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Neutrino mixing parameters are subject to quantum corrections and hence are scale dependent. This
means that the mixing parameters associated with the production and detection of neutrinos need not
coincide since these processes are characterized by different energy scales. We show that, in the presence of
relatively light new physics, the scale dependence of the mixing parameters can lead to observable
consequences in long-baseline neutrino oscillation experiments, such as T2K and Noνa, and in neutrino
telescopes like IceCube. We discuss some of the experimental signatures of this scenario, including zero-
baseline flavor transitions, new sources of CP-invariance violation, and apparent inconsistencies among
measurements of mixing angles at different experiments or oscillation channels. Finally, we present simple,
ultraviolet-complete models of neutrino masses, which lead to observable running of the neutrino mixing
matrix below the weak scale.
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I. INTRODUCTION

The discovery of neutrino oscillations toward the end of
the last century [1,2] launched a diverse, worldwide exper-
imental neutrino oscillation program that is expected to
continue, at least, well into the next decade with the DUNE
[3] and Hyper-Kamiokande [4] projects, currently under
construction. It aims at measuring, sometimes with exquisite
precision, the neutrino oscillation phenomenon via a variety
of oscillation channels, baselines, and experimental con-
ditions. The ultimate goal is to, broadly speaking, test the
three-massive-active-neutrinos paradigm that postulates the
existence of three neutral leptons with different masses that
interact only via the neutral-current and charged-current
weak interactions, as prescribed by the Standard Model of
particle physics (SM).
While the three-massive-active-neutrinos paradigm pro-

vides an excellent fit to virtually all neutrino data,1 the
current data allow for the presence of more new physics in

the neutrino sector. Different, well-motivated new-physics
scenarios can be probed by the current and next generation
of neutrino experiments. These include the existence of new,
light neutral-fermion degrees of freedom that mix with the
active neutrinos (“sterile neutrinos”), and new neutrino–
matter interactions that manifest themselves at the energies
of interest via four-fermion operators (“nonstandard inter-
actions”). The latter are usually associated with heavy new
physics and are, in general, strongly constrained, in the
absence of a fair amount of fine-tuning, by charged-lepton
processes [11–15], with some exceptions (see, for example,
Refs. [16–19]).
Here, we explore potential new phenomena associated

with new, relatively light degrees of freedom that interact
almost exclusively with neutrinos. In these scenarios,
constraints from the charged-lepton sector are signifi-
cantly weaker, while other constraints, including those
associated with the existence of new, light degrees of
freedom in the early Universe, can be avoided. New
interactions between neutrinos and new, light particles can
impact neutrino experiments in two different ways: (i) the
new states can be produced when neutrinos are produced
or detected, leading to changes in the kinematics and
flavor structure of neutrino scattering (see, for example,
[20–25] and references therein) or (ii) quantum correc-
tions associated with the virtual exchange of the new
degrees of freedom can modify neutrino production and
detection. Here, we concentrate on the latter, which, to the
best of our knowledge, has not been explored extensively
in the literature.
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1There are experimental results that do not fit the three-
massive-active-neutrinos paradigm, including searches for elec-
tron (anti)neutrino appearance at the LSND [5] and MiniBooNE
[6–8] experiments, as well as the so-called reactor antineutrino
anomaly [9,10]. Explanations to these remain elusive and will not
be considered in any detail here.
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At the core of the idea is the fact that, once higher-order
corrections are included, the parameters that describe neu-
trino oscillations are energy dependent. This is neither new
nor surprising. For example, the renormalization-group (RG)
running of neutrino oscillation parameters between the
neutrino-mass-generating scale (often assumed to be much
higher than the scale of electroweak symmetry breaking) and
the weak scale has been the subject of intense investigation
in the literature; see, for instance, Refs. [26–33]. The running
of mass and mixing parameters is not exclusive to the
neutrino sector: quark masses run significantly above the
GeV scale and the running of the bottom and the top masses
has been directly observed at lepton and hadron colliders
[34–39]. The Cabibbo-Kobayashi-Maskawa matrix elements
are also expected to run above the weak scale [40]; this
running, however, has never been observed. Below the weak
scale, these matrix elements can be treated as constant in the
absence of light new physics. This is usually a good
approximation since new, light degrees of freedom that
couple to quarks are strongly constrained.
Different from the quark sector, however, new light

degrees of freedom that couple predominantly to neutrinos
are not strongly constrained. If these exist, RG-running
effects may be relevant in the context of neutrino oscillation
experiments. In this paper, we show that neutrino oscillation
probabilities are affected through the mismatch between the
leptonic mixing matrix evaluated at the scale (or more
precisely momentum transfer) corresponding to the neutrino
production and the one at which neutrinos are detected. A
careful treatment of the oscillation phenomenon, therefore,
requires—for a fixed neutrino energy—twice as many
relevant mixing angles (production and detection values).
The number of CP-odd parameters is also larger. We find
that, while running effects are already strongly constrained,
they can impact significantly the current and next generation
of neutrino oscillation experiments, including T2K and
Noνa. Their presence may lead, for example, to apparent
inconsistencies between measurements of oscillation param-
eters between T2K and Noνa and between “accelerator” and
“reactor” measurements of oscillation parameters. On the
other hand, there are simple new-physics scenarios that lead
to significant low-energy running of the oscillation param-
eters, including some that are related to the origin of nonzero
neutrino masses. Hence, these effects are not only possible,
in principle, they may be accessible if neutrino masses are a
consequence of relatively light, new physics.
This manuscript is organized as follows. In Sec. II, we set

the stage by introducing and discussing the general idea.
Section III contains a detailed treatment of neutrino oscil-
lation probabilities in the presence of RG-running effects.
First, in Sec. III A, we compute the vacuum oscillation
probability, in general, and discuss the more familiar, less
cumbersome two-flavor case in some detail; in this sim-
plified framework, we discuss the oscillation probabilities in
different useful limits including circumstances when the

running effects are small and the case in which the
oscillation baseline is zero. We discuss the more useful
but much more cumbersome three-flavor scenario concen-
trating on subsets of the parameter space. In Sec. III B, we
discuss matter effects, which are relevant for the long-
baseline experiments under consideration. For the two-
flavor case, exact expressions are given, while the realistic
three-flavor case can only be tackled, for all pragmatic
purposes, numerically. In Sec. IV, we discuss two concrete
models that lead to large RG-running effects. A quantitative
study of the consequences of these models is presented in
Sec. V. There, we discuss some consequences for T2K and
Noνa in light of constraints from short-baseline experiments
(Sec. VA). In Sec. V B, we scrutinize the impact on the
flavor composition of ultrahigh-energy neutrinos. Finally,
we conclude in Sec. VI.

II. RUNNING OF NEUTRINO MIXING
PARAMETERS

A simple way to understand that quantum corrections
can lead to nontrivial effects in neutrino oscillations is to
investigate the charged-current weak interactions in the
mass basis for both charged leptons and neutrinos. In more
detail,

−L ⊃
gffiffiffi
2

p Uαil̄α=W−PLνi þ H:c:; ð2:1Þ

where lα, α ¼ e, μ, and τ, are the charged-lepton fields, νi,
i ¼ 1, 2, 3, are the neutrino fields with well-defined masses
m1, m2, and m3, respectively, g is the SUð2ÞL gauge
coupling, PL is the left-chiral projection operator, and
Uαi are the elements of the leptonic mixing matrix. The
product ðgUαiÞ can be interpreted as the coupling between a
W boson, a charged lepton lα, and a neutrino νi. Once
higher-order quantum effects are included, the question of
interest here is whether these allow ðgUαiÞ to change
relative to one another. When this happens, as we discuss
carefully below, we can say that the mixing-matrix “runs.”
It is easy to see that, ignoring fermion Yukawa coupling

effects, higher-order electroweak corrections to ðgUαiÞ are
trivially proportional to ðgUαiÞ: ðgUαiÞ → ðgUαiÞ × F,
where F does not depend on the indices α or i. Figure 1
(center panel) depicts one of the many higher-order one-
loop electroweak corrections, for illustrative purposes. The
presence of new interactions changes the picture signifi-
cantly as long as these have a nontrivial flavor structure. For
example, a new interaction that involves only neutrinos and
new degrees of freedom, depicted schematically in Fig. 1
(right panel), will modify the neutrino propagator and, in
turn, modify ðgUαiÞ → ðgUαiÞ þ

P
jðgUαjÞ × Fij. If the

“loop factors” Fij depend on i, j ¼ 1, 2, 3, the ðgUαiÞ
change in a flavor-dependent way.
A simple, concrete model that would manifest itself in

this way is adding a gauge-singlet scalar Φ to the SM field
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content and allowing for neutrino-scalar Yukawa interac-
tion of the form hijΦν̄iνj (after electroweak symmetry
breaking). Starting at the one-loop level, it is easy to see
how the dark circle in Fig. 1 (right panel) is realized. This is
not the model we explore here. Instead, we will concentrate
on two ultraviolet-complete models,2 introduced and dis-
cussed in more detail in Sec. IV.
Following the renormalization-group approach to capture

the finite quantum corrections, when the dust settles, we
assume that we can replace ðgUαiÞ → ðgðQ2ÞUαiðQ2ÞÞ in a
way that both g and U depend on the momentum transfer
(squared) Q2 that characterizes the interaction: both gauge
coupling constant and the elements of the mixing-matrix
run. Note that we are assuming that, for a fixed value ofQ2,
UαiðQ2Þ can always be expressed as elements of a unitary
matrix, so it is meaningful to discuss UðQ2Þ as a running
mixing matrix. When discussing neutrino production or
detection, it is often convenient to define the neutrino flavor
eigenstates να. The discussion above implies that, given the
existence of the new, generation-dependent interactions, the
neutrino flavor eigenstates are energy-scale dependent.
Neutrino flavor change as a function of the distance

between source and detector depends on which linear
combinations of νi couple to the different charged leptons
for both the production and detection processes—the flavor
eigenstates mentioned above—and on the differences of the
squares of the neutrino masses. While quantum corrections
also lead to running masses, in neutrino oscillations one is
interested in the pole masses.3 The reason is because we are
interested in neutrinos that propagate a macroscopic dis-
tance. In the language of quantum field theory, the only
contribution to the amplitude that characterizes neutrino
production plus detection comes from on-shell neutrino
exchange: the contributions from virtual neutrino exchange,
to exquisite precision, cancel out. As a consequence of

neutrinos being on shell, production and detection of
neutrinos, which are associated with different energy scales,
can be treated separately [41].
In summary, RG effects impact neutrino oscillations in

the sense that they render the neutrino mixing matrix Q2

dependent. We discuss flavor change in this context in great
detail in the next section and return to concrete, phenom-
enologically safe models that lead to nontrivial UðQ2Þ
in Sec. IV.

