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We describe the simulation of dihedral gauge theories on digital quantum computers. The non-Abelian
discrete gauge group Dy—the dihedral group—serves as an approximation to U(1) x Z, lattice gauge

theory. In order to carry out such a lattice simulation, we detail the construction of efficient quantum

circuits to realize basic primitives including the non-Abelian Fourier transform over Dy, the trace

operation, and the group multiplication and inversion operations. For each case the required quantum

resources scale linearly or as low-degree polynomials in n = log N. We experimentally benchmark our
gates on the Rigetti Aspen-9 quantum processor for the case of D,4. The estimated fidelity of all D, gates

was found to exceed 80%.
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I. INTRODUCTION

A promising area for quantum advantage is simulating
the dynamics of nonperturbative quantum field theories
[1-5]. In order to propagate for a time ¢, one requires the
unitary operator U(t) = e~I” which in general may be
challenging to efficiently implement on a quantum com-
puter. Different quantum algorithms exist for approximat-
ing U(?), in particular, Trotter-Suzuki product formulas
[3,4,6—14], quantum walks [15], Taylor series approxima-
tions [16], and quantum signal processing [17,18], as well
as more recent variational approaches [19-21]. While each
of these algorithms differs in how to approximate U(r),
fundamentally these methods all require implementing
operations derived from the Hamiltonian H as quantum
circuits [22]. Thus, a small set of primitive operations
should be required for all of them. In the case of gauge
theories, the Kogut-Susskind Hamiltonian Hyg [23] is the
most common Hamiltonian discussed in the literature for
quantum simulations. Using Hyg, initial comparisons
between a few quantum algorithms were performed for
the Schwinger model [24].
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For efficient digital simulations, the local lattice degrees
of freedom must be truncated. For fermionic degrees of
freedom, this is relatively easy [25-27]. Further proposals
discuss how to map lattice fermions (e.g., Wilson and
staggered) to these encodings [28] or use gauge symmetry
to eliminate them [29,30]. The question of gauge boson
digitization is murkier, with many proposals [10,31-66]
that make complicated tradeoffs. Digitizing reduces
symmetries—either explicitly or through finite-truncations
[33]. Furthermore, the utility of a given scheme depends
upon spacetime dimensionality [67]. Care must be taken, as
the regulated theory may not have the original theory as its
continuum limit [68-73].

One promising digitization method is the approximation
of gauge theories by discrete subgroups [10,40-44,65,74].
Replacing the continuous group by a discrete subgroup was
explored in the early days of Euclidean lattice field theory as
a resource reduction procedure, with most studies focusing
on the theories in (3 4 1) dimensions with the Wilson action.
The viability of the Z, subgroups replacing U(1) were
studied in [75,76]. Further studies of the crystal-like discrete
subgroups of SU(N) were performed [40,41,65,77-79],
including with fermions [80,81]. Alongside this work,
theoretical studies revealed that such discrete subgroup
approximations correspond to effective field theories of
continuous groups where a mass is given to the gauge fields
through the Higgs mechanism [82—-86]. The result of this
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mass is that the discrete subgroup fails to well approximate
the continuous group below a certain lattice spacing a (or
equivalently beyond a certain coupling f3/).

In lattice calculations, one performs calculations at fixed
lattice spacing a = a(f) which shrinks as f — oo for
asymptotically free theories. To control extrapolation errors
in taking a — 0, one simulates in the scaling regime of
a < mig where mp is the infrared mass scale of the
physics of interest. We will consider the start of the scaling
regime as occurring at a,. Thus, the approximation error
from using discrete subgroups should be small provided
that a; 2 ay or equivalently that f; < f3;. For the Wilson
action, 3 are known. In the case of U(1) in (3 + 1)-d with
ps =1, Z,.5 satisfies f; > p;. For non-Abelian groups,
only a finite set of crystal-like subgroups exist. SU(2) has
three: the binary tetrahedral BT, the binary octahedral BO,
and the binary icosahedral BI. While BT has f, = 2.24(8)
in 3 + 1d, BO and BT have 8, = 3.26(8) and , = 5.82(8)
respectively [41], above f; =2.2. Hence, BO and BI
appear useful for SU(2).

For SU(3) (the theory underlying QCD) with f, ~ 6 in
(3 + 1)-d, all five crystal-like subgroups have , < i, with
the largest, the 1080-element Valentiner group,' V having
Py =3.935(5) [41]. Thus the discrete approximation is
inadequate when using the Wilson action. By extending V
to include the midpoints between elements of V, one can
increase fy ~7 [90]. However this requires more qubits
and sacrifices gauge symmetry. This gauge violation is
dangerous on noisy quantum computers [91-93]. An
alternative approach to decrease a; introduces additional
terms into the lattice action [41,76,79,87,88,94-97],
although only in [41,79] were Monte Carlo calculations
undertaken for SU(3). In [41] it was shown that such
modified actions of V could reach into the scaling regime,
finding calculations could be undertaken at a > 0.08 fm
without the effects of a, being seen. This suggests that V
can reproduce SU(3) in the scaling region with a modified
action, such that practical quantum computations of SU(3)
could be performed.

Non-Abelian gauge theories have a number of novel
features not seen in Abelian ones, and thus studies of
Abelian theories like U(1) or Zy may be unrepresentative
of the full complexity of lattice gauge theories.
Unfortunately, even the smallest crystal-like subgroup of
a non-Abelian theory, BT requires 6 qubits per register and
is thus beyond current hardware. To reduce this cost to be
more inline with near-term devices, in this work we study a
class of discrete groups that are not crystal-like subgroups
of a single continuous group. The binary dihedral groups
Dy, have 2N elements and are each an extension of Z, by
an additional Z, subgroup giving Dy ~ ZyxZ,. In the
limit of N — oo this becomes U(1) x Z,. D3 and D4 have

'Sometimes called S(1080) [41,79,87,88] or 3,360 [89].

previously been investigated for simulation on quantum
computers [10,22]. Having 6 and 8 elements respectively,
they both require 3 qubits per register. Unfortunately
in both (2 + 1)-d and (3 4 1)-d, these two groups have
ay < ay with the standard Wilson action and thus either a
modified action or larger group is required to minimize the
discrete group approximation error. For larger N, the
necessary primitive gates are unknown, and within this
work we will derive a set of such gates for D,. gauge
theories which naturally map onto qubit devices.

