼ 0iÞ

þ V2ffiffiffi
2

p ðjK�K̄�; I ¼ 1i − jK�K̄�; I ¼ 0iÞ

¼ V2 − V1ffiffiffi
2

p jK�K̄�; I ¼ 1i − V2 þ V1ffiffiffi
2

p jK�K̄�; I ¼ 0i: ð16Þ

We see that the phases of the above two terms have different
signs. If one term is dominant, the other one could be small
and can be neglected. In this work, we will focus on the
contribution from a0ð1710Þ and ignore the f0ð1710Þ
contribution. This seems to be a reasonable choice given
the reasonable description of the invariant K0

SK
0
S and π

þK0
S

mass distributions as shown below.
After the production of the K�K̄� pair, the final-state

interaction in S-wave between K� and K̄� takes place, in
which the a0ð1710Þ is produced, and then it decays toK0

SK
0
S

in the final state.2 In Fig. 2, we show the rescattering diagram
for the Dþ

s → πþK�K̄� → πþa0ð1710Þ → πþK0
SK

0
S decay.

2Note that the parameters V1 and V2 are assumed to be
independent of the final-state interactions.
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With the above formalism, the decay amplitude of the
process shown in Fig. 2 can be written as3

Ma ¼
V2 − V1

4
G̃K�K̄� ðMK0

SK
0
S
Þ

×
gK�K̄�gKK̄

M2
K0

SK
0
S
−M2

a0ð1710Þ þ iMa0ð1710ÞΓa0ð1710Þ
; ð17Þ

whereMK0
SK

0
S
is the invariant mass of the K0

SK
0
S system. We

define VP ¼ V2 − V1, which will be determined from the
branching fraction BrðDþ

s → πþK0
SK

0
SÞ.

The G̃K�K̄� is the loop function for the K�K̄� pair, which
depends on MK0

SK
0
S
. Since the K� and K̄� have large total

decay widths, they should be taken into account. For that
purpose, the GK�K̄� is not G̃, the loop function of two stable
particles of massesm1 andm2, but convoluted in the masses
m1 and m2 with the mass distributions of K� and K̄� vector
mesons, which can be done following Refs. [13,40,41],

GK�K̄�ðMK0
SK

0
S
Þ ¼

Z
m2

þ

m2
−

Z
m2

þ

m2
−

dm̃1
2dm̃2

2

× ωðm̃2
1Þωðm̃2

2ÞG̃ðMK0
SK

0
S
; m̃2

1; m̃
2
2Þ; ð18Þ

with

ωðm̃2
1Þ ¼

1

N
Im

�
1

m̃2
1 −m2

K� þ iΓðm̃2
1Þm̃1

�
ð19Þ

N ¼
Z

m̃2
þ

m̃2
−

dm̃2
1Im

�
1

m̃2
1 −m2

K� þ iΓðm̃2
1Þm̃1

�
; ð20Þ

and

Γðm̃2
1Þ ¼ ΓK�

k̃3

k3
; ð21Þ

k̃ ¼ λðm̃2
1; m

2
π; m2

KÞ
2m̃1

; ð22Þ

where the Källen function λðx; y; zÞ ¼ x2 þ y2 þ z2 − 2xy−
2xz − 2yz. In this work, we take m2þ ¼ ðmK� þ 2ΓK�Þ2,
m2

− ¼ ðmK� − 2ΓK� Þ2, mπ ¼ 138.04 MeV and mK ¼
495.644 MeV. In addition, the masses, widths, and spin-
parities of the involved particles are listed in Table II.
In the dimensional regularization scheme, G̃ðs ¼

M2
K0

SK
0
S
; m2

1; m
2
2Þ can be written as [40,41]

G̃ ¼ 1

16π2

�
aμ þ In

m2
1

μ2
þm2

2 −m2
1 þ s

2s
In
m2

2

m2
1

×
pffiffiffi
s

p ½Inðs − ðm2
2 −m2

1Þ þ 2p
ffiffiffi
s

p Þ

þ Inðsþ ðm2
2 −m2

1Þ þ 2p
ffiffiffi
s

p Þ
− Inð−sþ ðm2

2 −m2
1Þ þ 2p

ffiffiffi
s

p Þ

− Inð−s − ðm2
2 −m2

1Þ þ 2p
ffiffiffi
s

p Þ�
�

ð23Þ

with

p ¼ λ1=2ðs;m2
1; m

2
2Þ

2
ffiffiffi
s

p ; ð24Þ

where μ is a scale of dimensional regularization, and aμ is
the subtraction constant. We take μ ¼ 1000 MeV and aμ ¼
−1.726 as in Ref. [13]. It is worth mentioning that the only
parameter dependent part of G̃ is aμ þ lnðm2

1=μ
2Þ. Any

change in μ is reabsorbed by a change in aμ through
aμ0 − aμ ¼ lnðμ02=μ2Þ, so that the loop function G̃ is scale
independent. It should be noted that the loop function G̃ can
be also regularized with the cutoff method as in
Refs. [17,18,28,42–44].
The so obtained real (solid curves) and imaginary

(dashed curves) parts of the loop function GK�K� as a
function of the K0

SK
0
S invariant mass are shown in Fig. 3.

