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Virtual photon emission in leptonic decays of charged pseudoscalar mesons
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We study the radiative leptonic decays P — £v,'"¢'~, where P is a pseudoscalar meson and £ and ¢’
are charged leptons. In such decays the emitted photon is off-shell and, in addition to the “point-like”
contribution in which the virtual photon is emitted either from the lepton or the meson treated as a point-like
particle, four structure-dependent (SD) form factors contribute to the amplitude. We present a strategy for
the extraction of the SD form factors and implement it in an exploratory lattice computation of the decay
rates for the four channels of kaon decays (¢, ¢/ = e, u). It is the SD form factors which describe the
interaction between the virtual photon and the internal hadronic structure of the decaying meson, and in our
procedure we separate the SD and point-like contributions to the amplitudes. We demonstrate that
the form factors can be extracted with good precision and, in spite of the unphysical quark masses
used in our simulation (m, ~320 MeV and my ~ 530 MeV), the results for the decay rates are in
reasonable semiquantitative agreement with experimental data (for the channels where these exist).
Following this preparatory work, the emphasis of our future work will be on obtaining results at
physical quark masses and on the control of the systematic uncertainties associated with discretization and

finite-volume errors.

DOI: 10.1103/PhysRevD.105.114507

I. INTRODUCTION

The comparison of precise theoretical predictions for
flavor-changing processes, in particular those which are
suppressed in the Standard Model (SM), with experimental
measurements is a fruitful approach to searches for new
physics. For example, there have been experimental results
suggesting the violation of lepton flavor universality which
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is an important feature of the SM (see e.g., Refs. [1,2] and
references therein). In order to confirm the presence of new
physics and to elucidate its underlying structure it is
important to study as many such processes as possible.
In this paper we consider weak decays of the form
P — v, "¢, where £ and ¢’ are charged leptons, for
which the decay rates start at O(a2,).

For each decay P — £v,£"¢'~, the computation
of the decay rate requires the knowledge of four structure-
dependent (SD) hadronic form factors, that depend on the
invariant masses of the two leptonic pairs £v, and £'7¢'~ as
well as of the leptonic decay constant fp [see Egs. (1)-(5)
below]. The “point-like” (or inner-bremsstrahlung) contri-
bution to the decay rate, in which the virtual photon is emitted
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either from the lepton # or from the meson P treated as a
point-like particle, is readily calculable in perturbation
theory, requiring only the well-known value of fp as the
nonperturbative input. The SD form factors describe the
interaction between the virtual photon and the internal
hadronic structure of the decaying meson and their compu-
tation in lattice quantum chromodynamics is the subject of
this paper. This work is a natural extension of our detailed
studies and computations of isospin-breaking corrections to
leptonic decays [3-6] and to the calculation of leptonic
radiative decays of the type P — v,y where y is a real
photon [7,8].

Experimentally, only a few measurements exist. For the
pion, the only measured decay rate is for the process
zt = etv,et e, for which the Particle Data Group (PDG)
reports a branching ratio of (3.2 40.5) x 10™° [9]. For
kaon decays measurements of the (partial) branching ratios
have been performed by the E865 experiment at the
Brookhaven National Laboratory AGS for the decays
Kt = etyete”, KT = pfyete” and K — ety utp”
[10,11]. The branching ratios are found to be of O(1078).
For decays with an e™ e~ pair in the final state a lower limit
of about 150 MeV is imposed on the invariant mass of the
lepton pair. Without such a cut the branching ratio would be
dominated by the point-like contribution in the low e e~
invariant mass region which is of O(107%), so that the
relevant SD contribution would not be detectable. For D
mesons there are no data, while for B mesons there is an
upper bound on BR(B™ — ptv,utu™) of 1.6 x 1078 [12].

In this paper we present the general strategy for the
computation of the SD form factors and then implement
the procedure in an exploratory lattice simulation for kaon
decays, i.e., for P = K. The computation is performed
using a single gauge ensemble of Ny =2 + 1 + 1 flavors
of twisted mass fermions generated by the European
Twisted Mass Collaboration (ETMC) on a 323 x 64 lattice
with lattice spacing a = 0.0885 fm and with unphysical
light-quark masses such that the pion and kaon masses are
m, ~ 320 MeV and mg ~ 530 MeV. Further details of the
ensemble are given at the beginning of Sec. V. Our
method enables us to determine each of the four SD form
factors contributing to the amplitude with good precision,
and to study their dependence on the kinematic variables.
Using these form factors one can reconstruct separately all
the contributions to the branching ratios: the point-like
contribution, the SD one and that coming from the
interference between the two. There has been one previous
lattice study of these decays, in which a method was
presented and implemented to compute the branching
ratio for the decays K — £v,£'+¢'~ without separating the
point-like contribution and determining the SD form
factors themselves [13]. The exploratory computations
in Ref. [13] were performed on a single gauge ensemble
on a 243 x48 lattice with a=~0.093 fm and with

quark masses corresponding to m, ~352 MeV and

my ~ 506 MeV.'

In our computation and also that in Ref. [13], the kaon
mass is smaller than twice the pion mass, myg < 2m,,
so that there are no contributions of the form
K — nntv, — ¢v,y, with an on-shell zz£v, intermediate
state. With physical quark masses, contributions with such
an intermediate state are present in the region of phase
space in which k* > 4m2, where k is the four-momentum
of the virtual photon. This leads to finite-volume effects
which decrease only as inverse powers of the volume and
not exponentially [14—16]. This effect is particularly
important for the decays of heavy mesons, where there
are many more possible on-shell intermediate states. This
issue, together with a complete study of all the systematic
effects (due to discretization, finite volume and unphysical
quark masses) will be the subject of our future studies.

For kaon decays, in addition to the lattice results from the
computations reported here and in Ref. [13], theoretical
information about the form factors comes from chiral
perturbation theory (ChPT), which has been used at
next-to-leading order (NLO) to estimate their values and
their contribution to the branching ratios [17]. It is worth
noting that at NLO in ChPT the form factors are constants,
i.e., independent of the kinematical variables. In spite of the
unphysical quark masses used in our simulation it has been
interesting and instructive to compare our results with those
from experiment (where available) and from NLO ChPT, as
well as with those from Ref. [13]. Perhaps surprisingly, as
can be seen from Tables IV-VII below, the results are
generally in reasonable semiquantitative agreement but
with some differences. In particular we speculate that the
form factor H, defined in Eq. (5) may have to increase by
0(20%) in order to get precise agreement with the
experimental data (although there are also discrepancies
in the experimental determination of H; from different
decay channels). It will be important therefore, after this
successful exploratory computation, to focus our future
work on controlling and reducing the systematic uncer-
tainties in order to obtain robust results at physical quark
masses and in the continuum and infinite-volume limits. It
will then be interesting to see whether the form factor H,
will indeed change or whether there will be a different
explanation for the differences between the experimentally
observed rates and our current results.

For heavy mesons ChPT does not apply, and the one
theoretical prediction was presented in Ref. [18] for B
decays, where a vector meson dominance model has been
used. The prediction for the B — yu*w,u"pu~ branching
ratio of Ref. [18], however, is almost 4 times larger than the

'After the original version of this paper was posted on the
arXiv, the authors of Ref. [13] updated their results. The values
reported in Tables IV-VII below correspond to the updated
results.
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experimental upper limit obtained in Ref. [12]. It is there-
fore clear that a nonperturbative, model-independent lattice
evaluation of the SD form factors is required.

The plan for the remainder of this paper is as follows. In
Sec. II we define the hadronic tensor and the form factors
into which it is decomposed. These are the main target of
our lattice calculation. This is followed in Sec. III by an
explanation of how the hadronic tensor can be determined
from lattice computations and in Sec. IV by the presen-
tation of our strategy for extracting the four SD form factors
from the hadronic tensor. In Sec. V we present the details of
the numerical computation of the SD form factors and in
Sec. VI we use these form factors to compute (partially)
integrated branching ratios for the four channels of kaon

. + oty yty- + gty etem +
(eii?/aiie‘ Iind Ke+ U—iﬂﬂfy ’,uﬁf‘ Weﬂ alf:()e ceon,lparlg our

e H *

results to the experimental measurements (where these
exist) and to the predictions of ChPT. We present a
summary and our conclusions in Sec. VII. There are two
appendixes. In Appendix A we collect the formulas used to
obtain the branching ratios from the form factors for the
two channels in which £ # ¢’. The corresponding formulas
for the other two channels, i.e., when # = ¢’ are too lengthy
to present here, but are available from the authors upon
request. In Appendix B we discuss the nontrivial limit of
the relevant lattice correlation function as the four-momen-
tum of the photon, k, goes to zero, k — 0. This is a key
element in the subtraction of the point-like term from the
hadronic matrix element, which itself is a necessary step to
extract each of the SD form factors.

II. THE HADRONIC TENSOR IN MINKOWSKIAN
AND EUCLIDEAN SPACE-TIME

At lowest order in the electroweak interaction, P™ —
[Ty, I'TI'~ decays are obtained from the diagrams depicted
in Fig. 1. If [ = I, we also need to consider the diagrams
obtained by interchanging the two identical charged lep-
tons. The diagram in Figure 1(b) can readily be computed
in perturbation theory, with the meson decay constant as the
only required nonperturbative input. In Fig. 1(a) the

-

l+
P+

4]

(a)

FIG. 1.

nonperturbative hadronic contribution to the matrix
element factorizes, and is encoded in the following tensor:

Hy (k. p) :/d4xe””<0|T[J’e’m(X)J€v(0)]IP(P)% (1)

where k = (E,,k) is the four-momentum of the virtual
photon and p = (E,p) is that of the incoming pseudoscalar
meson P. The meson and photon energies satisfy E =

\/m% +p* and E, =V k* + k*. The two operators

Jem(x) =Y appp (07w ()
7

Ty (x) = Ty (x) = T4 (x) = wp(x) (" = rrs)wy(x).  (2)

are respectively the electromagnetic hadronic current and
the hadronic weak current expressed in terms of the quark
fields y  having electric charge g in units of the charge of
the positron; y; and v, indicate the fields of an up-type or
a down-type quark. In Eq. (2) we have written the weak
current, J§,, corresponding to a positively charged meson
P, for a negatively charged meson we make the replace-
ment D < U.

The hadronic tensor can be decomposed into form
factors which are scalar functions encoding the nonpertur-
bative strong dynamics. Following Ref. [19], we write

HYy = Hy + Hyp, (3)

(2p —k)*(p = k)"
(p=kP=mp |’

Hy = fp|g" - (4)

Hy [(k-p = k)K= k2 (p — k)]
mp (p—k)*—mp

H

Hi% = L (g — k) +
mp

v FA 2 v v

< (p =)+ 2 (ke p= ) = (p= kK]

F
- im—‘;eﬂ”“ﬂkap/,. (5)

4]

(®)

Diagrams representing the virtual photon emission from the meson (a) and from the charged lepton (b), contributing to the

process P — [Tv,IT1I'~. We work in the electroquenched approximation in which the sea quarks are electrically neutral so contributions
from disconnected diagrams are neglected (see Fig. 3 and the corresponding discussion).
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With this decomposition we have separated the point-like
contribution to the hadronic tensor from the structure-
dependent one. The former depends only on the meson
decay constant and is obtained by assuming a point-like
meson. The SD contribution describes the interaction
between the virtual photon and the hadronic structure of
the pseudoscalar meson. The SD form factors, H,, H,, F
and Fy, are scalar functions of k*> and (p — k)2. Note that,
compared to our earlier work [see for example Eq. (B4) of
Ref. [19] or Eq. (3) of Ref. [3]], we have modified the
definitions of H;, by a factor of mp and introduced the
denominator (p — k)? — m3 in the factor multiplying H.,.
In these earlier papers we were studying radiative correc-
tions to leptonic decays with a real photon in the final state
for which the form factors H , do not contribute. With the
definitions in Eq. (5) all four form factors are now
dimensionless and finite in the infrared limit. The main
goal of this lattice study is to compute the SD form factors
in order to reconstruct the full matrix element and sub-
sequently the branching ratio for the decay. We do this in a
way which separates the point-like contribution from that
which depends on the hadronic structure.

