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We investigate photon bremsstrahlung in chiral media. The chiral medium response to the magnetic field
is described by the chiral magnetic current j ¼ b0B, where b0 is the chiral magnetic conductivity.
This current modifies the photon dispersion relation producing a resonance in the scattering amplitude.
We show that the resonant contribution is proportional to the magnetic moment μ of the target nucleus.
We analytically compute the corresponding cross section. We argue that the anomalous contribution is
enhanced by a factor b20=Γ2, where Γ is a width of the resonance related to the chiral magnetic instability of
the electromagnetic field. The most conspicuous feature of the anomalous contribution to the photon
spectrum is the emergence of the kneelike structure at photon energies proportional to b0. We argue that the
phenomenological significance of the anomalous terms depends on the magnitude of the ratio of b0 to the
projectile fermion mass.
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I. INTRODUCTION

Chiral media are of great interest in a variety of diverse
physics fields [1–7]. Examples include the quark-gluon
plasma, Weyl and Dirac semimetals and the axion—one of
the main dark matter candidates. Their unusual properties
are due to the topological charge induced in them by the
chiral anomaly [8,9]. In particular, coupling of the electro-
magnetic field to the topological charge is described by
adding to the QED Lagrangian the P and CP-odd term [10]

LA ¼ −
cA
4
θFμνF̃μν; ð1Þ

where cA is the QED anomaly coefficient. In quark-gluon
plasma the dimensionless pseudoscalar field θ is sourced by

the topological charge density q ¼ g2

32π2
Ga

μνG̃
aμν. As a result

Eq. (1) cannot be rewritten as a total derivative and
removed from the Lagrangian. Instead, it appears in the
modified Maxwell equations as the derivative of ∂μθ. In
Weyl semimetals the spatial components of ∂μθ are propor-
tional to the distance between the Weyl nodes in the
momentum space. In many systems θ is believed to be a
slowly varying function of coordinates and time [4]. This is
the approximation also assumed in this work. In particular,
we treat the first derivative ∂θ as constant and adopt a fairly

standard notation bμ ¼ ðb0;−bÞ ¼ cA∂μθ ¼ cAð_θ;−∇θÞ;
b0 is also known as the chiral conductivity σχ [11,12].
To further simplify the analysis we constrain ourselves to
the spatially homogenous systems with jbj ≪ b0. These are
relevant in nuclear physics and astrophysics [13,14]. In this
paper we focus on the electromagnetically interacting
systems, but its methodology can be easily adapted for
the strongly interacting systems as well.
One can study properties of a novel material/medium by

shooting fast particles through it. This paper studies how
the chiral properties of a material are reflected in the photon
spectrum emitted by a charge fermion. The two processes
that determine the photon spectrum are the medium
polarization by the electromagnetic fields of the particle
and the photon radiation. The former induces the collisional
energy loss which includes the Cherenkov radiation
[15,16], while the latter is responsible for the radiative
energy loss. The corresponding leading order diagrams are
shown in Fig. 1.
The collisional energy loss in the chiral medium is

dominated by the chiral Cherenkov radiation, which in
many aspects is very different from the conventional
Cherenkov radiation due to a peculiar dependence of the
photon dispersion relation on b. We have discussed this
recently in [17] in the framework of the Fermimodel [16]. In
short, the nonanomalous and anomalous/chiral Cherenkov
radiation are both electromagnetic excitations of the
medium induced by the moving charge, though they emerge
under different conditions: the former one when the particle
velocity is larger than the phasevelocity of light, whereas the
latter when the chiral anomaly is present regardless of
velocity. Unlike the nonanomalous Cherenkov radiation
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whose power decreases with energy (together with the total
collisional loss), the power of the chiral Cherenkov radiation
increases with energy and thus is very much relevant at high
energies. The full quantum expression for the radiation
power was derived in [18]. Similar results in different
contexts were reported in [7,19,20]. Photon radiation by a
plasma at finite axial chemical potential, which also induces
the chiral magnetic current, was investigated in [21–23].
The goal of this paper is to investigate the contribution of

the chiral anomaly to the photon production cross section in
charged fermion scattering off a heavy nucleus. This
process is responsible for the radiative energy loss which
is the dominant energy loss mechanism at high energy [24].
The chiral anomaly affects the virtual photon propagator
and the radiated photon wave function. The photon
propagator reads, in the Feynman gauge [19,25],1

DμνðqÞ ¼ −i
q2gμν þ iϵμνρσbρqσ þ bμbν

q4 þ b2q2 − ðb · qÞ2 : ð2Þ

In homogeneous chiral matter with b ¼ 0, b0 ≠ 0, the
components of the propagator (2) read, in the static limit
DμνðqÞ ¼ limq0→0 DμνðqÞ [26],