III. NEUTRINO OSCILLATION
PHENOMENOLOGY

As discussed above, the new interactions of interest
imply that the neutrino charged-current-weak-interaction
eigenstates νe, νμ, and ντ depend on the scale of the
neutrino-production and neutrino-detection processes. We
can choose the scale of the couplings to be the so-called
Lorentz-invariant “momentum transfer” Q2: if we adopt
all momenta in a vertex to be incoming, then Q2≡
jðpν þ plÞ2j, where pν and pl are, respectively, the
momenta of the neutrino and charged lepton involved in
the charged-current process of interest. For example, in
π → μνμ we have Q2 ¼ m2

π. In general, in a physics
process characterized by Q2 where a charged lepton lα

(α ¼ e, μ, and τ) is absorbed and a neutrino is produced,
the coherent linear combination of neutrino mass eigen-
states νi (i ¼ 1, 2, 3) produced is

ναðQ2Þ ¼ UαiðQ2Þνi: ð3:1Þ

We are interested in neutrinos that propagate a finite
distance so, as discussed in the previous section, when
referring to neutrino mass eigenstates, we always refer to
on-shell mass eigenstates with on-shell masses mi, that is
νi ≡ νiðQ2 ¼ m2

νiÞ. Note that we assume neutrinos are
always produced and detected via the charged-current
weak interactions.
In vacuum, a neutrino mass eigenstate with energy E is

an eigenstate of the propagation Hamiltonian H. Its
evolution, assuming that the neutrino is ultrarelativistic,
has the familiar form

FIG. 1. Left: leading-order Feynman diagram for the W boson, charged lepton lα, neutrino νi coupling. Center: sample one-loop
electroweak correction. This contribution is proportional to ðgUαjÞðgU�

βjÞðgUβiÞ ¼ g3Uαi in the limit where the fermion masses are
negligible and U is unitary. Right: sample one-loop correction from a new interaction that modifies the neutrino propagator. This
contribution is proportional to ðgUαjÞFij.

2The gauge-invariant realization of the Φν̄ν operators is not
renormalizable.

3The running mass should be used in evaluating the neutrino
production and detection processes. Neutrino masses, however,
are small enough that their impact is negligible in virtually all
processes of interest.
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jνiðLÞi ¼ exp½−im2
i L=2E�jνið0Þi; ð3:2Þ

where L is the distance propagated or the baseline. The
Dirac bracket notation refers to the flavor wave function of
the neutrino state (e.g., a three-dimensional Hilbert space
assuming there are three independent neutrino states). The
probability Pαβ that a neutrino is produced associated with
a charged lepton lα in a process characterized by Q2

p and
detected, a distance L away, in association with a charged
lepton lβ in a process characterized by Q2

d can be trivially,
but carefully, computed as

PαβðLÞ ¼ jhνβðQ2
dÞj exp½−iHL�jναðQ2

pÞij2

¼
����
X

i
UβiðQ2

dÞU�
αiðQ2

pÞ exp½−im2
i L=2E�

����
2

: ð3:3Þ

If the kinematics of the production and detection
processes are the same, we obtain the familiar vacuum
neutrino oscillation expressions. In general, however, this is
not the case. Imagine an experimental setup where neu-
trinos are produced in charged-pion decay: πþ → μþν.
In this case, Q2

p ¼ m2
π , independent from the pion and

neutrino laboratory energies. Further imagine that the
neutrino is detected via νþ n → e− þ p. In the neutron’s
rest frame, for large enough neutrino energies, Q2

d ∼ Emn;
Q2

d depends on the neutrino detector-frame energy and,
clearly, has no relation to the pion mass. In the subsections
that follow, we explore the consequences and subtleties of
Eq. (3.3) and discuss how to handle the propagation of
neutrinos through matter when the mixing matrix is Q2

dependent.
Before proceeding, we wish to highlight that, for a fixed

value of Q2
p and Q2

d, the oscillation formalism we will
explore here is similar to what one would obtain when
considering the hypothesis that there is new physics in
neutrino production and detection, and that the impact of
new physics is process and flavor dependent [42] (for a
more recent discussion, see also Ref. [43]). The two
scenarios, however, are not identical since, in the setup
under consideration here, there are different mixing matri-
ces for different neutrino-scattering energies, even if the
physics processes in question are the same; our Uα depend
on the momentum transfer, not the nature of the neutrino-
production and neutrino-detection processes. As an aside,
our discussion here is a little more complete relative to the
one in Ref. [42] as we look into three-flavor effects, matter
effects, and new CP-violating phenomena more carefully.

A. Vacuum oscillations: Two and more flavors

Wefirst consider the simplified case of two charged leptons
and two neutrinos—e, μ, ν1, and ν2 for concreteness—
propagating in vacuum. The most general two-by-two
Q2-dependent mixing matrix can be expressed as

UðQ2Þ ¼
�
1 0

0 eiγðQ2Þ

��
cos θðQ2Þ sin θðQ2Þ
− sin θðQ2Þ cos θðQ2Þ

�

×

�
eiα̃ðQ2Þ 0

0 eiβ̃ðQ2Þ

�
; ð3:4Þ

where we indicate the Q2 dependency of the mixing
parameters γ, θ, α̃, β̃ explicitly. Not all of these para-
meters are physical. We can redefine, with impunity,
the kets jνeðQ2Þi → exp½iζðQ2Þ�jνeðQ2Þi and jνμðQ2Þi →
exp½iηðQ2Þ�jνμðQ2Þi, for every value of Q2, such that two
among three complex phases can be removed. For
example,

UðQ2Þ ¼
�

cosθðQ2Þ sinθðQ2Þ
− sinθðQ2Þ cosθðQ2Þ

��
1 0

0 eiβ̃ðQ2Þ

�
ð3:5Þ

allows one to access the answer to all possible oscillation-
related questions. Finally, we are allowed to also phase
redefine the mass-eigenstate kets jνii with impunity.
Hence, we can choose β̃ðQ2Þ in Eq. (3.5) to vanish at
some fixed value of Q2. In the most general case,
therefore, the oscillation probabilities in Eq. (3.3) will
depend on one mass-squared difference Δm2 ≡m2

2 −m2
1

and three mixing parameters,

θðQ2
pÞ≡ θp; θðQ2

dÞ≡ θd; and β̃ðQ2
dÞ− β̃ðQ2

pÞ≡ β:

ð3:6Þ

Throughout, in order to unambiguously define the mass
eigenstates, we choose m2 > m1.
A different subtlety lies in the physical range for

the mixing parameters. Q2-dependent sign redefinitions
of jνei and jνμi allow one to choose, for example,
θðQ2Þ ∈ ½−π=2; π=2�. Sign redefinitions of the mass
eigenstates allow one to constrain θ to a specific quad-
rant [for example, θðQ2Þ ∈ ½0; π=2�] for some fixed
value of Q2. Hence, if we choose θp to lie in the first
quadrant, there is no guarantee that the same will be true
of θd.
Before proceeding, we wish to point out that the phase

β̃ðQ2Þ in Eq. (3.5) bears a strong resemblance to the so-
called Majorana phase. However, they are not the same and
should not be confused. Majorana phases are only physical
when neutrinos are Majorana fermions and only manifest
themselves in phenomena related, directly or indirectly, to
lepton-number violation. The relative phase β manifests
itself in ordinary flavor conversions and has nothing to do
with lepton-number violation. It is physical for both
Majorana and Dirac neutrinos. It is fair to ask about the
origin and interpretation of this CP-odd new-physics
parameter and why it impacts neutrino oscillations even
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when there are only two families of leptons. One way to
understand it is as follows. With two families and assuming
the massive neutrinos are Dirac fermions, the weak-
interaction couplings and the fermion masses can be
chosen real. In the model under consideration here,
however, there are more flavor-dependent interactions. If
there are CP-violating couplings in the new-physics sector,
those will manifest themselves at higher-order in charged-
current processes and can mediate CP-violating effects.
In oscillation language, these are parametrized by
the (running) CP-odd phase β introduced above.
Incidentally, it is trivial to show using Eqs. (3.3) and
(3.5) that the effect of β in the oscillation probabilities in
vacuum is to “shift” the oscillation phase: Δm2L=2E →
Δm2L=2Eþ β.
With all this in mind, for two flavors, Eq. (3.3) can be

expressed as

Peμ ¼ Pμe ¼ sin2ðθp − θdÞ

þ sin 2θp sin 2θdsin2
�
Δm2L
4E

þ β

2

�
; ð3:7Þ

and

Pee ¼ Pμμ ¼ cos2ðθp − θdÞ

− sin 2θp sin 2θdsin2
�
Δm2L
4E

þ β

2

�
: ð3:8Þ

The equality of Pμe and Peμ and Pee and Pμμ is a
consequence of the unitary evolution of the neutrino states
and the fact that jνeðQ2Þi and jνμðQ2Þi, for any Q2, are a
complete basis for the two-dimensional Hilbert space.4 This
is independent from the presence of the complex relative
phase β. However, Pμe ¼ Peμ does not mean that T
invariance is guaranteed. More carefully, Eq. (3.7) states
that PðνeðQ2

pÞ → νμðQ2
dÞÞ ¼ PðνμðQ2

pÞ → νeðQ2
dÞÞ. T

invariance is the statement PðνeðQ2
pÞ → νμðQ2

dÞÞ ¼
PðνμðQ2

dÞ → νeðQ2
pÞÞ. PðνμðQ2

dÞ → νeðQ2
pÞÞ is given by

Eq. (3.7) with θd ↔ θp and β → −β so T invariance is
violated if β ≠ 0; π.
For antineutrinos, Pᾱ β̄ðθp; θd; βÞ ¼ Pαβðθp; θd;−βÞ so