In order to show how the hadronic tensor can be
extracted from Euclidean correlation functions it is useful
to express HYy, (k, p) in terms of the contributions coming
from the two different time orderings. By inserting a
complete set of intermediate states we obtain the contri-
butions from the two separate time orderings [7, < O and
t, > 0, where x = (7,,x)] as

(0175 (0)Ins) (| Tem (0) | P(p))

Hip (k.p) = = .E_k (E, + E, — ) ’
(7)
st =i 3 OOOIFED

n:p,=k

and the sums over the intermediate states implicitly include
the phase-space integration. The states |n,) have the same
flavor quantum numbers as the initial meson P, while
the states |n) have zero additive flavor quantum numbers.
For example, if we consider the decay of a K* and
JY =5r(1—y°)u, then the |n;) have strangeness
§ = —1 and the |n) have S = 0.

Lattice correlation functions can only be computed in
Euclidean space-time, and thus we have to translate the
Minkowski Green function to the corresponding Euclidean
one. By making the naive Wick rotation t — —it we obtain
the Euclidean expression

H (k. p) = —i / x5 (O[T [ ()75 ()] P()).

©)
As before, we insert a complete set of intermediate

states and obtain contributions from each of the two time
orderings:

Hy (k. p) = Hy, (k. p) + Hy, (k. p). (6)
here HE (K p) = HE (ko p) + HiS(kp), (10)
|
v ” (E,+E, —E
HEkep) = =i > (OOl O P(p) [ 55, (1
ny: pnf=p—k —
+0o0
Higy(kop) = =i D {01 ew(0)[m) ) J3,(0 )IP(P)>/ dt, e”EEy). (12)
n: p,=k 0
If the conditions
E,+E, —E>Q0, (13)
E,-E, >0, (14)
are satisfied, the time integrals converge and we have
mE= i Y (0% (0)lns) (s Vem (0)[P(P)) 3 (01/em (0)|m) (|75, (0)|P(p)) (15)
E — .
nyt py=p—k E,+E, —E ni po—k En-E,

114507-4



VIRTUAL PHOTON EMISSION IN LEPTONIC DECAYS OF ...

PHYS. REV. D 105, 114507 (2022)

If the inequalities (13) and (14) are satisfied then the Wick
rotation leaves the hadronic tensor (1) unchanged, and thus
the lattice calculation with Euclidean time can be done
without particular difficulties. In such situations, the ie in the
second line of Eq. (8) is also unnecessary. On the other hand
for external momenta such that the inequalities (13)—(14) are
not satisfied the time integrals in Euclidean space-time
diverge at large 7. The above is a consequence of the
analytic structure of the 7 product in Eq. (1): the presence of
singularities (poles or cuts) in Minkowski space can prevent
the possibility of making a naive Wick rotation. The presence
of such singularities implies the existence of intermediate
states with energies which are smaller than the external ones
resulting in integrals over 7, which grow exponentially with
the upper limit of integration. The conditions (13) and (14)
correspond to the requirement that the internal states con-
tributing to the correlation function all have energies larger
than that of the external states (see Ref. [20] for more details).

In the above discussion we have not specified what
the pseudoscalar meson P is but in this paper we apply the
formalism to the decays of a kaon. For 7, < 0, i.e., when the
electromagnetic current is inserted before the weak oper-
ator, the internal lightest state is given by a kaon with
spatial momentum p — k, and it can be readily shown that
the condition (13) is satisfied for every choice of the
external momenta p and k. On the other hand, for 7, > 0,
i.e., when the weak current is inserted before the electro-
magnetic one, the lowest-energy internal state is given by
two pions with the same spatial momentum k as the virtual
photon. Thus the condition (14) is satisfied only for k* <
4m?2 and for larger photon virtualities the correlator in
Euclidean time is divergent. On a finite spatial lattice the
spectrum of states |n) is discrete and so there is only a finite
number of states with k> > 4m2 and in practice the number
of such states is small and the terms with the exponentially
growing exponentials can be explicitly subtracted, thus
extending the validity of the method beyond the region
k?> < 4mZ. The remaining issue is then the correction for
the nonexponential finite-volume effects (analogous to
those corrected by the Lellouch-Liischer factor in K —
zrr decays [14]). We postpone a discussion of this issue to a
future publication and for now we restrict our analysis,
presented in Sec. V, to kaon decays with an unphysical pion
mass such that mg < 2m,. Thus, two-pion internal states
are always heavier than the external states and so conditions
(13) and (14) are both satisfied.

Now that we have discussed the analytic continuation to
Euclidean space-time, we proceed to the presentation of our
strategy for extracting the SD form factors from suitable
three-point lattice correlation functions.

III. THE HADRONIC TENSOR FROM LATTICE
CORRELATION FUNCTIONS

The principal ingredient in evaluating the decay ampli-
tude on a Euclidean lattice, with finite space-time volume
V = L3 x T, is the correlation function

MYy (1 t:k.p) = T (0Ten (1. K)P(0.P)) 1. (16)

where (...);; denotes the average over the gauge field
configurations at finite L and 7. Note that in Eq. (16) we
have placed the interpolating operator f’(O, p) at time 0 and
the weak current Jy,(¢) at time z. The three operators in
Eq. (16) are as follows:
(i) P(0,p) is the spatial Fourier transform of the inter-
polating operator for the decaying pseudoscalar
meson at time ¢ = O:

P(0.p) =) "e?P(0.2), (17)

Z

where P(0, z) = iwy(0,2)7s5wp(0,z) for a positively
charged meson or P(0, z) = iwp(0,2)yswy(0,z) for
a negatively charged one and y; ,, indicate the fields
of up-type and down-type quarks respectively. In this
paper we study kaon decays so U = u and D = s.
(i) The renormalized hadronic weak current, J%,(7) =
JY (1) — J4 (1) is placed at a generic time 7 and at the
origin in space. The vector and axial currents, J% (7)
and J%(r) respectively, satisfy the continuum Ward
identities (up to discretization effects). In the twisted-
mass discretization of the fermionic action [21], the
vector and axial-vector currents we use are given by

Iy (1) = Zayp () wy (1),
Ju(t) = Zypp()rysyu(x), (18)

for a positively charged meson or their Hermitian
conjugates for a negatively charged one, where Z,
are the renormalization factors ensuring that the Ward
identities are satisfied.”

(iii) The electromagnetic current, J&,(z,, X), is defined by

(o) = Y gpi(eex). (19)
f

where f is the flavor index and the charge g1 is equal to
2/3 for up-type quarks and to —1/3 for down-type
quarks. A possible choice for the lattice electromag-
netic current is the local operator J’;(tx,x) =
Z8°q(t,.%)r"qs(t,.x), where Z\* is the finite re-
normalization constant of the vector current
(Z'9¢ = 7, with twisted mass at maximal twist). We
choose instead to use the exactly conserved lattice
vector current which with twisted-mass Fermions at
maximal twist is given by3

*Note that the renormalization factors to be used in twisted
mass at maximal twist are chirally rotated with respect to those of
standard Wilson fermions [22]. This is a consequence of the fact
that the up-type and down-type quark fields in the action are
discretized with opposite values of the Wilson parameter.

*With twisted boundary conditions we use the corresponding
conserved current given by Eq. (B10) of Ref. [7].
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i”fJ’S -

7109 = {0 27

U;t (x)l//f(x + ﬁ) - li/f(x + ﬂ)

L g, s o) (20)

In Eq. (20), U, (x) are the QCD link variables and r, = £1 is the Wilson parameter of the flavor f [23]. The spatial

momentum k of the current is assigned by defining

Tim(ted) = e ® 2 I (1, x). (21)

In order to obtain the decay amplitude, we need to integrate M (t,, ;k,p) over t,, as seen for example in Eq. (1). To this

end we construct the function

T
C"fll//(t’ Eyvkvp) = _ZG(T/z - t) Z(Q(T/z - tx)eEytx + g(tx - T/z)e_EAT_IX))MI‘:{//(txv t;k,p)
=0
T
—i0(t=T/2) > (0(T/2 = t,)e~Br + 0(t, — T/2)e BT ) MYy (1. t:k. p). (22)
t,=0

On a lattice with a large but finite temporal extent 7, the
required matrix element can be obtained from the first term
in the top line of Eq. (22). This is illustrated in the left-hand
diagram of Fig. 2 and it should be remembered that ¢, can
also be larger than ¢. The second term in the second line of
Eq. (22) represents the time-reversed process (we discuss
the properties of the matrix elements under time reversal at
the end of this section) and is illustrated in the right-hand
diagram of Fig. 2 and again it should be remembered that ¢,
can also be smaller than ¢. The second term in the top line of
Eq. (22) represents, on a periodic lattice of finite temporal
extent, the ordering where the electromagnetic current acts
at an earlier time than the meson source that, in the
reduction formula to create an initial meson state, should
be asymptotically far in the past. Indeed, the contribution of
this term disappears in the limit 7 — oco. On the lattices
used here however, we have found that its inclusion
corrects sizable finite 7 effects and improves the quality
of the numerical fits of C};/ (1, E, .k, p). Similarly, the first
term in the second line of Eq. (22) represents, for the time-
reversed process, the electromagnetic currents acting at a

time

N

time larger than the meson source. Its contribution also
disappears in the infinite-7" limit, but its inclusion improves
the quality of the fit of Cy/ (1, E, .k, p).

Figure 3 contains two diagrams presented to illustrate
two important points concerning our numerical calculation
of the correlation functions and of the form factors. The
diagram in the left panel shows a quark-disconnected
contribution to the correlation function originating from
the possibility that the virtual photon is emitted from sea
quarks. In this paper we use the so-called electroquenched
approximation in which the sea quarks are electrically
neutral. In practice this means that we have neglected the
contributions represented by the diagram in the left panel of
Fig. 3. We note that the contribution of these diagrams
vanishes in the limit of exact SU(3) flavor symmetry.

