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We develop a method by which vacuum transitions may be included in light-front calculations. This allows
tadpole contributions which are important for symmetry-breaking effects and yet are missing from standard
light-front calculations. These transitions also dictate a nontrivial vacuum and contributions from vacuum
bubbles to physical states. In nonperturbative calculations these separate classes of contributions (tadpoles
and bubbles) cannot be filtered; instead, we regulate the bubbles and subtract the vacuum energy from the
eigenenergy of physical states. The key is replacement of momentum-conserving delta functions with model
functions of finite width; the width becomes the regulator and is removed after subtractions. The approach is
illustrated in free scalar theory, in quenched scalar Yukawa theory, and in a limited Fock-space truncation of
ϕ4 theory.
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I. INTRODUCTION

Recent calculations of the critical coupling in two-
dimensional ϕ4 theory [1–13] have shown that there is a
discrepancy in the nonperturbative equivalence of equal-
time and light-front quantization. Although this discrepancy
can be explained with a computed shift in the renormalized
mass [5,6,8,14], this explanation is a correction to the light-
front calculation, rather than a direct calculation. In addi-
tion, calculations with coordinates that interpolate between
equal-time and light-front quantizations [15,16] indicate
that the light-front limit should obtain the same critical
coupling as obtained in equal time quantization [17]. The
key is the inclusion of tadpole contributions, which on the
light front requires zero modes, modes with zero longi-
tudinal momentum, to represent transitions to and from the
vacuum, as illustrated in Fig. 1(a).1 In a nonperturbative
calculation, where one cannot pick and choose classes of
diagrams, the presence of vacuum transitions necessarily
imports (divergent) vacuum bubbles, of a sort shown in
Fig. 1(b), as well as tadpoles.2

Zero-mode contributions to physical states and the
corresponding nontriviality of the light-front vacuum
[19,20,22,23] are of broader interest than just the critical
coupling in ϕ4 theory. They enter into any discussion of
symmetry breaking, such as the Higgs mechanism, and of
vacuum condensates [24]. More recently they have been
identified as possible contributions to higher-twist distribu-
tion functions [25]. For these reasons, we explore a possible
method for inclusion, within the context of two-dimensional
scalar theories; extension to three and four dimensions
should be straightforward.3

Contributions such as tadpoles and vacuum bubbles
that involve transitions to and from the vacuum must
rely on terms normally excluded from light-front
Hamiltonians. These are terms with only creation oper-
ators or only annihilation operators. With light-front
longitudinal momenta constrained to be non-negative,
momentum conservation requires that the operators create
or annihilate zero momentum. On this basis they are
always dropped. However, depending on the zero-
momentum behavior of the Fock-space wave functions,
matrix elements of such terms need not be zero.
For example, consider light-front quantization [28–34] of

a two-dimensional scalar theory. We define light-front
coordinates [28] and momenta as x� ¼ t� z and
p� ¼ E� pz, with xþ chosen as the light-front time.
The mass-shell condition for the total two-momentum
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1These figures were drawn with JaxoDraw [18].
2This is a separate question from perturbative equivalence,

which has been generally established. For recent discussions, see
[19–21].

3For alternative methods, see [26,27].

PHYSICAL REVIEW D 105, 116006 (2022)

2470-0010=2022=105(11)=116006(14) 116006-1 Published by the American Physical Society

https://orcid.org/0000-0002-7031-3702
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.105.116006&domain=pdf&date_stamp=2022-06-10
https://doi.org/10.1103/PhysRevD.105.116006
https://doi.org/10.1103/PhysRevD.105.116006
https://doi.org/10.1103/PhysRevD.105.116006
https://doi.org/10.1103/PhysRevD.105.116006
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


ðP−; PþÞ is thenM2 ¼ PþP−, which gives the fundamental
bound-state eigenproblem as

P−jψðPþÞi ¼ M2

Pþ jψðPþÞi; ð1:1Þ

where P− is the light-front Hamiltonian. A typical Fock-
state wave function for an eigenstate of this Hamiltonian
satisfies an equation of the following form:

Xn
i

μ2

pþ
i
ψnðpþ

1 ;…;pþ
n Þþ

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pþ
1 p

þ
2 p

þ
3 � � �

p

×contributions from other Fock sectors¼M2

Pþ ψn; ð1:2Þ

with n the number of constituents. The symmetry for bosons
then requires that the small momentum behavior of this wave
function is

ψn ∼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiQ

n
i p

þ
i

p P
n
i

1
pþ
i

: ð1:3Þ

The matrix element of a vacuum transition in ϕ4 theory
reduces to

hψnþ4j
Z Q

4
i dp

þ
iffiffiffiffiffiffiffiffiffiffiffiffiffiffiQ
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p δ
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i
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i Þjψni ð1:4Þ
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: ð1:5Þ

With Q≡P
4
i p
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nþi ¼ xiQ, and
Qnþ4
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þ
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i
Þ ; ð1:6Þ

which is finite and nonzero. Thus, such vacuum-transition
terms cannot be ignored automatically.
Vacuum transitions also generate vacuum bubbles which

make contributions proportional to the size L of the spatial
dimension as expressed through 4πδð0Þ ¼ R

dx− ≡ L. A
nonperturbative calculation requires a cutoff, to regulate this
infinity, and a subtraction of the vacuum energy from any
eigenenergy of a physical state. We regulate by replacing
delta functions of momentum with model functions δϵ that
have a width parameter ϵ and take the limit of ϵ → 0 at the
end of a calculation.4 For the (nontrivial) vacuum state, we
compute a finite energy density, with the model parameter ϵ
related to the spatial volume L in a model-dependent
way: 4πδϵð0Þ ¼ L.
For any finite width ϵ, there will be additional modes

present in any calculation. We call these ephemeral
modes, since they are not zero modes but instead dis-
appear in the limit of zero width. The remaining imprint is
essentially a zero-mode contribution, but obtained as a
limit. Contributions to massive states, beyond the vacuum-
energy shift and tadpoles, are generally negligible for weak
coupling; however, for strong coupling, the Fock-state
momentum wave functions can become broad enough that
they overlap with ephemeral modes. Depending on the zero-
momentum behavior of these wave functions, there can be
additional contributions from vacuum transitions.
Such contributions cannot be readily captured with the

discretized light-cone quantization (DLCQ) formalism [35],
and DLCQ calculations with constrained zero modes [36–38]
are incomplete. For good resolution of the ephemeral modes,
the DLCQ resolution K must satisfy 1=K ≪ ϵ=Pþ. Also, the
integrals that must be represented by the rectangular DLCQ
grid are highly singular, for which the grid is ill suited.
Calculations would be best undertaken with a basis function
expansion, for which matrix elements can be computed once
and for all with an adaptive Monte Carlo integration, such as
is available in the VEGAS package [39].
Even with antiperiodic boundary conditions, the DLCQ

approach cannot neglect zero modes. With such boundary

(b)(a)

FIG. 1. (a) Tadpole graph and (b) vacuum bubble in ϕ4 theory.
Note the momentum-conserving transitions to and from the
vacuum that imply light-front zero-mode contributions.