D00ðqÞ ¼
i
q2

; ð3aÞ

D0iðqÞ ¼ D0iðqÞ ¼ 0; ð3bÞ

DijðqÞ ¼ −
iδij

q2 − b20
−

ϵijkqk

b0ðq2 − b20Þ
þ ϵijkqk

b0q2
: ð3cÞ

The pole at q2 ¼ b20 is related to the chiral magnetic
instability of the electromagnetic field as discussed in
Sec. II C. In the scattering amplitude it corresponds to
the t-channel resonance which enhances the scattering

cross sections in the chiral medium [27]. To simplify the
calculation we restrict ourselves to the photon spectrum at
ω ≫ b0. In this region, the photon is approximately time-
like up to the corrections of order b20=ω

2. In other words, we
neglect the anomaly in the photon wave function and
thereby isolate the contribution of the resonance in the
propagator.
In summary, we consider the following setup. A charged

fermion of high energy ϵ radiates a photon of energy ω as it
scatters on a heavy (static) ion immersed into a chiral
medium. The potential that the ion creates is modified in
the infrared by the anomaly scale b0 which is assumed to be
much smaller than ω but much larger than the Debye mass
eT in the medium. In this regime the bremsstrahlung cross
section is enhanced by the t-channel resonance at the
momentum transfer q2 ¼ b20. The softest scale in this
scattering problem (apart from the Debye mass) is the
resonance cutoff Γ which is inversely proportional to the
duration of the inverse cascade that drives the chiral
magnetic instability. In the next section we perform a
detailed analytical calculation of the photon production
cross section. Our main result is Eq. (27), which presents
this cross section in the ultrarelativistic limit. We discuss
the obtained result in Sec. III.

II. COULOMB AND MAGNETIC DIPOLE
BREMSSTRAHLUNG

A. Scattering potential

Following the original calculation of Bethe and Heitler
[28], we consider scattering of a charged fermion off a
nucleus of massM and electric charge eZ. It will be seen in
Sec. II D that the anomalous contribution is driven by the
existence of momentum transfers such that jqj ≤ b0. The
nucleus recoil is q0 ¼ jqj2=ð2MÞ < jqjb0=ð2MÞ. Since for
any realistic system b0 ≪ M, the recoil can be safely
neglected. Thus the electromagnetic field of the nucleus is
approximately static.
The potential induced by a stationary current JνðxÞ can

be computed as

AμðxÞ ¼ −i
Z

d3x0Dμνðx − x0ÞJνðx0Þ

¼ −i
Z

d3q
ð2πÞ3 e

iq·xDμνðqÞJνðqÞ: ð4Þ

The current density of the static point source of charge eZ is
JνðxÞ ¼ eZδν0δðxÞ. It induces the Coulomb potential

A0ðqÞ ¼ eZ=q2; AðqÞ ¼ 0 ð5Þ

implying that the scattering cross section off the point
charge is given by the Rutherford formula and is not
affected by the anomaly (in the static limit).

FIG. 1. Diagrams contributing to the collisional (left) and
radiative (right) energy loss in the chiral medium at the leading
order in α. The left diagram includes the Cherenkov radiation.
Double wavy lines indicate excitation of the electromagnetic field
at finite b. The diagram with the photon emitted from the
outgoing fermion leg is not shown.

1The gauge dependence of the propagator is discussed in
Appendix (A1).
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A nontrivial contribution comes about if the nucleus is in
a state ψ with a finite expectation value of the magnetic
moment μ. Indeed, the spin current associated with such a
state is ∇ × ψ�μψ . In the point particle limit the spin current
can be written as JðxÞ ¼ ∇ × ðμδðxÞÞ. It represents the first
nonvanishing multipole moment of the vector potential.
Altogether the electrical current of the nucleus is

J0ðxÞ ¼ eZδðxÞ; JðxÞ ¼ ∇ × ðμδðxÞÞ; ð6Þ

which in momentum space reads

J0ðqÞ ¼ eZ; JðqÞ ¼ iq × μ: ð7Þ

According to (4) and (3) it produces the potential

AlðqÞ¼−iDliðqÞJiðqÞ

¼−ϵijkμkqj
�
−

iδli
q2−b20

−
ϵlirqr

b0ðq2−b20Þ
þϵlirqr

b0q2

�
ð8aÞ

¼ −
1

q2 − b20

�
iðμ× qÞl þ b0

q2
ðμ · qql − q2μlÞ

�
; ð8bÞ

while the time component is still given by the first equation
of (5). The potential satisfies the Coulomb gauge q · A ¼ 0.
The expression for the potential in the configuration space
can be found in [27].