The quark-connected diagram in the right panel of Fig. 3
is shown in order to explain the strategy we have used to set
the values of the spatial momenta. We have exploited the
fact that by working within the electroquenched approxi-
mation it is possible to choose arbitrary values of the spatial
momenta by using different spatial boundary conditions for

T4 () Ji(t. k) P(0,p)

NIl
~ 4
—~
8

FIG. 2. Schematic diagrams representing the correlation function Cyy (7, E, k.p) used to extract the form factors; see Egs. (16) and
(22). The interpolating operator for the meson P and the weak current Jy, are placed at fixed times 0 and 7 and the electromagnetic
current J,, is inserted at 7, which is integrated over 0 < 7, < T, where T is the temporal extent of the lattice. The left and right panels

correspond to the leading contributions to the correlation functions for r < 7'/2 and ¢ > T /2 respectively, with mesons propagating with

momenta p or p — k.
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Jem

2T .
T 00 Jem 2_7( Ht
L

P Jw

FIG. 3. The diagram on the left represents the contributions to the correlation functions arising from the emission of the photon by the
sea quarks. In our numerical simulations we work in the electroquenched approximation and neglect such diagrams. The diagram on the
right explains our choice of the spatial boundary conditions, which allow us to set arbitrary values for the meson and photon spatial
momenta. The spatial momenta of the valence quarks, modulo 27z/L, in terms of the twisting angles are as indicated. Each diagram

implicitly includes all orders in QCD.

the quark fields [24]. More precisely, we set the spatial
boundary conditions for the “spectator” quark such that

w(x +nL) = exp(2zin - 6y (x), (23)

where 7 is a three-vector of integers and 0 is a three-vector
of angles. For the temporal direction we employ antiperi-
odic boundary conditions. For each quark flavor f, we
impose different boundary conditions on g and g, the two
component fields of J?. This is possible at the price of
accepting violations of unitarity that are exponentially
suppressed with the volume [25,26]. By setting the boun-
dary conditions as illustrated in the figure we have thus

e~"E=E)(P|P|0)

H(k.p) +O(t - T/2)

been able to choose arbitrary (nonquantized) values for the
meson and photon spatial momenta

27 2w
P:f(ao—as)» sz(ao—at), (24)

by tuning the real three-vectors 6, ;. We find that the most
precise results are obtained with small values of |p| and in
particular with p = 0.

In order to show that it is possible to extract the hadronic
matrix element in Eq. (1) from the function in Eq. (22) we
perform a spectral decomposition of Cy/ (7). On the
assumption that the inequalities in Egs. (13) and (14) are
satisfied, we derive the relation

e~T=DE=E)(0|P|P)
2E

[Hy (kp)] +--- (25)

where HYy (k,p) is the physical matrix element defined in Eq. (1) and the dots represent the subleading exponentials,
suppressed as e 2E" or eAE(~") where AE can be either E, + E, — E or E, — E,. We also see that when 7 > T/2 the
correlator represents the time reversal of the original process. It is useful to note that, in order to separate the axial and vector
form factors, it is enough to separately compute the correlation functions corresponding to the vector, C}/ (1, E, k.p), and
the axial, C’g”(t, E},,k, p), components of the weak current. Moreover, from the properties

[HY (k. p)]" = HY (k.p).  [HY (k. p)]" = =HY/ (k. p) (26)

we deduce the following properties of the corresponding correlation functions under time reversal:

CY(T =1, T/2,E, . k,p) = C(1,T/2,E,.k,p),  C¥(T—1,T/2E, kp)=—-Ci(t,T/2,E, k.p). (27)

We use these time reversal properties of the lattice correlators, to either symmetrize or antisymmetrize the correlators
between the two halves [0, 7/2] and [T'/2, T| of the lattice and then we will work just within the first half of the lattice time
extent, defining

2F

HY (t,k,p) = —————
L) T iR

CU(1.E, k.p) = Hiy(kop) + - (28)
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where the subscript L stands for “lattice” and the ellipsis
represents the subleading exponentials. In addition to
decreasing the statistical error, averaging the correlation
function between the two halves of the lattice in this way
ensures O(a) improvement, i.e., the reduction of the
discretization errors to ones of O(a?).

In this section we have shown how to obtain the hadronic
tensor from lattice correlation functions and we now
proceed to discuss the extraction of all the structure-
dependent hadronic form factors.

IV. EXTRACTION OF THE STRUCTURE-
DEPENDENT FORM FACTORS

As already stated above, the axial and vector parts of the
hadronic tensor can be evaluated separately in order to
determine the corresponding form factors. In our numerical
study we choose the meson to be at rest, p =0 (the
correlation functions are less noisy in this case) and the
spatial momentum of the photon to be in the z direction,
k = (0,0, k,). The form factors depend on two independent
variables which can be chosen to be the invariants k2, where

k is the four-momentum of the photon, and ¢*> = (p — k).
In Sec. V we present our results in terms of the dimension-
less variables x; and x, defined in Eq. (43) in terms of k?
and qz. In this section however, in which we discuss the
extraction of the form factors from correlation functions
computed in the frame defined above, it is more transparent
to present the discussion with k> and k. as the independent
variables, together with the energy of the photon E, given
by E2 = k* + k2.

In the rest frame of the meson and withk = (0,0, k), the
only nonzero elements of the vector component of the
hadronic tensor, HY/, are H\? and H3' which are related to
the vector form factor Fy by

H? = —H¥ = iFyk.. (29)

The axial component of the hadronic tensor, H%, is
parametrized by the SD form factors F4, H; and H,, and by
the meson decay constant fp. In the reference frame
defined above, the nonzero elements of H"’ are given by

k2 K(mp—E k2 2m% — mpE, + k2
1LI940:—1L11—Z—1‘127Z< z y2>_FA_Z+fP P_—TF . (30)
mp 2mPE}, —k mp 2mPE}/—k
HO — _g E k. kZ(EJ% — k2) ~ (mp — E},)kZ B k,(2mp — Ey) (31)
A T 1 2 2 A P PR
mp 2mpEJ,—k mp 2mpE7,—k
E k k.E - E k.E k —E
HY = —H, =1 — H, = y(mp 21/)+FA 21, (mp yz)’ (32)
mp 2mPE},—k mp 2mPE],—k
2 E, k? E,(mp—E,) E,(2mp —E,)
HiS__Hl_V_i_sz rhz 2_FA y\""'p Y _fP Y P ;, ’ (33)
P mPE},—k mp 2mPEy—k
k> mpE, — k?
H! —szz—Hl——FAM—fp. (34)
mp mp

Here and in the following we use continuum notation for the four-vectors but in lattice computations, in order to reduce
the discretization uncertainties, the energy and momentum carried by the electromagnetic current should be understood by

the following replacements:

where k. and Vk? are the continuum, physical values for
the photon’s spatial momentum (which here is directed
along the z axis) and for the photon’s virtuality respectively.

To determine the SD axial form factors from knowledge
of the nonzero components of H’’, it is necessary to
subtract the point-like terms proportional to fp. From the

2 k 2
() e

(35)

e ()]

previous equations, it follows that the point-like terms
become dominant in the infrared limit, Xk — 0, where the
SD part of the hadronic tensor vanishes. This is expected,
since soft photons cannot probe the internal structure of the
meson. However, this poses the problem for the numerical
evaluation of the SD form factors at small k%, that O(a?)
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discretization effects in the subtraction of the point-like
contribution result in enhanced artifacts in the determined
values of the SD form factors. Moreover, these artifacts
diverge as k — 0. This problem has already been encoun-
tered in our previous work on P — £,y decays [7], where
it was found that performing the subtraction using the value
of fp extracted from two-point correlation functions results
in unphysically large values of F, in the soft-photon limit.
In the same paper, we proposed a solution to this problem.
We showed that by exploiting the electromagnetic Ward
identity in the lattice theory, the subtraction of the point-
like contribution can be performed nonperturbatively to all

H} (k. k*) = H} (k.. k) — H}(0.0)

3 e
H) (k.. %) = H}! (k.. K*) = H}!(0.0) = —H, —

mp

E},(2mp - EJ/)
2mpE, — k*

orders in the lattice spacing, thus avoiding infrared-diver-
gent lattice artifacts in the resulting SD form factors. In
particular, we demonstrated that, for the diagonal spatial
components of the lattice correlation function, which are
smooth in the limit k — 0, this can be achieved by using the
values of fp obtained from the same components evaluated
at zero photon momentum [7].

A similar situation also occurs when the final-state
photon is virtual, albeit in this case the lepton masses
provide an energy-momentum cutoff for the photon.
Proceeding in a similar way, we define the subtracted
quantities for the diagonal components as follows:

- _H ﬁJrH E}’ikg_ E,(mp — E))
lmp 22mpEy—k2 A mp ’
mpE, — k?
FAM. (36)
mp

Unfortunately the same procedure cannot be used for the other components. The reason for this is that, in the limit £ — 0,
the “excited” state consisting of a meson P with momentum —k and a photon with energy E, becomes degenerate with the
“ground” state of the meson P at rest. In the k — 0 limit, the off-diagonal components, C3” and C® go to zero; the
contribution of the P + y state cancels that of the ground state (we refer to Appendix B for a detailed discussion on this
point). These components at zero photon momentum cannot therefore be used to subtract the contribution proportional to
fp. Instead we define a linear combination of the two off-diagonal components, which in the continuum cancels the point-

like term proportional to fp; that is

3,0 mp — E
e ) = 0 ) = ) (e

We have verified that the difference in Eq. (37) does not
give rise to enhanced unphysical infrared effects from the
residual discretization errors. In the present study of K —
Iy, I'TI'~ decays, as mentioned above, we have an infrared
cutoff on the photon virtuality k%, given either by the non-
negligible muon mass or by the experimental cut on the
two-electron invariant mass m,, = VK2 > 145 MeV [10].
Above these cutoffs we observe a smooth behavior
of the form factors as a function of the photon’s momen-
tum without any anomalous increase in the infrared
region.

Ek,
! 2mp - EJ/

kz(mP - E}/)
2 2mp -F

kZmP
2mp — EJ/ ’

LF, (37)

4

An alternative possibility, one which we have not
explored in this study, would have been to compute the
correlation function with the meson in motion (p # 0) and
to use different components of the correlation functions to
extract the form factors.

Once we compute three independent linear combinations
of the three axial form factors using lattice QCD, the form
factors themselves are obtained by inverting the matrix of
coefficients. Specifically, our estimators of the axial form
factors, H,(t,k* k.), H,(t,k* k,) and F,(t,k* k), are
obtained from the axial component of the lattice tensor
HY"\(t.k) = H} 4 (1. k. 0) of Eq. (28) as follows:

E,k, k. (mp-E,) k.mp -1

H (1, k2, k) T2mp=E,  2mp=E, 2mp—E, Hf.ﬁ](t’ k)
~ E2+K? E, K2 E2-2E,mp+k> ~ -
Hy(t.k, k) | =2(t)| -5 Fp g HP (1K) + HIy (1. k) (38)
Fa(t i, k) A (0K) = I}, (1. 0)
mp 2E,mp—k mp
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where Z(1) is the factor relating the matrix element of the
bare local axial current, for a meson at rest, barem p, to the
corresponding physical matrix element [up to terms of
O(a?)]. With twisted-mass fermions at maximal twist there
is an exact partially conserved vector current relation which
ensures that the physical decay constant can be obtained
from two-point correlation functions of bare local pseudo-

scalar operators [27,28]; this is denoted here by ff,pt. Thus
2pt ) f2pt
Z(t) =L = 39
N N RN B

and at sufficiently large ¢, Z(z) is 1ndependent of t We
recall that the diagonal components H A and H}! LA are
defined in Eq. (36) after the subtraction of the point-like
contributions proportional to H3’ (1,0) = H}', (1,0) =
HP, (1,0).