4This is equivalent to the regulator used in [19] for the
calculation of a time-ordered product. The parameter R in their
Eq. (22), introduced as the radius of a circle approaching infinity,
is essentially 1=ϵ. However, the circle at infinity is something that
arises in diagrammatic calculations rather than nonperturbative
eigenvalue problems.
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conditions one can avoid the constraint equation, but the
approximation to the integral operators in P− is the midpoint
rule with an error no better than the 1=K2 for periodic
boundary conditions, where the integrals are approximated
by the trapezoidal rule.5 The trouble is that the coefficient of
the 1=K2 correction is small only if the integrand is slowly
varying. If instead there is rapid variation, such as can
happen near zero momentum, the approximation becomes
quite poor except at very high resolution. In other words, if
zero-mode contributions are important, antiperiodic boun-
dary conditions do not provide an approximation any better
than periodic boundary conditions.
To explore the inclusion of vacuum transitions, we first

consider ϕ4 theory in more detail; in Sec. II we consider the
leading tadpole and vacuum-bubble contributions. Next, in
Sec. III, we develop an analytic solution for a free scalar as a
generalized coherent state of ephemeral modes. The vacuum
bubble contributions replicate the one-loop calculation
emphasized by Collins [22]. We also consider the solution
for a shifted scalar with nonzero vacuum expectation value.
This is done in the continuum, without interpolation from
equal-time quantization and without discretization. Finally,
we consider quenched scalar Yukawa theory in lowest-order
Fock truncation in Sec. IV, to see the subtraction of the
vacuum energy of the neutral scalar in the charge-zero
sector from the dressed scalar energy in the charge-one
sector. Numerical calculations are postponed to future work.

II. LOWEST-ORDER ϕ4 THEORY

The Lagrangian for two-dimensional ϕ4 theory is

L ¼ 1

2
ð∂μϕÞ2 −

1

2
μ2ϕ2 −

λ

4!
ϕ4; ð2:1Þ

where μ is the mass of the boson and λ is the coupling
constant. The light-front Hamiltonian density is

H ¼ 1

2
μ2ϕ2 þ λ

4!
ϕ4: ð2:2Þ

The mode expansion for the field is6

ϕðxþ ¼ 0; x−Þ ¼
Z

dpffiffiffiffiffiffiffiffiffi
4πp

p faðpÞe−ipx−=2 þ a†ðpÞeipx−=2g:

ð2:3Þ

The nonzero commutation relation is

½aðpÞ; a†ðp0Þ� ¼ δðp − p0Þ: ð2:4Þ

The light-front Hamiltonian is P− ¼ P−
0 þ P−

int, with

P−
0 ¼

Z
dp

μ2

p
a†ðpÞaðpÞ þ μ2

2

Z
dp1dp2ffiffiffiffiffiffiffiffiffiffi
p1p2

p δϵðp1 þ p2Þ½aðp1Þaðp2Þ þ a†ðp1Þa†ðp2Þ�; ð2:5Þ

P−
int ¼ P−

04 þ P−
40 þ P−

22 þ P−
13 þ P−

31; ð2:6Þ

where

P−
04 ¼

λ

24

Z
dp1dp2dp3dp4

4π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p1p2p3p4

p δϵ

�X4
i

pi

�
aðp1Þaðp2Þaðp3Þaðp4Þ; ð2:7Þ

P−
40 ¼

λ

24

Z
dp1dp2dp3dp4

4π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p1p2p3p4

p δϵ

�X4
i

pi

�
a†ðp1Þa†ðp2Þa†ðp3Þa†ðp4Þ; ð2:8Þ

P−
22 ¼

λ

4

Z
dp1dp2

4π
ffiffiffiffiffiffiffiffiffiffi
p1p2

p
Z

dp0
1dp

0
2ffiffiffiffiffiffiffiffiffiffi

p0
1p

0
2

p δðp1 þ p2 − p0
1 − p0

2Þa†ðp1Þa†ðp2Þaðp0
1Þaðp0

2Þ; ð2:9Þ

P−
13 ¼

λ

6

Z
dp1dp2dp3

4π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p1p2p3ðp1 þ p2 þ p3Þ

p a†ðp1 þ p2 þ p3Þaðp1Þaðp2Þaðp3Þ; ð2:10Þ

5Without a solution to the constraint equation, the error in DLCQ with periodic boundary conditions is of order 1=K, unless the end
points (the zero modes) make no contribution to the integrals.

6For convenience we drop the þ superscript and will from here on write light-front momenta such as pþ as just p.
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P−
31 ¼

λ

6

Z
dp1dp2dp3

4π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p1p2p3ðp1 þ p2 þ p3Þ

p a†ðp1Þa†ðp2Þa†ðp3Þaðp1 þ p2 þ p3Þ: ð2:11Þ

The subscripts indicate the number of creation and annihilation operators in each term.
To isolate the contribution from the tadpole and vacuum bubble in Fig. 1, we consider only two terms in the Fock-state

expansion of the eigenstate

jψðPÞi ¼ ψ1a†ðPÞj0i þ � � � þ
Z Y5

i

dpiδ

�
P −

X5
i

pi

�
ψ5ðp1;…; p5Þ

1ffiffiffiffi
5!

p
Y5
i

a†ðpiÞj0i þ � � � ; ð2:12Þ

in order to represent the five constituents in the intermediate
states, and we keep only the first term of P−

0 and the first
three terms of P−

int, as the only terms that connect the two
Fock sectors. We then consider the eigenvalue problem

ðP−
0 þ P−

intÞjψðPÞi ¼
�
M2

P
þ P−

vac

�
jψðPÞi; ð2:13Þ

where we include the shift of vacuum energy P−
vac, to be

obtained from solving the corresponding vacuum eigenvalue
problem

ðP−
0 þ P−

intÞjvaci ¼ P−
vacjvaci; ð2:14Þ

with jvaci the lowest eigenstate. Projection of the eigenvalue
problem for the lowestmassive state ontoFock sectors yields a
system of equations for the Fock-state wave functions