CP invariance is also violated if β ≠ 0; π. Note that, in
general, Pαα ≠ Pᾱ ᾱ, which could be interpreted as an
apparent violation of CPT. However, this does not signal
violation of theCPT theorem sinceCPT invariance implies
PðναðQ2

pÞ → ναðQ2
dÞÞ ¼ Pðν̄αðQ2

dÞ → ν̄αðQ2
pÞÞ, which is

satisfied.
For Q2

d ¼ Q2
p, we recover the well-known two-flavor

oscillation expressions. In general, however, the situation is

qualitatively different. For example, in the limitL → 0, flavor
is violated if either θp ≠ θd or β ≠ 0. This is easy to
understand. In either case, the mixing matrices are different
at different values of Q2 so the linear combinations of
neutrinos that couple to e and μ are different: hναðQ2

dÞj
νβðQ2

pi ≠ δαβ. These zero-baseline effects, in practice, will
constrain running effects to be relatively small, as we discuss
more quantitatively in Sec. V. The complex relative phase β,
in turn, leads to a phase shift in the oscillatory phenomenon.
This leads, for example, to different behaviors of the
oscillation probabilities at zero and small baselines. At zero
baseline, a small β still induces an oscillation phase and thus
Pαγ ¼ δαγ þOðβ2Þ. At small-but-finite baseline L, while the
standard oscillation probability goes as Pstd

αγ ∼ δαγ þOðΔ2
ijÞ,

a nonzero β would induce Pαγ ∼OðβΔijÞ, where we have
defined Δij ≡ Δm2

ijL=2E.
In the limit where the running effects are small, it is

easier to appreciate analytically the impact of the new-
physics effects. Assuming θd − θp ¼ ϵθ þOðϵ2θÞ and
β ¼ ϵβ þOðϵ2βÞ, both ϵθ; ϵβ ≪ 1 and unrelated to one
another,

Peμ ¼ Pμe ¼ ϵ2θ þOðϵ4θÞ þ ½sin22θd − sin4θdϵθ þOðϵ2θÞ�

×

�
sin2

�
Δm2L
4E

�
þ ϵβ

2
sin

�
Δm2L
2E

�
þOðϵ2βÞ

�
ð3:9Þ

and

Pee¼Pμμ¼ 1− ϵ2θþOðϵ4θÞ− ðsin22θd− sin4θdϵθþOðϵ2θÞÞ

×

�
sin2

�
Δm2L
4E

�
þ ϵβ

2
sin

�
Δm2L
2E

�
þOðϵ2βÞ

�
: ð3:10Þ

In the zero-baseline limit, the new-physics effects are
Oðϵ2θ; ϵ2βÞ, quadratically small in the limit ϵθ; ϵβ ≪ 1. For
a finite baseline, instead, the new-physics effects are
Oðϵθ; ϵβÞ. For example,

Peμ ¼ Pμe ¼ ðsin22θd − ϵθ sin 4θdÞsin2
�
Δm2L
4E

�

þ ϵβ
2
sin22θd sin

�
Δm2L
2E

�
þOðϵ2θ; ϵ2β; ϵθϵβÞ: ð3:11Þ

If the effects of mixing-angle running are not large, long-
baseline experiments are, in some sense, more sensitive
than short-baseline experiments.
The case of three charged leptons and neutrinos—e, μ, τ,

ν1, ν2, ν3—is straightforward but more cumbersome.
Taking advantage of the invariance of observables on the
overall phases of jναðQ2Þi, α ¼ e, μ, τ and jνii, i ¼ 1, 2, 3,
the most general 3 × 3 Q2-dependent mixing matrix can be
parametrized as

4In the two neutrino framework, one can show that
PeeþPeμ¼1 and Pee þ Pμe ¼ 1. These translate into Pμe ¼ Peμ.
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UðQ2Þ¼

0
B@
1 0 0

0 c23ðQ2Þ s23ðQ2Þ
0 −s23ðQ2Þ c23ðQ2Þ

1
CA
0
B@

c13ðQ2Þ 0 s13ðQ2Þe−iδðQ2Þ

0 1 0

−s13ðQ2ÞeiδðQ2Þ 0 c13ðQ2Þ

1
CA ð3:12Þ

×

0
B@

c12ðQ2Þ s12ðQ2Þ 0

−s12ðQ2Þ c12ðQ2Þ 0

0 0 1

1
CA
0
B@

1 0 0

0 eiα̃ðQ2Þ 0

0 0 eiβ̃ðQ2Þ

1
CA; ð3:13Þ

where cijðQ2Þ, sijðQ2Þ are shorthand for cos θijðQ2Þ,
sin θijðQ2Þ, respectively, for ij ¼ 12, 13, 23. The complex
phases α̃ðQ2Þ and β̃ðQ2Þ can be chosen such that they
vanish at some value of Q2.
The vacuum oscillation probabilities will be given by

Eq. (3.3) with the elements of the mixing matrix as defined
in Eq. (3.13). These will depend on the usual mass-squared
differences Δm2

31 ≡m2
3 −m2

1 and Δm2
21 ¼ m2

2 −m2
1 (the

third mass-squared difference is not independent, Δm2
32≡

m2
3 −m2

2 ¼ Δm2
31 − Δm2

21), six mixing angles θijðQ2
pÞ,

θijðQ2
dÞ, ij ¼ 12, 13, 23, two “Dirac” phases δðQ2

pÞ,
δðQ2

dÞ, and two additional complex-phase differences, α≡
α̃ðQ2

dÞ − α̃ðQ2
pÞ and β≡ β̃ðQ2

dÞ − β̃ðQ2
pÞ. As in the two

neutrino case, α and β will induce a shift in the solar and
atmospheric oscillation phases: Δ21 → Δ21 þ α, Δ31 →
Δ31 þ β, and Δ32 → Δ32 þ β − α. The mass eigenstates
can be unambiguously defined in a variety of ways. Here,
it pays off to adopt a definition that does not depend on the
mixing matrix in order to avoid a Q2-dependent definition.
Concretely, we take the standard definition: m2

2 > m2
1 and

jΔm2
31j > Δm2

21. Δm2
31 > 0 defines the “normal” mass

ordering, and Δm2
31 < 0 defines the “inverted” one.5

The expressions for the oscillation probabilities for three
flavors in the Q2-dependent case are lengthy. We have
nevertheless found several features in the zero-baseline limit
and in the limit of small RG effects that turn out to be
instructive. Let us first turn to the expressions in the zero-
baseline (L ¼ 0) limit. For simplicity, we take θ13 ¼ 0 and
θ23 ¼ π=4 at production and assume that the difference
between various parameters at different scales is small.
We define ϵij ≡ θijðQ2

dÞ − θijðQ2
pÞ, ϵδ ¼ δðQ2

dÞ − δðQ2
pÞ,

ϵα ¼ α, and ϵβ ¼ β. Note that jαj; jβj ≪ 2π. Hence, ϵij is
the amount the angle runs between momentum transfers
corresponding to production and detection. We omit the
“production” subscript and thus it should be understood that
all angles in the expressions below correspond to the

momentum scale of neutrino production. Finally, below,
we keep up to quadratic terms in all ϵ’s. This leads to the
zero-baseline survival probabilities

Pee ≃
����1 − ϵ212 þ ϵ213

2
−
ϵ2α
2
s212 þ iϵαs212

����
2

≃ 1 − ϵ212 − ϵ213 −
1

4
ϵ2αsin22θ12; ð3:14Þ

and

Pμμ ¼
����1− 1

4
ðϵ212þ ϵ213þ 2ϵ223þ ϵ2αc212þ ϵ2β − ϵ13ϵαsδ sin2θ12

þ 2ϵ12ϵ13cδÞþ
i
2
ðϵαc212þ ϵβÞ

����
2

≃ 1−
1

4
ðϵβ − ϵαc212Þ2− ϵ223−

1

2
ðϵαc12s12− ϵ13sδÞ2

−
1

2
ðϵ12þ ϵ13cδÞ2; ð3:15Þ

where cδ ¼ cos δ and sδ ¼ sin δ.
On the other hand, zero-baseline appearance probabil-

ities include

Pμe ≃
1

2
jϵ13þeiδðϵ12þ iϵαc12s12Þj2

≃
1

8
ϵ2αsin22θ12−

ϵαϵ13
2

sin2θ12sδþ
ϵ212þϵ213

2
þϵ12ϵ13cδ;