Since we are interested in finding gauge theories that
could be simulated on near-term quantum devices, it
behooves us to study not just (3 4 1)-d but also consider
(2 + 1)-d theories. Using classical lattice simulations, we
have determined that in both spacetimes, while , > f3; for
Dy, it is only slightly larger, so either Dy (which we did not
simulate) or D, would be desirable to have simulations
with sufficiently small a (See Fig. 1). The dependence of a,
on f; within the scaling regime is exponential, so a slightly
larger group can have dramatically smaller errors. Since
D, theories can more efficiently be implemented in qubits,
we believe that the 5-qubit D4 should be the ultimate target
for quantum hardware of the near-future, with D, and Dg as
important stepping stones to it. After this, BT would be a
natural next step.

In this paper, we construct quantum circuits implementing
the four primitive gates (inversion, multiplication, trace, and
Fourier) required to simulate the D, theories. A Trotterized
time evolution circuit can be built using these gates.
Although Trotterized evolution on quantum processors is
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FIG. 1. Euclidean calculations of lattice energy density (E,) as
measured by the expectation value of the plaquette as a function
of Wilson coupling beta on 4 lattices for different Dy groups
(top) d = 2 + 1 dimensions and (bottom) d = 3 4 1 dimensions.
The shaded region corresponds to couplings outside the scaling
regime for the U(1) x Z, theory.
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unfeasible at present due to the limited two-qubit gate
fidelities, we benchmark the primitive gates for D, indi-
vidually on the Rigetti Aspen-9 QPU to evaluate if simu-
lations are practical on near-term quantum processors. We
perform process tomography to measure the process fidel-
ities of the trace and Fourier gates. Since process tomo-
graphy is experimentally costly for a six-qubit gate, the
fidelity of the multiplication gate is estimated by the fraction
of the correct bit-strings produced for all possible pairs of
input bit-strings. The process fidelity of the inversion gate is
reported based on the benchmark result of the CCPHASE
gate [98].

This paper is organized as follows. In Sec. II the
Euclidean action lattice formalism is briefly reviewed
and its connection to the Hamiltonian formulation is
elucidated. Section III presents an overview of the four
primitive gates required for implementing the group oper-
ations necessary for lattice gauge theories on quantum
computers. This is followed by quantum circuit construc-
tions for these gates for D,. gauge theories: the inversion
gate in Sec. IV, the multiplication gate in Sec. V, the trace
gate in Sec. VI, and the Fourier transform gate in Sec. VIIL.
Benchmarking results for our D, gates on the Rigetti
Aspen-9 QPU are found in Sec. VIII. We conclude and
discuss future work in Sec. IX.

II. LATTICE FIELD THEORY

In order to understand the origin of the various primitive
gates requires from simulating lattice gauge theory, it is
useful to review the connection between the Kogut-
Susskind Hamiltonian [23] and the Euclidean Wilson
action. We summarize the derivation of [99] that begins
with the anisotropic Wilson action in Euclidean time 7 = it
defined on a spacetime lattice:

Sg =~y _ReTrU, - ;> ReTrU, (1)
t N

where i = ¢, s refers to temporal and spatial plaquettes U;
formed from gauge links. We introduce anisotropy between
the lattice spacings by using different bare couplings on the
spatial and temporal plaquettes:

a ag
. Pola,ag) =———.
! gg(aﬂo)a

ﬂt(a’QO): b} (2)

gt (a,ag)aq

The renormalized anisotropic parameter &= a/ag is
used to denote the physical change in the lattice spacings
caused by tuning the bare parameters f,, ;. To approach
the Hamiltonian limit (ag — 0), it becomes natural to
introduce two new couplings, g% = g,g;,» and the speed
of light, ¢ = g,g7".

The connection to the Hamiltonian is via the transfer
matrix, T'(a, ay) which takes a state at time 7, |z), to |t + 1).
T is related to Sg by the partition function Z:

Z= /DUe‘SE = TrT (ay)V (3)

where N counts time slices. It follows that the matrix
elements of T(ag) are [99]

<‘L’ + 1|T(a0)|r) _ e/%ZXReTrUXe/"zz{rﬁl‘,ReTrUre/}TSZl‘ReTrU.‘

1/2 1/2
= TV/ TKTV/ ) (4)

where we have used the second-order Trotterization. Since
T(ay) = e~®H(@®)  we desire T(ay) in terms of variables
on one time slice. While this is trivial for U, U, couples
links at two times U;(z),U;;(z +1). To proceed, we
gauge-fix in the temporal gauge, Uy = 1, yielding

Sk =—P; Y ReTrU(r)Uli(z+1). (5)
{z.t+1}

The next step is to express T(ag) in terms of operators.
The link operator is simply lA]ij|r> = U,j|t). For Tk, we
need an operator that evolves a link via R;;(g)|7) = |7'),
where U;; — gU,;;. This operator has the property of
R;;(9)R;;(h) = R;;(gh) and can define a conjugate
momentum to U, ; by performing a rotation on
U;;(x, 7+ 1). With this, we write

1= s = 1| [ Dorst@er=r). o)

{ij} {ij}

where the product is over all spatial links U;;(z). Any
group element equals g = e* where A; are the adjoint
generators, and R;;(g) = e i in terms of the generators

l;; of that representation. Defining [[,(Dw”)J(w) as
the invariant group measure with a Jacobian J,
Tk(ay) is

TK,ij = /H(Da)a).](a))eiw'lijeﬁ,Tr cos(w-2) (7)

Summing over all character functions of the group, this
integral is can be performed analytically, requiring the
Fourier transform over the group. This was used in [22] and
seems to be a viable procedure when the group is finite. On
the other hand, when dealing with continuous groups, the
summation contains infinite character functions and is thus
computationally impractical.

To remedy this obstacle in continuous groups, one
expands Tx to O(w?) leaving Gaussian integrals.
Neglecting the overall normalization, T'(ag) is

T(ao) = e/’TSZl‘ReTrU‘e—/i,_lzm}l,zj eﬁ%ZSReTrfJ‘?' (8)
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Regardless of whether one approximates 7Ty or not, the
integral corresponds to the Fourier transform of the gauge
group. This transform which diagonalizes the kinetic
energy is why we need a primitive quantum Fourier
transform gate for the given group.

H(a,ay) =

([l aO) {ij}

- gi2(a, ap)[Re TrU;,, [l,j,ReTrU )+ )

Taking the ay — 0 limit of 7'(ay):

T(o)= lim Tl (10)
the BCH terms vanish and one obtains Hygg=

—Llog(7 (7)) [23]:

Hys <gH Zl %ZReTrUQ . (11)
{ij} I (Cl) s

This is a common starting point for the evolution of lattice
gauge theories on quantum computers. From this, we see
that in order to simulate these gauge theories, there are a
number of basic, group-dependent gates that can be used to
simulate the two terms of Eq. (11). Along with the quantum
Fourier transform for the kinetic term, for the potential term
we need to be able to introduce a phase « Re TrUj,. This is
the origin of the need for the trace gate, the multiplication
gate (needed to compute the plaquette U, from the four
links forming it), and the inversion gate (needed to
uncompute the plaquette).