μ2

P
ψ1 þ

λffiffiffiffiffi
24

p
Z Q

4
i dpi

4π
ffiffiffiffiffiffiffiffiffiffiffiffiQ

4
i pi

p δϵ

�X4
i

pi

�
ψ5ðp1;…; p5Þ ¼

�
M2

P
þ P−

vac

�
ψ1; ð2:15Þ

�X5
i

μ2

pi

�
ψ5 þ

λ

24

1

5

�
δϵð

P
4
i piÞ

4π
ffiffiffiffiffiffiffiffiffiffiffiffiQ

4
i pi

p þ ðp5 ↔ p1; p2; p3; p4Þ
�
ψ1

þ 20
λ

4

Z
dp0

1dp
0
2

4π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p1p2p0

1p
0
2

p δðp1 þ p2 − p0
1 − p0

2Þψ5ðp0
1; p

0
2; p3; p4; p5Þ ¼

M2

P
ψ5; ð2:16Þ

where we have invoked a sector-dependent energy shift,
with no P−

vac in the top Fock sector.7

The second equation can be solved iteratively with respect
to the self-coupling of the five-constituent Fock state in the
third term of (2.16); this corresponds to a diagrammatic
expansion. The leading term in the expansion generates the
vacuum bubble in Fig. 1(b) that contributes P−

vac in (2.15).
The second term, where the self-interaction acts once,
produces the tadpole in Fig. 1(a). Both are written explicitly
in (2.17) and (2.18) below. Subtraction of P−

vac from both
sides of (2.15) eliminates the divergent bubble.
From (2.15) and (2.16), the contributions take the forms

bubble→
Z Q

5
i dpiQ
4
i pi

δ

�
P−

X5
i

pi

�
δϵð

P
4
i piÞ2

M2

P −
P

5
i
μ2

pi

∼−
Z

δϵðQÞ2 dQ
μ2

Z Q
4
i dxiQ
4
i xi

δ

�
1−

X4
i

xi

�
; ð2:17Þ

tadpole →
Z Q

5
i dpiδϵð

P
4
i piÞffiffiffiffiffiffiffiffiffiffiffiffiQ

4
i pi

p δðP −
P

5
i piÞ

M2

P −
P

5
i
μ2

pi

×
Z

dp0
1dp

0
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p4p5p0
1p

0
2

p δðp4 þ p5 − p0
1 − p0

2Þ
M2

P −
P

3
i
μ2

pi
− μ2

p0
1

− μ2

p0
2

×
δϵð

P
3
i pi þ p0

1ÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQ
3
i pip0

1

p : ð2:18Þ

The expression for the bubble diverges as ϵ → 0 and is
proportional to δð0Þ ¼ L=4π; however, the same expres-
sion is obtained for the nontrivial vacuum energy P−

vac and
is subtracted.
The expression for the tadpole contribution can be

simplified by noting that δðP −
P

5
i piÞ reduces to

δðP − p5Þ, which can be used to do the p5 integral, and
δðp4 þ p5 − p0

1 − p0
2Þ becomes δðp4 þ P − p0

1 − p0
2Þ,

which can be used to do the p0
2 integral. Finally,

δϵð
P

3
i pi þ p0

1Þ can be written δϵðp4 − p0
1Þ and used to

do the p0
1 integral. These leave

7In the top sector, there are, of course, no vacuum corrections
from higher Fock sectors.
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tadpole ∼
Z Q

4
i dpiQ
4
i pi

1

p4P
δϵð

P
4
i piÞ

½M2

P −
P

4
i
μ2

pi
− μ2

P �
2

∼
1

P

Z
δϵðQÞdQ

Z Q
4
i dxi

ðQ4
i xiÞx4ð

P
4
i
μ2

xi
Þ2
; ð2:19Þ

which is finite and inversely proportional to P, the mark of
a light-front self-energy correction.
Of course, in a nonperturbative calculation, these con-

tributions cannot be separated. However, with the bubbles
regulated, one can solve the eigenproblems for the vacuum
and the massive states and then carry out the necessary P−

vac
subtraction prior to taking the width parameter ϵ to zero.

III. FREE SCALAR

A. Free vacuum

The free vacuum jvaci is an eigenstate of the free scalar
Hamiltonian P−

0 in (2.5):

P−
0 jvaci ¼ P−

vacjvaci: ð3:1Þ

We will show that the vacuum is a generalized coherent
state,

jvaci ¼
ffiffiffiffi
Z

p
eA

† j0i; ð3:2Þ

where

A† ¼
Z

∞

0

dp1dp2ffiffiffiffiffiffiffiffiffiffi
p1p2

p fðp1; p2Þ
1
p1
þ 1

p2

a†ðp1Þa†ðp2Þ: ð3:3Þ

For such a state, we have

aðpÞjvaci ¼ 2

Z
dp0ffiffiffiffiffiffiffiffi
pp0p fðp; p0Þ

1
p þ 1

p0
a†ðp0Þjvaci ð3:4Þ

and

aðp1Þaðp2Þjvaci ¼
2ffiffiffiffiffiffiffiffiffiffi
p1p2

p fðp1; p2Þ
1
p1
þ 1

p2

jvaci

þ 4

Z
dp0

1dp
0
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p1p2p0
1p

0
2

p fðp1; p0
1Þ

1
p1
þ 1

p0
1

fðp2; p0
2Þ

1
p2
þ 1
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2

a†ðp0
1Þa†ðp0

2Þjvaci:

ð3:5Þ
With these we can apply P−

0 to obtain

P−
0 jvaci ¼

μ2

2

Z
dp1dp2ffiffiffiffiffiffiffiffiffiffi
p1p2

p δϵðp1 þ p2Þ½a†ðp1Þa†ðp2Þ þ
2ffiffiffiffiffiffiffiffiffiffi
p1p2

p fðp1; p2Þ
1
p1
þ 1

p2

þ4

Z
dp0

1dp
0
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p1p2p0
1p

0
2

p fðp1; p0
1Þ

1
p1
þ 1

p0
1

fðp2; p0
2Þ

1
p2
þ 1

p0
2

a†ðp0
1Þa†ðp0

2Þ�jvaci

þ
Z

dp
μ2

p
a†ðpÞ

Z
dp0 2ffiffiffiffiffiffiffiffi

pp0p fðp; p0Þ
1
p þ 1

p0
a†ðp0Þjvaci: ð3:6Þ

The solution to P−
0 jvaci ¼ P−

vacjvaci is then possible if

P−
vac ¼

μ2

2

Z
dp1dp2ffiffiffiffiffiffiffiffiffiffi
p1p2

p δϵðp1 þ p2Þ
2ffiffiffiffiffiffiffiffiffiffi
p1p2

p fðp1; p2Þ
1
p1
þ 1

p2

ð3:7Þ

and the symmetrized coefficients of a†ðp1Þa†ðp2Þ sum to
zero:

0¼ μ2

2

δϵðp1þp2Þffiffiffiffiffiffiffiffiffiffi
p1p2

p þ 2μ2
Z

dp0
1dp

0
2

p0
1p

0
2

ffiffiffiffiffiffiffiffiffiffi
p1p2

p δϵðp0
1þp0

2Þ

×
fðp1;p0

1Þ
1
p1
þ 1

p0
1

fðp2;p0
2Þ

1
p2
þ 1

p0
2

þ 1

2

�
μ2

p1

þ μ2

p2

�
2ffiffiffiffiffiffiffiffiffiffi
p1p2

p fðp1;p2Þ
1
p1
þ 1

p2

:

ð3:8Þ

In the second term of (3.8), we can compute

Z
dp0

1dp
0
2

p0
1p

0
2

δϵðp0
1 þ p0

2Þ
fðp1; p0

1Þ
1
p1
þ 1

p0
1

fðp2; p0
2Þ

1
p2
þ 1

p0
2

¼ p1p2

Z
QdQδϵðQÞ

Z
dx

fðp1; xQÞfðp2; ð1 − xÞQÞ
ðp1 þ xQÞðp2 þ ð1 − xÞQÞ

¼ fðp1Þfðp2Þ
Z

QdQδϵðQÞ ¼ 0: ð3:9Þ

The sum of coefficients in (3.8) is then zero if
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fðp1; p2Þ ¼ −
1