At large times 7/a > 1 but with #/a < T/2, the estima-
tors H,(t,k*, k), H,(t, k*, k,) and F (¢, k>, k), tend to the
corresponding form factors. In the limit k, — 0, two of the
components of the vector on the right-hand side of Eq. (38),
Hfﬁl(t, k) and H33,(1, k) — H}', (2, k), both go to zero for
all values of k?; see Egs. (31)—(37). This fact can be used to
define equivalent estimators of the form factors, obtained
by making the following replacement(s) in Eq. (38):

HY (1, k) » HY Y (0.k) = HYD (1, (Vi2,0) (40)

and/or
FI?A(" k) — HIL]A(t k)_’(H A (2,K)
~HP\(1.(VI.0))) mzw>ﬂmcﬂ%m

(41)

The correlated subtraction of the contribution coming from
the kinematic point with the same value of k> but zero
photon spatial momentum k,, can reduce the statistical
noise of the estimators and improve the corresponding
plateaux and below we use this freedom to improve the
resulting accuracy. The amount of improvement depends
on the kinematic point and on the form factor being
considered.

Finally, for the vector form factor Fy, we define the
following estimator:

Hpy(1.k) = Hpy (1. k)
2ik, ’

Za

Fv<t, k2, kz) - Z
\4

Z(1)

(42)

which again for f/a > 1 and t/a < T/2 tends to Fy. The
ratio of the axial (Z,) and vector (Zy) renormalization
constants is needed to obtain the properly renormalized
value of Fy when using twisted-mass fermions.

Having explained our procedure for extracting the SD
form factors from three-point lattice correlation functions,
we now proceed to presenting our numerical results.

V. NUMERICAL RESULTS FOR THE FORM
FACTORS

In this section we implement the procedure developed in
the preceding sections to study K — Zv,'T¢'~ decays
numerically. The simulations have been performed on the
A40.32 ensemble generated by the ETMC [3] with N, =
2 4+ 1 + 1 dynamical quark flavors, a space-time volume of
323 x 64 and a lattice spacing of a = 0.0885(36) fm. The
analysis was performed on 100 gauge configurations. The
light quarks are heavier than the corresponding physical ones
and correspond to m, ~ 320 MeV and mg ~ 530 MeV. We
used smeared interpolating sources for the kaon field,
obtained applying 128 steps of Gaussian smearing with
step-size parameter € = 0.1. Moreover, we used four sto-
chastic sources on each time slice when inverting the Dirac
operator. On this ensemble the values of the two renormal-
ization constants are Z, = 0.731(8) and Z,, = 0.587(4) [3].
The statistical analysis of the lattice data has been performed
employing the jackknife resampling method in order to
properly handle autocorrelation effects and cross correlations
among the different form factors in the computation of the
branching ratios.

Below we will compare our results for the form factors
and branching ratios with those determined in experiment
[10] and chiral perturbation theory. While these compar-
isons are interesting and instructive, it must be remembered
that our computations were performed with unphysical
quark masses, at a single value of the lattice spacing and on
a single volume.* Until the corresponding systematic
uncertainties are studied in the future, the comparison with
the experimental measurements may be indicative, but
cannot be considered definitive.

As already outlined in Sec. III, we used twisted boundary
conditions in order to evaluate the hadronic tensor for a
range of values of the photon’s spatial momentum k. To
probe the region of the phase-space relevant for the four
K — ¢v "¢~ decay channels, with #, &' = e, u, we
evaluate the Euclidean three-point functions C*(t, E,. k. p)
for 15 different values of (E,, k), with k = (0,0, k.), and
restricte our analysis to the kaon rest frame p = 0. We find
it convenient to parametrize the phase space in terms of the
two dimensionless parameters x; and x,, defined as

/k2 /q2
X = m—%(, xq = m_%(’ (43)

*We also compare our results with a previous lattice compu-
tation [13], which was performed on a 243 x 48 lattice with a =~
0.093 fm with quark masses corresponding to m, ~ 352 MeV
and mg ~ 506 MeV.
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FIG. 4. The shaded area represents the range of allowed
physical values of (x;, x,) when neglecting lepton masses, so
that 0 < x; < 1 and 0 < x;, < 1 —x;. The points correspond to
the 15 choices of (x;, x,) used in this analysis.

where ¢ is the four-momentum of the lepton-neutrino pair
created by the weak Hamiltonian. In terms of x; and x, the
photon’s four-momentum, (E,,0,0, k) (in the kaon’s rest
frame), is given by

m
Ey:TK(l—l-x%—xé),

mg 2 2\2 2.2
k, = > (1 —x; —xq) — dxixg. (44)

The range of values of x; and x, is given in terms of the
lepton masses, m, and m,, by
2m,g/

m m
L <x, <1 -x, <x <1-—2,  (45)
mg mg mg

so that the phase space has a triangular shape in the
Xi-x, plane.

In Fig. 4 we show the positions of the 15 simulated
kinematic configurations, which we take as equally spaced
in the x;-x, plane. For completeness, the corresponding
numerical values of x; and x, are reported in Table I. It
should be noted that our computations are limited to
x; > 0.28. This choice is appropriate to describe both
the cases in which a ™ or a ete™ pair is produced in
the radiative decay of the kaon. Indeed, in the first case the
lowest allowed value of x; is given by 2m, /mg =~ 0.428,
while for decays in which an ete™ pair is produced,
although very low values of x; are kinematically allowed,
the experimental branching ratios have been determined

TABLE L

with values of the electron-positron invariant mass vk> >
145 MeV  (x; > 0.294) for K* — ptv,ete”  decays
and V&2 > 150 MeV (x, > 0.304) for K+ — etv,ete™
decays [10].

In Figs. 5-7, we present the estimators H,(t,x;,x,),
Hy(t, x4, x,), Fa(t,x;,x,) and Fy(t,x;,x,) for selected
values of x; and x,. In each figure, the shaded region
indicates the result of a constant fit in the corresponding
time interval. Figures 5 and 6 illustrate the feature that for
kinematics corresponding to small values of k, (i.e., when
X4+ X, = 1) the estimator of the axial form factor F,
becomes somewhat noisy leading to increased uncertainties
in its determination. On the other hand, for other values of
(Xg» xq) and for all other form factors, the precision
achieved is very good and typically of the order of
5-10%. To check the stability of our numerical results,
we verified that the values of the form factors remain
consistent within errors by changing the time interval
adopted for the fits by a few units.

In order to evaluate the decay rate, we fit the lattice form
factors, using two different Ansdtze to describe their
dependence on x; and x,. The first is a simple polynomial
in x7 and x7 given by

Fpoly(xk,xq) =ay+ akx% + aqxf,, (46)

where ay, a; and a,, are free fitting parameters. We find that
this simple form represents our data very well and the
corresponding results presented below are obtained using
Eq. (46). However, we have also performed fits using
Ansditze which include additional terms which are quartic in
x; and x,, i.e., terms proportional to x;x7, x{ and xg. We
find that including all or some of such terms does not
improve the fits, generally results in an overfit of our data
and only negligibly changes the results for the form factors
and decay rates. This is not surprising as the 15 points in the
(x> x4) plane at which we compute the form factors (see
Table I) cover well the kinematic regions studied in the
E865 experiment [10,11] to which we compare our results
in Sec. VI. We therefore require only minor interpolations
of our results to be able to perform the phase-space
integrations.

The second Ansatz has a pole-like structure of the form

A

1= Rxt)(1—Rx2)’

Fpole(xk’xq> = ( (47)

Table of the values of x; and x, corresponding to the 15 simulated kinematic points.

Kinematics 1 2 3 4 5 6

8 9 10 11 12 13 14 15

X 0.28 028 0.28 0.28 0.28 0.41

Xy 0.12 024 036 048 0.61

041 041 053 053 053 065 0.65 0.77

0.12 024 036 048 0.12 024 036 0.12 024 0.12
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FIG. 5.

x; = 041 and x, = 0.48.

where again A, R, and R, are free fitting parameters. The
resulting fitting curves, along with the lattice data and with
the ChPT prediction, are shown, for all four form factors
H,, H,, F, and Fy, in the panels of Figs. 8 and 9, as a
function of x, at fixed x;, and vice versa. The quality of the
fit in all cases is very good, with the reduced y* always
smaller than one. The parameters of both the polynomial
and pole-like fits are collected in Table II.

The one-loop ChPT predictions for the form factors H,
H,, F, and F of the K™ meson read [17]

m 4\/§m
A e B A
FE(K*) =1
H,(k*) :szmK%,
FE(k*) =1
Hz(kz) = szmK%7 (48)

zp =041, z,=048

N{’MHHMMH%

< 0.08F ({)

t} |
ER % |
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0.3 F
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Lattice data —e—

ool ‘ ‘ ‘ ‘ ‘ ‘
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Extraction of the form factors F, Fy, H,, H, from the plateaux of the corresponding estimator. The data correspond to

where F is the ChPT leading-order low-energy constant
(LEC), while L and L}, are ChPT LECs at next-to-leading
order. The one-loop ChPT prediction for the kaon electro-
magnetic form factor X (k*) (which depends on F and L})
can be found in Ref. [17]. In the following we will evaluate
the ChPT predictions for the form factors using the physical
charged kaon and pion masses and setting either F =

fo/V2 or F= fr/\/2, where f, and fx are the physical
values of these decays constants. We label these two

determinations as ChPT(f,) and ChPT(f), respectively.
For the LECs Lg and L, we use the values

Ly =69%1073,  Lr,=-52x1073, (49)

taken from Ref. [29]. Notice that at this order, the one-loop
prediction for the form factors does not depend on ¢.
Moreover, the dependence on the virtuality k? is very mild
as well, and only enters the prediction for the form factors
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FIG. 6. Extraction of the form factors F, Fy, H;, H, from the plateaux of the corresponding estimator. The data correspond to

x, =0.77 and x, = 0.12,

H, and H,, through the higher-order corrections to
the linear parametrization for the electromagnetic form
factor

FE(K*) =1+ <r—§<>k2 + O(kY), (50)

where (r%) is the kaon’s mean-square radius. From the

figures it can be seen that our results are reasonably
consistent with the ChPT prediction. However, note that,
at NLO, ChPT does not include any momentum depend-
ence of the form factors and so the comparison should be
made with their values at x; = 0 and x, = 0, that is with the
parameters a, or A. Moreover, even at zero momentum
transfer, on the one hand we do not expect the NLO ChPT

prediction to be exact, while on the other hand our lattice
estimates are affected by systematic errors, such as the
continuum, chiral and infinite-volume extrapolations, that
will be studied in the future.

In Ref. [10], a vector-meson dominance (VMD) Ansatz
was used in order to describe the momentum behavior of
the form factors H, F4, Fy, and was then used in order to
reproduce the experimental data.” Within the VMD frame-
work, the momentum dependence of the form factors is
assumed to be determined by the masses of the low-lying
resonances created by the electromagnetic and weak

>The authors of Ref. [10] assumed that H, only contributes
through the kaon’s electromagnetic form factor and neglected the
other unknown SD contributions. These however, are suppressed
in ChPT [17].
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FIG. 7. Extraction of the form factors F,, Fy, H;, H, from the plateaux of the corresponding estimator. The data correspond to

X, = 0.28 and x, = 0.12.

currents. In Ref. [10], for each of the three form factors, the
fitting function has been taken to be of the form

F(0,0)
T tm /) (1 — 2 i)

FVMD(xk’xq) = ( . (51)

where F(0,0) is the only free fitting parameter. In Eq. (51),
m,, is the mass of the p meson, while mg- is the mass of the
K*(1270) in the axial channel, and that of the K*(892) in the
vector one. Thus, the VMD model corresponds to fixing, in
the pole-like fit of Eq. (47), R, = (mK/mp)2 ~0.4116, and
R, = (mg/mg-(1270))? ~0.1513 for the axial channel and
R, = (mg/mg-(892))* ~0.3064 for the vector one.