III. OVERVIEW OF BASIC GATES

In Ref. [22], the basic set of gates requires for a general
gauge group G were given. This construction begins with
the defining for G a qubit G-register by identifying each
group element with a computational basis state |g), g € G.
For pure-gauge Hamiltonians, a set of useful primitive
gates defined on the G-register are: inversion, multiplica-
tion, trace, and the quantum Fourier transform.

The inversion gate acts on a single G-register mapping
each group element to its inverse. This is defined in the
fiducial basis by

—ilg) =lg7). (12)

The group (matrix) multiplication gate acts on two
G-registers and is defined by

1
(gH a, ag Zl,/ - gi/(a, aO)ZReTrU

From Eq. (8), we use the definition of 7'(ay) to obtain a
lattice Hamiltonian. However, since /;; and Uij do not
commute, rearranging this expression into a single expo-
nential requires application of the Baker-Campbell-
Hausdorff (BCH) formula, yielding:

24c (@.a) 52 Z g4 (a, ap)| U,[lu,ReTrU 1]

©)

U |g)[h) = 19)|gh)- (13)
Here we have defined U, as implementing in-place left
multiplication, in the sense that the content of the second
register was multiplied on the left. Left multiplication
suffices for a minimal set as right multiplication can be
implemented using two applications each of U_; and U,
[22], although fidelity of simulations may be improved by
directly implementing right multiplication as well.

The trace of a plaquette appears in Hgg, and so to
perform this operation we combine the matrix multiplica-
tion gate with a single-register trace gate:

U, (0)]g) = eReTro|g). (14)

In our construction, the final gate required on the G-
register is the Fourier transform gate 2. This gate acts on a
G-register to rotate into the Fourier basis:

U f(9lg) =Y F o)yl is)- (15)

9eG peG

The second sum is taken over p, the representations of G, and

f‘ denotes the Fourier transform of f. This gate diagonalizes
what will be the ‘kinetic’ part of the Trotterized time-
evolution operator. After application of the gate, the register
is no longer a G-register but a G—register.

In the subsequent section we consider quantum circuit
implementations of these gates for the dihedral group
Dy = {g = s"rk|s?> = rN = e} generated by a reflection
s and rotation r; we review the important properties of Dy
in the Appendix A. Following [22], the 2N group elements
s"rk, m € {0,1}, k € {0,...,N — 1}, are encoded using
standard binary in the qub1t computational basis states
|m)|k), where the register |k) uses [ log, N qubits. We may
variously refer to the |m) as the s-qubit or the reflection
qubit, and the |k) as the r-register or the rotation register.
In this paper, we focus exclusively on the case N = 2", so
that in all we need n + 1 qubits to encode all the elements
of D N-
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IV. INVERSION GATE

Here we describe how to construct a circuit realizing the
inversion gate U_,|g) = |g~') for Dy. First, consider the
case of a general discrete gauge group G. As observed in
[22], if we have access to both the multiplication gate [,
and its reversed (adjoint) circuit UL, then we can imple-
ment U_; using an ancillary G-register initialized to the
group identity element |e). We discuss construction of the
multiplication gate in Sec. V. We can then implement 2[_;
using the sequence of operations

gy 22 g gy =g e),  (16)

ul
9)|e)—

at which point the ancillary register has been returned to |e)
and can be reused or discarded. We note that the SWAP
may be performed virtually by simply switching (relabel-
ing) the top and bottom registers in the circuit for .
Hence the cost of this implementation of 2[_; is at most
twice that of . Note that the property that the ancilla
register is initialized and returned to a fixed state and can be

used to further simplify the circuits for UL so that fewer
gates are required than for the general case. In any case, the
use of ancilliary G-register means this implementation
requires at least log |G| additional qubits, with log |G| =
n+ 1 for Dy.

Alternatively, one may use the properties of Dy
(see Appendix A) to derive more specific constructions
requiring fewer ancilla qubits and lower circuit depth. For
this we use that the inverse of an element s”7* is given by

(Smi”k)_] _ smr(N—k)(l—m)erk (17)

As a result, given the qubit encoding s"r* — |m)|k)
described above, the effect of U_; is to change the state
of the register |0)|k) — |0)|N —k), and leave |1)|k)
unmodified. Therefore, controlled on the state of the
left-most qubit, we need to compute the 2’s complement
of the register |k). The 2’s complement of an n-bit binary
number is defined as its complement with respect to 2",
so that the sum of the number and its complement equals
N =2" (=0). It can be obtained by first taking its 1’s
complement, i.e., flipping all the Os to 1s and 1s to Os, and
then adding 1 to the resulting integer.

Hence, controlled on m = 0, we apply a Pauli X gate
(i.e., a CNOT) to each qubit in |r), followed by the
increment operation. Treating the register |r) as an integer
mod N, the increment operation can be implemented using
simplified versions of standard quantum circuits for addi-
tion; various constructions with different tradeoffs in terms
of size, depth, and number of ancilla qubits can be found in
the literature, see in particular [[100] Table 1]. In terms of
circuit depth, a straightforward modification of the con-
structions of [100,101] yields quantum circuits for the
controlled-increment operation using O(n) Tofolli gates

g m—

|k) = 1’s complement 1

FIG. 2. Schematic quantum circuit implementation of the
inversion gate U_;. The controlled 1’s complement operation
can be implemented with n CNOT gates. The controlled incre-
ment gate can be implemented with O(n) Tofolli gates using a
constant number of additional ancilla qubits [100,101].

|m) I oO—0—0
|k2) U

k1) €

ko) 0—0

FIG. 3. Example: A simplified implementation of the inversion
gate U_; for Dg. The first two gates correspond to the 1’s
complement operation, and the last two to incrementation; an
inner pair of CNOTs has canceled out.

FanY
N

Y
N

\J
Fany
V

and as few as 1 additional ancilla qubits. A schematic
circuit for the inversion gate is shown in Fig. 2, and an
example implementation is shown in Fig. 3.

V. MULTIPLICATION GATE

Here we describe how to build a circuit realizing the
multiplication gate U, |g)|h) = |g)|gh) for the dihedral
group. We employ the following group multiplication rule
for elements of Dy

_1)m2
smpky o gma ke — sm1+m2er2+( 1) k1+k2’ (18)

which implies that it suffices to construct a circuit that
performs either addition or subtraction depending on
whether m, = 0 or m, = 1. Therefore, the task of realizing
the Dy multiplication gate reduces to performing condi-
tional binary arithmetic on qubits.