2
δϵðp1 þ p2Þ: ð3:10Þ

This determines the vacuum state.
With this solution for the coherent-state wave function,

the energy of the vacuum is

P−
vac ¼ −

μ2

2

Z
dp1dp2

p1p2

δϵðp1 þ p2Þ2
1
p1
þ 1

p2

¼ −
μ2

2

Z
QdQdx

Q2xð1 − xÞ
δϵðQÞ2
1
Q

1
xð1−xÞ

¼ −
μ2

2

Z
dQδϵðQÞ2 ¼ −

μ2

2
δϵð0Þ

Z
∞

0

dQδϵðQÞ

¼ −
μ2

2

L
4π

1

2
¼ −

μ2L
16π

: ð3:11Þ

Here L is the (infinite) volume of light-front space;
however, δϵ at finite ϵ regulates P−

vac when it is embedded
in a nonperturbative calculation.
This result is proportional to the one-loop vacuum

bubble computed by Collins [22]. The equivalent pertur-
bative calculation, corresponding to the loop in Fig. 2, is

2
μ2

2

Z
dq1dq2ffiffiffiffiffiffiffiffiffiffi
q1q2

p δϵðq1 þ q2Þ
1

M2

P − μ2

q1
− μ2

q2

μ2

2

δϵðq1 þ q2Þffiffiffiffiffiffiffiffiffiffi
q1q2

p

¼ 2
μ4

4

Z
dq1dq2
q1q2

δϵðq1 þ q2Þ2
− μ2

q1
− μ2

q2

; ð3:12Þ

which matches (3.11). The leading factor of 2 comes from
the two possible contractions of the double scalar creation
and annihilation operators.
Any massive state in the free theory has a Fock-state

wave function that is a product of delta functions of the
individual particle momenta pi. This part of the state will
not mix with the ephemeral modes, provided the width
parameter ϵ is chosen such that it is much less than all the
pi. For example, the single-particle state with mass μ and
momentum P is just a†ðPÞjvaci. It is an eigenstate of P−

0 −
P−
vac with eigenvalue μ2=P. Weak couplings that broaden

the momentum-space wave functions only slightly will
produce effectively unmixed contributions, but calculations
with strong couplings require more care.

B. Shifted scalar

Next we consider the shifted free scalar where
ϕ → ϕþ v. The new Lagrangian is

L ¼ Lv¼0 − μ2vϕ −
1

2
μ2v2; ð3:13Þ

and the Hamiltonian is P− ¼ P−
0 þ P−

int with the interac-
tion part

P−
int ¼

Z
dx−μ2vϕ ¼

ffiffiffiffiffiffi
4π

p
μ2v

Z
dpffiffiffiffi
p

p δϵðpÞ½aðpÞ

þ a†ðpÞ� þ 1

2
μ2v2L: ð3:14Þ

The constant term represents the shift in the energy of the
vacuum and is therefore proportional to the spatial size L.
The vacuum state jvaciv is now an eigenstate of P−,

ðP−
0 þ P−

intÞjvaciv ¼ P−
vacjvaciv: ð3:15Þ

It can be constructed from the free vacuum as eBjvaci with

B≡ v
Z

dp
ffiffiffiffiffiffiffiffiffi
4πp

p
δϵðpÞ½a†ðpÞ − aðpÞ�: ð3:16Þ

This works because

eBϕðx−Þe−B ¼ ϕðx−Þ þ v ð3:17Þ

and

eBP−
0 e

−B ¼ P−
0 þ P−

int: ð3:18Þ

This then permits

ðP−
0 þ P−

intÞjvaciv ¼ eBP−
0 e

−BeBjvaci ¼ eBP−
0 jvaci

¼ P−
vaceBjvaci ¼ P−

vacjvaciv: ð3:19Þ

Thus, in both the free and the shifted cases, the vacuum is a
generalized coherent state of ephemeral modes.
The state is also correctly normalized, because

vhvacjvaciv ¼ hvacjeB†
eBjvaci ¼ hvacje−BeBjvaci

¼ hvacjvaci ¼ 1:

ð3:20Þ

The vacuum expectation value of the field can also be
computed:

FIG. 2. One-loop self-energy graph as a simple vacuum bubble
which contributes to the vacuum state of a free scalar. The dashed
line indicates the intermediate state of two ephemeral modes.
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vhvacjϕðx−Þjvaciv ¼ hvacjeB†
ϕðx−ÞeBjvaci

¼ hvacje−Bϕðx−ÞeBjvaci
¼ hvacjðϕðx−Þ− vÞjvaci ¼ −v: ð3:21Þ

This restores the shift.

IV. QUENCHED SCALAR YUKAWA THEORY

In order to look at a case with more structure, we
consider scalar Yukawa theory [40], for which the
Lagrangian is

L ¼ j∂μχj2 −m2jχj2 þ 1

2
ð∂μϕÞ2 −

1

2
μ2ϕ2 − gϕjχj2; ð4:1Þ

where χ is a complex scalar field with mass m and ϕ is a
real scalar field with mass μ. The two fields are coupled by
a Yukawa term with strength g. In two dimensions, the
light-front Hamiltonian density is

H ¼ m2jχj2 þ 1

2
μ2ϕ2 þ gϕjχj2: ð4:2Þ

The mode expansions for the fields are (2.3) for ϕ and

χ ¼
Z

dpffiffiffiffiffiffiffiffiffi
4πp

p ½cþðpÞe−ipx−=2 þ c†−ðpÞeipx−=2�: ð4:3Þ

The nonzero commutation relations of the creation and
annihilation operators are (2.4) and

½c�ðpÞ; c†�ðp0Þ� ¼ δðp − p0Þ: ð4:4Þ

In terms of these operators, the quenched light-front
Hamiltonian P− ¼ R

dx−H ¼ P−
0 þ P−

int is specified by

P−
0 ¼

Z
dp

m2

p
½c†þðpÞcþðpÞ þ c†−ðpÞc−ðpÞ�

þ
Z

dq
μ2

q
a†ðqÞaðqÞ þ μ2

2

Z
dq1dq2ffiffiffiffiffiffiffiffiffiffi
q1q2

p

× δϵðq1 þ q2Þ½aðq1Þaðq2Þ þ a†ðq1Þa†ðq2Þ�; ð4:5Þ

and

P−
int ¼ g

Z
dpdqffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4πpqðpþ qÞp f½c†þðpþ qÞcþðpÞ