B. Scattering cross section

Quantization of the electromagnetic field at finite b0 is
similar to this procedure in vacuum except that the photon
polarization must be circular; see Appendix B. As
explained in the Introduction, in this work we consider
photons with ω ≫ b0 which allows us to neglect the chiral
Cherenkov effect and concentrate on the bremsstrahlung
per se. The differential cross section is then given by

dσ ¼ 1

2

X
ss0λ

jMj2 1

8ð2πÞ5
ωjp0j
jpj dΩkdΩ0dω ð9Þ

where p ¼ ðϵ; pÞ, p0 ¼ ðϵ0; p0Þ and k ¼ ðω; kÞ are the
incoming, outgoing and emitted photon four-momenta,
respectively. The corresponding equations of motion imply
that p2 ¼ p02 ¼ m2 and k2 ¼ −λb0jkj, where λ ¼ �1 is the
photon polarization. As mentioned before, we assume that
ω ≫ b0, so that k2 ≈ 0. The matrix element M can be
written as a sum corresponding to two Feynman diagrams
where the photon is emitted before and after the insertion of
the external field AðqÞ, where q ¼ p0 − pþ k:

M ¼ e2ūðp0Þ
�
=e�kλ

p0 þ =kþm
ðp0 þ kÞ2 −m2

=AðqÞ

þ =AðqÞ p − =kþm
ðp − kÞ2 −m2

=e�kλ

�
uðpÞ; ð10Þ

where eμkλ ¼ ð0; eÞ is the circular photon polarization
vector. Plugging Eqs. (5) and (8b) into (10) and averaging

over directions of μ using hμii ¼ 0, hμiμji ¼ μ2

3
δij yields

jMj2 ¼ jMej2 þ jMμj2 ð11Þ

where jMej2 is proportional to e2Z2 and describes scatter-
ing off the Coulomb field (5); see Fig. 2. It does not depend
on b0, and it ultimately leads to the Bethe-Heitler formula
when substituted into (9). The second term, jMμj2, is
proportional to μ2 and carries all the information about the
anomaly. We focus on this term from now on. Averaging
over the magnetic moment directions in (8b) gives

hAiðqÞAj�ðqÞi ¼ μ2

3ðq2 − b20Þ2
��

δij −
qiqj

q2

�
ðq2 þ b20Þ

− 2ib0ϵijkqk

�
: ð12Þ

Its contribution to the cross section has the form
MiM�

jhAiAj�i. When summed over the particle helicities,
MiM�

j is symmetric with respect to swapping the indices i
and j. This implies that the second term in the square
brackets of (12) cancels out.2

It is convenient to express the cross section in terms of
q2 ¼ −q2, ω and the parameters κ and κ0 defined as

κ ¼ k · p=ω ¼ ϵ − k · p=ω;

κ0 ¼ k · p0=ω ¼ ϵ0 − k · p0=ω: ð13Þ

Dotting the momentum conservation condition pþ q −
k − p0 ¼ 0 with p, q, k and p0 and solving the resulting
four equations, we obtain

q · p ¼ −q2=2þ κ0ω; q · p0 ¼ q2=2þ κω; ð14Þ

p ·p0 ¼m2−ωðκ− κ0Þ−q2

2
; k ·q¼ωðκ0− κÞ: ð15Þ

Summing over the outgoing fermion spin and photon
polarization and averaging over the incident fermion spin,
we derive

2We note, however, that this term contributes to the partial
cross sections for the helicity states.
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1

2

X
ss0λ

jMμj2 ¼
4e4μ2ðb20 þ q2Þ

3κ2κ02ω2ðq2 − b20Þ2
f2κκ0ω2½ðκ þ κ0Þ2 þ q2�

þ
X
λ

½q2jκp0 · e − κ0p · ej2

þ 4κ2p2jp0 · ej2 þ 4κ02p02jp · ej2
− 8κκ0ðp · eÞðp0 · e�Þðϵϵ0 −m2Þ�g: ð16Þ

The polarization sums are computed using (B2):

X
λ

je · pj2 ¼ p2 −
ðp · kÞ2
k2

¼ p2 − ðϵ− κÞ2 ¼ 2ϵκ −m2 − κ2;

ð17aÞ

X
λ

je · p0j2 ¼ p02 −
ðp0 · kÞ2

k2
¼ 2ϵ0κ0 −m2 − κ02; ð17bÞ

X
λ

ðe · pÞðe� · p0Þ ¼ p · p0 −
ðp · kÞðp0 · kÞ

k2

¼ κ0ϵ0 þ κϵ −m2 − κκ0 þ q2

2
; ð17cÞ

where (13)–(15) were used. Employing (17) in (16) and
substituting into (9) we obtain the differential cross section

dσμ ¼
m2e4μ2ðb20 þ q2Þ
6ð2πÞ5ωðq2 − b20Þ2

jp0j
jpj dΩkdΩ0dω

×

�
q2

m2κκ0
ð2ϵ2 þ 2ϵ02 − 4m2 þ q2Þ

þ ð4m2 − q2Þ
�
1

κ
−
1

κ0

�
2

− 4

�
ϵ

κ0
−
ϵ0

κ

�
2

þ 2ω

m2
ð4m2 − q2Þ

�
1

κ0
−
1

κ

�
þ 2ω2

m2

�
κ0

κ
þ κ

κ0

��
: ð18Þ

C. Regularization of the resonance

In a homogeneous medium (b ¼ 0) the photon propa-
gator (2) has a resonance at q2 ¼ M2 ¼ −λb0jqj. This
resonant behavior can be regulated in the usual way by
taking account of the finite resonance width:

