PHYSICAL REVIEW D 105, 115019 (2022)

Four-fermion operators at dimension 6: Dispersion relations
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A major task in phenomenology today is constraining the parameter space of Standard Model effective
field theory and constructing models of fundamental physics from which the Standard Model derives. To
this effect, we report an exhaustive list of sum rules for 4-fermion operators of dimension 6, connecting
low-energy Wilson coefficients to cross sections in the UV. Unlike their dimension-8 counterparts which
are amenable to a positivity bound, the discussion here is more involved due to the weaker convergence and
indefinite signs of the dispersion integrals. We illustrate this by providing examples with weakly coupled
UV completions leading to opposite signs of the Wilson coefficients for both convergent and non-
convergent dispersion integrals. We further decompose dispersion integrals under weak isospin and color
groups, which lead to a tighter relation between IR measurements and UV models. These sum rules can
become an effective tool for constructing consistent UV completions for Standard Model effective field
theory following the prospective measurement of these Wilson coefficients.
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I. INTRODUCTION

Testing the Standard Model (SM) and searching for new
physics are two essential goals of the current and future
experimental programs in particle physics. In this respect,
all of the measurements can be classified as low-energy
(SM scale) and high-energy experiments. For low-energy
observables, the Standard Model effective field theory
(SMEFT) provides an excellent tool to consistently para-
metrize new physical perturbations, classified order by
order in the form of nonrenormalizable operators with
higher dimensions. We expect new physics to kick in above
at least the weak scale, and as we approach the regime of
high energies greater than this scale, the applicability of
effective field theory (EFT) techniques becomes succes-
sively questionable. Reliable calculations then require a
discussion of the explicit UV completions, and thus it is
clear that the connection between UV and IR observables
and predictions becomes somewhat model dependent, and
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explicit matching is required to infer useful information. In
this direction, dispersion relations provide a model-inde-
pendent way to connect low- and high-energy measure-
ments, in the form of sum rules for low-energy Wilson
coefficients and high-energy cross sections. This provides a
consistent way to match the known and measurable low-
energy and speculative high-energy quantities (for a recent
reappraisal, see Ref. [1] and for a textbook introduction
[2,3]). Their power lies in their generality—they follow
from the simple and sacred physical requirements of
Poincaré invariance, unitary, and locality. Recently, there
has been significant attention directed toward the applica-
tion of the dispersion relations and sum rules for SMEFT
[4—7]. For the four fermion interactions, most of the effort
so far has been focused on the dimension-8 operators
[8—11] where the sum rules lead to positivity constraints on
the Wilson coefficients in a model-independent way.

On the other hand, from a phenomenological point of
view, dimension-8 operators are very hard to measure at
experiments, and most likely the new physics will dem-
onstrate itself first via dimension-6 corrections to the SM.
Thus, it becomes crucial to understand similar dispersion
relations for the dimension-6 operators. The situation here
is drastically different from the dimension-8 discussion
because the relevant dispersion integral, aside from being
possibly nonconvergent, is of indefinite sign and does not
admit any simple model-independent positivity bound.
However, the situation is far from hopeless, and the
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dispersion relations turn out to be instructive in a different
way: instead of being viewed as a constraint on Wilson
coefficients, these sum rules are to be used as a fool to
constrain the UV completions of these operators, given
signs to be measured in the IR. Therefore, in a way, we are
approaching the IR-UV relationship from the opposite
standpoint to what is customary. Our emphasis is on model
building for a full theory by taking IR measurements as our
input, instead of trying to predict these measurements from
general inputs from the UV theory. We will show that
different signs of the Wilson coefficients will be related to
the dominance of the particle collision cross sections in the
various channels and decompose these cross sections as
explicitly as possible to indicate the quantum numbers of
initial states with dominant cross sections. Moreover, it is
crucial to emphasize that sum rules can only be written
down for a subspace of the dimension-6 basis, namely, the
effective 4 fermion operators that can generate forward
amplitudes. Based on these sum rules, we will report
examples of the weakly coupled UV completions, which
can lead to either sign of the Wilson coefficients. Such
information, which we believe was not consistently sum-
marized before, can become a useful guide for the future
measurements in case some of the Wilson coefficients are
discovered to be nonzero. These measurements, supple-
mented with the sum rules we derive, will bring us closer to
an understanding of the fundamental physics from which
the SMEFT derives.

The main limitation of the dispersion relations for
dimension-6 operators is that convergence of the integrals
generically is not guaranteed. In particular, it is known that
elementary vector field exchange [4] in the ¢ channel can
lead to a nonvanishing contribution C,, from the pole at
infinity. Being a characteristic of the amplitudes at high
energies, an EFT analysis cannot resolve its sign or
strength. However, we still believe it is instructive to study
these relations while being agnostic to C,,—in fact, this is
the philosophy used in context of quantum gravity where
the forward graviton pole presents a similar difficulty in
terms of convergence. While the situation with gravity
requires a more sophisticated treatment invoking Regge
towers, in our case, the situation is much simpler, at least
for weakly coupled UV completions. In this case, only the
neutral vector boson exchange in the ¢ channel can spoil the
convergence of the dispersion integrals. Thus, for the rest of
the UV completions, the measurements of IR observables
directly lead us to infer about the strengths of various UV
cross sections and the associated quantum numbers of
states contributing to that cross section.

Second, the dispersion relations cannot identify an exact
UV completion. At best, this IR information allows us to
constrain a hierarchy of couplings and masses in the UV. As
an example, suppose a Wilson coefficient receives con-
tributions (positive and negative, respectively) from both
scalar and vector exchanges in the UV (see discussion in

Sec. III); then, measuring a certain sign of this coefficient
tells us only about the hierarchy of the coupling-to-mass
ratio for the scalar and vector pieces. On the UV side of the
dispersion relation, this information reflects in the relative
sizes of cross sections coming from these two channels,
which, of course, is fixed by this very same hierarchy.

The manuscript is organized as follows. In Sec. II, we
briefly review dispersion integrals. In Sec. III, we study in
detail the operator (égxy’eg)? and illustrate the relation
between UV completions and signs of the effective operator
at tree and one-loop levels. In Sec. IV, we present the whole
set of the four fermion operators and identify which of them
can be constrained by the dispersion relations. Results are
summarized in the Sec. V. Most details of the calculations
have been relegated to the Appendixes.

II. REVIEW OF DISPERSION RELATIONS

In this section, we will review dispersion relations and
their applications to constraints on EFTs following the
discussion in Refs. [1,4,12,13] (readers familiar with the
formalism can proceed directly to Sec. III). It is a general
principle that the nonanalyticities associated with scattering
amplitudes have a physical origin in the form of poles and
branch cuts arising from localized particle states and
thresholds. The positivity of the spectral function in the
Kallen-Lehmann decomposition generalizes to more gen-
eral cross sections, which can be related to elastic forward
scattering amplitudes via a dispersion integral, to be
reviewed in a moment. What this means in an EFT context
is that, in perturbation theory, one can evaluate the two
sides of a dispersion integral to a certain order; allowing us
to extract information about the effective IR coupling that
contributes to that amplitude at low energies on one side of
the relation, from general observations about the UV piece
of the dispersion relation without any explicit matching.

While unitarity reflects in the positivity of the spectral
function and cross sections, we need additional information
about the high-energy behavior of the amplitude to control
the dispersion integral at the infinite contour. The asymp-
totics of amplitudes at high energies is a question about the
unitarity and locality of the theory. The famous Froissart
bound—while technically proved only for theories with a
mass gap, but believed to hold true generally—tells us that
the behavior of the amplitude A(s) is such that A(s)/s> =0
as s — oo [14-16]. This, in general, allows us to write
down a dispersion relation with two subtractions, i.e., a
linear polynomial of the form a() + b(t)s supplemented
by a contour integral picking up the nonanalytic structure of
the amplitude. a(¢), b(z) cannot be determined by unitarity
alone, but the nonanalytic structure can be related to
manifestly positive cross sections via the optical theorem.
We can then differentiate this relation with respect to s
twice to get rid of the unknown subtractions, and we are left
with a manifestly positive integral on the right and the
coefficient of s> in A(s) on the left—thereby leading to
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what are conventionally called “positivity bounds” [1] on
EFT parameters.