In the case where m, =0, we must add k; and k,,
whereas in the case where m, = 1, we must add the two’s
complement of k; and k,. The construction of the circuit to
compute the two’s complement is given in the section on
the inversion gate IV, except that now we control on the
value of the leading qubit being 1 instead of 0. Having
conditionally prepared the two’s complement of k;, we
must then perform binary addition to complete the com-
putation of Eq. (18).

A variety of proposed quantum algorithms for addition
and multiplication exist in the literature [102,103] with
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4 [m)

FIG. 4. A multiplication gate circuit for Dg theory.

different resource tradeoffs, see, e.g., [[104] Table 1]. One
approach is to use the classical full-adder, which takes inputs
A and B, the two bits to be added, and C;,, the carry-in bit
from the previous bit addition, and outputs the sum S and the
carry-out C,,. In Reed-Muller form, these are given by

S=A®B®C,
Cou =AB & ACy, @ BCy,. (19)

If we choose to over-write one of the registers with the
sum, say the register containing the A bits in the convention
above, then we can compute S at every step using 2 CNOTs,
one controlled on the value of B and the other on the value of
C,,, with the target being A. Similarly, we can compute C,
and write out its value to an ancillary qubit at every step
using 3 CCNOT gates. Therefore, for a D,» gauge theory,
using this scheme we would require 2 CNOTSs to compute
the sum and 3 CCNOT's to compute the carry outs for each of
n —2 bits, in addition to n — 1 ancillary qubits to hold
the value of the carries. We would only need 1 CNOT to
compute the sum of the least significant bit, and 1 CCNOT
to compute the carry-out for this bit. We also do not need to
compute the carry-out of the most significant bit. Assuming
1 CCNOT ~6 CNOTs, in all this adds a cost of 20n — 31
CNOTs in addition to the circuit to compute the two’s
complement in order to implement the multiplication gate.

An example implementation for the Dg multiplication
gate is shown in Fig. 4.

VI. TRACE GATE

Here we describe how to construct quantum circuits
realizing the trace gate Urp.(0)|g) = ePReT9|g) for Dy.
Observe that, unlike the other basic gates we consider, this
family of gates is parametrized by a real number 6. We
describe both a straightforward implementation that scales
with N, and is in principle exact, as well as a more
complicated implementation that scales polynomially with
n:=log, N, but generally comes with some degree of
approximation error; we refer to these as direct and ancilla-
assisted implementations, respectively. Though its imple-
mentation cost has worse asymptotic scaling, the direct
construction may be especially useful when N is relatively

small, such as the important cases for near-term experi-
ments described in Sec. L.

Here Trg corresponds to the matrix trace in the funda-
mental representation. We let Hyp, denote the diagonal
Hamiltonian defined as Hr|g) = Re(Tr(g))|g) such
that Urp, (0)|g) = e@Re(T(9) = i0Hn,

For Dy, in the fundamental (two-dimensional) repre-
sentation for each group element g = s r* we have

0 I1\N"/w 0\* .

Clearly p(g) is always traceless when m = 1. When m = 0
we have Tr(g) == Tr(p(g)) = " + @™* = 2 cos(2zk/N),
and so for each N the trace values uniformly sample from
one period of 2cos(x). Hence for Dy we observe
ReTr(g) = Tr(g). Therefore we have

N—-1
Hy, = |0)(0] ® > 2cos(2zk/N)[k)(k|.  (21)
k=0

Direct implementation: We first consider implementation
of Uy (0) by directly simulating evolution under the
Hamiltonian Ht, for time #. Diagonal Hamiltonians on
n qubits can be uniquely written as H = Y, a,Z,, where
Zy="Zy ... Ly, denotes a tensor product of Pauli Z oper-
ators indexed by subsets of qubits a C [n], with coefficients
given by a, = 3. Tr[Z,H] € R [105]. We may apply this
decomposition to Hr,, or, to take advantage of its tensor
structure, to only the second factor on the right-hand side of
Eq. (21), as desired; in general, however, the number of
non-zero terms in such a decomposition is proportional to
N. Nevertheless, for moderate N this decomposition yields
an straightforward implementation of 2;.(). For the latter
case, i.e., writing Hy, = [0)(0| ® >, a,Z,, we have

N

N
2r,(0) = ] [ el = [T A,iofe®®).  (22)

a=0 a=0

where A,,_((e%?) denotes the controlled unitary imple-
menting e%“Z« conditioned on the first qubit being zero,
and we used the fact that diagonal terms mutually com-
mute. Each controlled rotation can be implemented with
O(n) basic gates consisting of CNOTSs and single-qubit
gates [105,106]; however the number of rotations may be
proportional to N = 2". An advantage of this approach is
that if qubit rotations can be implemented exactly then so
can Ur, (0). If we tolerate approximation error in LU, (6) the
gate costs can be further reduced [107].

For example, consider D,, for which Eq. (20)
gives p(g) = X™(iZ)*, which has trace 2 for g = e and
-2 for g = r?, else 0. Hence we have the Hamiltonian
Hry, = 2|000)(000| —2|010)(010]  which we may

114501-6
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write as  Hy, = 3(Zy, + ZpZy, + Zi, Ziy + ZnZy, Zy,)
or with control as Hrp, = [0)(0| ® (Zy, + Z, Zy,) =
2/0)(0| ® Z, ® [0)(0]. So for D, we see that we can
implement Ur, exactly with a double-controlled Z rotation,
or a controlled Z and controlled ZZ rotation, or a
combination of Z, two ZZ, and a ZZZ rotations.

Ancilla-enabled implementation: On the other hand,
when N becomes large it is desirable to have a quantum
circuit for the trace gate with resource costs that scales
polynomially with n as opposed to N = 2". This can be
accomplished if we accept tradeoffs such as the use of ancilla
qubitregisters and some degree of approximation error. Here
the basic idea is that we use the ancilla registers as scratchpad
space for quantum arithmetic circuits that coherently com-
pute the trace value for each group element, upon which we
apply controlled rotation gates to achieve the desired phase
kickback. Clearly, for real numbers any finite size
ancilla register will lead to some degree of approximation
error, in general, in the computed values and resulting
phases. This error may be systematically reduced by
employing larger ancilla registers and circuits that
utilize higher precision numbers; we leave a detailed
analysis of these time, space, and precision tradeoffs for
future work.