The results considering the K� width are obtained with the
dimensional regularization method as in Ref. [13], while
the results without considering the K� width are calculated
with the cutoff parameter of Ref. [28].

FIG. 2. The diagram for the K�K̄� final-state interaction for the
Dþ

s → πþK�K̄� → πþa0ð1710Þ → πþK0
SK

0
S decay.

TABLE II. Masses, widths, and spin-parities of the involved
particles in this work.

Particle Mass (MeV) Width (MeV) Spin-parity (JP)

Dþ
s 1968.34 1.31 × 10−9 0−

πþ 139.5704 … 0−

K0
S 497.611 … 0−

K 495.644 … 0−

K� 893.605 49.05 1−

K�þ 891.66 50.8 1−

K�0 895.55 47.3 1−

3We take jK0i¼ 1ffiffi
2

p ðjK0
SiþjK0

LiÞ and jK̄0i¼ 1ffiffi
2

p ðjK0
Si− jK0

LiÞ,
where we have ignored the effect of CP violation.
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In addition, the gKK̄ in Eq. (17) is the coupling constant
of a0ð1710Þ to the KK̄ channel, and it can be determined
from the partial decay width of a0ð1710Þ → KK̄, which is
given by

ΓKK̄ ¼ g2KK̄
8π

pK

M2
a0ð1710Þ

; ð25Þ

where pK is the three momentum of the K or K̄ meson in
the a0ð1710Þ rest frame. With these ΓKK̄ values of
Refs. [13,15] and Ref. [28] shown in Table I, we obtain
gKK̄ ¼ 1966 MeV and 2797 MeV for Set I and Set II,
respectively. Note that from the partial decay width, one
can only obtain the absolute value of the coupling constant,
but not the phase. In this work, we assume that gKK̄ is real
and positive.

B. The mechanism ofD +
s → K̄0K� + → π +K0

SK
0
S reaction

In this section, we will present the formalism for the
decay Dþ

s → πþK0
SK

0
S via the intermediate meson K�þ.

According to the RPP [1], the absolute branching fraction
of the decay modeDþ

s → K̄0K�þ is ð5.4� 1.2Þ%, which is
comparable to the absolute branching fraction of Dþ

s →
ηρþ that is ð8.9� 0.8Þ%. As a result, the Dþ

s → K0
SK

�þ is

important to produce πþK0
SK

0
S in the final state through

K�þ → πþK0
S in P-wave, as shown in Fig. 4.

The decay amplitude for Dþ
s → πþK0

SK
0
S from the

process shown in Fig. 4 can be obtained as

Mb ¼
gDsK̄K�gK�Kπ

2

1

q2 −m2
K�þ þ imK�þΓK�þ

×

�
ðm2

K0
S
−m2

πþÞ
�
1 −

q2

m2
K�þ

�

þ 2p1 · p3

m2
πþ −m2

K0
S
−m2

K�þ

m2
K�þ

þ 2p2 · p3

m2
πþ −m2

K0
S
þm2

K�þ

m2
K�þ

�

þ ðexchange term withp2 ↔ p3Þ; ð26Þ

where q2 ¼ ðp1 þ p2Þ2 ¼ M2
πK0

S
is the invariant mass

squared of the πþK0
S system. The gDsK̄K� and gK�Kπ denote

the coupling constants of Dþ
s → K̄0K�þ and K�þ → K0πþ,

respectively. With the masses of these particles given in
Table II, the branching fraction of BrðDþ

s → K̄0K�þÞ ¼
ð5.4� 1.2Þ% and the partial decay width K�þ → K0πþ

quoted in the RPP [1], we obtain gDsK̄K� ¼ ð1.05� 0.12Þ ×
10−6 and gK�Kπ ¼ 3.26. Again, we assume that gDsK̄K� and
gK�Kπ are real and positive [45]. The uncertainty of gDsK̄K�

originates from the uncertainty of the branching fraction
BrðDþ

s → K̄0K�þÞ, while the uncertainty of gK�Kπ is
ignored, since it is very small.