This prescription, however, cannot be directly applied to
dimension-6 operators. Their contribution to 2 — 2 ampli-
tudes scales as p?, and so d?A(s)/ds* kills information
about their couplings, and we cannot constrain them in any
way. The best we can do is to look at dA(0)/ds and be left
with a dispersion integral of indefinite sign as well as an
undetermined subtraction constant (which we will call C,,
as it captures the pole of the amplitude at infinity).

Let us briefly derive this dispersion relation from first
principles. Consider a process ab — ab with the amplitude
Aupap = Ay (s, 1), and in the forward limit (¢ — 0). This
amplitude can be expanded as

Aup(s,0) E c, n
1 o"
2y —
Cn(ﬂ ) - ! os" Aab(‘g’O)ls:uz (1)

about some arbitrary reference scale x> where the ampli-
tude is analytic. We can now use Cauchy’s theorem to write

1 ab s, 0 ab s, 0
2—7”,7{(15 n+1 ZR n+l

—l—ZR

where s; are the physical poles associated with IR stable
resonance exchanges in the scattering, and the contour of
integration is shown in Fig. 1. The residues at physical
poles are IR structures that we will drop henceforth. This
can always be done if the scale u is chosen such that
u? > miky, where m¥ corresponds to the scale of the s;
poles. Indeed, the last term in Eq. (2) gives corrections of
the order O(mi, /u*), which can be safely ignored.

A (5,0)
b n+1 ’ <2)

D
P

(
S

2 '+ Re(s)

FIG. 1. Analytic structure in complex s plane. The infinite
circle is centered at 2m? and will be traversed counterclockwise.

The analytic structure of the amplitude allows us to
decompose the integral as a sum of the contributions
along the branch cuts and over infinite circle, so that
schematically

1 Aah(s»o)

—_ —————— —integrals along cuts
271_1 (S _”2)n+1 g g

+ integral on big circle =C% + 1,
275d9 Aah(|SA|€i0,0)

Co = — iy
= [) 2”(|SA|619—/,42)"+1 (|SA|3 )
(3)

The integration over the branch cuts can be written as a sum
of the integrals over discontinuities

o (A ] —A
27”]" _ / ( ab(s + 1€, O) ab(s
4, 2

(s _ﬂz)nﬂ + (_l)n

Agp(d4m? — s —ie,0) — A, (4m? — s + i€, 0)
(S _ 4m2 _|_’u2)n+l :

—ie,0)

(4)

Since 4m? — s = u for t = 0, the second term is just the u
channel crossed amplitude for the process ab — ab, i.e.,
A,;, (instead of ab — ab)." Using the optical theorem, we
can rewrite the discontinuity in terms of cross section, and
in the limits m — 0 and ¢ — 0, we obtain

= [ 550w+ (<1)ap). 5

For dimension-6 operators, we will be interested in
dispersion relations of Eq. (2) for the case n =1,

ds
mwzfmr%g

)+ ca . (6)
s
Note that the quantity c,(4?) on the left-hand side can be
evaluated in IR using the EFT expansion. This introduces
an additional source of corrections of the order O(u?/A?),
where A is the scale suppressing higher-dimensional
operators. We can see that the dispersion relations are
valid up to corrections of the order O(m? /u?, u>/A?), and
these can be ignored if A2 > p? > mi;.

At last, let us mention that the forward limit + — 0 must
be taken with care and is in principle problematic in the
presence of massless particles propagating in the ¢ channel

'Crossing relations for particles with spin become more
nontrivial (see, for example, Refs. [17,18]). However, in the
case of the massless spin-1/2 particles, which are the interest of
this paper, the usual crossing relations for the forward amplitude
remain valid [17], and we will not worry about these issues in the
rest of the paper.
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of the UV amplitude (see, for example, Refs. [4,13]). In
fact, we always have the usual SM Coulomb singularities
that lead to the bad behavior in the forward limit. The way
out of this problem is by using IR mass regulators to match
the known SM contributions to both sides of the dispersion
relation and subtract them away.

III. WARM-UP EXERCISE

We consider the simplest case of a fully right-handed
operator which is made up of singlet fields eg, all of the
same generation (the dispersion relation for this operator
was presented in Ref. [6]),

crr(@ry.er)(egyieg). (7)

Following the strategy outlined in the previous section, we
start by considering the amplitude A,; and derive the
dispersion relation

dA, =(s.0)
ds

ds
= /ﬂ'S (GeRﬂ - GeReR) + Coo’ (8)
s=0

where we have omitted the (n = 1) subscript for C,. The
amplitude in the IR (s — 0) limit can be safely calculated
using the EFT, and we find (we use helicity amplitudes; for
notations and for the explicit conventions, see Appendix A)

Az (s.1) = cgg - 2([27,1)[3r*4) = [3y,1)[2r"4))
= —8cgg[23](14)

A (8. 1)] o = —8cggs 9)

so that we arrive at the following sum rule for the cyp
Wilson coefficient’:

d
“8cpp = / E (e = 0ue) + Coo (10)
TS

Let us see how this equation can be used as guidance for
UV completions that lead to the possible signs of the cgg
Wilson coefficient.

A. Charge neutral vector exchange

Let us start with the negative sign for cgg. The dispersion
relation predicts that this will be generated by the models
with resonances in ee channel (apart from the C,, con-
tribution). The simplest model which can enhance the o,;
cross section is a simple neutral Z' vector boson with the
interaction

In this expression, we should take the value of the Wilson
coefficient at the scale g — 0. The renormalization group
equation (RGE) evolution of the Wilson coefficients from the
EFT cutoff scale to u can lead to the modification of the Eq. (10)
(see Ref. [19] for a recent discussion). In this paper, we will
assume that these running effects are subleading and can be safely
ignored.

CZ’ :/’{ZLER]/#ER. (11)

Integrating Z' at tree level, we obtain for the Wilson
coefficient

12

CRrR = _M’ (12)

where the sign follows the prediction of the dispersion
relations. However, inspecting the amplitudes carefully, we
see that the massive vector exchange in the ¢ channel spoils
the convergence of the amplitude in the forward region,
making the integral over the infinite circle nonvanishing.
To this end, let us look at the amplitude A; ,, in detail:

i
A = —22( [2/"1)37,4) —
i ([7 >[7/ﬂ>s_M%/
i
— By 1) 2y, 4) ———
3y >[}’u>t_M%/>

A(s, 1) = —222[23](14) (s —1M§, + t_1M§/>. (13)

In the forward limit, this amplitude goes as

1 1
A(s,1)]1m0 = =24%s <S Y7 +M>- (14)
7' 7'

We can see that the integral over infinite contour becomes
nonzero and is equal to

y 22
==
M

(15)

We see that, even though the contribution from the infinite
contour is nonzero, it turns out to be of the same sign and
size as the cross section part of the dispersion relation

d () 212
[/Smﬂ—%w (16)

s M %,

(see Appendix B for details of the calculation). The fact that
exchange of the elementary vector boson spoils the con-
vergence of the amplitude in the forward limit at large s is
not new and was observed, for example, in Ref. [4] in the
discussion of the other dimension-6 operators.

Let us extend the discussion for the operators with two
fermion flavors. For example, c,,(egy*eg)(figy pr) con-
tributes ei — efi in the IR. This operator can be generated
by two kinds of UV completions with a charge neutral
vector boson:

) = AZ{} (ery*ur +Hee.)