Let us first consider restricting the required trigonomet-
ric quantities to the first quadrant 0 < 2z7/N < z/2 which
will simplify construction of the resulting quantum circuits.
In particular, many approximations for computing numeri-
cal functions come with guaranteed precision only over
such a bounded interval, and moreover some trigonometric
algorithms proceed by computing values of cos and sin
simultaneously. Observe that for each group element |g) =
|mk,_,...kikg) we have Tr(g) = 2(1 — m)cos(2¢k/N),
and so the periodicity of the cosine function imp
lies that the bit k,_; controls the sign of the coefficient
and the bit k,_, controls the “phase,” i.e., explicitly
Tr(0k,_,0k,_3...k ky) = 2(=1)k1 cos(2zk’/N)  and
Tr(0k,_;1k,_3...k ko) = =2(=1)%-1 sin(27k/N), where
k' is the integer given by the bits k,_5...k ky. (Note that
a similar treatment of the first 3 bits may be employed in the
direct case above for the D, example.)

Assume for the moment we can implement the desired
quantum arithmetic modules for computing fixed-precision
trigonometric functions to b bits of accuracy after the
decimal point [102]. Then Uy, can be implemented as
follows:

(1) (Compute classical functions.) Append a sufficiently

large ancilla register |00...0) and reversibly compute
(in superposition) the transformation for each basis
state |g) = |mk, 1 k,_2k')

|mk,,_1k,,_2k/> |O . 0>
= |mk,y_ ko oK) |sin(22K /N))|cos (2K /N))|sp),

where X denotes a b-bit binary approximation of a
quantity 0 < x < 1. The remaining scratchpad regis-
ter, |sp), denotes intermediate classical values which
will be used to facilitate uncomputation. We discuss
how this may be implemented below.

(2) (Phase kickback.) Given a b-bit quantity 0 < x < 1
we can implement |x) — ¢™¥|x) (up to an irrelevant
global phase) using a controlled R,(627/) gate
applied to each jth bit of |x), j = 1, ..., b, such that
the number of such gates is b. The single-qubit Z
rotation gate is defined as R,(¢) = e~'#%/2. Sim-
ilarly, we can implement |x) — ¢™%*|x) applying
instead controlled R, (62'~/) gates. Hence we apply
two high-level unitaries that kickback a phase of
0Tr(g) to each basis state, as schematically depicted
in Fig. 5:

(3) (Uncomputation.) As the operation of the second
step is diagonal, we can restore the ancilla qubits to
|00...0) then discard for reuse by applying the
reverse of the circuit in Step 1. Hence each input
basis state is taken to the desired state

|g> —_ |mk> N ei02(1—m)cos(2n’k/N)|mk> —_ ei&'Tr(g)lg>.

The cost of Steps 1 and 3 depend on the arithmetic
subroutine used and the number b of bits of accuracy in the
sin and cos registers. This cost dominates that of Step 2
which depends linearly on b. Here we have assumed the
ancilla qubits are restored to |00...0) for reuse; we note that
the allocation and uncomputation of ancilla qubit resources
may often be significantly optimized within the context of
an overall algorithm [102].

Computing the trigonometric functions: Methods for
computing the cos and sin functions using quantum
arithmetic circuits are discussed in [102,103,108,109].
Different approaches come with different tradeoffs in terms
of the number of qubits, number and types of basic gates,
and required numerical accuracy for a given application.

The approach of [[108] Sec. V and App. 2] requires only
addition and multiplication operations, and simultaneously
computes both sin and cos using repeated squaring via the
approximation

|m} ‘T T
K1} —| RZ(28 cos (27k'/N)) H RZ(20sin (2xk'/N)) |—
[Fen—2}
%}
|cos (2xk’ [N} =
|sin (2K’ /N)) —*

FIG. 5. Schematic for phase kickback of Tr(g) using registers
containing the required cos and sin values. Here the two
schematic gates represent one multicontrolled-Z rotation for each
bit in the sin/cos registers, respectively, i.e., the gate R, (62!77) is
applied for each jth bit, j = 1, ..., b, encoding the 27/ bit.
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e’ = cos(a) + isin(a) = (eP4/R)R
~ (1 —ifa/R - (8a/R)?*/2)R (23)
such that the quantity 1 — i@a/R — (0a/R)?/2 is computed

by storing separately its real and imaginary parts, for a
suitable R = 2" > 1 selected with respect to the accuracy
parameter b. Repeatedly squaring this quantity (requiring
only r operations) then yields the desired sin and cos
approximations. Roughly, the error in these approximations
goes as 1 /R for sufficiently many bits of accuracy in the sin
and cos registers as well as the intermediate quantities
(cf. [[108], Prop. 1 and 2]).

Alternatively, the approach of [[103] Appendix D] uses
piecewise polynomial approximations implemented via
controlled Horner polynomial evaluation (such that each
degree d polynomial approximation requires d + 1 addi-
tions and multiplications), while the approach of [109]
employs nontrivial quantum submodules for approximately
computing square roots. In these approaches care must be
taken to ensure the desired accuracy is achieved.

Hence the ancilla-assisted approaches yield quantum
circuits with resource costs scaling as low-degree poly-
nomials in n = log N and the accuracy bits b. The specific
cost in terms of gates and ancillas depends on these
parameters and the particular quantum arithmetic circuits
employed as subroutines. As stated the direct approach is
much simpler for moderate N; we show an explicit
quantum circuit for this implementation of ;.(0) for
D, and its compilation to hardware gates in Fig. 10 below.

VII. FOURIER GATE

The standard n-qubit quantum Fourier transform [110], a
critical component of Shor’s prime factoring algorithm,
corresponds to the Abelian group Z,:». Quantum circuits
implementing Fourier transforms over a variety of non-
Abelian groups have been considered in [111-114], though
there remains important groups for which efficient
QFT circuits are not known [115].2

Here we consider the explicit construction of quantum
circuits for the QFT on Dy. Our construction employs the
standard QFT as a subroutine. We note that the more
general construction of [111] for efficient circuits for QFTs
over metacyclic groups also includes Dy.

The Fourier transform of a representation of some finite
group G is defined as

“We note that an efficient quantum circuit for the QFT of a
group G does not entail an efficient quantum algorithm for the
corresponding hidden subgroup problem (HSP) for G, an
important class of problems that includes both the prime factoring
and graph isomorphism problems [115]. Subexponential time
quantum algorithms for the HSP on Dy are given in [116,117]
using the standard QFT rather than the D one considered here.