þ c†−ðpþ qÞc−ðpÞ�aðqÞ þ H:c:g: ð4:6Þ

Pair creation and annihilation terms are suppressed for
the complex scalar; without this quenching, the theory is
unstable [41]. This also suppresses ephemeral modes for
the complex scalar, which would need to appear in pairs
to conserve charge, leaving only those of the neutral
scalar. The vacuum in the charge-zero sector is that of
the free scalar, as given in the previous section; this
provides the value of P−

vac for subtraction in the charge-
one sector.
We seek eigenstates ofP−, for which the two-dimensional

light-front mass eigenvalue problem is

P−jψðPÞi ¼
�
M2

P
þ P−

vac

�
jψðPÞi: ð4:7Þ

We limit this to the charge-one sector. This sector is
characterized as a single complex scalar dressed by a
cloud of neutrals. For the present purposes we will
consider only a severe Fock-space truncation that keeps
no more than two neutrals. The Fock-state expansion for
the eigenstate is then

jψðPÞi ¼ ψ0c
†
þðPÞj0i

þ
Z

dqdpδðP − q − pÞψ1ðqÞa†ðqÞc†þðpÞj0i

þ
Z

dq1dq2dpδðP − q1 − q2 − pÞ

× ψ2ðq1; q2Þ
1ffiffiffi
2

p a†ðq1Þa†ðq2Þc†þðpÞj0i: ð4:8Þ

The normalization condition hψðP0ÞjψðPÞi ¼ δðP0 − PÞ
becomes

1 ¼ jψ0j2 þ
Z

dqjψ1j2 þ
Z

dq1dq2jψ2j2: ð4:9Þ

To construct the eigenvalue problem for the wave
functions, we act with P−

0 and P−
int on the eigenstate and

then project onto the three Fock sectors included in the
truncation. Terms that generate higher Fock sectors are
dropped. For P−

0 we have
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P−
0 jψðPÞi ¼

m2

P
ψ0c

†
þðPÞj0i þ

Z
dqdpδðP− q−pÞ

�
μ2

q
þm2

p

�
ψ1ðqÞa†ðqÞc†þðpÞj0i

þ
Z

dq1dq2dpδðP− q1 − q2 −pÞ
�
μ2

q1
þ μ2

q2
þm2

p

�
ψ2ðq1; q2Þ

1ffiffiffi
2

p a†ðq1Þa†ðq2Þc†þðpÞj0i

þ μ2

2

Z
dq1dq2ffiffiffiffiffiffiffiffiffiffi
q1q2

p δϵðq1 þ q2Þψ0a†ðq1Þa†ðq2Þc†þðPÞj0i þ
μ2

2

Z
dq1dq2ffiffiffiffiffiffiffiffiffiffi
q1q2

p δϵðq1 þ q2Þψ2ðq1; q2Þc†þðPÞj0i: ð4:10Þ

The last two terms violate momentum conservation but only by amounts of order ϵ, the width of δϵ. For P−
int we find

P−
intjψðPÞi ¼

gffiffiffiffiffiffi
4π

p
Z

dqdpffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qpðpþ qÞp δðP − p − qÞ½ψ1ðqÞc†þðPÞ þ ψ0a†ðqÞc†þðpÞ�j0i

þ
ffiffiffi
2

p gffiffiffiffiffiffi
4π

p
Z

dq1dq2dpffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2pðpþ q2Þ

p δðP − p − q1 − q2Þ½ψ2ðq1; q2Þa†ðq1Þc†þðpþ q2Þ

þ ψ1ðq1Þa†ðq1Þa†ðq2Þc†þðpÞ�j0i: ð4:11Þ

Projection of P−jψðPÞi ¼ ðM2

P þ P−
vacÞjψðPÞi onto each of the three Fock sectors yields the following three equations:

m2

P
ψ0 þ

gffiffiffiffiffiffi
4π

p
Z

P

0

dqψ1ðqÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qPðP − qÞp þ μ2ffiffiffi

2
p

Z
dq1dq2ffiffiffiffiffiffiffiffiffiffi
q1q2

p δϵðq1 þ q2Þψ2ðq1; q2Þ ¼
�
M2

P
þ P−

vac

�
ψ0; ð4:12Þ

�
μ2

q
þ m2

P − q

�
ψ1ðqÞ þ

gffiffiffiffiffiffi
4π

p ψ0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qPðP − qÞp þ

ffiffiffi
2

p gffiffiffiffiffiffi
4π

p
Z

P−q

0

dq0ψ2ðq; q0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q0ðP − qÞðP − q − q0Þp ¼ M2

P
ψ1ðqÞ; ð4:13Þ

and �
μ2

q1
þ μ2

q2
þ m2

P − q1 − q2

�
ψ2ðq1; q2Þ þ

μ2ffiffiffi
2

p δϵðq1 þ q2Þ
ψ0ffiffiffiffiffiffiffiffiffiffi
q1q2

p

þ 1ffiffiffi
2

p gffiffiffiffiffiffi
4π

p
�

ψ1ðq1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2ðP − q1ÞðP − q1 − q2Þ

p þ ψ1ðq2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q1ðP − q2ÞðP − q1 − q2Þ

p
�
¼ M2

P
ψ2ðq1; q2Þ: ð4:14Þ

The vacuum energy P−
vac appears only in the first equation,

because the Fock-space truncation prevents any such
correction in all but the lowest Fock sector.
We build a matrix representation for these equations by

introducing basis-function expansions

ψ1ðqÞ¼
1ffiffiffiffi
P

p
X
n

anfnðqÞ; ψ2ðq1;q2Þ¼
1

P

X
nj

bnjgnjðq1;q2Þ;

ð4:15Þ

with p ¼ P − q and p ¼ P − q1 − q2, respectively,
m̃≡m=μ, and

f−1ðqÞ ¼
C−1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

qðP − qÞp PδϵðqÞ
1
q þ m̃2

P−q

¼ C−1
ffiffiffiffiffiffi
qP

p
δϵðqÞ; ð4:16Þ

fnðqÞ ¼
Cnffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

qðP − qÞp ðq=PÞn
1
q þ m̃2

P−q

; n ≥ 0; ð4:17Þ

g−10ðq1; q2Þ ¼
D−10

ffiffiffiffi
P

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q1q2ðP − q1 − q2Þ

p Pδϵðq1 þ q2Þ
1
q1
þ 1

q2
þ m̃2

P−q1−q2

¼ D−10P
ffiffiffiffiffiffiffiffiffiffi
q1q2

p δϵðq1 þ q2Þ
q1 þ q2

; ð4:18Þ

gnjðq1;q2Þ¼
Dnj

ffiffiffiffi
P

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q1q2ðP−q1−q2Þ

p ðqj1qðn−jÞ2 þqðn−jÞ1 qj2Þ=Pn

1
q1
þ 1

q2
þ m̃2

P−q1−q2

;

n≥0; j¼0;…;n=2: ð4:19Þ

These have the desired small-momentum behavior shown
in (1.3). The negative index n ¼ −1 is reserved for the
ephemeral-mode contributions. The normalization condi-
tion (4.9) reduces to

1 ¼ jψ0j2 þ
X
nm

Bð1Þ
nmanam þ

X
nj;ml

Bð2Þ
nj;mlbnjbml; ð4:20Þ
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where the overlaps between the nonorthogonal basis
functions are the symmetric matrices

Bð1Þ
nm ¼ 1

P

Z
fnðqÞfmðqÞdq;