1

q4þb2q2− ðb ·qÞ2→
1

q4þb2q2− ðb ·qÞ2þ iq2Γ2
; ð19Þ

so that the denominator now vanishes at q2 ¼ M2 − iΓ2=2.
It is noteworthy that the photon propagator exhibits both
the s-channel (q2 > 0) and the t-channel (q2 < 0) reso-
nances. This happens because M2 can be positive or
negative depending on the photon polarization. The same
parameter Γ regulates both channels. We note that Γ in the
s-channel has a transparent physical meaning. Namely, it is
related to the photon decay width W as Γ2 ¼ 2MW ¼
2

ffiffiffiffiffiffiffiffiffiffiffiffiffijb0jjqj
p

W ≈ 2b0W.
The resonant behavior is closely related to the chiral

magnetic instability of the electromagnetic field in the
chiral medium which is driven by the modes with
Im q0 > 0; see e.g., [29–44]. From the dispersion relation
ðq0Þ2 ¼ q2 − λb0jqj it is evident that these modes have
q2 < b20. In the limit of small q0 there is only one unstable
mode jqj ¼ b0. The instability is eventually tamed by the
chirality flow between the magnetic field and the medium,
which induces the time dependence of b0. It is reasonable
then to estimate W as the inverse of the chirality transfer
time W ∼ α2m2=T [30] (T is the temperature) which is the
softest scale in the problem. Another contribution to W
arises from inhomogeneity of the axial charge distribution
which induces spontaneous transitions between the
eigenstates of the curl operator (also known as the
Chandrasekhar-Kendall states) [45].
In our calculation, the denominators of (19) appear

multiplied by their complex conjugate. Taking advantage
of the fact that q0 ¼ 0 we can cast this product in a form
convenient for further analysis:

FIG. 2. Diagrams contributing to the Coulomb (e) and magnetic moment (μ) terms in the bremsstrahlung cross section in the chiral
medium at the leading order in α. The outgoing photon is depicted by a single line, which is accurate up to terms of the order b20=ω

2.
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Re

�
Γ2 − 2ib20

Γ2ðq2 − b20 − iΓ2Þ
�
¼ Re

�
Γ2ðq2 − b20Þ þ 2b20Γ2 þ iðΓ4 − 2b0ðq2 − b20ÞÞ

Γ2ððq2 − b20Þ2 þ Γ4Þ
�

¼ ðq2 þ b20Þ
ðq2 − b20Þ2 þ Γ4

: ð20aÞ

Similarly,

q2ðq2 þ b20Þ
ðq2 − b20Þ2 þ Γ4

¼ Re

�
3b20Γ2 þ ðΓ4 − 2b40Þi
Γ2ðq2 − b20 − iΓ2Þ þ 1

�
; ð20bÞ

q4ðq2 þ b20Þ
ðq2 − b20Þ2 þ Γ4

¼ Re

�
Γ2ð5b40 − Γ4Þ þ 2b20ð2Γ4 − b40Þi

Γ2ðq2 − b20 − iΓ2Þ þ ðq2 þ 3b20Þ
�
: ð20cÞ

Using Eqs. (20) in (18) furnishes the final expression for the regulated cross section:

dσμ
dΩkdΩ0dω

¼ m2e4μ2

6ð2πÞ5ωΓ2

jp0j
jpj Re

�
1

m2κκ0

�
Γ2ð5b40 − Γ4Þ þ 2b20ð2Γ4 − b40Þi

Q
þ ðq2 þ 3b20ÞΓ2

�

þ
�
3b20Γ2 þ ðΓ4 − 2b40Þi

Q
þ Γ2

��
2ϵ2 þ 2ϵ02 − 4m2

m2κκ0
−
�
1

κ
−
1

κ0

�
2

−
2ω

m2

�
1

κ0
−
1

κ

��

þ
�
Γ2 − 2b20i

Q

��
4m2

�
1

κ
−
1

κ0

�
2

þ 8ω

�
1

κ0
−
1

κ

�
− 4

�
ϵ

κ0
−
ϵ0

κ

�
2

þ 2ω2

m2

�
κ0

κ
þ κ

κ0

���
; ð21Þ

where Q ¼ q2 − b20 − iΓ2.
The integral over the final fermion directions dΩ0 can be found explicitly by introducing the Feynman parameter x [46].