C. Invariant mass distributions

We can write the total decay amplitude of Dþ
s →

πþK0
SK

0
S as follows,

M ¼ Ma þMb; ð27Þ

and the double differential width of the decay Dþ
s →

πþK0
SK

0
S is

d2Γ
dMK0

SK
0
S
dMπK0

S

¼
MK0

SK
0
S
MπK0

S

128π3m3
Dþ

s

ðjMaj2 þ jMbj2Þ; ð28Þ

where the interference between Ma and Mb is neglected,
since these coupling constants are assumed to be real and
positive, as discussed above.
In Ref. [30], by considering the interference term

between a0ð1710Þ and K�þ, the extracted branching
fraction BrðDþ

s → K̄0K�þÞ is ð1.8� 0.2� 0.1Þ%, which
deviates from the CLEO result of BrðDþ

s → K̄0K�þÞ ¼
ð5.4� 1.2Þ% [46]. In this work, since the interference term

FIG. 3. Real and imaginary parts of the loop function GK�K̄� as
a function of the invariant K0

SK
0
S mass computed in the dimen-

sional regularization method and the cutoff method.

FIG. 4. The decay Dþ
s → πþK0

SK
0
S via the intermediate vector

K�þ. We also show the definition of the kinematical (p1, p2, p3,
pDþ

s
) variables that we use in the present calculation.
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is not included, we use the CLEO result to determine the
value of the coupling constant gDsK̄K� .
Finally, one can easily obtain dΓ=dMK0

SK
0
S

and
dΓ=dMπK0

S
, by integrating Eq. (28) over each of the

invariant mass variables with the limits of the Dalitz plot
given in the RPP [1]. For example, the upper and lower
limits for MπþK0

S
are as follows:

ðM2
πþK0

S
Þ
max

¼ ðE�
πþ þ E�

K0
S
Þ2

−
	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E�2
πþ −m2

πþ

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E�2
K0

S
−m2

K0
S

q 

2

ðM2
πþK0

S
Þ
min

¼ ðE�
πþ þ E�

K0
S
Þ2

−
	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E�2
πþ −m2

πþ

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E�2
K0

S
−m2

K0
S

q 

2
;

where the E�
πþ and E�

K0
S
are the energies of πþ and K0

S in the

K0
SK

0
S rest frame, respectively,

E�
πþ ¼

m2
Dþ

s
−M2

K0
SK

0
S
−m2

πþ

2MK0
SK

0
S

;

E�
K0

S
¼

M2
K0

SK
0
S
−m2

K0
S
þm2

K0
S

2MK0
SK

0
S

: ð29Þ

Similarly, one can obtain the upper and lower limits of
MK0

SK
0
S
.

In Fig. 5, we show the Dalitz plot of the Dþ
s → πþK0

SK
0
S

reaction. The blue band stands for theK�þ region in theπþK0
S

channel. One can see that the K�þ energy region overlaps
largely with the a0ð1710Þ state in the K0

SK
0
S channel.

Because the factor VP is unknown, we determine it from
the branching fraction ofDþ

s → πþK0
SK

0
S, which is ð0.68�

0.04� 0.01Þ% [30]. With the a0ð1710Þ parameters given in
Table I, we obtain

VP ¼ ð1.69� 0.55Þ × 10−4: ð30Þ

for Set I, and

VP ¼ ð1.95� 0.64Þ × 10−4: ð31Þ

for Set II.

III. RESULTS AND DISCUSSION

In this section, we present the numerical results for the
invariant mass distribution ofK0

SK
0
S and π

þK0
S of theD

þ
s →

πþK0
SK

0
S decay. To compare the theoretical invariant mass

distributions with the experimental measurements, we
introduce an extra global normalization factor C, which
will be fitted to the experimental data. In Fig. 6, we show
our theoretical results for the K0

SK
0
S invariant mass dis-

tribution. The red-solid curve stands for the total contri-
butions from the a0ð1710Þ state and the vector K�þ meson,

FIG. 5. Dalitz plot for the decay Dþ
s → πþK0

SK
0
S.