In Table III, we compare the values of F(0,0) obtained
from experiment assuming VMD and presented in
Ref. [10], with the corresponding values of the form factors
at zero x; and x, that we obtained from our lattice data
using the pole fit of Eq. (47), i.e., the values for the
parameter A reported in Table II. In Fig. 10 we compare our
lattice data for the form factors Hy, F4, Fy, with the result
of the experimental VMD fits performed in Ref. [10].
Despite the systematic uncertainties affecting our lattice
computation, the results are in reasonably good agreement.
The largest discrepancy that we observe, which is of
O(20%), is for the form factor H;.

We also notice that the fitted values of R, and R,
reported in Table II, are in qualitative agreement with the
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FIG. 8. The fitting functions corresponding to the polynomial and the pole-like fits of Eqs. (46) and (47) are plotted, along with the
lattice data, as functions of x, and at a fixed value of x;, = 0.28 (panels 1-4) and x; = 0.41 (panels 5-8). The red line corresponds to the

one-loop ChPT prediction with F = fx//2.
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FIG. 9. The fitting functions corresponding to the polynomial and the pole-like fits of Eqs. (46) and (47) are plotted, along with the
lattice data, as functions of x; and at a fixed value of x, = 0.12 (panels 1-4) and x, = 0.24 (panels 5-8). The red line corresponds to the

one-loop ChPT prediction with F = f/v/2.
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TABLE II.  Values of the fit parameters for all the form factors, as obtained from the polynomial and pole-like fits
of Egs. (46) and (47). In Appendix C we report the correlation matrix among the fit parameters, for each of the two
Ansditze.
ag a a, A Ry R,
H, 0.1755(88) 0.113(30) 0.086(24) 0.1792(78) 0.453(88) 0.40(10)
H, 0.199(21) 0.341(84) —-0.03(3) 0.217(17) 0.87(12) -0.2(2)
Fy 0.0300(43) 0.04(4) 0.00(1) 0.0320(30) 0.74(50) 0.0(3)
Fy 0.0912(39) 0.044(18) 0.0246(59) 0.0921(38) 0.38(13) 0.233(49)
the fit parameter R, for the form factor H;, seems to be
TABLE III. Comparison of the values of the VMD fit param- larger than the expectation based on VMD. Concerning the

eters F(0,0) for the form factors H,, F4 and F as obtained in
Ref. [10] with the lattice results from this work [using the pole fit
in Eq. (47)].

H,(0,0) F4(0,0) Fy(0.0)
This work 0.1792(78)  0.032030)  0.0921(38)
Experiment [10] 0.227(19) 0.035(19) 0.112(18)

values predicted by VMD, albeit with large errors. In
particular we are not able to see a clear x; and x,
dependence in the lattice data for F,, while the value of

form factor H,, the dominant contribution from the low-
lying intermediate states comes from the virtual K™ state
created by the weak current [|n,) = |K™) in Eq. (7)]. The
resulting contribution H,.x+ to H, is then proportional to
the electromagnetic kaon form factor F& (x;) [17]

2fx FX -1
Hy g+ :ﬁ V(XL ,

52
i (52)

in agreement with the prediction from ChPT presented in
Eq. (48). As shown in Table II and in Fig. 8, we do not see
any clear x, dependence in our lattice data for H, in
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FIG. 10. The experimental VMD fits for the form factors H;, F, and F, performed in Ref. [10] are plotted, together with our lattice
data, as functions of x, at a fixed value of x; = 0.28 (top) and as functions of x; at a fixed value of x, = 0.12 (bottom). The red line

corresponds to the one-loop ChPT prediction with F = f/v/2.

114507-17



G. GAGLIARDI et al.

PHYS. REV. D 105, 114507 (2022)

T T T T T T T T T
Polynomial fit ===
Pole fit, m==m

0.13

Real photon data +—¥—

0.08 4

0.07 L L L L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Lq

FIG. 11.

xk:O

Polynomilal fit I
Pole fit F=== 4

Real photon data =
0.04 R

0.045 -

0.035 £

o
o
=
=
T
!

Lq

Extrapolation of our lattice results for F'y, (left) and F4 (right) to x; = 0 using the polynomial and pole fit Anscitze defined in

Egs. (46) and (47) (colored bands). The black points correspond to the lattice results for F'y and F, obtained directly at x; = 0 in our

study of K — Zv,y decays [7].

agreement with the prediction of Eq. (52).° Moreover,
making use of Eq. (50) one has that the contribution from
the intermediate kaon to H, at x; = 0 is given by

2
Hyg(x,=0) = Kmk%. (533)

Using the value from the PDG, (r%) = (0.560 + 0.031 fm)?
[9] and the physical values of the kaon mass and decay
constant, one obtains Hy.x+(x; = 0) = 0.206(23), which
nicely agrees with the value we obtained for the parameter A
in the pole-like fit of H, presented in Table II. Assuming the
dominance of the rho-meson pole in the electromagnetic
form factor FX, one has that H, o< 1/(1—Rix?)
with Ry = (mg/m,)* ~0.4116. In this case, our fitted
value of R, turns out to be larger than the value predicted
by VMD.

We end this section by comparing the results for the form
factors F'y and F4 obtained in this paper and extrapolated
to x, = 0 using Eqgs. (46) and (47) with those reported on
the same configurations in our earlier paper with a real
photon in the final state, i.e., for the decays K — fvfy.7
The comparison is shown in Fig. 11 and shows good
agreement, in spite of the fact that the Ansdrze and
parameters in Eqs. (46) and (47) were obtained from fits
to data with x; > 0.28.

®This depends on the choice we made in Eq. (5) for the
kinematic prefactor in the definition of H, in the decomposition
of the hadronic tensor in terms of form factors. If instead we had
employed the same parametrization as in Ref. [17] or Ref. [19],
we would have had a pole 1/(1 —x2) in the expression in
Eq. (52).

"The form factors H  and H, do not contribute to the
amplitude for K — v,y decays.

VL. K* - ?*v,¢'*¢'~ DECAY RATES

From the knowledge of the hadronic tensor H**, the
K" — ¢Tv,0'T¢'~ decay rate is obtained by integrating
the square of the unpolarized amplitude, Y. [M|?, over
the phase space of the final-state charged leptons and
neutrino. When the two positively charged leptons are
different, i.e., when £ # ¢’, the amplitude M is given by

M(pe.pe-PePu,)

Gr « 62_
= _ﬁvmp”@f’-)h”(l?w)[fKL”(Pf'+ 9pf’—,pf+,pyf)
—Hep (P, @)L (pev. )] (54)

where the leptonic vectors are given by

Lﬂ(pf“r’pf”’pf*’pl/,f)
2pt =k 2ph. K
2p k=12 2py k2

}U(Pﬁ),
(55)

—mpii(p,,)(1 +y5>{

P(perspy,) = w(py, )r* (1 =vs)v(pes).  (56)

In Egs. (54)-(56), p is the four-momentum of the kaon,
k= pp+ + pp-, and g = py+ + p,,. In Eq. (54), the first
term in the square brackets gives the decay rate in the
approximation in which the decaying kaon is treated as a
point-like particle and includes the radiation from both the
meson and charged lepton.8 Except for the kaon decay
constant f, the nonperturbative contribution to the rate is
entirely contained in the second term of Eq. (54). The SD
part of the hadronic tensor Hfp, is defined in Eq. (5).

¥This term is frequently referred to as the inner-bremsstrah-
lung contribution.
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When 7 = ¢, since the final-state positively charged leptons are indistinguishable, the exchange contribution, in which
the momenta p,+ and p,+ are interchanged, must be added to the amplitude M resulting in the replacement

M(pp=. e e+ Pu,) = M(Pee. Do Pevs Pu,) = M(Dv Do Do P, ) (57)
The branching ratio for K™ — [Ty, I'"I'~ decays is given by

d&*py dp,, &Ppy- & py-
2E, 2E, 2E; 2E,

S
BR[KJr - l+yll/+l/—] — M(zﬂ-)s/ Z|M|25(p — pr =Dy, — P+ — pl") (58)
K' K

spins

where 'y = 5.3167(86) x 10717 GeV is the total decay rate of the K™ meson [9] and S is a symmetry factor that takes the
value S = 1 forZ # ¢ and S = 1/2 for £ = £'. Since the phase-space integration is considerably easier for the case £ # ¢’,
in which a significant part of the integration can be performed analytically, we will discuss the two cases separately.

A. Decays with £ # ¢’

When the final-state leptons have different flavors, the integral over the spatial momenta of the final-state particles can be
partially performed analytically using invariance arguments and the fact that in Zspms | M|? the form factors only depend on
k* = (py+ + pp-)* and ¢> = (ps+ + p,,)* [30]. This leads to the following simplified expression for the differential decay
rate [17]:

dU[KT — T0,070] = APGE|V [ my 2x;3x,G (., rf/){—ZT;T”}dxkdquy, (59)
spins
where
2 2
my ms, 2ps-p 1 2rp 4rp V2 w
_ e i . L Glry)=—— 12N W e N e e E Y.
e m% e m% Y m% (xie7er) 1927 x2 + x2 x3 m% i solv}

(60)

The dimensionless integration variables x; and x, have been defined in Eq. (43). The integration domain is given by

A-B<y<A+B, (61)
where
A_(2—xy)(1+x%—|—rf—xy) B_(l—f—X%—xy—rf) Xy —4x; 62)
2(1 +x3 - x,) ’ 2(1 +x¢ - x,) ’
2p -k
x, = 22 =1+x—x2, (63)
K

and the limits of integration for x; and x, are given in Eq. (45). Since the form factors only depend on the invariant mass of
the lepton-antilepton pair (x;m) and on the invariant mass of the lepton-neutrino pair (x,m), the integral over the variable
y can also be performed analytically, leaving the following expression for the double differential decay rate:

9
Ox0x,

PIK* = 40,6 07) = @GRV P x,) + Tl (05,) + T (.3, (64)
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differential rate OI'(x;)/0x;, are shown for the decay channel
K+ — eTv,utu~. Although not shown in the figure, all con-
tributions to OI'(x;)/0x; are zero at x; = 2,/r, ~0.4280 but

grow rapidly as x; is increased.
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bts and T'§, to the

The differential rate is written as a sum of three different
contributions. The first term, Iy (xg. x,), is the point-like
contribution proportional to f% and gives the total differ-
ential decay rate in the absence of any SD terms (i.e., if
H, = 0). The third term, ', (xy, x,,), is the contribution
to the decay rate coming entirely from Hp, and corre-
sponds to a quadratic expression of the form factors H,
H,, F,, Fy. Finally, I (x;, x,) is the interference term
between the point-like and SD components of the ampli-
tude. It arises from contributions of the form HgjL, [, in
T, T" and is proportional to fx and depends linearly on the
form factors. Clearly, all the information from the internal
structure of the kaon (i.e., from Hfp) is contained in
I (xe. x,) and Tgp(xg, x,). The T functions are all
dimensionless quantities which can be evaluated directly
from the knowledge of the form factors and of the
dimensionless ratio fg/mg, for which we use our lattice
value fg/myg = 0.3057(11). Their explicit expressions in
terms of H,, H,, F,, Fy, and fx/my are presented in

Kt — pfy, efe”
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FIG. 13. The contributions from F;’l, I, and T, to the

differential rate OI'(x;)/0x;, are shown for the decay channel
KT — u* yﬂe+e‘. Even if not shown in the figure, all contribu-
tions to OI'(x;)/0x; are zero at x; = 2,/r, ~0.00207 but grow
rapidly as x; is increased.