Bð2Þ
nj;ml ¼

1

P2

Z
gnjðq1; q2Þgmlðq1; q2Þdq1dq2: ð4:21Þ

The normalization coefficients Cn and Dnj are fixed by

requiring Bð1Þ
nn ¼ 1 and Bð2Þ

nj;nj ¼ 1, and one can show that
the n ¼ −1 basis functions are orthogonal to the others,

making Bð1Þ
−1;n ¼ 0 and Bð2Þ

−10;nj ¼ 0 for n ≥ 0.
The system of equations (4.12)–(4.14) becomes, with

λ≡ g=
ffiffiffiffiffiffi
4π

p
μ2 and M̃≡M=μ,

m̃2ψ0 −
P
μ2

P−
vacψ0 þ λ

X
n

Vð0Þ
n an þ

X
nj

Uð0Þ
nj bnj ¼ M̃2ψ0;

ð4:22Þ

X
m

Tð1Þ
nmam þ λVð0Þ

n ψ0 þ λ
X
ml

Vð1Þ
n;mlbml ¼ M̃2

X
m

Bð1Þ
nmam;

ð4:23Þ
X
ml

Tð2Þ
nj;mlbml þUð0Þ

nj ψ0 þ λ
X
m

Vð1Þ
m;njam ¼ M̃2

X
m

Bð2Þ
nj;mlbml:

ð4:24Þ

The various matrix elements are defined by

Tð1Þ
nm ¼

Z
dqfnðqÞ

�
1

q
þ m̃2

P − q

�
fmðqÞ; ð4:25Þ

Tð2Þ
nj;ml ¼

1

P

Z
dq1dq2gnjðq1; q2Þ

×

�
1

q1
þ 1

q2
þ m̃2

P − q1 − q2

�
gmlðq1; q2Þ; ð4:26Þ

Uð0Þ
nj ¼ 1ffiffiffi

2
p

Z
dq1dq2ffiffiffiffiffiffiffiffiffiffi
q1q2

p δϵðq1 þ q2Þgnjðq1; q2Þ; ð4:27Þ

Vð0Þ
n ¼

ffiffiffiffi
P

p Z
dqfnðqÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qPðP − q

p ;

Vð1Þ
n;ml ¼

ffiffiffiffi
2

P

r Z
dqdq0fnðqÞgmlðq; q0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q0ðP − qÞðP − q − q0Þp : ð4:28Þ

Details of matrix element computations are left to
Appendix A. These include the definition of a factor β≡
1=½R∞

0 qdqδϵðqÞ2� which enters the normalization for

ephemeral modes.8 With these matrix elements, the system
of equations can be written as

m̃2ψ0 −
P
μ2

P−
vacψ0 þ λ

ffiffiffi
β

p
2

a−1 þ λ
X
n≥0

Vð0Þ
n an

−
P

ffiffiffiffiffiffiffiffi
12β

p
μ2

b−10 þ
D00

2
ffiffiffi
2

p b00 ¼ M̃2ψ0; ð4:29Þ

n ¼ −1∶ −
2P
μ2

βP−
vaca−1 þ

1

2

ffiffiffi
β

p
C0a0 þ

1

2

ffiffiffi
β

p
λψ0

þ λ
ffiffiffiffiffi
12

p
g−10 ¼ M̃2a−1; ð4:30Þ

n ¼ 0∶
1

2

ffiffiffi
β

p
C0a−1 þ

X
m≥0

Tð1Þ
0mam þ λVð0Þ

0 ψ0

þ λ
X
ml≥0

Vð1Þ
0;mlbml ¼ M̃2

X
m≥0

Bð1Þ
0mam; ð4:31Þ

n > 0∶
X
m≥0

Tð1Þ
nmam þ λVð0Þ

n ψ0 þ λ
X
ml≥0

Vð1Þ
n;mlbml

¼ M̃2
X
m≥0

Bð1Þ
nmam; ð4:32Þ

n ¼ −1∶ −
12P
μ2

βP−
vacb−10 þ

1

2
D−10D00b00

−
ffiffiffiffiffi
12

p
P

μ2
ffiffiffi
β

p
P−
vacψ0 þ λ

ffiffiffiffiffi
12

p
a−1 ¼ M̃2b−10; ð4:33Þ

n ¼ 0∶
1

2
D−10D00b−10 þ

X
ml≥0

Tð2Þ
00;mlbml þ

D00

2
ffiffiffi
2

p ψ0

þ λ
X
m≥0

Vð1Þ
m;00am ¼ M̃2

X
ml≥0

Bð2Þ
00;mlbml; ð4:34Þ

n > 0∶
X
ml≥0

Tð2Þ
nj;mlbml þ λ

X
m≥0

Vð1Þ
m;njam ¼ M̃2

X
ml≥0

Bð2Þ
nj;mlbml:

ð4:35Þ

Cancellation of the infinite vacuum energy P−
vac in

(4.29), (4.30), and (4.33) is achieved if a−1 ¼ 0 and
b−10 ¼ −ψ0=

ffiffiffiffiffiffiffiffi
12β

p
. These values correspond to the struc-

ture of the vacuum; in other words, as a part of solving the
dressed particle state, we have reconstituted the vacuum
as the foundation of the physical eigenstate and thereby
canceled the (infinite) vacuum energy. The projection
onto f−1, which is Eq. (4.30), is no longer needed or used.
The factor β disappears in the eigenstate by canceling in
the product b−10f−10 ∝ b−10D−10 with D−10 ¼

ffiffiffiffiffi
6β

p
.

8The value of β depends on the model used for δϵ; it is not zero
because the integral is over only half the real line. Physical results
are independent of β.

TADPOLES AND VACUUM BUBBLES IN LIGHT-FRONT … PHYS. REV. D 105, 116006 (2022)

116006-9



This leaves a finite matrix problem with finite correc-
tions due to nonzero matrix elements of vacuum transitions.
In particular, there is a finite matrix element (D00=2

ffiffiffi
2

p
)

coupling the three-particle sector (b00) to the one-particle
sector (ψ0) between (4.29) and (4.34). The two extra
particles are ephemeral modes.
In this severe Fock-space truncation, the matrix elements

are simple enough to invoke ϵ → 0 explicitly. A more
general calculation would require a model for δϵ and
extrapolation of the limit ϵ → 0 numerically, in addition
to consideration of several δϵ models to confirm model
independence.