Eg\)/ = (llz?z)ER}’”eR + Azzlzz)ﬁRYﬂMR» (17)
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The analysis in both cases is very similar to the single flavor

discussion; however, in the first case (EEJ]\),), the integral
over the infinite contour vanishes, since there is no
amplitude with Z(;) in the 7 channel. Writing down the
dispersion relations for the eji — eji scattering, we will
obtain [note that there is a different numerical prefactor
compared to Eq. (10) due to combinatorics]:

L[ s e
Cop = 2 s Oepiin ~ Oegur) | = M%])

(18)

In the second case (582/), we are in the opposite
situation since both cross sections 6,;(,) = 0 vanish at
leading order in perturbation theory. However, there is a
forward amplitude for this process, which comes from -
channel diagram, and it contributes only to C,. In other
words, the pole at infinity saturates the dispersion
relation, and even though no corresponding UV cross
section can be measured to constrain this coefficient, it
can be nonzero because of this pole. In fact, a simple
calculation yields

(19)

which can be either positive or negative depending on
the values of the 4;, 4, couplings. Let us continue with
our examination of the UV completions for the various
signs of the cgp.

B. Charge-2 scalar

What about the positive sign of cgz? The dispersion
relation in Eq. (10) predicts that this happens for UV
completions that generate only o, cross section. The
simplest possibility is a charge-2 scalar with the interaction

L = k¢peSer + H.oc. (20)
Then, at the order O(x?), only 6,, will be nonvanishing, so

the Wilson coefficient must be positive. Indeed, integrating
out the scalar field at tree level gives

_ kP

2M¢

CRR

which is manifestly positive. In this case, the forward
amplitude converges quickly enough, so that C,, = O—this
is just the statement that a scalar cannot be exchanged in the
t channel for the forward amplitudes. We see that the both
signs of the Wilson coefficient are possible with a weakly
coupled UV completion. One can still wonder whether the
negative sign of the cpp interactions in the Eq. (12) is
related to the ¢ channel pole and nonconvergence of the

amplitude in the UV. To quell any doubts, in the next
subsection, we will build a weakly coupled UV completion
without new vector bosons and with convergent forward
amplitudes.

C. UV completion at one loop

Let us extend the SM with vectorlike fermion ¥ of
charge 1 and a charge—2 complex scalar ¢ with a Yukawa
interaction,

L= D> +i¥PY + M, PY¥ — M3|p|* + yerp¥. (22)

This generates an effective operator at the order O(y*), and
at this order, the only cross section available is o,;. The
dispersion relation predicts that the Wilson coefficient must
be negative. Moreover, C,, =0 here as the amplitude
scales slowly enough with s. Indeed, integrating out heavy
fields at one loop, we obtain

CRR = —L (x),
12822MyM,

(x +4x3 log x — x°)

(1-x)* 7

My
Xx=-—
Mg

fx) = limf(x) = 1/3,  (23)

where one can see that the function f(x) is always positive.
See Appendix B for explicit verification of the dispersion
integral in the case My = M.

In summary, this warm-up exercise shows us that both
signs of the Wilson coefficients are possible within weakly
coupled theories. Contribution of the infinite contours is
important for the t-channel exchange of the vector reso-
nances. Interestingly, both signs of the Wilson coefficient
are possible even for the weakly coupled models with
vanishing Cy,.

We can see that dispersion relations depend on the
value of C, so a completely model-independent rela-
tion between the Wilson coefficients is possible only for
the UV completions satisfying super-Froissart conditions
lim,_ ., |A(s)| < s [20]. In weakly coupled UV comple-
tions, only the amplitudes mediated by the neutral vector
boson exchange in the 7 channel (see the discussion in
Sec. Il A) can violate the convergence lim,_ ., |A(s)| < s
requirement. However, even in this case for the operators
with four identical fermions, as for the operator in Eq. (7),
the sign of the pole at infinity is fixed, and it coincides
with the sign of the cross section term in the dispersion
relations [see Eq. (10)]. Recently, Ref. [21] presented an
analysis of the dispersion relations for four fermion
operators using Jacob-Wick decomposition. In agreement
with our findings, for the amplitudes satisfying the
lim,_, |A(s)| < s condition, the authors have shown that
for scalar-dominated (vector-dominated) UV completions
we have cgr > 0(< 0).
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In the following, we will derive the set of the dispersion
relations for the whole set of four fermion operators and
identify the UV completions leading to the various signs of
the Wilson coefficients.

purely left handed:

IV. FOUR FERMION OPERATORS

First of all, let us define a complete basis of the four
fermion operators, and we will do this following the
notations of Refs. [22,23]:

0" = () Furty). 0™ = (q'urual) (@ Lrap).
05" = (g Lru0aa)) (@ 7 oud). O = (ULyud)) (g ra})
OSWM = (FLVﬂUal]L)(?LV”Gaqu"),
purely right handed:
04" = (€rvuer)(err*er), o = (dgry,ug) gy ug)
Oaq = (dgy,dg)(dgy"dg). 0,4 = (iigy,ug)(dgy"dg)
ng) = (ﬁRnyAuR)(EIR}’”TAdR)’ O, = (egy,er) gy ug)
O.q(ery er)(dry"dg). (24)
left — right:
Ot = (I1y,l1) (2ry"eR). O ggee(qry,uqr) (Err*er)
O = (7L7,JL>(L_’R7””R)» Oy = (7L7ﬂlL)(ZiR7”dR)
Oszlu) = (qry,q.) @Ry ug), 05;3,) = (qryuTaqr) gy T aug)
Ot = @1y qu)(drrd). O} = (@11, Taqr)(dxy"Tady)
Oleaq = (ILex)(drqy), OEIIu)qd = (qLug)ioy(qrdg)"
052,” = (I er)ioy(qug)", 05321” = (ILoer)ios(qro™ug)"
05;2,],1 = (qLTaug)ios(qLTadg)", (25)
baryon number violating :
Ogug = €anc(diup)(g5Ciosly ). 0 gqu = €apc(qiiorg]) (s eg)
O guu = €apc(difufy) (g eg). ququBc(i"z)aa(idz)/;y(‘_limqgﬂ)(‘_Izcyl(z)' (26)

The rest of the operators can be reduced to the basis of
Egs. (24)—(26), using the Fierz identities and completeness
relations for the SU(2) and SU(3) generators

1
<5iz5kj ) 5ij5k1>

1
> <5il5kj -

As we have seen in the previous section, the dispersion rela-
tions are effective in the case of forward scattering i.e., when

Z (Ua)ij("a)kz =2

a=1

(27)

8
Z(TA)U(TA)H =

1
3 5ij5kl> . (28)
A=1

the initial and final states are the same.’ Therefore, only the
following subspace of operators can be subject to sum rules,

o1k

ijji
’ ql O

iijj Aijji o(13)iijj ~(1.3)ijji iijj
Oll ’Oll ’0‘M ’0‘14 ’Oee,uu,dd’ eeuu,dd’

1).(8).iijj iijj Aiijj Aiijj D)(8)iijj ~(1)(8)iijj
0( ).(8) ot Oe’ﬁj’ole{{]e,lu,ld’ogu)( ) JJ’O((]d)( ) i (29)

ud ed >

3Recently, it was shown [8,9] that for dimension-8 operators,
the scattering of mixed (entangled) flavor states can lead to
additional constraints on the Wilson coefficients. In the case of
dimension-6 operators, performing a similar analysis requires
additional assumptions on the UV completion [specifically; in
Eq. (8), one has to suppose that either the charge 0 or charge 2
cross section dominates the dispersion relation for all the fermion
flavors) since the dispersion relations are of indefinite sign. We do
not investigate this direction further.
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which will be the focus of this paper. For the operators in
Eq. (29), the discussion follows closely the results reported for
0,, above. Therefore, we will henceforth report only the
results and the examples of UV completions leading to
various signs.