Appendix A. Using these formulas and the form factors
obtained from the polynomial and pole-like fits described
in the previous section, we are able to evaluate each of the
terms on the right-hand side of Eq. (64). In order to obtain
the total decay rates, we rely on numerical integration using
Gaussian quadrature rules.

For the decay K™ — e'v,u™u~ the differential decay rate
is completely dominated by the SD terms since the point-like
contribution is helicity suppressed (L, o m,). This is shown
in Fig. 12, where we plot, as functions of x;, the contributions
from I, I, and I'gp, to the partially integrated differential
decay rate OI'(x;)/0x; = [ dx,0°T"/9x;0x,. Furthermore,
we find that the dominant term in the integral of I'¢}, is that
proportional to H?, while the contribution to the rate from the
form factor H, turns out to be negligible. The remaining
linear and quadratic terms in the form factors give subdomi-
nant contributions to the branching ratio of about 5% in total.
Integrating the double differential decay rate of Eq. (64), we
obtain the following value for the branching ratio:

TABLE IV. Comparison of our result for the branching ratio BR[K™ — e™ v, u | with the one coming from the
point-like approximation, the result from Ref. [13] and the results for the branching ratio obtained using the NLO
ChPT predictions for the SD form factors [Eq. (48)] setting either F = f,/v/2 or F = f/+/2 [denoted by
ChPT(f,) and ChPT(f) respectively]. In the last column we show the experimental result from the E865
experiment [11]. We stress that both our lattice result and that from Ref. [13] are affected by systematic uncertainties
due to the missing chiral, continuum and infinite-volume extrapolations.

BRIK" — ety pu'yu]

This work Point-like approximation

Tuo et al. [13]

ChPT(f,) ChPT(fx)  Experiment [11]

0.762(49) x 1078 3.0x 10713

0.72(5) x 107

1.1I9x 1078 0.62x 1078  1.72(45) x 1078
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TABLE V. Comparison of our result for the branching ratio BR[K* — u*v,e"e~] with the one coming from the
point-like approximation, the result from Ref. [13] and the results for the branching ratio obtained using the NLO
ChPT predictions for the SD form factors [Eq. (48)] setting either F = f,/+/2 or F = fx/+/2 [denoted by
ChPT(f,) and ChPT(fy) respectively]. In the last column we show the experimental result from the E865
experiment [10], which has been extrapolated from x; > 0.294 to x; > 0.284 using the formula presented in
Ref. [10]. We stress that both our lattice result and that from Ref. [13] are affected by systematic uncertainties due to
the missing chiral, continuum and infinite-volume extrapolations.

BRIK" = ptyete

-] for x; > 0.284

This work Point-like approximation

Tuo et al. [13]

ChPT(f,) ChPT(fx) Experiment [10]

8.26(13) x 1078 4.8 %1078

10.59(33) x 1078

9.82x 107 8.25x 10" 7.93(33) x 10~%

BR[KT — et utpu™] = 0.762(49) x 1078, (65)

In Table IV we compare this result with the recent lattice
value from Ref. [13], the predictions from ChPT and the
measurement from the E865 experiment at the Brookhaven
AGS [11]. As the table shows, our value of the branching
ratio is in agreement with the updated determination of
Ref. [13], while there is a tension with the experimental
measurement at the level of about 2o. However, it should be
noted that both our computation and that of Ref. [13] are
limited to a single value of the lattice spacing, a single volume
and unphysically large light-quark masses. Given that the
branching ratio is dominated by the quadratic term propor-
tional to H % an increase of about 25% in the value of H,, due
to the missing continuum, chiral and infinite-volume extrap-
olations, would reduce the tension between our result and the
experimental measurement to about lo. It will be very
interesting in the future, once these extrapolations have been
performed, to learn whether H; does indeed increase. We
also note however, that there is a 1.6¢ difference between the
values of H;(0,0) obtained in Refs. [10,11]. The value of
H,(0,0) deduced by the E865 Collaboration from the
experimental study of the decay K™ — eTv utu~™ is
H,(0,0) = 0.303 £+ 0.043 [11].° This value is somewhat
higher than that also obtained, from studies of the decays
K* = efy,ete” and K™ — pty,ete” in the E865 experi-
ment, H,(0,0) = 0.227 £+ 0.019 [10], which is quoted in
Table III

For the decay channel K* — u*v,e’e”, the point-like
contribution is not helicity suppressed (L, o m,,), and gives
the dominant contribution to the differential decay rate at
small values of the e™e™ invariant mass. This is illustrated
in Fig. 13, where we plot the contributions of I'y, T and
I'{y to the partially integrated differential decay rate
Or'(x;)/Ox;. The contributions from I and T + gy
become of similar size at values of x; ~0.3-0.4, wh1ch
corresponds approximately to the cut on the e e~ invariant

mass VA2 > 145,150 MeV (x; > 0.294, 0.304) adopted in

*We have combined the different errors quoted in Eq. (7) of
Ref. [11] in quadrature.

the E865 experiment [10]. For such values of the cut on x;,
we find that the contribution to the decay rate from I'}/ is
greater than that of I'{;, and that the contribution from the
form factor H, is again negligible. Imposing a cut on the
e e invariant mass of x; > 0.284, we obtain the following
value for the branching ratio:

BRIK" — pty,ete™] =8.26(13) x 1078, (66)
In Table V we compare our result for the branching ratio
with the lattice determination of Ref. [13], the ChPT
prediction and the experimental result of Ref. [10]. In this
case we find a remarkable agreement with both the
experimental result and the ChPT predictions, while the
lattice result of Ref. [13] is a little larger than ours. In this
case, since the inference term dominates over I'g,, sys-
tematic effects in our determination of the form factors, due
to lattice artifacts and the unphysical quark masses, will
only propagate linearly in the result for the branching ratio;
for example an increase in H| of 20% would increase the
branching ratio by about 7%.

B. Decays with Z=¢'

When the final-state leptons have the same flavor, the
exchange contribution must be added as shown in Eq. (57).
2, depends on products of form
= (pe+ + pe-)* and ¢* = (pp+ +
Pu, )? as before, but also at the exchanged invariant masses
K? = (ps+ + pp-)? and ¢* = (pp+ + p,,)*. It is therefore
not possible to analytically integrate as many variables as
before. For the decay K™ — £Tv,£7¢'~, the four-body
phase space d®, can be written in terms of five Lorentz-
invariant quantities x, X, Y12, Y34, ¢ as [13]

factors evaluated at k2

Siwom$

d®, = Tolage

dxidx,dyiydyzde, (67)

where w = 2x;.x,, the symmetry factor S = 1 for the case

£=¢, 0= /(1 -2 -3 - 4222 and the three addi-

tional integration variables y;,, y34 and ¢, are defined as
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2
Y12 =mTM(Pﬂ- —pe+) (P +pu,)s
. 2 1 + VLﬂ 1 I"f ( + )
)J34—m%(/1 x(z} Dy, xé Pe+ Pr+tPe-)s
. 16 1
Sln¢ =- 4 eyypap;/*p;“r p{/);p;Jr
Awmiy \/ (33, —y1,) (24— y3s) ’
(68)
where

r/
dn=1-4% Ju=1-Z (69
xk xq

The integration domain is given by

=12 L y12 < Apo, ¢ € (0,2x],

(70)

—A34 < Y34 < A,

while for x; and x,, the limits of integration are as defined in
Eq. (45). In order to determine the decay rate, we have
evaluated the square of the unpolarized amplitude,
2 spins M |2, in terms of the five integration variables using
FeynCalc [31]. As for the case when £ # ¢/, we decompose
the differential rate as a sum of a point-like, an interference
and a quadratic term (SD) in the form factors, i.e., as

or ) S
— G2V, P XV Ve,
0x,0x,,0y12,0y340¢p @ G| Vs |'mig U (XX, ¥12,Y34.8)
5
+Fi(nt)(xk7xq7))12’y34a¢)
5
+F(S]))(xk7xqu12,y34’¢)]~ (71)

The explicit, very lengthy, expressions for the three con-

tributions FS), Fl(st) and F(SSD>, written in terms of the five
integration variables and the form factors, are not presented
here but are available upon request from the authors. The
total rate can be obtained through standard Monte Carlo
integration of these expressions over the five-dimensional
phase space. This has been done employing the GSL

implementation of the VEGAS algorithm of Lepage [32].
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FIG. 14. The contributions from I'};), and T'> +F<353 to the

pt > int
integrated decay rate I'(x;, xp > x{") are shown for the decay
channel K* — y*v,ut u~, as functions of the common lower cut,

x™, on the values of x; and x;.

For the decay channel K* — u*v,u*pu~, we find that
the point-like contribution corresponds to about 30% of the
total rate. This is shown in Fig. 14, where we plot the
contributions to the decay rate as a function of the lower

cutoff on the invariant mass of the y*p~ pair, from e

pt
alone and from Fl(jt) + F(SSD). For decays into identical

leptons, the same cuts are always applied to both invariant

masses
V= mygx; = \/ (pe+ + pe- )2,
VIK? = mgxi = \[ (per + pe-)*. (72)

We find that the contribution from the form factor H, is
again negligible and that the contribution from the vector
form factor Fy is also very small. For the total branching
ratio, we obtain the value

BRIK" — utuputu~] = 1.178(35) x 1078, (73)

Since for this decay channel there is no experimental
measurement available, our result can only be compared

TABLE VI.  Comparison of our result for the branching ratio BR[K™ — p*v,u"u~| with the one coming from the
point-like approximation, the result from Ref. [13] and the results for the branching ratio obtained using the NLO
ChPT predictions for the SD form factors [Eq. (48)] setting either F = f,/ V2 or F = fx/v/2 [denoted by
ChPT(f,) and ChPT(f ) respectively]. We stress that both our lattice result and that from Ref. [13] are affected by
systematic uncertainties due to the missing chiral, continuum and infinite-volume extrapolations.

BRIK" = pry,up]

This work Point-like approximation

Tuo et al. [13]

ChPT(f,) ChPT(fx) Experiment

1.178(35) x 1078 3.7 %107

1.45(6) x 1078

1.51 x 1078 1.10 x 1078
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FIG. 15. The contributions from I ,(ﬁ), and Fi(m) + T é]; to the

integrated decay rate I'(x;, xp > x§") are shown for the decay
channel K* — e*v,e™e™, as functions of the common lower cut
x" on the values of x; and x;.

with the lattice determination of Ref. [13] and with the
ChPT prediction (Table VI). As the table shows, our result
is in reasonably good agreement with the value predicted
by ChPT, while at this stage the observed discrepancy with
the result obtained by Tuo ez al. [13], which is of O(25%)
may perhaps be attributed to the unknown systematics
associated with the missing chiral, continuum and infinite-
volume extrapolations.