Pμτ ≃
����ϵ23þ i

2
ðϵαc212−ϵβÞ

����
2

¼ ϵ223þ
1

4
ðϵαc212−ϵβÞ2: ð3:16Þ

As already inferred in the case of two flavors, the RG
effects at zero baseline appear atOðϵ2Þ, which is clear from
Eqs. (3.14)–(3.16). Moreover, it is trivial to show that all
asymmetries Pαβ − Pᾱ β̄ are exactly zero at zero baseline
(without any approximations).
For a finite baseline, even approximate expressions for

the oscillation probabilities are rather lengthy (full expres-
sions may be found in [44]), so here we focus on
asymmetries. We keep terms linear in ϵ and up to order

5A different choice would have been jUe1ðQ2Þj2 >
jUe2ðQ2Þj2 > jUe3ðQ2Þj2. This clearly depends on Q2 and
may lead to confusion. There is nothing wrong, however, with
using something like jUe1ðQ2 ¼ 0Þj2 > jUe2ðQ2 ¼ 0Þj2 >
jUe3ðQ2 ¼ 0Þj2.
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s213 or Δm2
21=Δm2

31, assuming that the oscillation phase is
near the atmospheric maximum. Moreover, for terms that
are order ϵ we only keep terms that are at most linear in s13
or Δm2

21=Δm2
31. The muon neutrino disappearance asym-

metry in vacuum is, for example,

Pμμ−Pμ̄ μ̄≃f−ðϵαc212− ϵβÞsin22θ23þ8ϵ12c213s13c23s
3
23sδ

− ϵδs423sin
22θ13gsinΔ31− ϵ13 sin2θ12 sin2θ23sδ

× ð1þ s223 cosΔ31ÞsinΔ21: ð3:17Þ

We will see later that θ12 typically runs more than
other angles and phases in the scenarios we will study,
so we call attention to the fact that the ϵ12 term in the
asymmetry above is suppressed by s13. The dependence
on ϵα and ϵβ is relatively large. As already stressed in the
two-flavor scenario, at finite baseline there are effects
already at OðϵÞ; compare, for instance, Eq. (III.17) with
Eqs. (3.14)–(3.16).
The electron neutrino disappearance asymmetry is

given by

Pee − Pē ē ≃ ðϵβ − ϵδÞsin22θ13 sinΔ31

− ϵαðs212sin22θ13 sinΔ31 − sin22θ12 sinΔ21Þ:
ð3:18Þ

This expression does not depend on ϵ12, ϵ13, and ϵ23 to
order s213 or Δ21. The formulas for Pee and Pē ē, however,
do contain those: the effects cancel in the difference
Pee − Pē ē. Hence, by studying differences between elec-
tron neutrino and electron antineutrino disappearances,
one can access RG induced effects on phases. As discussed,
the apparent violation of CPT symmetry can be seen
from Eqs. (III.17) and (III.18), since the differences
between neutrino and antineutrino disappearance are, in
principle, not zero. These differences are CP odd, as
they change sign under the reversal of the signs of all
the phases.
The difference between electron neutrino and antineu-

trino appearance probabilities in a muon (anti)neutrino
“beam” is somewhat lengthy. Concentrating on the dom-
inant terms up to order s13 and dropping Δ21 terms
multiplied by new-physics contributions, we obtain

Pμe−Pμ̄ ē≃−8JΔ21sin2
�
Δ31

2

�

×

�
1þ

�
2

ϵ12
sin2θ12

þϵα
cδ
sδ

�
cotðΔ31=2Þ

Δ21

�
; ð3:19Þ

where J ¼ c213s13c12s12c23s23 sin δ is the Jarlskog invariant
[45,46]. At long-baseline experiments, where this channel
matters the most, such expansion is reasonable and accurate
(ignoring the matter effects). We see that in Eq. (III.19)

there is also a term that is ϵ independent; that is the standard
CP-violating term. Interestingly, although the terms con-
taining ϵ12 and ϵα are enhanced by ∼Δ31=Δ21, at the peak of
the “atmospheric” oscillation cotΔ31=2 ≃ cot π=2 ¼ 0,
which suppresses the CP-violating effect. This is particu-
larly pronounced for the T2K setup as will be seen in
Sec. V. We also stress that, in the δ → 0 limit, in which
there is no standard CP violation in the lepton sector, new
RG induced CP violation is still present and nonzero (ϵα
term). In the future, comparing the amount of leptonic CP
violation in DUNE and T2HK will allow one to probe this
scenario thanks to the different neutrino energy spectra at
the two experiments.
In order to highlight the CP-conserving contribution, the

sum of the electron neutrino and electron antineutrino
appearance probabilities, for Δ21 → 0, is

Pμe þ Pμ̄ ē ¼ 2sin22θ13s223

�
1þ 2ϵ13

cos 2θ13
sin 2θ13

−
c23

s13s23

× ðϵ12cδ − ϵαc12s12sδÞ
�
sin2

�
Δ31

2

�
: ð3:20Þ

The first term is the dominant component of the standard
contribution. It is interesting to observe that the effect of
new physics is enhanced by 1=s13 ∼ 7. A change in Pμe þ
Pμ̄ ē can be compensated, in this channel, by shifting the
value of sin2 θ23 or sin2 2θ13. Therefore a mismatch
between the θ23 value measured in the νμ disappearance
mode versus the νe appearance mode or a mismatch
between θ13 values measured at reactor neutrino experi-
ments and beam νe appearance are signatures of our
scenario. From Eqs. (III.19) and (III.20), we can infer
that the current measurements of electron neutrino appear-
ance by T2K [47] and Noνa [48] should already constrain
ϵ12, ϵ13, and ϵα to be below, roughly, 10%.
We summarize the qualitative effects of the running of

the mixing matrix on neutrino oscillation phenomenology
and provide some of the most promising and direct
experimental probes of this scenario below:

(i) In general, the mismatch between the production and
detection mixing matrices affects all neutrino oscil-
lation channels.

(ii) The effect of the phase differences, α and β [see
Eq. (III.13)], is a shift of the solar (Δ21) and
atmospheric (Δ31) oscillation phases, respectively.

(iii) Zero-baseline transitions happen at second order in
the new-physics parameters. Nonetheless, searches
for short-baseline oscillations provide good exper-
imental probes of this scenario, particularly if
performed at high neutrino energies, which makes
the neutrino production and detection scales more
distinct.

(iv) The impact of the running of the mixing matrix on
long-baseline oscillation probabilities is first order in
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the new-physics parameters and thus the determi-
nation of the same oscillation parameters at different
scales and the precise energy dependence of the
oscillation probability curves are promising venues
for probing this scenario.

(v) Mixing-matrix running may lead to apparent CPT
violation: Pαα − Pᾱ ᾱ is, in general, nonzero for
a finite baseline. CPT symmetry is, of course,
still conserved. These asymmetries, or perhaps the
ratios ðPαα − Pᾱ ᾱÞ=ðPαα þ Pᾱ ᾱÞ, could be powerful
probes of mixing-matrix running, especially due to
possible cancellations of systematic uncertainties.

(vi) Mixing-matrix running may also affect appearance
channels in CP-violating and CP-conserving ways.
Long-baseline experiments yielding different neu-
trino energy ranges, including Noνa, T2K, DUNE,
and T2HK, could be sensitive to this scenario. Two
experimental signatures stand out in the case of
electron appearance: a mismatch between θ13 values
measured at reactor and accelerator neutrino experi-
ments, or a disagreement on the θ23 values measured
in appearance and disappearance modes in beam
neutrino experiments. In fact, current Noνa and T2K
data are expected to be already sensitive to new
sources of CP violation, potentially constraining ϵ12
and ϵα to be below 10% or so.

B. Matter effects: Two and more flavors

Neutrino flavor evolution is modified in the presence of
matter. The Hamiltonian that describes flavor evolution as a
function of the baseline is

H ¼
X
i

m2
i

2E
jνiihνij þ AðLÞjνeðQ2 ¼ 0ÞihνeðQ2 ¼ 0Þj;

ð3:21Þ

where AðLÞ ¼ ffiffiffi
2

p
GFNeðLÞ is the matter potential,GF is the

Fermi constant, and Ne is the electron number density of the
medium as a function of the baseline. Thematter potential is a
coherent forward scattering phenomenon where the neutrinos
interact with the electrons in the medium at zero momentum
transfer. Hence, the νe interaction state of interest here is the
one atQ2 ¼ 0.H can be expressed in any basis of the Hilbert
space, as usual. Here, there are several tempting ones: the
mass-eigenstate basis, the interaction basis “at production”
and the interaction basis “at detection.” The mass-eigenstate
basis is especially useful since it allows one to readily
compute the flavor evolution for arbitrary values of Q2

p

andQ2
d. The fact thatH depends on νeðQ2 ¼ 0Þ also induces

a natural choice for the complex phases α̃; β̃, defined in
Eq. (3.13): α̃ðQ2 ¼ 0Þ ¼ β̃ðQ2 ¼ 0Þ ¼ 0.
It is instructive to discuss the case of two flavors and a

constant AðLÞ ¼ A, which can be solved analytically.