For example,

I1;1 ≡
Z

ϵ4dΩdΩ0

ð2πÞ2κκ0Q ¼
Z

ϵ4dΩ
ð2πÞ2κððp − kÞ2 þ p02Þϵ0

Z
1

0

dx
Z

dΩ0	
Q

ðp−kÞ2þp02 xþ κ0
ϵ0 ð1 − xÞ



2

¼
Z

ϵ4dΩ
ð2πÞ2κððp − kÞ2 þ p02Þϵ0

Z
1

0

dx
Z

dΩ0

1 − b2
0
þiΓ2

ðp−kÞ2þp02 x − p0 ·
	

2ðp−kÞ
ðp−kÞ2þp02 xþ k

ϵ0ω ð1 − xÞ



¼
Z

ϵ4dΩ
ð2πÞκððp − kÞ2 þ p02Þϵ0

Z
1

0

2dx	
1 − b2

0
þiΓ2

ðp−kÞ2þp02 x


2
− p02

	
2ðp−kÞ

ðp−kÞ2þp02 xþ k
ϵ0ω ð1 − xÞ



2

¼ ϵ4
Z

1

−1

2arctanh
	jp0j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p2κ2þðb0þiΓ2Þððb2

0
þiΓ2Þ−4ϵκ−2m2Þ

p
ð2ðϵϵ0−m2Þκ−ϵ0ðb2

0
þiΓ2ÞÞ



d cos θ

jp0jκ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p2κ2 þ ðb0 þ iΓ2Þððb20 þ iΓ2Þ − 4ϵκ − 2m2Þ

p : ð22Þ

Other integrals can be performed in a similar way and are listed in Appendix C. Substituting (22), (C1)–(C3), and (C6)–(C8)
into (21), we arrive at the final result

dσμ
dω

¼ m2e4μ2

6ð2πÞ3ω
jp0j
jpj

�
1

m2

�
2

�
ϵ0

jp0j l
0 þ ϵ

jpj lþ
ϵ2 þ ϵ02

jpjjp0j ll0 −
2m2

jpjjp0j ll
0 − 1

�
þ 3b20
jpjjp0j ll

0
�

þ 1

Γ2
Re

�
Γ2ð5b40 − Γ4Þ þ 2b20ð2Γ4 − b40Þi

m2ϵ4
I1;1

þ ð3b20Γ2 þ ðΓ4 − 2b40ÞiÞ
�
2p2 þ 2p02

m2ϵ4
I1;1 −

I2;0 þ I0;2
ϵ4

þ 2ω

m2ϵ3
ðI1;0 − I0;1Þ

�

þ Γ2 − 2b20i
ϵ4

�
−4ðp2I2;0 − 2ðϵϵ0 −m2ÞI1;1 þ p02I0;2Þ − 8ϵωðI1;0 − I0;1Þ þ

2ϵ2ω2

m2
ðI1;−1 þ I−1;1Þ

���
ð23Þ

where l ¼ 2arctanhðjpjϵ Þ and l0 ¼ 2arctanhðjp0jϵ0 Þ.
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D. Ultrarelativistic limit

In practical applications the ultrarelativistic limit
ϵ; ϵ0 ≫ m is of most interest. The momentum transfer in
this case tends to be small, with the minimum occurring for
collinear p, p0 and k:

q2min ¼
	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ϵ02 −m2
p

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵ2 −m2

p
þ ω



2
≈
ω2m4

4ϵ2ϵ02
: ð24Þ

Noting that the resonance contributes to the photon
spectrum only when q2min ≤ b20 [see e.g., (18)], one finds
that the maximum possible photon energy in the resonant/
anomalous part of the spectrum is

ω0 ¼
2ϵ2b0

2ϵb0 þm2
: ð25Þ

One can see this cutoff emerging directly in the integrals
(22) and (C1)–(C8). The anomalous part stems from the
imaginary part of those integrals and can be traced back
to the kinematic region where the argument of the
hyperbolic arctangent exceeds unity. In the ultrarelativistic
limit this can occur in the region where ω ≤ ω0. The
explicit expressions for the integrals can be found in
Appendix C.
In the ultrarelativistic limit, (23) reduces to