Finally, for the decay channel K™ — e*v,e"e™, we find
again that the point-like contribution is much suppressed
compared to that from the SD terms. This is shown in
Fig. 15, where we plot, as in the previous case, the

contribution from FS) and Fi(r? + FSD) to the total decay
rate, as a function of the lower cutoff on the e e~ invariant
masses. Similarly to the «case of the decay
K* — pty,ete”, we find that the dominant contribution
to the rate is given by the term proportional to H?, while the
contributions from the form factors H, and Fy are very
small. Employing the cutoffs x;, xj > 0.284, we obtain the

following value for the branching ratio:

TABLE VIL

BRIK" — efy,efe”] =1.95(11) x 1078, (74)

In Table VII we compare our determination with the
experimental measurement of Ref. [10], the lattice result
of Ref. [13], and the ChPT prediction. Our result appears to
be significantly smaller than the experimental measurement,
as in the case of the K — u"v,ee” decay, while being
consistent with the updated determination of Ref. [13]. Since
the term proportional to H7 is also the dominant one in this
case, this finding is consistent with possible systematic
effects of about 20% on our lattice value.

VII. CONCLUSIONS

In this paper we have presented a strategy to compute,
using lattice QCD, the amplitudes and branching ratios for
the decays P — £v,£'7¢'~, where P is a pseudoscalar
meson and # and ¢’ are charged leptons. In particular, we
explained how the four structure-dependent form factors
can be determined and separated from the point-like
(“inner-bremsstrahlung”) contribution. Apart from a factor
of the leptonic decay constant fp, the point-like contribu-
tion to the amplitude can be calculated in perturbation
theory, whereas the SD form factors are nonperturbative
and describe the interaction of a generic off-shell photon
with the internal hadronic structure of the meson. The
present work, studying decays with the emission of a
virtual photon, is a natural extension to our recent study of
radiative decays P — ¢v,y, with a real photon in the final
state [7] and the subsequent detailed comparison to
experimental results [8].

We applied the formalism developed in Secs. [I-1V to the
four channels of K — £v,£'"¢'~ decays, where £ and ¢’ =
u or e, in an exploratory lattice QCD computation at a
single lattice spacing and at unphysical light-quark masses.
We demonstrated that all four SD form factors, Fy, F 4, H;
and H, can be determined with good precision and used to
calculate the corresponding branching ratios. In spite of
the unphysical quark masses used in this simulation (our
pion and kaon masses are about 320 and 530 MeV
respectively), it has been interesting and instructive to
compare our results with those from experiment (where
available) and NLO ChPT. Perhaps surprisingly, as can be

Comparison of our result for the branching ratio BR[K™ — e*v,e"e~] with the one coming from the

point-like approximation, the result from Ref. [13] and the results for the branching ratio obtained using the NLO
ChPT predictions for the SD form factors [Eq. (48)] setting either F = f,/ V2 or F = fx/v/2 [denoted by
ChPT(f,) and ChPT(f) respectively]. In the last column we show the experimental result from the E865
experiment [10], which has been extrapolated from x; > 0.304 to x; > 0.284 using the formula presented in
Ref. [10]. We stress that both our lattice result and that from Ref. [13] are affected by systematic uncertainties due to
the missing chiral, continuum and infinite-volume extrapolations.

BR[KT — efy,ete] for x, > 0.284

This work Point-like approximation

Tuo et al. [13]

ChPT(f,)  ChPT(fx) Experiment [10]

1.95(11) x 1078 2.0 x 10712

1.77(16) x 1078

334 x 1078 1.75x 107  2.91(23) x 1078
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seen from Tables IV-VII, the results are generally in
reasonable semiquantitative agreement.

The comparison of our results with those from exper-
imental measurements results in an interesting observation
to be investigated further in the future. For the decays
K™ — etv,uTpu~ and KT — eTv,eTe™ the point-like con-
tribution is negligible as a result of the chiral suppression
due to the small electron mass, and the decay rate is
dominated by the form factor H;. In both cases our results
are somewhat below the experimental measurement (see
Tables IV and VII) and it would require an increase of order
20% in the value of H; to recover consistency.'” It will be
interesting to see whether such an increase will result after
the continuum, chiral and infinite-volume extrapolations
have been performed in the future.

A complementary exploratory lattice computation of the
branching ratios has been performed by Tuo et al. [13] on a
243 x 48 lattice, with lattice spacing a = 0.093 fm and
with quark masses similar to ours (m, = 352 MeV and
mg = 506 MeV). The action with Wilson-clover twisted-
mass fermions is different than the one we used which does
not include the clover term. The methodology in Ref. [13]
is also different than ours in that the individual form factors
are not extracted and the point-like contribution is not
separated from structure-dependent terms. The aim of our
paper on the other hand, has been to explicitly determine
the (nonperturbative) structure-dependent contributions to
the decay rate. In Tables IV-VII we also compared our
results with those of Ref. [13], but given the different
systematics, and in particular the finite-volume effects, we
did not speculate on the origin of any differences.

Having demonstrated the feasibility of the method, our
future work will focus on controlling and reducing the
systematic uncertainties and in particular those resulting
from the current absence of continuum, chiral and infinite-
volume extrapolations. We will also work to extend the
method to heavier pseudoscalar mesons, for which the
analytic continuation to Euclidean space gives rise to

We start by defining the following quantity:

Alog (xkvxq)

enhanced finite-volume effects due to the presence of
internal lighter states. Given the recent results suggesting
the violation of lepton-flavor universality and potential new
interactions involving leptons (see e.g., Ref. [2] for a brief
introduction), we believe that reliable nonperturbative,
model-independent theoretical predictions of decays such
as those studied here will be very useful in unraveling the
underlying theory beyond the Standard Model. In particu-
lar, experimental measurements of ratios of decay rates of
heavy mesons into different final-state leptons, together
with the corresponding lattice calculations, would be a
significant contribution to the general investigation of
lepton-flavor universality.
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APPENDIX A: FORMULAS FOR THE DECAY
RATES WHEN ¢ # ¢’

In this appendix, we present the functions which
multiply the form factors in the differential decay rates
we computed in Sec. VI A, with different charged leptons
in the final state, i.e., for £ # ¢

x?l\/xﬁ—Zx%(xé—ﬁ—l)

xq—l

= 1oy /=203 + 1)+ (7 = 1)+ 24

=log| 1+2

—x?,\/ 2xk(xq—|—1)+(x§—1)2—|—rf\/ 207+ 1)x2 + (x7 —

El

12+ xg+r (g —1)+x5(—xg+x5+r,—1)

(A1)

where x; and x, are defined in Eq. (43) and r, is defined in Eq. (60).

""Note also the discrepancy in the values of H, (0,0) in Refs. [10,11] obtained in the E865 experiment. This is discussed in Sec. VI A.
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The point-like contribution to the decay rate is given by

fxrex drp (2rp 2
84 ’ _ q 1— 1 1242 2 4 _ox2y, =2 -1 1A ,

pt(xk xq) 247r3m§(xk x% x% + é -1 ( xkxq +xk +xq xqrf (rf )rrf + ) log(xk xq)
XpXg — Xjrp — 2Xg +4xgre —2 2(rp = 1)(x7 +2rp) >>

(x5 = 1)%x5 (g = 1)?rp = xi(re = 1) (x5 = 17)

=17 e -

(A2)

where r is also defined in Eq. (60).
The interference contribution to the decay rate can be expressed in the form

[ (s xg) = [gv (i, %) Fy (X, Xg) + ga (X X)) F a (X, %) + g1 (s X ) H (X, X)) + 92 (X0 X ) Ho (X, X4 )]s (A3)

where the interference kernels are

fKrfx 4}"// 2rf/
gv(xk,xq) = Wn/ll{i‘k 1 —x—% x% +1 (x%(xé - 2}"/ -+ 1) — (xé - 1)2)A10g(xk,xq)

+ 2
q

fKrfxq 4}’// err
ga(Xp. x,) = 127t3mek(x2 - 1-— (xF = 1) (=x3 — x5 = 2rp + 1) Ajog (x4, x,)

(22 = 1) (22 = 1) (22 + 242 +rf-1 \/ 202 + )2 + (2 1)2+x3}

(2 + 22— 1)(a2 — r,f)\/(xg 24 1) —4x§}

+

f,(rkaxq 47'// er/
Jx,) = KTk T CETE  ) DA2 4, = 2) A (X
91 (xk xq) 247753"”1( x% x% + (xq +re ) log(xk xq)
(xé - rf)(rf(—x% + 3x§ +1)+ xé(x% + 5x5 — 9))\/—2()(% + l)xg + (x% -1)? —i—x‘;
(x2 = 1)x} ’
fKrkaX 4rf/ Zrﬂ
92Xk %) = 2 my (2 - e\ e e ! 2 = 1) = 12 ()
(% —rp)(re(xg =3x5 — 1) + x5 (—x; + x5 + 3))\/()6% — x5+ 1)2 —4x;
- = . (A4)
q

The SD contribution to the decay rate can be expressed in the form

T8 Xk Xg) = gyy (i X ) Fy (X, ) + gaa (0 X0 ) F5 (X0 xg) + 911 (X, X ) HT (X, ) + g0 (X, X0 ) H3 (X, X))
+ a1 (o X ) Fa (X X ) Hy (X, X)) + G1o (X, X ) H (X, X ) Ho (X, %), (A5)
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where the SD kernels are

gVV(xk’xq) = ﬁ 1 - 4):5/ <2):ﬂ
kXq k k
- 1 Arp (2rp
gaa(Xp: xg) —m _x—i<xk
X \/(x% —xg + 1) —4x,
X 4rp (2rp
gll(xkvxq)_m _x%<xk
X (2xg(5x3 + rp = 1) + x5 (2(xg = 2)rp + (x7
G (pxy) = — L 1_ﬂ<2r'f’
2T T 9603 (a2 — 1)2x,, X2\ x?
gar (X, xg) = — k- e <2rﬂ
T 24mx;) xr \ x?
TpX Arp (2rp
912 (xp. %) = —m 1 _x—g(x—£+ 1) ((x

APPENDIX B: THREE-POINT CORRELATION
FUNCTION IN THE INFRARED LIMIT k£ — 0

In this appendix, we study the behavior of the lattice
Euclidean correlation function C**(¢, E,, k,p) in the limit
k — 0 which, as we will see below, is nontrivial. From
spectral decomposition one obtains

C’w(t, Ey,k,p) _ c/]we—tE,,(p) + cgué—t{E,,(p—kHE,} 4o,
(B1)

where the dots represent exponentially suppressed contri-
butions with an energy gap which, in the soft-photon limit,
is or order 2m,,. The first exponential corresponds to the on-
shell external meson P(p) with spatial momentum p, and
gives the contribution we aim to isolate, while the second
exponential corresponds to the P(p —k) +y state, com-
posed of an on-shell meson P(p—k) with spatial

Qll\)

>

u=0

sin (ak,/2)CY (t,k,p) =

where we have defined

Cy (t.kp) =

r—xg 4 1)

=i [ty e O[T (01 ()Pt =)0,

—+ 1) (g —xz +1)% - 4x%)3/2(x§ —1.)?,

<+ 1) (xd 4+ x2(4x2 = 2) + (22 = 1)) (62 = r)2(2x2 + 1)

—+ 1> (x3 - r,f)z\/(xz —xi+1)? —4x}

— 1)) +2(x7 = 1)*r, + x5).