Using Eq. (3.5) and defining θ0 ¼ θðQ2 ¼ 0Þ and setting
β̃ðQ2 ¼ 0Þ ¼ 0, the eigenstates of the propagation
Hamiltonian are

jν1Mi ¼ cosωjν1i − sinωjν2i; ð3:22Þ

jν2Mi ¼ sinωjν1i þ cosωjν2i; ð3:23Þ

where

sin 2ω ¼ A
ΔM

sin 2θ0; ð3:24Þ

cos 2ω ¼ ðΔ − A cos 2θ0Þ
ΔM

; ð3:25Þ

ΔM ¼ ½ðΔ − A cos 2θ0Þ2 þ A2sin22θ0�1=2; ð3:26Þ

and Δ ¼ Δm2=ð2EÞ. ΔM is the difference between the
eigenvalues associated with jν2Mi and jν1Mi; jν2Mi is
associated with the larger eigenvalue when A > 0. We
labeled the “matter mixing angle” ω in order to remind the
reader that these states are expressed in the mass basis, not,
as one is most familiar, in the interaction basis.
It is straightforward but rather lengthy to compute

Peμ ≡ PðνeðQ2
pÞ → νμðQ2

dÞÞ. Given a jνeðQ2
pÞi at L ¼ 0,

the flavor-state vector at L is

jνðLÞi ¼ jν1Mihν1MjνeðQ2
pÞi þ jν2Mihν2MjνeðQ2

pÞie−iΔML;

ð3:27Þ

and hence

Peμ ¼ jhνμðQ2
dÞjν1Mihν1MjνeðQ2

pÞi
þ hνμðQ2

dÞjν2Mihν2MjνeðQ2
pÞie−iΔMLj2: ð3:28Þ

The Dirac brackets in Eq. (3.28) are

hν1MjνeðQ2
pÞi ¼ cos θp cosω − sin θp sinωeiβ̃p ;

hν2MjνeðQ2
pÞi ¼ cos θp sinωþ sin θp cosωeiβ̃p ;

hν1MjνμðQ2
dÞi ¼ − sin θd cosω − cos θd sinωeiβ̃d ;

hν2MjνμðQ2
dÞi ¼ − sin θd sinωþ cos θd cosωeiβ̃d : ð3:29Þ

Note that, since Pee þ Peμ ¼ 1, the survival probability can
be obtained trivially from the appearance one [Eq. (3.28)
with help from Eqs. (3.29)].
For three flavors, one can approach the issue of matter

effects following the same steps we outline above for two
flavors. We especially highlight the usefulness of perform-
ing computations in the mass-eigenstate basis. Analytic
results, even if one is willing to make several different
simplifying assumptions, are very hard to come by and are
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not illuminating. In Sec. V, we compute oscillation prob-
abilities including running effects for different experimental
setups. There, matter effects are always included and we do
not make use of any approximate expressions; Eq. (III.21) is
treated numerically.

IV. BENCHMARK MODELS

In Sec. II we discussed the concept of RG evolution in
the low-energy neutrino sector without specifying a com-
plete model. In order to discuss quantitative effects at
neutrino experiments, however, it is useful to discuss
ultraviolet-complete frameworks. We will focus on models
that address the neutrino mass puzzle and in which the RG
effects come from a “secluded sector.” We concentrate on
two simple models.

A. Model 1

First, we consider a variation of the scotogenic model
[49] with a Uð1Þ lepton-number symmetry. The two Higgs
doublets of the scotogenic model, H1 and H2, have zero
lepton number but are distinguished by a Z2 symmetry
under which H1 is odd while H2 is even. As in the original
scotogenic model, lepton number and the Z2 symmetries
allow the term λðH†

1H2Þ2 þ H:c: in the scalar potential. The
model also comprises three right-handed neutrinos NR,
with lepton number þ1, which are odd under Z2. Finally,
we add a complex scalar singlet φ, which is even under Z2

and has lepton number −2. The new-physics Lagrangian
includes

−Lð1Þ
ν ¼ L̄YνH̃1NR þ φNc

RYNNR þ H:c:; ð4:1Þ

where Yν and YN are matrices in generation space. The
scalar potential is such that φ and H2 develop vacuum
expectation values (VEVs), while H1 does not. The active
neutrinos acquire Majorana masses, as depicted in the left
panel of Fig. 2. The VEV of φ, vφ ≡ hφi, in particular,
breaks lepton number, but the Z2 symmetry remains
unbroken. Therefore, the active neutrinos do not mix with
the gauge singlets NR. Breaking lepton number sponta-
neously would lead to a massless Goldstone boson, the

Majoron [50]. In principle, the mass of the Majoron could
be made nonzero by soft lepton-number breaking terms in
the scalar potential, such as μ2φ2.
Without loss of generality, YN can be taken as real,

positive, and diagonal. Yν is a generic complex matrix. The
neutrino mass matrix is given by

Mij
ν ¼ λvφ

8
ffiffiffi
2

p
π2

X
k

�
ðYik

ν Y
jk
ν Yk

NÞ
�

M2
H

2M2
H− ðYk

NvφÞ2
ln

2M2
H

ðYk
NvφÞ2

−
M2

A

2M2
A− ðYk

NvφÞ2
ln

2M2
A

ðYk
NvφÞ2

�	
; ð4:2Þ

where MH;A are the masses of the inert neutral scalar and
pseudoscalar, respectively. Here, we are interested in light
φ and NR, and thus vφ ≪ v≡ 246 GeV. In the limit of

small N masses, i.e., Mi
N ¼ Yi

Nvφ=
ffiffiffi
2

p
≪ MH;A, Eq. (4.2)

reduces to

Mν ≃
λvφ

16
ffiffiffi
2

p
π2

YνYNYT
ν ln

M2
H

M2
A
: ð4:3Þ

The mixing matrix is defined via diagonalization
Mdiag

ν ¼ U†MνU�, where Mdiag
ν is diagonal and contains

the neutrino masses. We assume the inert doublet masses to
be of order of the weak scale, so Yν does not run at low
energies and can be treated as a constant parameter. YN ,
however, is scale dependent for values of the energy scale
that are above the mass of the φ, N.

B. Model 2

The second benchmark model we will focus on is a
version of the type-I seesaw mechanism [51–56], where the
right-handed neutrino Majorana masses arise from the
(possibly explicit) breaking of lepton number in the scalar
potential. The model includes three SM singlet fermions
NR with lepton number 1, and a singlet scalar φ with lepton
number −2. The Yukawa Lagrangian reads

−Lð2Þ
ν ¼ LYνH̃NR þ φNc

RYNNR þ H:c:; ð4:4Þ

FIG. 2. Left: Feynman diagram associated with the generation of neutrino masses in a scotogeniclike neutrino mass model in which
M ∝ YN (model 1). Middle: Feynman diagram associated with the generation of neutrino masses in an inverse seesaw model in which
M ∝ Y−1

N (model 2). Right: representative Feynman diagram responsible for the running of YN in both models 1 and 2. See text for details.
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where H is the SM Higgs boson. The VEV of φ breaks
lepton number.6 The diagram generating neutrino masses
for this model is presented in the middle panel of Fig. 2.
When φ develops a VEV, active neutrinos acquire a mass
matrix given by

Mν ¼
ffiffiffi
2

p
v2

4vφ
YνðYNÞ−1YT

ν : ð4:5Þ

The mixing matrix is defined as before but now the
functional dependence of U on YN is distinct from the
previous model, changing the impact of YN running
qualitatively with respect to model 1.
For both models, it is straightforward to compute the

scale dependence of YN . The right panel of Fig. 2 depicts a
representative Feynman diagram that contributes to this
running. The beta function of YN can easily be calculated
and yields, for both models 1 and 2,

16π2βðYNÞ≡16π2
dYN

d ln jQj ¼ 4YN

�
Y2
N þ1

2
TrðY2

NÞ
�
: ð4:6Þ

Any relatively large entry in YN can lead to a significant
running of all YN entries and as a consequence to
observable running of the mixing matrix.
YN is not directly related to the mixing matrix. In order

to connect the running of YN and the running of the mixing
matrix, we need to specify other Lagrangian parameters,
including the Yukawa coupling matrices Yν (for both
models). To achieve that, we make use of the Casas-
Ibarra parametrization [57], which relates the Lagrangian
parameters to the running leptonic mixing-matrix and
neutrino masses,

Yν ¼
1ffiffiffiffi
C

p U†ðQ2
pÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
diagðmν1 ; mν2 ; mν3Þ

q
RY−x=2

N ; ð4:7Þ

where C are the VEV-dependent prefactors in Eqs. (IV.3)
and (IV.5) for model 1, when x ¼ 1, and model 2, when
x ¼ −1, respectively. R is, in general, a complex orthogo-
nal matrix and mνi in the formula are masses at Q2 ¼ m2

ν

scale instead of running masses. Let us stress that the Yν

matrix is not running across considered scales, since the
scalar field that participates in such interaction is inte-
grated out. In particular, we wish to stress that Eq. (IV.7) is
evaluated only once, at the scale corresponding to the
production and, in particular, before any running has been
conducted.

In the next section, when computing new-physics effects
in oscillation experiments, we have the freedom to choose
values for the elements of R and the constants that make up
C. We will assume R to be real and parametrized by three
Euler-like rotation angles ξ1 in 1–2 plane, ξ2 in 2–3 plane,
and ξ3 in 1–3 plane. The results we present below are not
qualitatively different if we are to assume ξ1, ξ2, ξ3 to be
complex angles with magnitudes of order 1.

V. IMPACT ON NEUTRINO OSCILLATION
EXPERIMENTS

Given the two concrete models outlined above, we
proceed with the analysis of the impact of the running
of the mixing-matrix elements at various neutrino experi-
ments. Results for the two different models turn out to be
qualitatively similar and the results presented below all
correspond to model 1. We take this opportunity to stress
one “advantage” of model 1, namely, the absence of mixing
between active and sterile neutrinos. This makes it easier to
satisfy experimental constraints on the mixing of the active
neutrinos with the relatively light sterile neutrinos.
In Sec. VA, we discuss the signatures of the scenario at

long-baseline experiments such as T2K [47,58,59] and
Noνa [48,60,61], and then we confront these findings with
the bounds from the short-baseline experiments NOMAD
[62–64], ICARUS [65], CHARM-II [66], and NuTeV
[67,68]. In Sec. V B, we focus on how this phenomenon
impacts the flavor composition of astrophysical neutrinos
measured by IceCube [69–71].