dσμ
dω

≈
e4μ2

6ð2πÞ3ω
ϵ0

ϵ

�
2

�
ln

�
4ϵ02ϵ2

m4

�
þ
�
ϵ

ϵ0
þ ϵ0

ϵ

�
ln

�
4ϵ2

m2

�
ln

�
4ϵ02

m2

�
− 1

�

þm2

Γ2
Refð3b20Γ2 þ ðΓ4 − 2b40ÞiÞ

�
2ϵ2 þ 2ϵ02

m2ϵ4
I1;1

�

þ Γ2 − 2b20i
ϵ4

�
−4ðϵ2I2;0 − 2ðϵϵ0ÞI1;1 þ ϵ02I0;2Þ þ

2ϵ2ω2

m2
ðI1;−1 þ I−1;1Þ

���
: ð26Þ

Plugging the individual integrals (C9)–(C13) into (26) yields

dσμ
dω

≈
e4μ2

3ð2πÞ3ω
ϵ0

ϵ

��ð3b20 þ 2m2Þðϵ2 þ ϵ02Þ
2m2ϵ0ϵ

−
ϵ2

ϵ02
−
ϵ02

ϵ2

�
ln

�
16ϵ4ϵ04

m4ω4

�
þ 4

�
ϵ2

ϵ02
þ ϵ02

ϵ2

�
− 1

þ
�
1 − 2

ϵ2

ϵ02

�
ln

�
4ϵ02

m2

�
þ
�
1 − 2

ϵ02

ϵ2

�
ln

�
4ϵ2

m2

�
þ
�
ϵ

ϵ0
þ ϵ0

ϵ

�
ln

�
4ϵ2

m2

�
ln

�
4ϵ02

m2

�

þ b20m
2π

Γ2

��
4

ϵ
þ ðϵ2 þ ϵ02Þb20

m2ϵ2ϵ0

��
2ϵ

m2
−

ω

b0ϵ0

�
− 4

ϵ02

ϵ3

�
ϵ

m2
−

ω

2b0ϵ0

�

− 2
ϵ2

ϵ03

�
2ϵ0

m2
−

ω

b0ϵ

�
þ ω2

m2ϵ2

�
b0ðϵ2 þ ϵ02Þ

ϵ02ω
−
m2ϵ

2ϵ03
−

m2

2ϵ0ϵ

��
Θðω0 − ωÞ

�
; ð27Þ

where Θ is the step function. In the limit b0 → 0 this
equation reduces to the result obtained in [46].
In the semisoft photon limit b0 ≪ ω ≪ ϵ, the spectrum

further simplifies:

dσμ
dω

≈
2e4μ2

3ð2πÞ3ω
�
3b20
m2

ln

�
4ϵ4

m2ω2

�

þ ln2
4ϵ2

m2
þ 2b40π
m2Γ2

Θðω0 − ωÞ
�
: ð28Þ

III. DISCUSSION

The main results of this paper are Eqs. (21) and (23),
displaying the contribution of the anomalous chiral mag-
netic current j ¼ b0B to the differential cross section of the
photon bremsstrahlung with energies ω ≫ b0. As we
explained in the Introduction, the exclusion of the region

ω≲ b0 allows us to disregard the chiral Cherenkov
radiation, which we intend to address in a separate work.
In the ultrarelativistic limit the cross section is given
by (27).
The two salient features of the anomalous contribution

are the enhancement by the large factor ðb0=ΓÞ2 and the
emergence of the ultraviolet cutoff (25) due to the reso-
nance in the t-channel. The order of magnitude of the
anomalous contribution can be estimated using (28). If the
mass of the projectile charge particle is of the same order of
magnitude as b0 or smaller, then the anomalous contribu-
tion is strongly enhanced. In the opposite limit, b0 ≪ m,
the ratio of the anomalous and the conventional contribu-
tions at ω < ω0 is of the order ðb0=ΓÞ2ðb0=mÞ2, and no
general statement can be made.
The total bremsstrahlung spectrum is a sum of the

Coulomb σe and the magnetic moment σμ terms. The
Coulomb contribution to the photon emission is given by
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the amplitudeMe in (11). The corresponding cross section
reads, in the ultrarelativistic limit for soft photons [28,47],

dσe
dω

≈
Z2e6

12ð2πÞ3m2ω

�
ln
2ϵ2

mω
−
1

2

�
: ð29Þ

Naturally, the magnetic moment term is suppressed com-
pared to theCoulomb term by a factor ðm=mpÞ2ðμ=μNÞ2Z−2.
Here μN ¼ e=2mp is the nuclear magneton, and typical
values of the nuclear magnetic moments are in the range
jμj ¼ ð0.1 − 10ÞμN [48]. Considering that the two formu-
las (28) and (29) have similar dependence on photon and
projectile energies, the Coulomb term overshadows the
conventional (i.e., b0 ¼ 0) magnetic moment term. For
systems with b0 ∼m, the anomalous contribution is
enhanced by ðb0=ΓÞ2, and therefore it can, in principle,
compete with the Coulomb term. Moreover, due to the knee
at ω ¼ ω0 the anomalous contribution can be clearly
distinguished; see Fig. 3.
There are several physical systems where the brems-

strahlung is modified by the chiral anomaly. In the quark-
gluon plasma produced in relativistic heavy-ion collisions,

it is expected that b0 is induced by the fluctuating
topological charge density of the color fields, though its
magnitude is quite uncertain [33]. Perhaps one can expect
that the finite temperature contributions to the photon
propagator are about the same order of magnitude as b0
and hence play a significant phenomenological role.
Another system with finite b0 is the hypothetic cosmic
axion [49]. In this case b0 is proportional to the time
derivative of the axion field, and thus to the axion mass.
Our model describes the interaction of the cosmic rays with
the axion field. Finally, chiral excitations in Dirac and Weyl
semimetals are described by the Hamiltonian with finite b
[7,50]. Extension of our formalism to anisotropic systems is
straightforward though quite laborious (see e.g., [15]).
At any rate, in the physical systems that we are aware of,

such as the Weyl semimetals and the axion, b0 ≪ m,
implying that anomalous modifications of the photon
propagator have a small effect on the photon emission.
We also expect that similar considerations hold for the
gluon emission by a fast quark in the quark-gluon plasma
produced in heavy-ion collisions; there the anomaly
parameter also seems to be small. This leaves the chiral
Cherenkov effect as the leading source of the anomalous