—+ 1) ((xg —x2 + 1) —4x )3/2(x — 1),

+1>( + x5 — 1)(x2 —rp)? (2x§+rf)\/(x%—x§+1)2—4x§,

- 4x%)3/2(x,2] — 1) (A6)

momentum p —k, and a virtual photon with spatial
momentum k and off-shell energy E,. When either k or
E, are nonzero, it is possible to isolate the matrix element
corresponding to the ground state P(p), since the second
exponential in Eq. (B1) is subleading at large time
separations t. However, in the exact limit k — 0, the
energy-gap between the two states vanishes, and the lattice
Euclidean correlator CH (t, 0,0, p) has a nontrivial behavior
which we now discuss, paying special attention to the
leading cutoff effects. This was already done for P — v,y
decays, with the emission of a real photon, in Appendix C
of Ref. [7], focusing on the spatial components of CH,
which are the only ones relevant in that case. In this
appendix we generalize the analysis of Ref. [7] to the
components C% and C*, with u, v =0, 1, 2, 3.

The starting point is the electromagnetic Ward identity
which, for Wilson-like fermions adopted in this study,
reads [7]

C4(1.p) — C4(1.E,.p — k). (B2)
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i) = [ dwer0ru -1 -ijo) = p TP (B4

Cy(1,E,.p—k) = eE /dgxe ip=k)x (0|T[J% (0)P(~t, —x)]|0)

fP(P k)Gp(p — k) ot (p—k)-
2Ep(p ~ k)

and where the ellipsis represents subleading exponentials with an energy gap that, in the infrared limit, starts at order 2m,,. "'In
Eqgs. (B3)—(B5) the integrals are to be read as lattice sums, k = (ifiy, k) is the Euclidean four-momentum of the photon, the
photon’s four-momentum, while the on-shell (Euclidean) four-momenta of the mesons P(p) and P(p —k) are given
respectively by

B, L (B5)

p = (Ep(p).p).  u=(Ep(p~k).p—k). (B6)

In the previous expressions, the hat symbol denotes lattice quantities, which are related to their continuum counterparts by12
Fr)=fr+0(@),  Gpp)=Gp+0(a®).  Eplp)=Ep+0(a®), E,=E+0(), (BT

where fp, Gp, Ep(p) and E, are respectively the continuum decay constant, the continuum matrix element of the pseudoscalar
density used as the interpolating operator (Gp = (O|P|P(p))), and the continuum energy of the meson and of the virtual photon.

We now differentiate Eq. (B2) with respect to k# and then set k = 0. Since we are considering a generic off-shell photon,
the temporal and spatial components of the photon momentum k* are treated as independent quantities. When the indices u
and v are spatial, one obtains the result quoted in Eq. (C17) of Ref. [7],

. Fo0)Co®) iy [y [ L Oelp) 1 0Gep) [, 1 \oEm)]) .
G0 = ) ("{5 tp {mp) or G op ( EP@>> oy H+ (B8)

Moreover the H(3) symmetry of the lattice implies

aJACP(P) i 8613(1’) _ i aEP(P) _ P
op P 0(a?), oy P 0(a), op Erp) (1+0(a?) (B9)
so that
cii PP)GrP) i) [ 5 PP £
Cli(1,0.p) = I é’gp(p)(”) /) {5/ —E%”(p) (1 + tEp(p) + 0(a2))} T (B10)

In the rest frame of the meson, p = 0, which we use in our study, we therefore obtain for the spatial components of the
correlation function

For the component C{ the same procedure gives
N G (p)
C(1,0,p) = —tE Je®)Crp) iz, ¥ B12
A ( p) PP)——x——" 2Ep(p) ( )

""We take this opportunity to correct a typographical mistake in Eq. (C6) of Ref. [7]. In that equation, the factor %' should be

replaced by e~E. This is the corresponding factor to e~Eit in the first line of Eq. (BS) above.
In our twisted-mass formulation, cutoff effects on parity-even observables start at order O(a?).
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For the components C%, for the correlation function with
JS and Ji,, we obtain

C“’(f 0.p)
B )Grp) sy
2Ep(p)
[/ afp L 9Ge(p) _ OE:()] .
() TGp) o' op'

)GP(P) _[EP(I; 2
x E t+0(a”))+---,
e »(p)p(1+0(a)
(B13)
which in our reference frame becomes
C¥(1,0,0) =0+ --- (B14)

Similarly, for the components CY/, differentiating equation
Eq. (B2) results in

o ®)Gr) i)

c% 1.0.p) = — .., (B15
V09 =-p R (B15)

which in the rest frame of the meson becomes
CY(1,0,0) =0+ --- (B16)

As explained in Ref. [7], Eq. (B11) allows one to subtract
the point-like contribution from the diagonal spatial com-
ponents C% nonperturbatively to all orders in the lattice
spacing a. From Egs. (B14) and (B15), we see that instead
in the limit £ — O the contribution from the P(p — k) + y
state exactly cancels the signal. Hence, for such compo-
nents, it is not possible to extract, in the exact limit k = 0,
the physical matrix element from the Euclidean three-point
function. We remark that in our analysis we have not used
the purely temporal component C%°, which would make it
difficult to identify the plateaux due to the presence of a
large contribution from the excited state P(p —k) +y, at
small values of k.

Finally, it is worth noting the peculiar behavior in ¢ of the
purely temporal component of the lattice three-point
function, Cf}o(t,O, p). From Eq. (B12) it can be seen that

C%P(1,0, p) exhibits a time behavior of type te~Er(P) which
is a manifestation of the singular behavior of the correlation
function at large distances, and which gives rise to a double
pole in momentum space. In our simulation we found
numerical evidence for the presence of such a behavior.
This is shown in Fig. 16, where we compare our numerical
data for HY",(,0,0), defined in Eq. (28), with the
prediction of Eq. (B12).

0.2

0
—0.2
=
([
1,
o
ooy
~2
= st
:tq
E) fit
S lf ot =0.0351(2)
[}
o = amy - afi/Zy = 0.0351(2)
14 f
0 5 10 5 2 » 0
t/a
FIG. 16. Determination of the 00 component of the hadronic

tensor, from the lattice three-point correlation function at k = 0.
The green line is the result of a linear fit in time

aHY,(1,0,0) = —afi't, where afl' is a fit parameter, and which

is compared with the predicted value, /™, derived from

Eq. (B12). The fit was performed in the mterval t=(4,21),
away from the center of the lattice where backward-propagating
contributions to the correlation function become significant.

APPENDIX C: CORRELATION MATRICES FOR
THE FORM FACTOR FIT PARAMETERS

In Tables VIII and IX we report the correlation matrices for
the form factor fit parameters, the values of which are
presented in Table II. Since we adopted two different fitting
Ansdtze, given in Egs. (46) and (47), we have two different
12 x 12 matrices. Indeed, there are four form factors, each
one described by a function defined through three param-
eters, and so there are 12 different parameters for each Ansatz.
Given two different parameters A and B, the correlation
between them has been computed according to

> i(Ai—pa)(Bi—pp) :l "
\/Zi<Ai_/"A>2\/Zi(Bi_ﬂB)2 Ha Nz,»: "
(1)

1
=— E B,
HB N i i

where A; and B; are the jackknife samples for two parameters
and the sum runs over all the jackknifes.

We remark that the lattice analysis is affected by
systematic uncertainties due to the missing chiral, con-
tinuum and infinite-volume extrapolations that will be
studied in future works. As a consequence, all the present
numerical results should be taken as qualitative ones and as
an indication of the feasibility of the method, and not as
physical results.

PAB =
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TABLE VIII. Correlation matrix for the fit parameters corresponding to the polynomial fit described in Eq. (46).

Polynomial fit ao.H, aym, aq H, ao.H, ay.H, Ay m, aor, agF, aur, ao.r, ar, agr,
ag g, 1 —0.49 0.33 0.89 -0.58 —0.016 0.34 -0.79 -0.64 044 —0.18 0.18
Ay, -0.49 1 -040 -038 0.31 0.10 —-0.65 0.60 0.19 0.076 —0.052 0.14
g m, 0.33 —-0.40 1 030 -051 -0.66 —0.017 -0.081 -0.24 040 —0.56 0.27
ao p, 0.89 —-0.38 0.30 1 -0.76 —-0.083  0.37 -0.75 -0.61 0.37 —0.28 0.27
A H, —0.58 0.31 -0.51 -0.76 1 0.33 —-0.31 0.54 045 -0.48 0.34 -0.44
agH, -0.016  0.10 -0.66 —0.083 0.33 1 0.18 -024 -031 -0.46 0.11 -0.37
apr, 0.34 -0.65 -0.017 0.37 —0.31 0.18 1 -0.74 -0.10 -0.24 0.17 -0.20
agr, —-0.79 0.60 —-0.081 -0.75 054 -024 -0.74 1 048 —0.16 0.00048 —0.14
agr, —0.64 0.19 -0.24  -0.61 0.45 -0.31  —-0.10 0.48 1 —0.17 0.53 0.14
ag.r, 0.44 0.076 0.40 0.37 -048 -046 -0.24 -0.16 —-0.17 1 -0.22 0.76
A, -0.18 -0.052 -0.56 —-0.28 0.34 0.11 0.17  0.00048 0.53 -0.22 1 -0.20
agr, 0.18 0.14 0.27 0.27 -044 -0.37 -0.20 -0.14 0.14 0.76 —0.20 1
TABLE IX. Correlation matrix for the fit parameters corresponding to the polynomial fit described in Eq. (47).

Pole fit Ay, Ry m, Ry n, Ay, Ry p, Ry n, Af, Ry F, R, F, Ap, Ry p, R, F,
Ay, 1 —-0.57 0.13 0.87 —0.69 0.25 -048 -0.63 —-0.58 0.49 —-0.26 0.20
Ry m, -0.57 1 —0.45 —0.48 0.46 -0.075 -0.10 0.70 0.25 —0.094 0.0058  0.034
Ry p, 0.13 -0.45 1 -0.0030 -037 -0.58 —-0.019 0.038 —-0.15 0.17 -0.51 0.24
A, 0.87 -0.48 —0.0030 1 -0.62 0.34 -036  -0.61 -0.52 0.21 -0.25 0.12
Ry, —-0.69 0.46 -0.37 —0.62 1 —0.053 0.25 0.49 0.48 -0.41 0.42 -0.45
Ry n, 025 -0.075 —0.58 0.34 —0.053 1 -0.096  —-0.45 -047  -0.31 0.042 -0.27
Af, -048 —0.10 —-0.019 -0.36 0.25 —0.096 1 -0.15 0.43 -0.52 0.37 -0.40
Ry F, -0.63 0.70 0.038 -0.61 0.49 —-0.45 -0.15 1 0.25 -0.069 -0.089 —-0.080
Ry, —0.58 0.25 -0.15 -0.52 0.48 -0.47 0.43 0.25 1 —0.049 0.57 0.17
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