A. Long-baseline oscillation experiments

We assume that the masses of the new-physics particles
are of order of the pion mass, so RG running of the mixing
parameters is only relevant for Q2 values larger than
ð100 MeVÞ2. For lower values of Q2, one can treat the
mixing parameters as constant. The reason is that we are
mostly interested in neutrinos produced at values of
Q2

p ≤ m2
π , since all beam neutrinos are predominantly

produced in pion decay, and hence, at Q2
p, the mixing

matrix is the same for all experimental setups. Furthermore,
for reactor and solar (anti)neutrino experiments, both Q2

p

and Q2
d are less than the pion mass squared. Hence, we do

not need to worry about running effects when it comes to
extracting the current best-fit values of most mixing
parameters, as we discuss in more detail below.
Different values for Yν at Q2

p are generated using
Eq. (4.7) and the following:

(i) We fix sin2θ12ðQ2
pÞ ¼ 0.310, sin2θ13ðQ2

pÞ ¼ 0.022,
and Δm2

21 ¼ 7.53 × 10−5 eV2.
(ii) We choose the atmospheric parameters θ23ðQ2

pÞ and
Δm2

31ðQ2
pÞ at random, with a flat prior on their

respective 3σ currently allowed regions according to
NuFIT [72]. The reason for this choice is that

6As in model 1, this would predict a Majoron. An active-
neutrino–Majoron coupling would be induced. It, however, is
doubly suppressed by ν − N mixing andmν=vφ and could be very
small (easily of order 10−9) for the right-handed neutrino masses
of interest. Hence the model is expected to be experimentally
safe. Again, the Majoron could be given a nonzero mass via soft
breaking terms in the scalar potential.
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atmospheric parameters are measured using exper-
imental setups where Q2

d is larger than m
2
π , hence we

allow for a relatively large range of values at Q2
p.

(iii) We choose the CP-odd phases α̃ðQ2
pÞ, β̃ðQ2

pÞ, and
δðQ2

pÞ at random, with a flat prior, from their full
allowed physical ranges.

(iv) We fix the value of the lightest neutrino mass and the
neutrino mass ordering. We will show results for two
values: 0.05 eV, marginally consistent with cosmo-
logical bounds on the sum of the active neutrino
masses [73], and 0.01 eV. We will also show results
for both normal ordering (NO) and inverted ordering
(IO). Note that, quantitatively, effects depend con-
siderably on the mass ordering and the lightest
neutrino mass. It is well known, for example, that
the RG effects are strongest for quasidegenerate
masses [32].

(v) We choose the angles that parametrize the orthogo-
nal R matrix at random, with a flat prior, from their
full allowed physical ranges.

(vi) We pick the Yukawa matrix YN , at Q2
p, to be

diagð0.2; 0.5; 0.7Þ. We have checked that the results
of the scans are qualitatively independent from the
choice of YNðQ2

PÞ as long as the couplings are
nondegenerate and large enough to induce signifi-
cant RG running.

As an aside, we have checked that the aforementioned
choices for the couplings do not lead to the appearance of
Landau poles below 10 TeV.
For each mass matrix defined at Q2

p as described above,
we solve Eq. (IV.6) numerically and compute the mixing
matrix at the different relevant values of Q2

d. With that
information, we compute the oscillation probabilities
numerically, as discussed in detail in Sec. III, including
matter effects. Throughout, we will use these randomly
generated scenarios to discuss the reach of RG-running
effects. A complete scan of the parameter space is not
practically feasible given its dimensionality.

At detection, neutrinos interact mostly with the nucleons
in the detectors through t-channel vector-boson exchange;
the associated Q2 can take any value in a continuous
interval.7 In order to estimate the RG effects accurately, Q2

d
values should be extracted in an event-by-event basis. Our
goals in this manuscript, however, are to illustrate the
effects of the running of the mixing matrix in simple
models that explain nonzero neutrino masses and to
demonstrate that these can be observed in neutrino oscil-
lation experiments. With this in mind, we take a simplified
approach that should prove to be a good approximation
statistically. In 2 → 2 scattering kinematics (see, e.g.,
Ref. [74]) the minimal and maximal values of t ¼ −Q2

are fixed, and thus we associate the mean value of the two
to −Q2

d. This yields Q2
d ¼ ð2mNE2Þ=ð2EþmNÞ, where

mN is the nucleon mass and E is the neutrino energy. We
take E to be the average neutrino energy in short-baseline
experiments, while for T2K and Noνa we study the impact
of the running for the peak of their respective energy
spectra. Table I lists the relevant energies and correspond-

ing
ffiffiffiffiffiffi
Q2

d

q
values for all experiments considered here.

The left panel of Fig. 3 depicts the biprobability plot at
T2K (red points) and Noνa (blue points) for the NO,
assuming the lightest neutrino mass to be m1 ¼ 0.05 eV,
for 30,000 values of the model parameters, generated
following the procedure described above. Note that here
we do not take into consideration constraints from other
experiments, to which we return momentarily. The panel
also depicts the biprobabilities accessible in the absence of
RG running (green for T2K, yellow for Noνa), for values of
the atmospheric parameters Δm2

31 and sin2 θ23 picked at
random (flat prior) from their respective 1σ currently
allowed regions, according to NuFIT [72] and for values
of δ also chosen at random from δ ∈ ½0; 2π�. The red and

TABLE I. Reference values of neutrino energy and
ffiffiffiffiffiffi
Q2

d

p
for all experiments considered here. For T2K and Noνa

we take the peak of the neutrino spectra, while for all others (the short-baseline experiments) we use the average
neutrino energy. The last two columns summarize the short-baseline constraints imposed (not applicable for T2K
and Noνa). See text for details.

Experiment E (GeV)
ffiffiffiffiffiffi
Q2

d

p
(GeV) Channel Constraint

T2K [47,58,59] 0.6 0.56 � � � � � �
Noνa [48,60,61] 2.1 1.27 � � � � � �
ICARUS [65] 17 3.94 νμ → νe 3.4 × 10−3

CHARM-II [66] 24 4.70 νμ → νe 2.8 × 10−3

NOMAD [62–64] 47.5 6.64 νμ → νe 7.4 × 10−3

νμ → ντ 1.63 × 10−4

NuTeV [67,68] 250 15.30
νμ → νe 5.5 × 10−4

νe → ντ 0.1
νμ → ντ 9 × 10−3

7This is to be contrasted with what happens in s-channel
scattering, where the Q2 is defined by the incoming neutrino
energy and the mass or energy fraction of the target particle.
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blue points with error bars represent the results of analyzing
T2K and Noνa data, respectively, adapted from Ref. [75].
Figure 3 reveals that running effects can be very significant;
they lead to appearance probabilities that differ from “no-
running” expectations by more than an order of magnitude.
Effects at Noνa are more pronounced because (a) the
typical neutrino energies are larger at Noνa and the mixing
parameters have more “room” to run, and (b) at T2K, as
discussed around Eq. (III.9), L=E values are such that
CP-odd effects due to the new physics are suppressed.
As discussed in Sec. III, RG running leads to zero-

baseline effects since, in general, UðQ2
pÞU†ðQ2

dÞ ≠ 1.
Therefore, experiments with very short baselines, designed,
with the benefit of hindsight, for probing neutrino scatter-
ing physics or light sterile-neutrino phenomenology, are
sensitive to this type of new physics. In particular, setups
with high average neutrino energy are especially sensitive
due to the larger difference between Q2

p and Q2
d and hence

potentially stronger running effects.
We identified several short-baseline experiments that

place stringent constraints on the running: NOMAD
[63,76] (bounds from CHORUS [77,78] are qualitatively
comparable and so are the associated neutrino energies),
CHARM-II [79], ICARUS [80], and NuTeV [67,81]; see
Table I for their reference values of energies and momen-
tum transfers. All these experiments measured neutrino
beams that were primarily composed of muon neutrinos.8

Electron neutrino appearance was severely constrained by
all of them, while NOMAD and NuTeV also constrained
anomalous νμ → ντ transitions. NuTeV, due to its non-
negligible beam νe component, also managed to put a
bound on νe → ντ appearance. Concrete upper bounds for
each appearance channel are listed in Table I. While

NOMAD and NuTeV provide the most stringent bounds
on appearance probabilities, it is important to include
constraints obtained with different neutrino energies and
thus the information provided by the other experiments is
invaluable.
The right-hand panel of Fig. 3 depicts the biprobability

plot for T2K (red points) and Noνa (blue points) for
the NO, assuming the lightest neutrino mass to be
m1 ¼ 0.05 eV. As before, we revisit the same 30,000
model points depicted in the left-hand panel of Fig. 3, but
here only keep those points that satisfy the constraints from
the short-baseline experiments listed in Table I. Models
associated with a very large effect on Noνa and T2K
appearance channels were also very likely to violate the
short-baseline constraints. From a model-parameter per-
spective, zero-baseline constraints disfavor regions of the
parameter space with Oð1Þ Yukawa couplings when the
neutrino masses are large. Ultimately, the new-physics
effects consistent with short-baseline constraints are, at
T2K and Noνa, “perturbations” on standard oscillations.
Notice, however, that significant deviations are still
allowed; a significant fraction of the points in the right-
hand panel of Fig. 3 lies outside the standard (no-running)
1σ-allowed ranges for T2K and Noνa.
RG-running effects depend strongly on the active neu-

trino masses and tend to be largest when these are
quasidegenerate. The left panel of Fig. 4 depicts the
biprobability plot at T2K (red points) and Noνa (blue
points) for the NO, this time assuming the lightest neutrino
mass to be m1 ¼ 0.01 eV, for 30,000 values of the model
parameters. The right panel of Fig. 4 depicts the subset
of points that satisfy the short-baseline constraints.
Comparing Fig. 3 with Fig. 4, we see that the region of
the biprobability plots accessible to the new physics is
larger for quasidegenerate neutrinos, m1 ¼ 0.05 eV, when
compared to the more hierarchical case, m1 ¼ 0.01 eV.