(a)

(b)

FIG. 6. Invariant mass distribution of K0
SK

0
S for the Dþ

s →
πþK0

SK
0
S decay, compared with the experimental data taken from

Fig. 2(a) of Ref. [30]. (a) results of Set I; (b) results of Set II.
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while the blue-dashed and green-dot-dashed curves corre-
spond to the contribution from only the a0ð1710Þ and K�þ,
respectively. The red-solid curve has been adjusted to the
strength of the experimental data of BESIII [30] at its peak
by taking C ¼ 2.3 × 107 for both Set I and Set II. One can
see that the model results obtained with the parameters of
both Set I and Set II can reproduce the experimental data
reasonably well, and the K� plays an important role around
the peak of the a0ð1710Þ state. It is clearly seen that the
shape of a0ð1710Þ in Fig. 6(b) is wider than that in
Fig. 6(a). One reason is that, as shown in Table I, the
a0ð1710Þ width of Set II is larger than the one of Set I. The
other reason is that the loop function GK�K̄� obtained with
the cutoff regularization of Ref. [28] is smoother than the
one of Ref. [13], which can be seen in Fig. 3.
In Ref. [33], the vector-vector intermediate states were

produced at the first step with both the external and internal
W-emission mechanisms, and then the final-state interac-
tion of vector-vector produces f0ð1710Þ and a0ð1710Þ and
then they decay into K0

SK
0
S and KþK−. By adjusting the

effective parameters between these production processes,
the ratio of the branching fractions BrðDþ

s → πþK0
SK

0
SÞ

and BrðDþ
s → πþKþK−Þ from the f0ð1710Þ and a0ð1710Þ

contribution can be reproduced [33]. Clearly, this work and
Ref. [33] share the same mechanism for the final-state
interactions. As a result, both can describe the main feature
of the K0

SK
0
S line shapes. In principle, both the external and

internalW-emission mechanisms can play a role. However,
a quantitative consideration of both mechanisms inevitably
introduces additional free parameters for the weak inter-
action (more details can be found in Ref. [33]), which
cannot yet be well determined. Hence, we will leave a
simultaneous consideration of both mechanisms to a
future study when more precise experimental data become
available.
It should be noted that the contribution of the f0ð1710Þ

state is not considered in our calculation, while the data on
on the other hand contain the contributions of both states.
This implies that the peaks of f0ð1710Þ and a0ð1710Þ
overlap strongly. Otherwise, the sole contribution from
a0ð1710Þ cannot describe the experimental data. The
f0ð1710Þ and a0ð1710Þ mixing can also be studied in
the J=ψ decays [20] when more experimental data are
available, just as the a0ð980Þ and f0ð980Þ mixing [47–49]
for the case of KK̄ molecules. In fact, the a0ð980Þ and
f0ð980Þmixing was investigated in the decayDþ

s → ηπ0πþ
in Ref. [50] with the formalism built in a earlier work of
Ref. [51], where the mixing of a0ð980Þ and f0ð980Þ
resonances that breaks the isospin invariance due to the
Kþ and K0 meson mass difference.
In our model, the final K0

SK
0
S pair is produced from the

K�K̄� interaction, and the loop functionGK�K̄� is very small
around the a0ð980Þ [f0ð980Þ] pole region (see Fig. 3) and
the coupling of a0ð980Þ [f0ð980Þ] to the K�K̄� channel

[16] is also small compared with the one of a0ð1710Þ to the
K�K̄� channel. Hence, there are no a0ð980Þ and f0ð980Þ
signal in the K0

SK
0
S mass spectrum of the Dþ

s → πþK0
SK

0
S

decay. On the other hand, from Eq. (16), we find that the
two phases in the a0ð1710Þ and f0ð1710Þ productions have
an opposite sign. If the production of a0ð1710Þ is con-
structive as shown in the new BESIII data [30], one can
expect no contribution from the mechanism shown in Fig. 1
to produce the f0ð1710Þ resonance in the Dþ

s → πþKþK−

decay [31,36,52]. However, the f0ð1710Þ could be pro-
duced via the external W emission mechanism, and its
signal is expected in the process Dþ

s → πþKþK−.
Next, we turn to the πþK0

S invariant mass distributions.
In Fig. 7, we show the theoretical results for the invariant
πþK0

S mass distributions of the Dþ
s → πþK0

SK
0
S decay. To

compare with the experimental results, we have multiplied
a factor of two to dΓ=dMπK0

S
, since the experimental

distribution of πþK0
S contains two entries of events, one

for each K0
S (see more details in Ref. [30]). The peak of the

K�þ can be well described. The contribution from a0ð1710Þ

(a)

(b)

FIG. 7. Invariant mass distribution of πþK0
S for the Dþ

s →
πþK0

SK
0
S decay, compared with the experimental data taken from

Fig. 2(b) of Ref. [30]. (a) results of Set I; (b) results of Set II.