A. Experimental constraints

Having defined the operators which we will consider
in our discussion, let us briefly mention the status of
the experimental bounds based on the discussion in
Refs. [24,25]. Current experimental bounds on four lepton
and two-lepton, two-quark operator are obtained from
measurements involving combinations of the Z, W pole
observables, fermion production at LEP (large electron-
positron collider), low-energy neutrino scatterings, parity
violating electron scatterings, and parity violation in atoms.
One of the challenges in deriving these bounds comes from
the modifications of W, Z vertices which, too, can
contribute to the same low-energy observables, so that
the global fit including the W, Z pole observables becomes
necessary. For example, for two-lepton, two-quark oper-
ators Ref. [25] has found nine flat directions unbounded
experimentally. Current combinations of the low-energy
experimental constraints as well as LHC measurements
bound the various Wilson coefficients in the range
10721073 (where the operators are assumed to be sup-
pressed by the v2,, scale), which means sensitivity to the
scales O (few TeV). Just to be specific, for example,
the four-electron operator discussed in Eq. (7) is bounded
by the Bhabha scattering measurements at LEP-2 [26]
and SLAC EI158 experiment for the Mgller scattering
(e"e™ — e~e™) [27], where both experiments are testing
the complementary combinations of the Wilson coefficients
leading to the net sensitivity of ~4 x 1073v;2 on the value
of the Wilson coefficient. LHC measurements of the
dilepton production in pp scattering leads to additional
strong constraints on the two quark-two lepton operators
[28,29], where for some operators we will become sensitive
to new physics up to the scale of ~50 TeV. So far, all of the
measurements are consistent with SM predictions.

B. Fully right handed

1. 0,

This operator has already been discussed in Sec. III, and
we would just like to emphasize that there are no sum rules
for more than two flavors of fermions. Following the
notations of Egs. (24) and (25), the dispersion relations
can be summarized as

ds
il __
_8cee - (Géiei
TS

iijj ds
_2(Cee”)|i;ej :/_(Géie,

TS

- oe,-e,-) + Coo (30)

_Géiéj)+C00' (31)

Note that in this simple case where the fields are singlets the
operators O’ and O7)' are identical after Fierzing, and Op2’
and O%}" are just trivially identical by symmetrization, so we
report the dispersion relation only in terms of 2’ in order to
not double-count the operators. Summarizing the discussion
about UV completions in Sec. III, we have the following:
cee<0: (a): neutral Z’ (at tree level); (b) vectorlike singlet
fermion ¥ and a heavy singlet complex scalar @
with Q[®Y] = —1 at one loop.

(a) charge-2 scalar (at tree level); (b) For operators
with different flavours of fermions (O¢Z’|;4;), Z'
can lead to a possibly positive sign if it’s couplings
to the different flavours of the fermions are of
opposite signs.

cee>0:

2. Ouu’ Odd

Let us proceed with our investigation of the four fermion
quark operators. The discussion proceeds exactly in the
same way as for the leptons, except for new color structure.
Fierzing them into the basis of Eq. (24) and (25), there are
only four structures of the operators O, ,,, O, ;. which
are in this case not related by a Fierz identity because of an
implicit contraction of color indices. Let us start with the
operators where all of the quarks have the same hyper-
charge and focus on the operator O/, Denoting by a, /3 the
color indices and considering same and different color
scatterings, we will obtain the following relations:

ds
mi __ aa
_Scuu - / (Guaﬁ(, - O-u,,u(,) + Coo

/)
_ / ds 26 4 o1 _ O _ cu®
s 3 uu [se]

ds
i __ o f
- 4cuu - |:/ s (Uu,,u/; du,,u/;) + Cg°:|

3) (6)
d uu uu ui
= /—s (afﬁ-} G F O > +CE®)
s 2

In the last step, we have decomposed the various possibilities
of the initial-state fermions in terms of the SU(3) QCD
representations. This is convenient, since the Wigner-Eckart
theorem requires the amplitudes to remain the same for all of
the components of the irreducible representation. In particu-
lar, for the quark-antiquark scattering, the initial state will
always be decomposed as a singlet and octet of SU(3). Note
that we can calculate the integral over the infinite contour
using amplitude A ,; or its crossed version A,,,, and the values
of these integrals will satisfy (see Appendix C for details):

a#p

(32)

uin(8)
0 - = C .
3 + 3 2

(33)

Finally, let us note that the measurements of the quantities on
the right-hand side of Eq. (32) [¢!®) and &!)] at collider
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experiments are practically impossible. However, we can
combine the equations in Eq. (32) and express the dispersion
integral in terms of the color averaged cross sections

16 ... d | B 2 i
— 5 clultltll = / _S (Uuﬁ - O-uu) Y C°° © +3 C°° ® ' (34)
s 3 3

These types of relations can become useful for experimental
verification of dispersion relations. In the rest of the paper,
for the sake of completeness, we will always report the
dispersion relations with and without color averaging. Again,
C,, can be nonvanishing, for example, in UV models with
charge neutral vector resonances exchange in the ¢ channel,
but unlike the four-electron case, here this resonance can be
either singlet or octet of SU(3) QCD. Extending this analysis
to the case of different flavor of the up quarks, we will obtain

® 0
il _ / ds (2% + Oui 0<6>> _ o)

s 3 - uu
ds (o o2 +60
— (M ity — [ 22 (8) _ Cun T O
(cu” + i) /ﬂs (auu >
+ (35)

We again mention that the operators O, and Of;," (similarly
for Oy and O,;) are trivially identical, so it is important that
we do not double-count them. As before, expressing every-
thing in terms of uncolored cross sections, we find

D ds 8 ~ua(s) | 1 (1)
2l ~ Sl = [ (6= ) + o C2® 4 0,
¢ 3¢ /”s(ﬁuu G“”)+9 +9

(36)

and exactly the same relations hold for the down quarks.
Let us look at the possible UV completions. In the case
of ¢l we will have a negative sign of the Wilson
coefficient with Z' and a positive sign for the charge
—4/3 scalar which is in 6 of QCD SU(3). Similar to the
lepton case, we can generate a negative Wilson coefficient
by adding vectorlike fermions and a complex scalar with
Q[®¥] =2/3 and (Py) fundamental of QCD. The dis-
cussion of two fermion flavors is almost identical to the
lepton case. At last, for the four quark operators, there is a
possibility of UV completion with QCD vector octet field
with interactions of the type gV (ii;7*T*u;). In this case,
similarly to Z', integrals over infinite contours are not
vanishing; see for details the discussion in Appendix B 2.

1),(8
3. 00

Just as in the previous section, we obtain (we will omit
here flavor indices as these do not play any role, since the
two up quarks and two down quarks should be the same to
form sum rules)

(8) (1)
1 ds (20~ 4+ 0 -
_2<C‘(41d) +§CI(4%1)> = /—ﬂj <7nd 3 ud —61(46d)>

1 M7 M7
+3es® g

n 1 s
~2(cl -5l

(3) (6) -

ds ( 8) Oug +0u ud(8)

— [ 28 _Zud T Pud cd®)
/71’5 <6ud 2 +

(37)

Rewriting the result in terms of an uncolored cross section,
we will obtain

1 dS 8 ud(8 1 ud(1
_2C5t):/E(Uua_o-ud>+§coo<)+§cw()- (38)

Interestingly, we see that only cf‘ld) can be reexpressed in

terms of the color averaged cross sections.

4. 0,,.0,

The only operators with sum rule are of the form

(erir"eri)(frjaY utrja)- (39)

where no summation over i, j is assumed. The sum rule is
identical for both u and d quarks and is given by

d .
ol — / ® (e, = 00n) + C& and w e d. (40)

UV completions are as before, with a positive sign for u(d)
coming from a charge 1/3(4/3) scalar which is antifunda-
mental of QCD and a negative sign from a charge 5/3(2/3)
vector field V which is QCD triplet; note that the amplitude
is convergent in the forward limit and the infinite integrals
do vanish. Neutral charge Z’ can lead to the arbitrary sign of
the Wilson coefficient; again, in this case, the dispersion
relations are saturated by the integrals at infinity.