V. SUMMARY

We have developed a formalism by which vacuum
transitions can be included in light-front calculations and
have argued that they must be included to have full
equivalence with equal-time quantization and to be con-
sistent with the perturbative equivalence of the two quan-
tizations. The latter equivalence follows, at least on a formal
level, as a choice of coordinates for evaluation of Feynman
diagrams, with proper care as emphasized in [19,20]. In that
context, contributions such as nonzero vacuum bubbles and
tadpoles are recovered. These have been missing from
nonperturbative calculations due to the neglect of vacuum
transitions in light-front Hamiltonians. The inclusion of
such transitions means that the light-front vacuum is not
trivial and instead can be characterized as a generalized
coherent state of ephemeral modes, even for a free theory.
The inclusion of vacuum transitions is not important for

weakly coupled theories without symmetry breaking. If
included, the only impact is to shift P− by the vacuum
energy P−

vac and to require a simultaneous solution of
P−

fulljphysi ¼ ðM2

P þ P−
vacÞjphysi and P−

fulljvaci ¼ P−
vacjvaci,

where P−
full includes vacuum transitions, instead of solving

the traditional light-front problem of P−jphysi ¼ M2

P jphysi.
This has been the case for most light-front calculations and is
illustrated here for quenched scalar Yukawa theory in Sec. IV,
where the extra work of including the vacuum transitions
simply disappears in the vacuum subtraction.
For strong coupling, when physical momentum-space

wave functions become broad enough to overlap with the
near-zero ephemeral modes, and certainly for cases with
symmetry breaking, the vacuum transitions need to be kept.
Thus, all of the earlier nonperturbative light-front calcu-
lations for ϕ4

2 theory need to be revised, as some had
anticipated or approximated, to properly include zero mode
contributions that, among other improvements, should
resolve the difference in the critical coupling between their
results and those from equal-time quantization [1–13]. Our
previous work in [5,38], as for many other light-front
calculations, suffered from the neglect of vacuum-transition
terms in the light-front Hamiltonian. The developments in
[38] treated a different aspect of zero modes associated with

the DLCQ approximation, but did not address restoration of
vacuum transitions. The work in [5] is also based on a
Hamiltonian that does not include vacuum transitions but
does reintroduce their effects by computing the missing
mass renormalization. The focus in this present work is to
include vacuum transitions from the beginning of the
calculation. Matrix elements of these transitions are regu-
lated by the introduction of the near-zero ephemeral modes,
and the light-front Hamiltonian is diagonalized. Vacuum
bubbles and tadpoles then contribute to the energies of the
eigenstates.
Our approach is based on the realization that vacuum

transition matrix elements are nonzero with respect to
Fock-state wave functions with the correct small-momen-
tum behavior. These matrix elements lead to tadpole
contributions as well as disconnected vacuum bubbles.
The vacuum bubbles are regulated by the introduction of a
finite width ϵ in momentum-conserving delta functions, so
that a bubble’s proportionality to δð0Þ is replaced by
δϵð0Þ ¼ L=4π, where L is the light-front spatial volume.
The width ϵ is taken to zero (and L to infinity) after the
(infinite) vacuum energy is subtracted. The modes with
momentum of order ϵ that are removed in this limit are the
ephemeral modes. They represent the accumulation of
contributions at zero momentum.
The use of proper basis functions is critical. A standard

DLCQ approximation [29,35] cannot capture these effects,
partly because the zero-mode contributions form sets of
measure zero and partly because the DLCQ grid provides a
poor approximation to integral operators with modes of
order ϵ ≪ Pþ, for either periodic or antiperiodic boundary
conditions.
There is, of course, an increase in the computational load

for any calculation that includes ephemeral modes. The
vacuum eigenstate must be computed, which requires a
separate matrix diagonalization, though significantly
smaller than for physical states. The limit of ϵ → 0 must
be taken by repeating the vacuum and physical-sector
calculations several times. In addition, the size of the basis
for the physical states must be increased to include
ephemeral modes. IfN is the maximum number of identical
particles in the calculation, we estimate (see Appendix B)
that the basis size must increase by a factor of ∼N=2 and
consequently the matrix size by N2=4.
We have considered several applications of these ideas for

inclusion of vacuum transitions. The most basic was to
show that the vacuum bubbles and tadpoles expected in ϕ4

2

theory are in fact reproduced. We next considered the free
scalar case in detail, constructing the vacuum state as a
generalized coherent state of ephemeral modes and extend-
ing this to include the shifted scalar, with recovery of the
correct vacuum expectation value. The shifted case can, of
course, be handled in DLCQ by inclusion of the constraint
equation for the spatial average of the field [36–38]. Here,
however, we have an exact analytic solution with no
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discretization. Also, the analytic solution contains the one-
loop vacuum bubble discussed by Collins [22] as a prime
example of light-front vacuum structure in perturbation
theory.
To illustrate how the approach functions in an interacting

theory, we considered the charge-one sector of quenched
scalar Yukawa theory. There we have shown how the
vacuum subtraction can be implemented and how strong
coupling can result in residual effects from ephemeral
modes, which in the limit translate to zero-mode effects.
This work was done in two dimensions. The extension to

three and four dimensions should be straightforward. The
transverse momenta have the full range of −∞ to ∞ and
therefore can be balanced without being individually zero.
The coherent state for the free scalar vacuum would be built
from an operator such as

A† ¼
Z

dpþ
1 dp

þ
2 dp⃗⊥ffiffiffiffiffiffiffiffiffiffiffiffi

pþ
1 p

þ
2

p fðpþ
1 ; p

þ
2 ; p⃗⊥Þ

1
pþ
1

þ 1
pþ
2

× δϵðpþ
1 þ pþ

2 Þa†ðpþ
1 ; p⃗⊥Þa†ðpþ

2 ;−p⃗⊥Þ ð5:1Þ

that creates two ephemeral modes with opposite transverse
momenta.
The ideal demonstration that our approach is useful

would be to compute the critical coupling in ϕ4 theory. The
tadpole contributions that were absent previously [5] would
now be included. Such a calculation is a natural next step.
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APPENDIX A: MATRIX ELEMENTS FOR
SCALAR YUKAWA THEORY

We compute the matrix elements needed to resolve the
system of Fock-space equations for scalar Yukawa theory.
The matrices are defined in (4.21) through (4.28). With the
definition of the model-dependent9 factor β,

1

β
¼

Z
∞

0

dqqδϵðqÞ2; ðA1Þ

the basis function overlaps (4.21) are, for n, m ≥ 0,

Bð1Þ
−1−1 ¼

ðC−1Þ2
P

Z
dqqPδϵðqÞ2 ¼

ðC−1Þ2
β

; ðA2Þ

Bð1Þ
−1n ¼

C−1Cn

P

Z
dq

ffiffiffiffiffiffi
qP

p
δϵðqÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

qðP − qÞp ðq=PÞn
1
q þ m̃2

q

¼ C−1Cn

P

Z
dqqðq=PÞnδϵðqÞ → 0; ðA3Þ

Bð1Þ
nm ¼ CnCm

P

Z
P

0

dq
qðP − qÞ

ðq=PÞnþm

ð1q þ m̃2

q Þ2

¼ CnCm

Z
1

0

xnþmþ1ð1 − xÞdx
ð1 − xþ m̃2xÞ2 ; ðA4Þ

Bð2Þ
−10;−10¼ðD−10Þ2

Z
dq1dq2q1q2

δϵðq1þq2Þ2
ðq1þq2Þ2

¼ðD−10Þ2
Z

dxxð1−xÞ
Z

QdQδϵðQÞ2¼ðD−10Þ2
6β

;

ðA5Þ

Bð2Þ
−10;nj ¼

D−10Dnj

P

Z
dq1dq2

δϵðq1 þ q2Þ
q1 þ q2

q1q2
q1 þ q2

×
qj1q

n−j
2 þ qn−j1 qj2

Pn → 0; ðA6Þ

Bð2Þ
nj;ml ¼DnjDml

Z
1

0

dx1

×
Z

1−x1

0

dx2
ðxj1xn−j2 þ xn−j1 xj2Þðxl1xm−l

2 þ xm−l
1 xj2Þ

x1x2ð1− x1 − x2Þð 1x1 þ 1
x2
þ m̃2

1−x1−x2
Þ2 :

ðA7Þ

The normalization conditions, that diagonal elements of
Bð1Þ and Bð2Þ be unity, yield C−1 ¼

ffiffiffi
β

p
and D−10 ¼

ffiffiffiffiffi
6β

p
.