FIG. 3. Coulomb (dashed line), the magnetic moment (solid line) and the magnetic moment for b0 ¼ 0 (dotted line) terms of the
photon bremsstrahlung cross section in the ultrarelativistic limit (27), for m ¼ mp, Γ ¼ 0.01b0, ϵ ¼ 100m, Z ¼ 33, μ ¼ 5μN . From top
left to bottom right b0 ¼ 0.1m; 0.01m; 0.001 and 0.0001m, respectively. The Coulomb term is taken from [47] in the ultrarelativistic
approximation [which reduces to (29) at ω ≪ ϵ].
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photons in the chiral systems. Nevertheless, we note that
the values of the anomaly parameters b0 and b can be
enhanced in external electric and magnetic fields (see e.g.,
[3]), making the anomalous resonance photon production
discussed in this paper phenomenologically relevant.
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APPENDIX A: PHOTON PROPAGATOR
IN THE CHIRAL MEDIUM

The classical equation of motion of the photon field is

½gμν∂2 − ∂
μ
∂
ν − ϵμναβbα∂β�Aν ¼ jμ: ðA1Þ

It is invariant under the gauge transform

Aν → Aν þ ∂νχ ðA2Þ

where χ is an arbitrary function. In the Lorenz gauge ∂ ·
A ¼ 0 the photon Green’s function obeys the equation

½gμν∂2 − ð1 − 1=ξÞ∂μ∂ν − ϵμναβbα∂β�DνλðxÞ ¼ iδμλδ4ðxÞ;
ðA3Þ

where ξ is the gauge parameter. In momentum space (A3)
becomes

½−k2gμν− ð1−1=ξÞkμkνþ iϵμναβbαkβ�DνλðkÞ¼ iδμλ; ðA4Þ

which is solved by

DνλðkÞ ¼−
i

k4þb2k2− ðk ·bÞ2
�
k2gνλþbνbλþ iϵνλαβbαkβ

−
iðb · kÞ
k2

ðkνbλþ kλbνÞ

þ
�
b2ξ− ð1− ξÞ

�
k2 −

ðb · kÞ2
k2

��
kλkν

k2

�
: ðA5Þ

The terms in the second line vanish when Dνλ is inserted in
the Feynman diagram due to the current conservation. The
terms in the first line yield (2).
A more general expression for the propagator can be

obtained in a covariant gauge ð∂þ CbÞ · A ¼ 0, where C is
a number.

APPENDIX B: PHOTON POLARIZATION SUM

The wave function of a photon at b ¼ ðb0; 0Þ is a plane
wave (check normalization)

AμðxÞ ¼ 1ffiffiffiffiffiffi
2ω

p eμke
−ik·x; ðB1Þ

where eμk ¼ ð0; ekÞ is a circular polarization vector satisfy-
ing the Lorenz gauge k · ek ¼ k · ek ¼ 0. Once the wave
functions (B1) are chosen, there is no remaining gauge
freedom. Only circularly polarized photons solve the
equation of motion (A1).
This is in sharp contrast with the free photon wave

function which is also given by the plane wave as in (B1).
However, since k2 ¼ 0, there still remains gauge freedom
to transform the polarization vector eμ → eμ þ χkμ without
changing the form of the wave function or violating the
Lorenz gauge condition.
The photon polarization sum is

dijk ¼
X
pol

eike
�j
k ¼ δij −

kikj

k2
: ðB2Þ

There is no remaining gauge freedom to transform it to any
other form. In particular, dij cannot be replaced with −gμν.
As an illustration consider the amplitude ek ·M. Let k be in
the z-direction; then, using the current conservation k ·
M ¼ 0 we can write

X
pol

jek ·Mj2 ¼ jMxj2 þ jMyj2

¼ jMxj2 þ jMyj2 þ jMzj2 −
ω2

k2
jM0j2

≠ −gμνMμM�
ν

since k2 ¼ ω2 − k2 ≠ 0.
Introducing the unit vector nμ ¼ bμ=b0 ¼ ð1; 0Þ we can

cast the polarization sum (B2) in the boost-invariant form:

dμν ¼−gμν−
kμkν− ðk ·nÞðkμnνþkνnμÞþnμnνk2

ðk ·nÞ2−k2
: ðB3Þ

Its spatial components reduce to (B2), while the other
components are d00 ¼ d0i ¼ 0.