C. Sum rules for ew doublets

In the next two subsections, we study operators that
contribute to doublet-singlet scattering.

1. Olev Oluy Old» Oqe

Let us start with the fully leptonic operator and study the
forward scattering of [Pe where p = 1, 2 is the isospin
index, in which case the sum rules are of the form
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o [ds Lo
ijj __ o i€j
—2C1€ = /— (Glszé,/ Glgle;e> + Coo

TS R

ds lie;
- / 7s (Oetel T %) T C

ds lie;

Similarly, we can write down the sum rules for the quark
lepton operators,

Liu;

ds
ijj _ ;
—2¢;," = /—(ng’uj - 015’"1) +Cx’ and u<d

TS
260 = / é(m —o,, )+ CL (42)
¢ as " di¢ 9 ¢ o

where again p stand for the SU(2), index. Note that these
sum rules hold true for any isospin for the lepton and any
color of the quark.

2. 00® o

In this case, the discussion follows closely the one for the
quark singlets, and we arrive at two sum rules (we again
suppress the flavor index for brevity)

® W
o L Y [ 4 (2w T e
qd(u) 3 " qd(u) s 3 qd(u)
1 d(iu d(iu
+§(2ng< ®) | gl
1) ®)
-2 (qu<u> ~5¢ d<u>>
G L (6
_ [ds(,® _%aiw T %
s\ 9d@) 2
+ L, (43)

Note that 6, stands for 6,,, where p is a SU(2) index and
cross sections on the right-hand side of the Eq. (43) can be
taken for any component of the quark doublet. Rewriting
the result in terms of an uncolored cross section, we will
obtain

m _ [ds, 8 qam)s) 1 qa@m)
=2 ) /g(qu(ﬁ)_aqd(u))+§cgo +§CZO .

(44)

Finally, we now study the left-handed operators that
contribute to doublet-doublet scattering, where the doublet
is that of weak isospin.

3. 0y

Let us start with the four lepton operator O/,
Expanding in components, the following sum rules can be
derived [we assume i # j, and we do not write the operators
obtained by interchange of i <> j which are identical, just

as in the discussion for up quarks; see Eq. (B11)]:
o . ds
—2631” - 201{1 = /g (0'?,-6/ - Ge[e,‘) + 0

ds
ee.ev
= /ﬂs(%,-uj —o,5,) +Ca

ds
2 — /E(ae—iyj - Gfi”j) + C&.
(45)
We can decompose the amplitude into the weak isospin

amplitudes (see Appendix C for details) to obtain the
dispersion relations

iijj ijji ds (1, 3 3 ij(3
=2¢;” = 2¢p" = /_ [5(057) +‘7§i)) —0§j> -ci?

TS
iijj ds| 3 1 @ I ij(3
-201/’=/g[6§;)—§(6§,~)+65ﬂ)} + o),
(46)

where (i, j) and (i, ) refer to the leptons from [;,;(l;)

doublets and 0513.’(1{)}1) refers to cross section from the triplet

and singlet initial state formed by i; or ij. In the case of an
operator formed by just one lepton family, we will obtain

ds
_Scll:/_[aeé(vz‘/)

TS
dsfl )y, @)y _ 0 11(3)
=[5l top) o | ~Cx

- O-ee,(w)] +CS

—

d
- 4Cll = /s [Gei/ - Uel/} + ng
s

ds [ 3 1 (3) |

| as 0'57> —5(011

1
+0;1))

+ D (47

4.0

In this case, only the operators with iijj flavor structure
can contribute, and we arrive at the following dispersion
relations:

d ed(vii
_2C§;) - 2C§;) = /_S [Get_i(vﬁ) - Jed(yu)] + Cogl( )

1 3 ds eii(vd
_chq) + chq) = /_ [Geﬁ(pa) - O-eu(vd)] + COO( ) (48)
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As before, decomposing the cross section under isospin, we will obtain

ds [1
—2ell) — 2 = / = [ (o) +03)) - 0(3)} ~ci
T

Iq Iq 512 Ig lq
(1) e _ [ds| o L 0 6 13(3)
= 2¢;, +2cy, —/g [O'Iq —2( +o, )} +Cx . (49)

5. 0,, and 0

Now, let us proceed to the four quark operators; we will start with the case where all quark doublets belong to the same
generation. Then, the dispersion relations in terms of the octet and singlet cross sections will be given by

®) (1)
| 3 ds |20,; + o, 6 6)uu
_8(C(qq) + Ct(zq)) = /E |: 3 - Ugtu>:| - Cgo)

1 3 ds | 8 quJrGE{Gu) 8)uit
sl e = [y et o

(8) (1)
1 3 ds [20,2 + 0 6 ud(6
~a(cfi + ey = [ [P0 gl - o

s 3
| 3 ds 6,(,6) + G,(f) ud(8
— el =) = [ ol % ]y et (50)

We can proceed further by performing the decomposition in terms of the SU(2), multiplets using the relations

L. 3 3
bl e ool
3 L 3
Ouu = O-Elq)v Oud = 5 (6((111) + O-Elq)) (51)

Then, we will obtain (the first index will refer now to the QCD multiplet, and the second one will refer to electroweak)

3 ds 8,1 11 83 13 63 63
8(C£1q> + EM)) /JTS |:6((26(<1,—1 ) —l—a;,—{ )—&—20',(@ ) +G((1,—1 ))) —GEM ﬂ - C((iqoo)

(8.1) (8.3)
ds |1 83)y 1, (33 63 Cygoo T Cygoo
46‘1‘/ +c ‘1‘1 /ﬂ {5 "Eﬂi ))_E(Gglq)“‘f’gq ))} +%
. 3)
ds |1 w3y _ L 60 63 Clied + Clga
4cqq+cqq —/ﬂ—{g + 04 )_2( +045") B S
ds 6.1 33 6.3 8.3
4qu _qu /”_{ G __(0 >+0'qu)+6£1q)+5(qq )) +C£]t}o<2' (52)
In terms of the color averaged cross sections,
®3) (1) 6.3 1) (8.3)
16( () (3)) ds (04 + 045 o3 Cgmog i quoo + Cagoo
3 Cqq T Cqq s ) aq 3 3
3 1 3 6.1 6.3 (8.3)
—a4f W _ ﬁ — @ o) GEI‘I) + GEM) _ Cglqog + Cgmog + 2C 500 (53)
“o3 ) ) oas Y 2 6 37

In the case of two flavors, the dispersion relations become
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— (26<8-‘1) +o!

G it ds 1
—2(cqq +cqy' + 051312”“ + CE]?””) = /_ {6 qq

s

-2 + e = [

- 2(c%j - c,(f,}”fj +2c¢

6.1 6.3
Clies + Clim
2

iiji 3)iijj ds| 83 1, @31
_Z(Cqé] _Ct(zq) ”) = /_ U;q )_1 O-EN )

s

The power of these relations relations allows us to under-
stand immediately the signs of the Wilson coefficients
in the various UV completions. For example, for a scalar
diquark which is in (6,1,—1/3) representation under
SU3) x SU(2) x U(1)y, we will get

iijj _ Jidii _ _ itii _

_jji
q9.6 q9.6 q9.6 ¢ >0 (55)

99,6 ’
Similarly, for a scalar diquark which is in (3,1, —1/3), we
will get

iijj ijji 3)ijji 3)iijj
JJ jii _C( Jijji _ _C(qq)ju - 0. (56)

€493 = €493 = TC€4q3

Finally, we can sum and report these sum rules in terms of
color averaged cross sections, which yield two equations
depending on whether the initial and final states form
SU(2), triplets or singlets,