The matrix elements for kinetic energy are, with P−
vac

defined in (3.11),

Tð1Þ
−1−1 ¼ ðC−1Þ2

Z
dqqPδϵðqÞ2

�
1

q
þ m̃2

q

�

¼ ðC−1Þ2P
Z

δϵðqÞ2 ¼ −ðC−1Þ2
2P
μ2

P−
vac; ðA8Þ

Tð1Þ
−1n ¼ C−1Cn

Z
dqδϵðqÞðq=PÞn ¼

1

2
C−1Cnδn0; ðA9Þ

Tð1Þ
nm ¼ CnCm

Z
dxxnþm

1 − xþ m̃2x
; ðA10Þ

Tð2Þ
−10;−10 ¼

ðD−10Þ2
P

Z
dq1dq2P2q1q2

δϵðq1 þ q2Þ2
ðq1 þ q2Þ2

×

�
1

q1
þ 1

q2
þ m̃2

P − q1 − q2

�

¼ −ðD−10Þ2
2P
μ2

P−
vac; ðA11Þ9For any δϵ model that scales properly with ϵ, β is independent

of ϵ.
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Tð2Þ
−10;nj ¼ D−10Dnj

Z
dq1dq2

δϵðq1 þ q2Þ
q1 þ q2

qj1q
n−j
2 þ qn−j1 qj2

Pn

¼ 1

2
D−10D00δn0; ðA12Þ

Tð2Þ
nj;ml ¼ 2DnjDml

×
Z

dx1dx2
xj1x

n−j
2 ðxl1xm−l

2 þ xm−l
1 xl2Þ

ðx1 þ x2Þð1 − x1 − x2Þ þ m̃2x1x2
:

ðA13Þ

In Tð1Þ
−1n and Tð2Þ

−10;nj we have used
R
dqδϵðqÞ ¼ 1

2
, which

follows from integrating only over positive q.
The potential terms have the following matrix elements:

Uð0Þ
−10 ¼

D−10ffiffiffi
2

p
Z

dq1dq2ffiffiffiffiffiffiffiffiffiffi
q1q2

p δϵðq1 þ q2ÞP
ffiffiffiffiffiffiffiffiffiffi
q1q2

p δϵðq1 þ q2Þ
q1 þ q2

¼ −
D−10ffiffiffi

2
p 2P

μ2
P−
vac; ðA14Þ

Uð0Þ
nj ¼ 1ffiffiffi

2
p

Z
dq1dq2ffiffiffiffiffiffiffiffiffiffi
q1q2

p δϵðq1 þ q2Þ
Dnj

ffiffiffiffi
P

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q1q2ðP − q1 − q2Þ

p

×
ðqj1qn−j2 þ qn−jqj2Þ=Pn

1
q1
þ 1

q2
þ m̃2

P−q1−q2

¼ D00

2
ffiffiffi
2

p δn0; ðA15Þ

Vð0Þ
−1 ¼C−1

ffiffiffiffi
P

p Z
dqffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

qPðP−qÞp ffiffiffiffiffiffi
qP

p
δϵðqÞ¼

1

2
C−1; ðA16Þ

Vð0Þ
n ¼ Cn

Z
dxxn

1 − xþ m̃2x
; ðA17Þ

Vð1Þ
−1;−10 ¼

ffiffiffi
2

p
C−1D−10

Z
dqqδϵðqÞ2

¼
ffiffiffi
2

p

β
C−1D−10 ¼

ffiffiffiffiffi
12

p
; ðA18Þ

Vð1Þ
n;−10 ¼

ffiffiffi
2

p
CnD−10

Z
dqdq0

�
q
P

�
nþ1 δϵðqþ q0Þ

qþ q0

¼
ffiffiffi
2

p
CnD−10

Z
dq

�
q
P

�
nþ1

δϵðqÞ → 0; ðA19Þ

Vð1Þ
−1;nj ¼

ffiffiffi
2

p
C−1Dnj

Z
dqdq0δϵðqÞ
q0ðP−q0Þ q

qjq0n−jþqn−jq0j

Pn → 0;

ðA20Þ

Vð1Þ
n;ml ¼

ffiffiffi
2

p
CnDml

Z
dx1dx2x

nþ1
1

1 − x1 þ m̃2x1

×
xl1x

m−l
2 þ xm−l

1 xl2
ðx1 þ x2Þð1 − x1 − x2Þ þ m̃2x1x2

: ðA21Þ

In Vð1Þ
n;−10 we have used a representation of the Dirac delta

function

δðqÞ ¼
Z

dq0
δðqþ q0Þ
qþ q0

; ðA22Þ

which follows from

Z
dqfðqÞdq0 δðqþq0Þ

qþq0
¼
Z

QdxdQfðxQÞδðQÞ
Q

¼ 1

2
fð0Þ:

ðA23Þ

APPENDIX B: ESTIMATE OF BASIS SIZE

The inclusion of ephemeral modes does increase the
basis size required for any numerical calculation. To
estimate the increase, we consider the number of basis
functions needed in each Fock sector. Let bn be the number
of basis functions used in the nth Fock sector of n particles
but with no ephemeral modes, and let e represent the
number of particles in an ephemeral mode, for which there
would be one basis function proportional to δϵð

P
e
i piÞ.

Because each basis function for the entire Fock sector is a
product of a basis function for n − e physical particles and
this one basis function for the e ephemeral modes, the total
number of basis functions for the Fock sector is

P
n
e¼0 bn−e.

Summed over all Fock sectors up to a truncation of n ≤ N,
we have

P
N
j¼1ðN − jþ 1Þbj basis functions. This is to be

compared to a calculation without ephemeral modes which
would use

P
N
j¼1 bj basis functions.

To estimate the ratio, we assume that bn is approximately
constant. In any practical calculation, higher Fock states
need to be less important; otherwise, the chosen truncation
makes no sense. Being less important they can be assigned
fewer basis functions in comparison to the number of
particles involved. The lowest Fock sectors need detailed
representation in a collection of basis functions which is
large in comparison to the number of particles. With bn
constant, the ratio of the two sums reduces to ðN þ 1Þ=2,
which for largeN we take as simplyN=2 as discussed in the
Summary.
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