THEORETICAL STUDY OF THE PROCESS Dþ
s → πþK0

SK
0
S … PHYS. REV. D 105, 116010 (2022)

116010-7



is very small to the peak, while its contribution to the
threshold enhancement of the invariant πþK0

S mass dis-
tribution is significant.
In addition, with the model parameters as obtained above

for the Dþ
s → πþK0

SK
0
S decay, we study the process of

Dþ
s → πþKþK−, where the contributions from a0ð1710Þ

and K�ð892Þ are taken into account by assuming that the
mechanism of Dþ

s → πþKþK− is the same as the one of
the process of Dþ

s → πþK0
SK

0
S. The numerical results for

the KþK− and πþK− invariant mass distributions are
shown in Figs. 8 and 9, respectively. The experimental
data are taken from Ref. [31]. If the a0ð1710Þ plays the
dominant role for the structure around M2

KþK− ¼ 3 GeV2,
the πþK− invariant mass distribution in the low energy
region cannot be well described because of the reflection
effect of a0ð1710Þ. In Fig. 8, the K�ð892Þ contribution is

scaled by a factor of 4.3, as shown by the pink-dash-dashed
curve, and one can see that the K�ð892Þ contribution is
already enough to reasonably describe both the KþK− and
πþK− invariant mass distributions in the energy region
considered. which is also consistent with the Dalitz plot of
Dþ

s → πþKþK−, as shown in Fig. 6 of Ref. [31].
As discussed above, to describe well both Dþ

s →
πþK0

SK
0
S and Dþ

s → πþKþK− reactions, one needs to
consider other mechanisms, especially the contribution
from f0ð1710Þ. In this case, we will have more free
parameters, which needs more constraints from both
theoretical and experimental sides. In the present work,
we focus on the role played by the a0ð1710Þ in the Dþ

s →
πþK0

SK
0
S decay, and it is found that the new measurements

of theDþ
s → πþK0

SK
0
S reaction can be well reproduced, and

the contribution of the K�ð892Þ around the a0ð1710Þ=
f0ð1710Þ peak is important.
Finally, it is interesting to note that one can study the

aþ0 ð1710Þ state in the KþK0
S channel of theD

þ
s → π0KþK0

S
decay by including the contribution of the final-state
interaction of K�þK̄�0, which can be easily obtained by
summing the second term of Eqs. (12) and (13). If the very
small mass difference of charged and neutral K� meson is
neglected, it is expected that the branching fraction of
Dþ

s → π0KþK0
S should be the same as the one of

Dþ
s → πþK0

SK
0
S, and hence a charged aþ0 ð1710Þ will be

visible in the invariant KþK0
S mass spectrum. Indeed, the

aþ0 ð1710Þ was recently observed in the decay of Dþ
s →

π0KþK0
S by the BESIII Collaboration [53].

IV. SUMMARY

In summary, we have studied the Cabibbo-favored
process of Dþ

s → πþK0
SK

0
S. By considering the decay

mechanism of internal Wþ emission, and hadronization
of the sd̄ or us̄ with qq̄ with the vacuum quantum numbers,
we obtain πþK�K̄� in the first step, then the transition of
K�K̄� → K0

SK
0
S proceeds following final-state interactions

of the K�K̄� pair in the chiral unitary approach where the
a0ð1710Þ state is dynamically generated. In addition, the
tree diagram of K�þ → πþK0

S is also taken into account.
We have calculated the K0

SK
0
S and πþK0

S invariant mass
distributions, which are in good agreement with the
experimental measurements of BESIII [30]. We have found
that the K� plays an important role in the a0ð1710Þ peak
region. Our study shows that the BESIII measurements
support the K�K̄� molecular nature of the a0ð1710Þ and
f0ð1710Þ states and they overlap strongly in the data.
For the reproduction of the a0ð1710Þ peak, it is found

that the contributions from both the tree diagram as shown
in Fig. 4 and the K�K̄� final-state interaction as shown in
Fig. 2 are crucial. In addition, within the proposed
mechanism, it is expected that the charged aþ0 ð1710Þ signal
can show up in the KþK0

S invariant mass distribution of the

FIG. 8. Invariant mass distribution of KþK− for the Dþ
s →

πþKþK− decay, compared with the experimental data taken from
Fig. 7(a) of Ref. [31].

FIG. 9. Invariant mass distribution of πþK− for the Dþ
s →

πþKþK− decay, compared with the experimental data taken from
Fig. 7(c) of Ref. [31].
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Dþ
s → π0KþK0

S decay, which should be checked by future
experimental measurements.
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