~ 2+ e 4 gl 4 3

3
3 4 0 63 8.1) | A83)
_ /ﬁ %+ _ | _ Cai )+quoo + Cageo
TS 2 94 3 3 ’

iijj i 2 ()ijji
-2l = o

1 3 6.1 6.3 (8.3)
_ / ds [ (o) _ oy +ou] _ Ciw + Cigm  2Cogm
s |Cad D 6 3
(57)
V. SUMMARY

In this work, we explored the sum rules for four-fermion
operators at dimension-6 level. As expected, the conver-
gence of the dispersion integrals leading to the dimension-6
Wilson coefficients is not guaranteed and in particular is
spoiled by the t-channel exchange of the vector bosons.

q

1,1 8.3 1.3 6,3 63
(420”4 o) - ol - 2

qq
(8.1) (8.3)
ds [1 1 5 B4 o8y
. [5 (og5 +ou5 ) =5 (00" + 05{’43))} +
3)ijji ds |1 83 13 1, @1 63
) :/E [5(2"51«2 >+Ur(1c7 ) —E((’Ezq '+ ol ))]
6.1 33 6.3 8.3
ol ol o) -
(54)

[

This additional feature can modify the predictions of the
dispersion relations for sign and strength of IR interactions,
and for some UV completions, the value of the Wilson
coefficients can be even saturated by the pole at infinity.
However, we find that this ambiguity of IR couplings is not
related to the (non)convergence of the dispersion integrals,
and as an example, we have constructed, in addition to tree
level, one-loop weakly coupled models (see Sec. III C)
where both signs become available even when the integral
over the infinite circle vanishes.

We presented forward dispersion relations for all pos-
sible four-fermion dimension-6 operators. To facilitate the
connection between the values of the Wilson coefficients
and new physics scenarios, we have performed the decom-
position in terms of the SU(2) and SU(3) multiplets. In the
case of the forward amplitudes satisfying super-Froissart
convergence criteria |A(s)|,_ | < s, these relations predict
in a model-independent way processes with enhanced total
cross section in the case of discoveries in low-energy
experiments. We carefully indicate all the relevant quantum
numbers of the quantities involved in our dispersion
relations in order to provide a convenient dictionary for
future measurements, where the precise structure of initial
states is often unavailable. This can have curious conse-
quences; for example, Eq. (38) tells us that the Wilson

coefficients c*) do not enter the dispersion relations
ud,(qu),(qd)

with color averaged cross sections.

We emphasize that these sum rules are to be interpreted as
amodel-independent link between UV and IR measurements
(up to C), as opposed to the usual positivity bounds. Even
though they are less constraining on the EFT parameter
space, these relations can instead be used as a powerful tool
for model building to unearth the underlying, fundamental
physics that is to be explored in the coming years.
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APPENDIX A: MASSLESS SPINOR HELICITY
CONVENTIONS

We will briefly summarize the key results relevant to
us (for a pedagogical introduction, see Ref. [30]) in
the (+,—, -, —) signature metric (we will follow the
conventions discussed in Refs. [31-33]). We have the
two-component Spinors vy g, Uz g and their barred ver-
sions. They are related by crossing symmetry, u;/p =
UR/L,Up/g = Dgyr- It is important to realize that for
antiparticles the spinor has opposite handedness to the
field that describes it. For instance, a right chiral field e
has an antiparticle which has the spinor v»;, while the
particle carries the spinor ug. In other words, both uy and
vy, correspond to a right chiral field, whereas v and u;
correspond to a left chiral field. To be absolutely clear, we
will just refer to the handedness of the relevant spinor as
opposed to the helicity of a particle/antiparticle wherever
necessary. Operationally, we will assign the brackets

v =ur=|.

(A1)

vy =ag=[ Vp=1i,=( v, =ug=),

The inner product is antisymmetric as is expected for
Grassman-valued quantities
(A2)

(pq) = —{qr)  [pq]l = —lqpr]

Note that this also means that (pp) = 0 = [pp]. Mixed
brackets vanish. The formalism encodes a lot of power—
for example, it tells us that a ( and | type spinor cannot
occur at a vertex unless there is a y* involved—a vector
connects opposite helicity particles. Similarly, the same
helicity spinors making up a vertex indicate a scalar is
involved. Analytic continuation to the negative momenta
can be done using the following prescription:

|-p)=ilp)  |-pl=ilpl (A3)
These brackets satisfy the following properties:
(2] = [2[r*1)
iy lil) =2p;  (ij)lij] = =2pi-pj = (pi—p;)*. (A4)

The Mandelstam variables will be given by

t==2p3-p; = [13](13)
(A5)

s =2p; - py = —[12)(12)
u=—=2p,-py = [14)(14).

Finally, the Fierz rearrangement can be written as the
following identity:

[11712)Bly,|4) = =2[13](24). (A6)

APPENDIX B: DETAILS ABOUT CROSS
SECTIONS AND LOOP AMPLITUDES

In this Appendix, we will give details about explicit
verification of the dispersion relations presented in the text
for various models.

1. Z' at tree level

Let us start with neutral vector Z' coupled to right-
handed current via lZ,’,é rY"er. It generates epey scattering
through the diagrams given in Fig. 2. The full amplitude
will be given by

Az = —2/12[14]<23>< ! 2+t_1m2). (B1)

s—m
Matching the IR and UV amplitudes at low energies, we
will obtain

1 1
—8cis![14)(23) = —222[14)(23) (ﬁ +—_mz>
12
i . _
=> Cee 2m2 .

(B2)
Let us verify that this is consistent with our dispersion
relation. With a vector Z' at order O(4%) in perturbation
theory, we have ¢,; # 0 and 6., = 0. To calculate the cross
sections, note that by the optical theorem we have

Im(ee — ee) = so'%. (B3)

We use the fact that Im(——L—) = —z8(p? — m?), which,

p2—m2+ie
when substituted in the amplitude (14), gives us

+

Im(e} e — ej ex) = 22%xs8(s — m?). (B4)

Starting from the dispersion relation in Eq. (10), we will get

d d
_Scé;n:/ﬂj(aee_())+coo:/SZIm(eE—>eE)

s
2)?

Co,="2+C,. BS
+Co ="+ (BS)

Calculating explicitly C,, we will obtain
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FIG. 2. In accordance with fermion statistics, these diagrams
subtract.
2z dGA(|sA|ei9,O) ) 2)2
Com [ TSt (sale) = o
o 27 (|sale™) m

1 1
Alt—>0 = —2/125' <S _ m2 + _—n/lz> ’ <B6)

which is of the same sign as the dispersion integral, and
therefore we find
—8cl =422 /m? = M = -22/2m*>  (B7)

as claimed in (12), and our dispersion relation is explicitly
verified.

2. Integrating out color octet

Very similarly to the charge neutral Z’, we can consider
effects coming from integrating out color octet V which has
zero electric charge. Let us look, for example, on an octet
interacting with a right-handed up-quark current:

9ij9ki
M2

_ ijkl _ —9k;j9il
g,»J»Vj}(u,-y"TAuj) =l = MJZ !
v

+

(B8)

Let us assume that the octet couplings are universal and
flavor diagonal; then, g;; = g6;;, and the Wilson coeffi-
cients are equal to

jo

2
ijji  —2g

= s Cuny = .
32 e

(B9)

Now, let us look at dispersion relations for i # j; then
similar to the discussion in Eq. (19), the cross sections will
vanish at O(g?), and the right-hand side of Eq. (B11) will
be controlled by the contribution of the integrals over
infinite contours,

Cg) — Cgo?éﬁ — 892 C%r — _ng) _ 492

3M3° 3M3°

(B10)

which confirm the dispersion relations

FIG. 3. Scalar production in ee collision; note that the vertex is
= 2!(—ix).