\/721‘ (24)

9eCG

where N =
tion p, and f is a function over G. The inverse transform is
given by

£(9) \/_Z VTGO, (25)

peG

where the dual G is the set of all irreducible representations
(irrep) of G. Note if there exists a subgroup H C G and
elements {g;}_, such that we can write G =U"_, ¢;H, i.e.,
a left transversal of H exists in G, then

S ael) = 33 Flamplah)

9eG i=1 heH

= Zp gi Zf (h Z (gl)fl(p|H>

heH i=1

(26)

where we have defined f;(h) = f(g;h), p|y denotes the
restriction of the representation p to the subgroup H, and f;
represents the Fourier transform of the function f;. Using this,
we can compute the Fourier transform f on the representation
p In arecursive manner for the series of subgroups Hy, ..., H,
that form a chain G D H; D ... D H,, = id, using “adapted
bases” such that p|;; can be written as a direct sum of irreps
of H;.

Let a:G - C and a;(g) = a(g;9), where g;,g € G.
Then, we may similarly construct quantum Fourier trans-
forms (QFTs) via the following series of operations

= Za(g)|g> = Z Za(gih)|gi>|h>

9€G i=1 heH

—Z|gl (Sathim)= Z|g, (Cadiim)

heH hel

55" a(@)5) = 1) (27)
56

where F'; denotes the Fourier transform over the subgroup
H, and U denotes a change of basis from T ® BH to Bg,
where T denotes the coset representatives {g;}”_, and By
(Bg) denotes the Fourier basis of the group H (respectlvely
G). In our encoding of Dy elements s"r* — |g) = |m)|k),
k) encode the basis elements of Z,, while |k) denote the
Fourier basis of Zy. Then, we have Fy;:|m)|k) — |m)|k).
Likewise, denoting the Fourier basis of Dy by |g), the final
transformation is U : |m)|k) — |§). Determining U is often
the more nontrivial part of any such QFT algorithm.

For even N, the group Dy has the following four 1-
dimensional irreps using m € {0,1} and k € {0...N — 1}:
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k
k

k
k

1) pp:irt =1, s -1

(i) pg:r® —1, sr

(iii) pc:s™r* — 1 for even k; s"r* — —1 for odd k

(iv) pp:r* = 1, sr* - —1 foreven k; and r* — —1, and
srk > 1 for odd k,

and NT_Z 2-dimensional irrep:

0 1\m eiZﬂl/N 0 k
() (¢mky —
6= (1 o) (Ty ) 09

- -1

where 1</ < % Dy has a cyclic subgroup Zy =
{r°, ....,¥N=1} for which the QFT is well known [110],
and for which the elements {e, s} provide a left transversal
in Dy. Our encoding of Dy elements into qubits,
s"r* — |m)|k), and the existence of the QFT over Zy
provide all the steps in Eq. (27) to compute the QFT over
Dy except the last one involving a change of basis. This
nontrivial step is provided by [111]

N ImN + p 5 +x), 1 <x<X
U:mN+p—+x)—> ) o 29
o) ()" 550y (YN + p ), x=0 (29)

where m, p € {0, 1} are the 2 most significant bits, while
x €{0,....5 — 1} specifies the state of the remaining part
of the register. The complete circuit for Uy for Dy (N = 2"
for some n) is given in Fig. 6. There, we use the operation
O (w)|u)|v) = 0"|u)|v), with @ = €. In general, if u
takes on n; values and v takes on n, values, then @ can be
compiled using O([log(n;)][log(n,)]) gates. In our case
however, m and p only take on two values each, and we can
therefore compile this operation using a single CCPHASE
gate and an ancillary qubit, as shown in Fig. 7. With this
formulation, we reduce the gate costs for D, from five
entangling gates in [22] to two.

Upon the execution of the Fourier gate, the four 1-
dimensional irreps of Dy (with N = 2") are encoded into
the following basis states

pa = [00)|0)&"1,
pc = [01)[0)®"",

py — [10)]0)&"!
pp = [11)[0)®""!

0
ij
the 2-dimensional irreps indexed by / € [1,5) and given by
Eq. (28) are encoded into the remaining computational

— 1 —

while the matrix entries p; ., the ith row and jth column of

m) ————

®(w)

Fyz

N

|
|
|
1 |
|
|
I
|
|
|

FIG. 6. Circuit computing Uy of the Dy group. The first part of
the circuit computes the Fourier transform Fz, — over

Zy = {0, ....,r¥"1}, while the latter part performs a change

of basis |g;)|) — |§), implementing the unitary transform given
in Eq. (29).

basis states as p§j> — |ij)|l) If so desired, one could

rearrange the representations to appear in a different order,
e.g., the first four computational basis states |...00),
|...01),[...10),|...11) encoding the four 1-dimensional
irreps, the next four encoding the matrix entries of the
[ =1 2-dimensional irrep and so on. In principle, the
amplitudes of any two basis states |s) and |s’) could be
exchanged by using an ancillary qubit |7) and applying an
(n + 1)-qubit controlled operation C"*!(s) = |s)(s| ®
X+ Z%;,;(l) |s")(s'| ® T on a single target qubit |7), fol-
lowed by at most n + 1 CNOTs controlled on |7) to change
|s) to |s').

However, for us, this is unnecessary since to apply the
kinetic gate, we only ever need to apply the Fourier gate to
transform to the momentum basis, and thereupon apply a
diagonal operator, followed by the inverse of the Fourier
gate to move back to position basis. In Appendix B, we
prove that the Fourier gate diagonalizes the kinetic gate for
Dy theory (even N), satisfying our requirement.

VIII. EXPERIMENTAL RESULTS

In this section, we discuss experimental results from
running realizations of the circuits described above on the
Rigetti Aspen-9 QPU, which features 32 transmon qubits
with a square-octagon topology [118-120] (see Fig. 8). The
Rigetti stack [121] allows us to use the Quil language [122]

m— 10—
P(w) - |m) ——e——
P — [ lp) —e—

FIG. 7. Circuit for implementing ®(w). This is given by a
simple application of a CCPHASE gate targeted on an ancillary
qubit, obtaining a phase kick-back on the qubits |k) and |i), on
which it is controlled.
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4 3 1413 2423 34 33
5 215 1225 22 35 32
6 1 16 11 26 21 36 31
7 0 17="10 27 =20 37=—=30
FIG. 8. The Rigetti Aspen-9 QPU consists of 32 transmon

qubits arranged in a square-octagon lattice. Single-qubit gates
{RZ(0),RX(kr/2)} are available for the qubits denoted by the
integers. Native two-qubit gates (CPHASE, CZ, XY) can be
applied between the connected qubits with the linkage denoted by
gray lines.

to program the Aspen-9 device, and its associated optimiz-
ing compiler Quilc [123] to compile fundamental gates into
its native gateset {RZ(0), RX(kz/2), CPHASE, CZ,XY}.
A recently realized native gate CCPHASE [98] is also
accessible using the Quil language. We report the process
fidelities of the Fourier, inversion and trace gates for D,
theory. The multiplication gate for D, involves a 6-qubit
circuit, performing process tomography on which is exper-
imentally costly. Instead, we compute the fraction of
correct bitstrings the gate produces for all possible pairs
of input bitstrings, and report this as the accuracy of this
operation as a proxy to its fidelity. We find all the gates to
have greater than 80% fidelity or accuracy.