APPENDIX C: ANGULAR INTEGRALS

The integrals described in Eq. (23) are

I−1;1 ¼ ϵ2
Z

κdΩdΩ0

ð2πÞ2κ0Q ¼ ϵ2
Z

1

−1

2κ arctanh
	jp0j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p2κ2þðb0þiΓ2Þððb2

0
þiΓ2Þ−4ϵκ−2m2Þ

p
ð2ðϵϵ0−m2Þκ−ϵ0ðb2

0
þiΓ2ÞÞ



d cos θ

jp0j ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p2κ2 þ ðb0 þ iΓ2Þððb20 þ iΓ2Þ − 4ϵκ − 2m2Þp ; ðC1Þ
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I0;1 ¼ ϵ3
Z

dΩdΩ0

ð2πÞ2κ0Q ¼ ϵ3
Z

1

−1

2arctanh
	jp0j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p2κ2þðb0þiΓ2Þððb2

0
þiΓ2Þ−4ϵκ−2m2Þ

p
ð2ðϵϵ0−m2Þκ−ϵ0ðb2

0
þiΓ2ÞÞ



d cos θ

jp0j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p2κ2 þ ðb0 þ iΓ2Þððb20 þ iΓ2Þ − 4ϵκ − 2m2Þ

p ; ðC2Þ

I2;0 ¼ ϵ4
Z

dΩdΩ0

ð2πÞ2κ2Q ¼ ϵ4
Z

dΩ
ð2πÞ2κ2

Z
dΩ0

Q
¼ ϵ4

Z
1

−1

arctanh
	

2jp0j
ffiffiffiffiffiffiffiffiffiffiffiffiffi
p02þ2ωκ

p
2p02þ2ωκ−b2

0
−iΓ2



d cos θ

jp0jκ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p02 þ 2ωκ

p : ðC3Þ

The rest of the integrals can be related to Eqs. (22) and (C1)–(C3) by means of the transformation p → p0, p0 → p, ω → −ω
and therefore

q2 ¼ ðp0 − pþ kÞ2 → ðp − p0 − kÞ2 ¼ ðp0 − pþ kÞ2 ¼ q2; ðC4Þ

κ ¼ ϵ −
p · k
ω

→ ϵ0 −
p0 · k
ω

¼ κ0: ðC5Þ

Taking advantage of these transformations we derive

I0;2 ¼ ϵ4
Z

dΩdΩ0

ð2πÞ2κ02Q ¼ ϵ4
Z

1

−1

arctanh
	

2jpj
ffiffiffiffiffiffiffiffiffiffiffiffiffi
p2−2ωκ0

p
2p2−2ωκ0−b2

0
−iΓ2



d cos θ0

jpjκ02
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 − 2ωκ0

p ; ðC6Þ

I1;−1 ¼ ϵ2
Z

κ0dΩdΩ0

ð2πÞ2κQ ¼ ϵ2
Z

1

−1

2κ0 � arctanh
�

jpj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p02κ02þðb0þiΓ2Þððb2

0
þiΓ2Þ−4ϵ0κ0−2m2Þ

p
ð2ðϵϵ0−m2Þκ0−ϵðb2

0
þiΓ2ÞÞ

�
d cos θ0

jpj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p02κ02 þ ðb0 þ iΓ2Þððb20 þ iΓ2Þ − 4ϵ0κ0 − 2m2Þ

p ; ðC7Þ

I1;0 ¼ ϵ3
Z

dΩdΩ0

ð2πÞ2κQ ¼ ϵ3
Z

1

−1

2arctanh
�

jpj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p02κ02þðb0þiΓ2Þððb2

0
þiΓ2Þ−4ϵ0κ0−2m2Þ

p
ð2ðϵϵ0−m2Þκ0−ϵðb2

0
þiΓ2ÞÞ

�
d cos θ0

jpj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p02κ02 þ ðb0 þ iΓ2Þððb20 þ iΓ2Þ − 4ϵ0κ0 − 2m2Þ

p : ðC8Þ

In the ultrarelativistic limit ϵ ≫ m the remaining integral can be done explicitly with the following result:

I1;1 ≈
ϵ3 lnð4ϵ2ϵ02m2ω2Þ

m2ϵ0
þ i

πϵ2

2ϵ0

�
2ϵ

m2
−

ω

b0ϵ0

�
Θðω0 − ωÞ; ðC9Þ

I1;−1 þ I−1;1 ≈
2ϵ lnð4ϵ2ϵ02m2ω2Þ

ϵ0
þ iπ

�
b0ðϵ2 þ ϵ02Þ

2ϵ02ω
−
m2ϵ

4ϵ03
−

m2

4ϵ0ϵ

�
Θðω0 − ωÞ; ðC10Þ

I1;0 − I0;1 ≈
�
ϵ2 lnð4ϵ02m2 Þ

2ϵ02
−
ϵ lnð4ϵ2m2Þ
2ϵ0

�
ln

�
4ϵ2ϵ02

m2ω2

�
þ iπϵω lnð2b0ϵϵ0m2ω

Þ
2ϵ02

Θðω0 − ωÞ; ðC11Þ

I2;0 ≈
ϵ4ðlnð16ϵ2ϵ04m4ω2 Þ − 2Þ

m2ϵ02
þ
iπϵ4ð2ϵ0m2 − ω

b0ϵ
Þ

2ϵ03
Θðω0 − ωÞ; ðC12Þ

I0;2 ≈
ϵ2ðlnð16ϵ4ϵ02m4ω2 Þ − 2Þ

m2
þ iπϵ

�
ϵ

m2
−

ω

2b0ϵ0

�
Θðω0 − ωÞ: ðC13Þ
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