—2cM = O (il 4 iy = 4 ®) - (B11)

3. Charge-2 scalar at tree level

Let us build a model where only o,,z) is present at
the lowest order in perturbation theory. This can be done
with a charge—2 scalar, which interacts as follows
(kperes + H.c.), where the ¢ subscript stands for charge
conjugation. Matching the amplitudes in EFT and UV
theory, we will obtain

14](32 2
—8cy'1[14](23) = —2121k? [1432) _];2 N co'l = +%.
(B12)

At O(x?), the only process contributing to the right-hand
side of dispersion relations is ee — ¢, see Fig. 3 for the
Feynman diagram. If we treat ¢ as a very narrow resonance,
then the cross section is equal to:

o = 4k’nd(s — m?). (B13)
So, the dispersion relation becomes
d 4x>
_gelll = /<O—Sa__) = (B14)
s m

. 2
and as expected, we find c;;'' = +55.

4. Dispersion relation at one loop

At last, let us consider the following UV completion for
the (ey,e)(ey,e) operator. It will demonstrate that it is
possible to have a negative Wilson coefficient with vanish-
ing integrals over infinite circles. Let us extend the SM
with a new heavy scalar @ and vectorlike fermion ¥ with
interactions

M ®e¥) + He., (B15)

where electric charges of new fields satisfy Q[®]+
O[¥] = -1. Let us start by deriving the c¢,, Wilson
coefficient. We can consider eeé — ee scattering; then,
the amplitude will be given by a box diagram (see
Fig. 4) and its crossed version. To match with EFT
predictions, we can focus on the processes where external
particles have vanishing momentum, in which case the
amplitude will be given by
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@

FIG. 4. Forward amplitude at O(4*) order.

iM = 2*[1]y,[2)[4]r,|3) / (jﬂ)kD (kzkf[j;z)4 .

2 < 3),

(B16)

where we have assumed that the masses of the new fields
are equal m|®] = m[¥] = m; the loop function for arbitrary
masses is reported in the main text. Performing the integral,
which is finite, and doing the Fierz rearrangements, we will
obtain

—17/14 14](23 ””——17/14 B17)
= 316mne 1) = el = 3

So, we see that sign of the Wilson coefficient is indeed
negative. We have checked explicitly that the amplitude
satisfies A(s)/s — 0 at an infinite circle, so all we need to
know is the cross section for ee scattering to verify the
dispersion relations. The total cross section at order O(1*)
receives contribution from two processes: ez — YW and
ee - ®P* (see Fig. 5). Performing the calculation, we
obtain

_ < a )
o(ee - PY) = ons? \/s(s —4m?)
4
c(ee - OO*) = # <—8 s(s —4m?)

S =

Performing the calculation for the dispersion integral, we
will obtain

/—S (6(ee = PP) + o(ee - ODY))
s

) Za 1111
1 1 =
(1/96 +1/96) 18 8Cpe s

(B19)

ﬂ2m2

satisfying the identity of Eq. (10).

5

"\ v n
pM pl\*

6. v

7/\\ pz/’ \
\ ZA\\
. P4 . " .

FIG. 5. Processes contributing to the 6,; at O(4*) order.

APPENDIX C: DECOMPOSITION OF CROSS
SECTIONS IN TERMS OF SU(2)
AND SU(3) IRREDUCIBLE REPRESENTATIONS

In this Appendix, we will give details of the decom-
position of amplitudes in terms of the irreducible repre-
sentations of the electroweak SU(2) and QCD SU(3)
groups. The Wigner-Eckart theorem tells us that the
resulting amplitudes and cross sections will depend only
on representations of the initial state (For a similar
decomposition of isospins, see [34,35]; for custodial
isospin see [4,36], and see [5,13] for other groups). Let
us start with two-lepton doublet scattering L{L, — L{L,,
where L, L, are SU(2); doublet leptons, for, e.g., (v,, e)’.
Then, the initial state can be decomposed as a singlet and a
triplet under SU(2): 2 ® 2 = 3 @ 1. The singlet and triplet
states are defined as

(lve) = lev))
v)

T = triplet = { L5 (ve) + lev),

S = singlet =

1
V2

<

(C1)

ee)

where (v, e) are the components of EW doublet. Similarly,
we can decompose the states for the lepton and antilepton
scattering, where we find

Ly = (v, e), Ly = (=&, 0y)" (C2)
S = singlet = %ﬂeé} + |vD)) (C3)
—|ve)
T = triplet = \/%(‘Vm —lee)). (C4)
|eD)

Using this decomposition, we can immediately see that
the amplitude for the forward scatterings of the various
components of the doublets will be decomposed as
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3) (1)
Aee = A(3L)v Aeé = ALZ —;ALI: s
(1) 3)
AL AL 3)
Ay = ) ’ Age = ALZ’
3) (1)
AP Al
Al/l/ = A(L3l)n AUE =Lt 2 - (CS)

Similarly, we can decompose the cross sections for quark
lepton doublet scatterings. Note that forward amplitudes
will satisfy the following crossing relations:

348 (u5) = A ()

(1) LL
A N — ’
Li(s,u) 2
(1) (3)
A2 (u,s)+A2(u,s
A%WFL“>2“()
(3) (1)
(1) 3A; (s, u) = App(s,u)
ALL<”’S) = 5 ,
(1) (3)
©) _ App(s,u) +App (s, u)
A7 (u,s) = 7 . (Co)

These relations can be easily obtained starting from
crossing relations presented in Ref. [5]. Generically, the
amplitude for 2 — 2 scattering can be decomposed as

Aahcd — Zpgbchm <C7)

where a, b, c, d label the components of the individual
particles, « stands for the irreducible representations of the
product, and P,, are the corresponding projectors. Crossing
symmetry relates

AL (5. 1) = A% (u, 5): (C8)
then, using the crossing relations for projectors reported in
Ref. [5], one can easily derive the expressions in Eq. (C5).
Since we are looking at the dispersion relations for
dimension-6 operators and the amplitudes in IR scale
linearly with s, the integrals over infinite circle contours
must satisfy

éoL(LZ) E/ d_jALL(LZ)(s),
infinite circle S
sy _ CHE g O ) g i)
< 2 ’ 2
= O, (C9)

The situation is very similar for the quark-quark doublet
scattering, but there we can decompose the initial state in
the representations of the color SU(3) as well (see Ref. [5]
for an example).

1. SU(3) decomposition

Let us consider for simplicity quark-(anti)quark scatter-
ing, where the particles are singlets under electroweak
SU(2); in this case, initial state can be decomposed as
follows:

33=3@6, 33=108. (C10)
In the case of two-particle scattering, there are only two
possibilities: initial particles can have the same or different
colors. For the quark-antiquark scattering various initial
color states can be decomposed as

- S A A - S Ak A
M="c+24+2, pP)="tr2_
W=ttt PRt ET
S —/2Ag M+ ik - M=k
33) =———, |12) = . 21) =
V3 V2 V2
o utids o du—ids o de+il
13 - N 31 = R 23 = s
13) v 31) 7 23) 7
=ik
32 , Cl1
32) 7 (C11)
where S:w is a SU(3) singlet state and

(A;...4g) are components of an octet, which can be
formed using Gell-Mann matrices (our normalization is
(4;]4;) = 6;;). Similarly, we can decompose the quark-
quark initial state in terms of the 6 and 3. Note that in this
case the same and different color initial states can be
schematically decomposed as

6,53
00) = 6aeraf) gy = == (C12)
Then, the Wigner-Eckart theorem tells us that the total cross
sections and forward scattering amplitudes will satisfy the
relations

1

Oqa = 6(6)’ 6(1/}|a#ﬂ - E (0(3) + 0(6))’ (C13)
(1) (8)
o\ + 20
Oaa = 3> Coplasp = o®,  (Cl4)

where a(f) indices indicate whether we are looking at the
same or different color scatterings in gq or gg channels
(g here stands for a quark, which can be either up or down
type). In case we are interested in the color averaged cross
sections, these will be related to the above as follows:

2
qu = (qu)col.aver. = 56(6) +
1
= =0
9

qq — (qu?)col.avcr.
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At last, forward amplitudes decomposed under QCD representations will satisfy the following crossing relations:

() ®)

3 Ay (u,s) +4A,; (u,s)
3

A,(M>(s, u) =—= 7 ,

1 6 3
Af,;])(u, s) = 2A%) (s, u) — AL (s, u),

) (8)
Ay (u,s) +24A,7 (u,s)
6
A,(M> (s,u) = 4 9

Similarly, the contours over the infinite circles will be related as follows:

(6) i 4 ocd®)

_ng )
3

3
6) (6)
Agq (s, Agq (s,
A, s) = Ao 8 ”); o (5:14), (C16)
ng<3) Cgé]((’) _
L A Mo (C17)

2

[1] A. Adams, N. Arkani-Hamed, S. Dubovsky, A. Nicolis, and
R. Rattazzi, J. High Energy Phys. 10 (2006) 014.