A. D4 multiplication gate

Concretely, for D, theory, we can use the encoding
st/ = |s)|j) = |a)|bc) as in [22] to specify an element of
Dy as s9r**¢. We compute the product |abc) =
|(a1bicy) - (azbycy)), using the multiplication gate
l[x |a1b1C1 >|a2b2C2> = |a1 b] Cq > |Cle>. Whether we per-
form subtraction or addition, the rightmost bit will simply
be given by ¢ = ¢; @ c¢,. The relation is similar for the
leftmost bit (a).

For the second rightmost bit (b), we must first mod-2
sum both bits involved in the product, b; & b,. However,
we must also account for the carry from (to) the mod-2
addition (subtraction) of the rightmost bit. Depending on
whether we perform addition or subtraction, the appropriate
carry is either c¢;c, or c|c¢, respectively. Thus, in all, we
have the two following rules.

For m, = 0 (addition), we obtain
b=b,®b,®cc,,

a=a; ®a, c=c;®c, (30)

For m, =1 (subtraction), we obtain the product

a=a ®a,, b=b®b,®cCy, c=c;Dcy. (31)

In circuit form, this is provided in Fig. 9. We implement
this on the Rigetti Aspen-9 QPU, whose lattice topology is
shown in Fig. 8. In order to minimize the number of SWAPs
necessary to compile the circuit onto the native hardware,

we use a 6-qubit sub-lattice consisting of the identifications

lax)
|b1)
|e1)
|az) b |a)
b2) —ED D |b)
|c2) & S&—b |c)

FIG. 9. Multiplication gate circuit for D, theory.

(ai, by, c1,a2,by,00) =(22,30,35,21,37,36). This iden-
tification ensures only nearest-neighbor interactions in the
implementation of the gate. In addition to 2-qubit gates
such as CPHASE [120] and XY [119], the Rigetti hardware
also allows the use of 3-qubit gates [98]. This can be used to
compile the Toffoli gate with a single application of the
CCPHASE gate, up to a few single-qubit gates.

In order to benchmark the multiplication gate, we start
with each possible pair of 3-bitstrings, apply the multipli-
cation gate, and obtain the fraction of correct bitstrings that
we measure as output from a total of 10,000 shots. Using
only 2-qubit gates to compile the Toffoli in Fig. 9, we can
obtain some depth reduction by identifying a CNOT
followed by a SWAP operation with a single XY gate
(upto single-qubit gates) as described in [124]. Using this
approach, the average fraction of correct output bitstrings,
over all possible input pairs of 3-bitstrings, is found to be
~0.19(6) where the standard deviation is reported in
parenthesis. However, if we use the native CCPHASE gate
to compile the Toffoli in the multiplication gate, the average
fraction of correct output bitstrings goes up to ~0.89(18). If
we instead take the majority vote of 200 successive shots,
we boost the average fraction of correct output bitstrings
even more to ~0.91(15).

B. D, trace gate and Fourier gate

To benchmark the fidelities of U and Uy, (0 = 7/2) of
the D, theory, we carry out quantum process tomography
(QPT) [110]. To minimize SWAP gates due to Aspen-9
connectivity, we swap the qubit ordering for a linear
connectivity and implement the circuits on the qubits
(17, 10, 11) of Aspen-9. We also allow the qubit ordering
to be different at the beginning and at the end of the
circuits as shown in Fig. 10(a) and (c). The circuits are
compiled into the native gate set {RZ(6),RX(kx/2),
CPHASE, CZ, XY} by Quilc, and need 2 and 4 two-qubit
CPHASE gate, respectively as seen in Fig. 10(b) and (d).

QPT measures the process fidelities of U, and Uy, (0 =
7/2) to be 0.920 and 0.857. The process infidelity is
dominated by the error of the two-qubit CPHASE gates
which are calibrated to be around 2% to 3% at the time of
the experiments. The y matrices measured with 8000 shots
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(®)

[11)

{Rx (5) Bz () Bx (-3) Rz - Bx (3) | 72 () H Bx (-5) H Re(-m |—

|e1)

110) —{ Rz (3) | Rx (5) | Rz(0:919)

Rz (-3)

Rz(—0.918) 2 (—%

Iko) 17) ——————————{ Ru(=4.060) | - Rz (§) | Rz(-0:652) | Rx (§) | Bz (3) |

|m)

(© k) — B-(0) | ——{ R.(0) & @ O

ko) D— R.(0) —& D || R.(0) &
@
[17) I' Rz(5.636) } I I"R2(4.086) ||
[10) — Rx (3) —{ Rz (%) R,\»(g)ll I"" (z) HRZ(2.1.‘)7)HRz(pi)HRz(—Z.IS)?)HRX(%)TRZ(—-{T’)HR‘\- (g)an(_g) |_

|J—\R ‘

[11)

| Bz(pi)

Rz(pi)

FIG. 10. U and Uy, (6@ = /2) for D, theory and their compiled versions for Aspen-9 QPU with qubits (11, 10, 17). We use the Quilc
compiler to convert the circuits to versions using only native gates of Aspen-9 QPU. (a) D, Fourier gate (b) Compiled Fourier gate for

Aspen-9 (c) D, trace gate (d) Compiled trace gate for Aspen-9.

are shown in Fig. 11 with the inset ideal matrices. Readout
error mitigation is implemented by modeling the readout
error as a classical stochastic process characterized by a
confusion matrix, which can be determined by preparing all
bit strings |000), [001), ..., |111) and measuring the output.
Any distribution is then postprocessed by inverting the
confusion matrix to mitigate the readout error. More details
of the readout error mitigation can be found in
Refs. [125,126].