FIG. 3. Biprobability plots for NO andm1 ¼ 0.05 eV. Left: red and blue points are for T2K and Noνa, respectively, for the case where
RG effects are taken into account. These points are to be compared to the respective standard 1σ-allowed regions (green for T2K, yellow
for Noνa). Right: same as left, except that only points that satisfy the short-baseline (SBL) constraints are included. See text for details.

8As a simplifying assumption, we treat all beam neutrinos as if
they were the product of pion decay in flight.
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Similarly, Fig. 5 depicts the RG effects on T2K and Noνa
for the IO and m3 ¼ 0.01 eV (the lightest neutrino mass).
Here, even for a relatively light lightest neutrino mass,
running effects are comparable to the NO scenario with
larger neutrino masses, discussed earlier. Thus, for the same
mass of the lightest neutrino, the RG effects are larger for
IO relative to NO. As expected, the short-baseline con-
straints are very relevant here as well.
While Figs. 3–5 illustrate the general overall reach of the

RG effect on the appearance channels, it is also useful to
understand how RG effects impact oscillations for a specific
fixed values of the oscillation parameters at Q2

p. Figure 6
depicts the impact of RG running at T2K (left) and Noνa
(right), including constraints from the short-baseline experi-
ments, for different fixed values of all oscillation parameters
at Q2

p. Modulo rare outliers, the relative new-physics effect,
that is, the distance from respective black dot, is of order
10%. Moreover, the RG effects tend to modify neutrino and
antineutrino appearance by similar amounts, while extra
contributions to the CP asymmetry are somewhat sup-
pressed. This can be understood from Eq. (III.19), in

particular, the cotðΔ31=2Þ term that is almost vanishing
for T2K at the peak of the energy spectrum. Similar shifts
due to new physics on both neutrino and antineutrino
appearances can be mimicked by changing the value of
sin2 θ23. Therefore, one possible experimental outcome of
this scenario could be an apparent inconsistency between
the sin2 θ23 values obtained from the disappearance channel
and the sin2 θ23 from the appearance channel.
Since RG effects modify oscillation probabilities at T2K

and Noνa in slightly different ways, it is interesting to
investigate whether they could explain the mild tension
between the current T2K and Noνa electron (anti)neutrino
appearance datasets. To do this, we designed a toy χ2 using
the aforementioned T2K and Noνa data points in the
biprobability plane,

χ2 ¼
X
X

X
i¼ν;ν

�
DX

i − TX
i

σXi

�
2

; ð5:1Þ

where X denotes T2K or Noνa, DX
i (TX

i ) is the measured
(predicted) value of the probability at the experiment X and

FIG. 4. Same as Fig. 3 for the case of NO and m1 ¼ 0.01 eV.

FIG. 5. Same as Fig. 3 for the case of IO and m3 ¼ 0.01 eV.
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run mode i ¼ ν; ν̄, and σXi is the error bar read from the plot.
Out of the 30,000 generated model points, we foundOð10Þ
parameter points for NO and m1 ¼ 0.05 eV, which satisfy
the short-baseline constraints and provide a slightly better
fit to data, though none are statistically significant. Since
the combined fit to T2K and Noνa data leads to a small
preference for the inverted ordering [75], it is harder to
improve the fit in the IO case. Out of the 30,000 generated
model points for the IO, we found no points that provide a
better fit to data compared to standard oscillations.
To further illustrate the RG effects, especially their

dependence on the neutrino energy, we depict the electron
(anti)neutrino appearance probabilities at T2K (top) and
Noνa (bottom), in Fig. 7, for NO and m1 ¼ 0.05 eV. Red
and green curves correspond to the oscillation probabilities
for neutrinos and antineutrinos, respectively, at T2K, while
curves in shades of blue are constructed by adopting the
Noνa far detector baseline. The vertical bands indicate the
peak of the energy spectrum for each of the two experi-
ments. The left-hand panels depict the oscillation proba-
bilities for the benchmark point in our scan (denoted by
BP1),9 which best fits T2K and Noνa data (solid), com-
pared with the case where the mixing parameters are the
same at Q2

p but there are no running effects (dashed). The
lower part of each figure depicts the relative difference
between these two hypotheses. While the differences are
small, the relative differences are of order 10%, growing as
the neutrino energy grows due to larger accessible values of
the momentum transfer. The right-hand panels of Fig. 7

depict the case of a different benchmark point, denoted
BP2. BP2 is excluded by the short-baseline data.
Nonetheless, it serves to illustrate the possible impact of
RG effects on oscillation experiments and to highlight the
importance of the short-baseline experiments.
Figure 8 depicts the RG evolution of the relevant mixing

parameters for both benchmark points BP1 and BP2. The
left-hand panel depicts the values of the different param-
eters as a function of

ffiffiffiffiffiffi
Q2

p
, while the right-hand panel

depicts the ratio between each parameter atQ2 relative to its
value at Q2

p. For BP1 (solid), RG evolution yields few
percent-level changes in the values of oscillation param-
eters. Running effects are more pronounced in the case of
BP2 (dashed). The strongest effects are in running of θ12,
which is very strongly impacted by RG effects. This large
variation in θ12 disturbs all flavor transitions and induces
sizable zero-baseline effects as UðQ2

dÞU†ðQ2
pÞ strongly

deviates from unity. Hence, these points in model space
are strongly constrained by both short- and long-baseline
experiments. In general, we find that, when strong RG
evolution effects are present, they typically first appear in
θ12. It is well known [32] that the variation of θ12 relative to
the other mixing angles θ13 and θ23 is enhanced by the ratio
between atmospheric and solar mass-squared differences:
jΔθ12=Δθ13j; jΔθ12=Δθ23j ∝ jΔm2

31=Δm2
21j.10

FIG. 6. Biprobability plots—T2K on the right, Noνa on the left—for both mass orderings and the lightest mass set to 0.05 eV. The dots
indicate the three benchmark points in the standard case. These lie on their respective ellipses, obtained by fixing θ23 and Δm2

31 and
varying δ ∈ ½0; 2π�. The colored points represent different choices of the new-physics parameters and are indicative of typical RG effects
once zero-baseline constraints are included.

9For completeness and reproducibility, we provide the two
benchmark points discussed here. They can be obtained by using
Eq. (IV.7) with the parameters ðδ; α̃; β̃; ξ1; ξ2; ξ3; θ23;Δm2

31=
10−3 eV2Þ equal to (3.71,1.57,2.37,3.45,1.51,3.00,0.88,2.437) for
BP1 and (1.18,0.24,1.64,5.48,2.076,1.85,0.86,2.525) for BP2 (all
angles and phases are in radians).

10In our phenomenological discussions of RG-running effects
at T2K and Noνa, we did not highlight the fact that θ12-running
effects are largest. The reason is that long-baseline experiments
(and all other “high-energy” experiments, including measure-
ments of the atmospheric neutrino flux) have limited ability to
constrain the solar oscillation parameters, since, for the typical
energies associated with these setups, E=Δm2 is much larger than
the relevant baselines. While higher precision and more statistics
are expected at DUNE and Hyper-Kamiokande, these will also
have only limited ability to independently measure θ12.

BABU, BRDAR, DE GOUVÊA, and MACHADO PHYS. REV. D 105, 115014 (2022)

115014-14



Finally, since RG effects on short-baseline experiments
can be sizable, one may be tempted to search for explan-
ations to the LSND [5] and/or MiniBooNE [7,8] anomalies
using this framework. In particular, we found plenty of
points in model space with zero-baseline appearance
probability Pνμ→νe ≃ 10−3 at around Eν ≃ 0.4 GeV, hence
qualitatively in agreement with the oscillation interpreta-
tion of the MiniBooNE data. However, once constraints
from NOMAD and NuTeV are imposed, such points are
ruled out. This is mostly because RG effects are stronger at
larger neutrino energies. We will explore the short-baseline
phenomenology of this framework and variations thereof in
more detail in an upcoming manuscript.

B. Ultrahigh-energy neutrinos from the cosmos

Neutrino oscillation experiments are not the only way to
search for the RG running of neutrino mixing parameters.
In particular, RG effects grow with Q2 and the IceCube
experiment has detected neutrinos from extragalactic astro-
physical sources with laboratory energies up to the PeV

scale. This corresponds to
ffiffiffiffiffiffi
Q2

d

q
≃ 103 GeV, far above the

corresponding values accessible to terrestrial experiments
(see Table I). Here we argue that precise measurements of
the flavor composition of ultrahigh-energy (UHE) neutri-
nos at IceCube are also sensitive to the new-physics effects
discussed here.