[2] R.J. Eden, P.V. Landshoff, D.I. Olive, and J.C.
Polkinghorne, The Analytic S-Matrix (Cambridge Univer-
sity Press, Cambridge, England, 1966).

[3] V.N. Gribov, Strong Interactions of Hadrons at High

Emnergies: Gribov Lectures on Theoretical Physics
(Cambridge University Press, Cambridge, England,
2012), 10.

[4] A. Falkowski, S. Rychkov, and A. Urbano, J. High Energy
Phys. 04 (2012) 073.
[5] T. Trott, J. High Energy Phys. 07 (2021) 143.
[6] J. Gu and L.-T. Wang, J. High Energy Phys. 03 (2021) 149.
[7] C. Zhang and S.-Y. Zhou, Phys. Rev. Lett. 125, 201601
(2020).
[81 G.N. Remmen and N.L. Rodd, Phys. Rev. Lett. 125,
081601 (2020); 127, 149901(E) (2021).
[9] Q. Bonnefoy, E. Gendy, and C. Grojean, J. High Energy
Phys. 04 (2021) 115.
[10] B. Fuks, Y. Liu, C. Zhang, and S.-Y. Zhou, Chin. Phys. C
45, 023108 (2021).
[11] J. Gu, L.-T. Wang, and C. Zhang, arXiv:2011.03055.
[12] L. Low, R. Rattazzi, and A. Vichi, J. High Energy Phys. 04
(2010) 126.
[13] B. Bellazzini, L. Martucci, and R. Torre, J. High Energy
Phys. 09 (2014) 100.
[14] M. Froissart, Phys. Rev. 123, 1053 (1961).
[15] A. Martin, Phys. Rev. 129, 1432 (1963).
[16] A. Martin, Nuovo Cimento A 42, 930 (1966).
[17] B. Bellazzini, J. High Energy Phys. 02 (2017) 034.
[18] C. de Rham, S. Melville, A.J. Tolley, and S.-Y. Zhou,
J. High Energy Phys. 03 (2018) 011.

—_—

[19] M. Chala and J. Santiago, arXiv:2110.01624.

[20] J. Davighi, S. Melville, and T. You, J. High Energy Phys. 02
(2022) 167.

[21] G.N. Remmen and N. L. Rodd, Phys. Rev. D 105, 036006
(2022).

[22] B. Grzadkowski, M. Iskrzynski, M. Misiak, and J. Rosiek,
J. High Energy Phys. 10 (2010) 085.

[23] J. de Blas, J. C. Criado, M. Perez-Victoria, and J. Santiago,
J. High Energy Phys. 03 (2018) 109.

[24] A. Falkowski and K. Mimouni, J. High Energy Phys. 02
(2016) 086.

[25] A. Falkowski, M. Gonzélez-Alonso, and K. Mimouni,
J. High Energy Phys. 08 (2017) 123.

[26] S. Schael et al (ALEPH, DELPHI, L3, OPAL,
LEP Electroweak Collaborations), Phys. Rep. 532, 119
(2013).

[27] P.L. Anthony et al. (SLAC E158 Collaboration), Phys. Rev.
Lett. 95, 081601 (2005).

[28] S. Alioli, M. Farina, D. Pappadopulo, and J. T. Ruderman,
Phys. Rev. Lett. 120, 101801 (2018).

[29] M. Farina, G. Panico, D. Pappadopulo, J. T. Ruderman,
R. Torre, and A. Wulzer, Phys. Lett. B 772, 210 (2017).

[30] H. Elvang and Y.-t. Huang, arXiv:1308.1697.

[31] P. Baratella, C. Fernandez, and A. Pomarol, Nucl. Phys.
B959, 115155 (2020).

[32] H. K. Dreiner, H. E. Haber, and S. P. Martin, Phys. Rep. 494,
1 (2010).

[33] M.L. Mangano and S.J. Parke, Phys. Rep. 200, 301
(1991).

[34] M. G. Olsson, Phys. Rev. 162, 1338 (1967).

[35] S.L. Adler, Phys. Rev. 140, B736 (1965).

[36] A. Urbano, J. High Energy Phys. 06 (2014) 060.

115019-16


https://doi.org/10.1088/1126-6708/2006/10/014
https://doi.org/10.1007/JHEP04(2012)073
https://doi.org/10.1007/JHEP04(2012)073
https://doi.org/10.1007/JHEP07(2021)143
https://doi.org/10.1007/JHEP03(2021)149
https://doi.org/10.1103/PhysRevLett.125.201601
https://doi.org/10.1103/PhysRevLett.125.201601
https://doi.org/10.1103/PhysRevLett.125.081601
https://doi.org/10.1103/PhysRevLett.125.081601
https://doi.org/10.1103/PhysRevLett.127.149901
https://doi.org/10.1007/JHEP04(2021)115
https://doi.org/10.1007/JHEP04(2021)115
https://doi.org/10.1088/1674-1137/abcd8c
https://doi.org/10.1088/1674-1137/abcd8c
https://arXiv.org/abs/2011.03055
https://doi.org/10.1007/JHEP04(2010)126
https://doi.org/10.1007/JHEP04(2010)126
https://doi.org/10.1007/JHEP09(2014)100
https://doi.org/10.1007/JHEP09(2014)100
https://doi.org/10.1103/PhysRev.123.1053
https://doi.org/10.1103/PhysRev.129.1432
https://doi.org/10.1007/BF02720568
https://doi.org/10.1007/JHEP02(2017)034
https://doi.org/10.1007/JHEP03(2018)011
https://arXiv.org/abs/2110.01624
https://doi.org/10.1007/JHEP02(2022)167
https://doi.org/10.1007/JHEP02(2022)167
https://doi.org/10.1103/PhysRevD.105.036006
https://doi.org/10.1103/PhysRevD.105.036006
https://doi.org/10.1007/JHEP10(2010)085
https://doi.org/10.1007/JHEP03(2018)109
https://doi.org/10.1007/JHEP02(2016)086
https://doi.org/10.1007/JHEP02(2016)086
https://doi.org/10.1007/JHEP08(2017)123
https://doi.org/10.1016/j.physrep.2013.07.004
https://doi.org/10.1016/j.physrep.2013.07.004
https://doi.org/10.1103/PhysRevLett.95.081601
https://doi.org/10.1103/PhysRevLett.95.081601
https://doi.org/10.1103/PhysRevLett.120.101801
https://doi.org/10.1016/j.physletb.2017.06.043
https://arXiv.org/abs/1308.1697
https://doi.org/10.1016/j.nuclphysb.2020.115155
https://doi.org/10.1016/j.nuclphysb.2020.115155
https://doi.org/10.1016/j.physrep.2010.05.002
https://doi.org/10.1016/j.physrep.2010.05.002
https://doi.org/10.1016/0370-1573(91)90091-Y
https://doi.org/10.1016/0370-1573(91)90091-Y
https://doi.org/10.1103/PhysRev.162.1338
https://doi.org/10.1103/PhysRev.140.B736
https://doi.org/10.1007/JHEP06(2014)060