FIG. 7. Oscillation probabilities as a function of the neutrino energy at T2K (upper) and Noνa (lower) including (solid) RG-running
effects or not (dashed). In the left-hand panels, the new-physics parameters are the ones that provide the best fit we found for the
combined T2K and Noνa data. In the right-hand panels, the new-physics parameters are strongly excluded by short-baseline constraints.
We assume the NO and the lightest neutrino mass is set to 0.05 eV. The vertical lines indicate the neutrino energies where the T2K and
Noνa spectra are largest. The bottom portion of each panel depicts the relative differences between oscillation probabilities with and
without RG-running effects.
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In Sec. VA, we focused on RG effects for m2
π ≤ Q2

d ≲
ð16Þ2 GeV2 and concluded that new-physics effects were a
perturbation over the standard expectation, particularly due
to constraints from short-baseline experiments. Here, we
will modify the RG-running conditions and assume that the

RG effects only take place for
ffiffiffiffiffiffi
Q2

p
≫ 16 GeV; i.e., the

new degrees of freedom have masses on the order of tens of
GeV. This assumption leads to no observable effects at
Solar System neutrino experiments but allows for poten-
tially strong effects on measurements of the flavor
composition of IceCube’s UHE neutrinos. For the purpose
of our calculations, we postulate that running starts atffiffiffiffiffiffiffi
Q2

p

q
¼ 16 GeV and the values of all the parameters atffiffiffiffiffiffi

Q2
p

¼ 16 GeV are consistent with existing constraints
from oscillation experiments. It is important to note that
UHE neutrinos are produced, for the most part, in the
decays of pions, muons, or perhaps neutrons so Q2

p is
usually around or below m2

π, independent from the neutrino
energy. Since the running only starts at the mass scale of
new particles, calculating the running from m2

π to Q2
d is

equivalent to setting the productionQ2
p to the mass scale of

new particles. As far as detection at IceCube is concerned,

we fix
ffiffiffiffiffiffi
Q2

d

q
¼ 103 GeV, for simplicity.

The IceCube Collaboration has released results [82,83]
on the flavor composition of astrophysical neutrinos, an
observable that is also one of the pillars of the forthcoming
IceCube-Gen2 upgrade [84–86]. The initial flavor compo-
sition (νe:νμ:ντ) of O (PeV) neutrinos (note that, here, we
do not distinguish between neutrinos and antineutrinos)
from astrophysical neutrino sources is uncertain due to our
poor knowledge of the nature of these sources and the
mechanism behind neutrino production. We will consider
several hypotheses. If the neutrinos are predominantly

produced in the decays of high-energy pions and in the
decays of the pion-daughter muons, the flavor ratios at
production would be (1∶2∶0) [87,88]. If, on the other hand,
muons from the pion decays lose most of the their energy
before decaying (e.g., due to interactions in a dense
medium [89]), their decay products are not very energetic
and the initial flavor composition would be (0∶1∶0)
[90,91]. If, on the other hand, neutron decays are the
dominant source of UHE neutrinos, only electron antineu-
trinos would be produced at the source: (1∶0∶0) [92]. It
turns out that neutron decays as the dominant source of
UHE neutrinos are disfavored at around the 68% CL by
IceCube data [82,83]. For completeness, one could also
consider a pure tau neutrino initial flavor composition
(0∶0∶1) [93–95] even if this is not expected to occur in any
known astrophysical environment.
Once produced, the propagation of neutrinos to Earth is

subject to neutrino oscillations. Given the very long base-
lines, it is safe to treat these neutrinos are incoherent
superpositions of mass eigenstates and the oscillation
probabilities at Earth are baseline independent. In the
standard three-neutrino paradigm, the probability of pro-
ducing an astrophysical neutrino of flavor α and detecting it
with flavor β, α; β ¼ e, μ, τ, is given by

Pνα→νβ ¼ Pνβ→να ¼ δαβ − 2
X
k>j

Re½U�
αkUβkUαjU�

βj�

¼
Xn
j¼1

jUαjj2jUβjj2: ð5:2Þ

In the presence of mixing-matrix running, these probabil-
ities are [96]

FIG. 8. Left: RG evolution of the mixing parameters for the two new-physics parameter points in Fig. 7. The solid (dashed) lines are
for the best-fit (strongly excluded) point. The vertical lines denote the peak value of

ffiffiffiffiffiffi
Q2

p
at T2K and Noνa. Right: RG evolution of the

mixing parameters, normalized by the respective values at Q2
p.
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Pνα→νβ ¼
X3
j¼1

jUαjðQ2
pÞj2jUβjðQ2

dÞj2; ð5:3Þ

where we again stress that mixing-matrix elements evalu-
ated at the Q2

p and Q2
d scales are potentially different. The

expected flavor composition at the surface of Earth is

Xβ ¼
X
α

Pνα→νβX
prod
α ; ð5:4Þ

where Xprod
α is the fraction of neutrinos of flavor α at

production.
Figure 9 depicts the flavor compositions in the ternary

plots that are often employed for this type of study [97,98].
Each panel corresponds to one of the production scenarios
discussed above. Green regions indicate the accessible range
in the flavor triangle for standard neutrino oscillations,

whereas blue scatter points represent different scenarios
with RG effects (RGE in the figure) included. The param-
eter-scan strategy is similar to the one discussed in Sec. VA
for both the standard scenario and the different new-physics
models. In all panels, the new-physics effects increase
the accessible region of the flavor triangle when compared
to the standard case due to the mismatch between production
and detection mixing-matrix elements. The most striking
effect can be seen in the upper right-hand panel, associated
with (1∶0∶0) (neutron decay source) at production. As we
discussed, while this type of production is disfavored by
present data in the absence of new physics, the situation is
different once RG-running effects are included; as can be
seen in the figure, there are plenty of blue points safely
located inside the 68% CL region.
For the preferred (1∶2∶0) and (0∶1∶0) scenarios, we

also depict, in addition to present constraints, the future
projections of IceCube-Gen2 [85]. The region defined by

FIG. 9. The relative flavor composition of UHE astrophysical neutrinos at Earth for different choices of the relative flavor composition
at the source. The green region corresponds to expectations from standard three-neutrino oscillations, while the blue scatter points
represent the potential effects of mixing-matrix running. Present limits from IceCube are shown as thick dashed (68% CL) and thick
solid (95% CL) lines. For pion-decay and damped-muon sources (left top and left bottom, respectively), we also show IceCube Gen-2
projections as thin dashed lines (68% and 95% CL). See text for details.
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the blue scatter points exceeds those regions significantly.
Hence, as the efforts in the field of neutrino astrophysics
lead to the discovery of point sources and illuminate the
neutrino-production mechanism, it will be possible to use
the flavor-composition observable to probe the presence
of RG induced new-physics effects with some precision.
Finally, we also consider the more general production
scenario in which the flavor composition is a generic
mixture of electron and muon neutrinos. Figure 10
depicts the flavor triangles for initial flavor ratios given
by ðx∶ð1 − xÞ∶0Þ, x ∈ ½0; 1�, where we scan over all
possible values of x ∈ ½0; 1�. As in Fig. 9, it is clearly
visible that mixing-matrix running may lead to strong
effects on the flavor composition at Earth. We can repeat
this exercise for a most general source of the type
ðxð1 − yÞ∶ð1 − xÞð1 − yÞ∶yÞ, x; y ∈ ½0; 1�. In this case,
we also find that running effects can land well outside
the region one can access in the context of the standard
scenario.
We conclude this subsection by summarizing the main

effects induced by the running of the mixing matrix:
(i) Even if the running of the mixing matrix starts at

energy scales higher than those accessible to Solar
System neutrino experiments, the impact on the
flavor composition of UHE neutrinos can be
quite large.

(ii) The main effect of the running is to enlarge the set
of allowed values for the flavor ratios at IceCube,
for all production mechanisms. A signature of this
scenario is the measurement of a flavor composi-
tion of the UHE neutrino flux that is inconsistent
with expectations from standard three-neutrino
oscillations.

VI. CONCLUSIONS

We considered, within the context of simple, ultraviolet-
complete models of neutrino masses, the effects of scale-
dependent lepton mixing parameters at neutrino oscillation
experiments. In this framework, the mixing matrix at
production and detection may be different, leading to rich
and novel phenomenological consequences. We identified
several robust experimental signatures of this framework,
including

(i) apparent mismatches between θ13 measurements at
reactor and beam experiments as well as apparent
mismatches between θ23 measurements in νμ dis-
appearance and νe appearance channels (this would
be the smoking gun signature of the framework
proposed in this paper),

(ii) new sources of CP-invariance violation,
(iii) zero-baseline flavor transitions νμ → ντ, νμ → νe

and νe → ντ,
(iv) apparent CPT-invariance violation in the form

Pðνα → ναÞ ≠ Pðν̄α → ν̄αÞ for α ¼ e, μ, τ.
Taking current experimental constraints from short-

baseline experiments into account, we showed that the
renormalization-group evolution of the mixing parameters
can induce observable effects at T2K, Noνa, and future
long-baseline neutrino experiments. As a complementary
probe to short- and long-baseline experiments, we also
scrutinized effects at neutrino telescopes, in particular,
those related to the flavor composition of ultrahigh-energy
neutrinos.
Observable effects of RG running of the leptonic

mixing matrix are a potential consequence of new,
relatively light degrees of freedom and new neutrino
interactions. As we demonstrated, the new interactions
may be restricted, mostly, to the neutrino sector and
hence are difficult to constrain outside of experiments
that involve flavor-resolved neutrino scattering. The
effects discussed here are qualitatively different from
the more familiar nonstandard neutral-current-like neu-
trino interactions, which often manifest themselves via
modified matter effects or new interactions that impact
neutrino production or detection. The latter, in particular,
may also be described using different leptonic mixing
matrices at neutrino production relative to neutrino
detection, but do not share the scale dependency of
the RG-running effects discussed here. New, light degrees
of freedom can also be directly produced in neutrino
scattering. These effects are complementary to what we
are discussing here and have been explored, rather
recently, in the literature.
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