(a) Trace gate, f=0.857

C. D, inversion gate

As described in Sec. IV, in order to construct the
inversion gate, we need to apply the 2’s complement
(neglecting the leading bit) of the rotation register con-
trolled on the value of the reflection qubit being 0. The only
nontrivial operations the D, inversion gate therefore has are
|001) — |011) and |011) — |001). This operation can be
implemented using a single CCPHASE(7) gate [98], with a

(b) Fourier gate, f=0.920

)

.08

FIG. 11. The y matrices associated with U, (@ = x/2) and 2. The process fidelity is determined by f = Tr(;(:farge,;(), where the target
Xarger 18 computed by noiseless simulator (see insets). Ur, (6 = 7/2) has a lower fidelity f = 0.857 compared to that of U being
f = 0.920 since U, (0 = /2) consists of two more CZ gates. While the process tomography involves pairs of all 4> Pauli operators, to
avoid overcrowding, we only display the labels of every four of the operators in the figures above. (a) Trace gate, f = 0.857 (b) Fourier

gate, f = 0.920.
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k1) —P— = k1)
‘]{70> —_—
|%o)
FIG. 12. Inversion gate for D, theory.

few additional single-qubit gates, as shown in Fig. 12. The
process fidelity of the CCPHASE gate is computed to be
~87.1% on the Aspen-9 sublattice (10,11,12) (see Fig. 8)
using cycle benchmarking [127].

IX. CONCLUSIONS

In this paper, we have shown how to construct quantum
circuits for the simulation of arbitrary D,» gauge theories.
The operations were shown to reduce to simpler ones such
as computing the two’s complement, or binary arithmetic,
and therefore benefit from the wide variety of techniques
used to implement such operations. The Fourier gate was
shown to assume a particularly simple form. All these
operations were shown to scale as O(n), or as a low-degree
polynomial in # in the case of the trace gate, providing an
exponential advantage over classical state vector simula-
tion. Experimentally, we found the success rate of the
various operations for D, theory to be greater than or equal
to roughly 80% on Rigetti’s Aspen-9 quantum processor.
These findings provide encouragement that large scale
lattice simulations of gauge theories are within reach.

Looking to the future, several directions warrant men-
tion. The first would be to extend the construction of
primitive gates to gauge theories beyond D,», in particular
to the crystal-like subgroups of SU(N) theories. The
second would be to perform a detailed resource analysis
both on the individual gates and algorithms for state
preparation [128,129] and extracting physical observables
[130,131] from simulations on specific architecture.
Another followup would investigate the performance of
these gates and their combinations on current devices.
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APPENDIX A: ALGEBRAIC PROPERTIES OF
DIHEDRAL GROUPS

Here, we note a few important properties of Dy,
the dihedral group of symmetries of a regular N-sided
polygon, which is generated by two elements: r (a rotation)
and s (a reflection) such that rV = s> = ¢, the identity
element. Here NV can be any positive integer, and it follows
that each Dy is isomorphic to the semidirect product of
cyclic groups ZyxZ,. Each of the 2N elements of Dy can
be uniquely expressed as s"r*, where m € {0,1} and
ke {0,1,...,N — 1}. The two generators satisfy the prop-
erty srs = r~! = rN~1, or equivalently sr = r¥~!s, which
in geometric terms means that a mirror reflection of a
rotation gives a rotation in the opposite direction. Observe
that this implies

srktl = pN=lgpk = = pN=(ktl)g (A1)
so that by induction we have srf¥=r""ks for
k €{0,...,N — 1}. These properties can be summarized as
smpk — erJr(—l)'”ksm. (A2)

Through a similar calculation we also have
rhgm — Smer-'r(—l)”’k' (A3)

Using the above we find the product rule of Eq. (18):

smipki L gmapky — gmy gmy yNmy+(=1)"2ky pky
— gMmitm erer(—l)”'Zlirkz_ (A4)
From Eq. (A2) we the inverse of sr* to be
(srK)~1 = pN=kg = srk (A5)
while the inverse of ¥ is simply (r¥)~! = rN=k 5o that in

general, the inverse of a Dy element is given by Eq. (17),
ie., (smrk)—l —_ Smr(N—k)(l—m)+mk'

APPENDIX B: PROOF THAT FOURIER GATE
DIAGONALIZES Dy (EVEN N) KINETIC GATE

Given M;; = Re[Tr(p"(g;)p(g;))] and the matrix T with
entries T;; = exp fiM;;, here we show that FTF T, where F
is the unitary matrix corresponding to the non-Abelian
Fourier transform, is diagonal. Moreover, we provide an
explicit form of this diagonal matrix for arbitrary Dy
(even N).
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Note that M is dependent on the representation we use.
There are 4 1D irreps of the Dy (even N) group,

G) pairt =1, srt
(i) pg:r*t =1, srk
(iii) pc:s™r* — 1 for even k; s"r* — —1 for odd k.
(v) pp:r* = 1, sr* - —1 foreven k; and r* — —1, and

srk — 1 for odd &,
where m € {0,1} and k€ {0..N—1}, and §—1 2D
irreps,

- 1.

k - —1.

oi27lk/N 0

0 o—i2nlk/N ) (B1)

with1 </ <N/2and 0 < k < N. We work with the [ = 1
2D irreps, and denote ¢(s"r*) = ¢p(;)(s™r*) in what
follows for simplicity. Then, letting i= (m' k') =
Nm' + K, j=(m,k) = Nm+k, it is clear that M;; can
be nonzero only when m = m'. In this case, we see that

27 (k=K') /N 0

e = (7 ) B

SO that Mi;j = M(m’.k’);(m,k) = 25m.m’ CcoS [277.'<L1;k)]
Therefore,

1 cos 2z (k'—k)/N]

Tl] = T(m/,k’);(m,k) = e25m_m X (B3)

Now the Fourier matrix is built out of the inequivalent
irreps of the Dy group, and can be represented as

Pa
Pb
Pe
Pd

(B4)

Doo(n/2-1)
doi(nj2-1)
dion/2-1)

D121

so that we have

Foi=p, = [I]ZN

Fii=pp,= [I]N[_I]N

Fri=p. = [17—1]N

Fs3i=ps= [1,—1]]\7/2[—1’ I]N/2 (B5)

where [a|™[b]™ denotes an m; + m,-dimensional row
vector with the first m; entries equaling a, and the next
m, entries equaling b, and [a, b]™ denotes a 2m-dimen-
sional row vector with entries alternating between a and b.
Let F/ = FT and pg,...,p;,(pgo(l),..., ’“( ) denote
its rows.

We then have

N/2-1

(FT)O;(m,k) = ZFO;(m’,k’)T(m’,k’);(m.k)
m' k'
N-1
=N+ Z o2 cos [2a(K'—k)/N]
K'=0
=N+ e2P cos (27k'/N)
K'=0

(B6)

where in the last step we have repeatedly used the identity

cos(%) = cos(%¥). The last expression in Eq. (B6) is

independent of (m, k), so that

(B7)

N-1
,0; — <N—|— ZEZﬂcos(Zﬂk’/N)>pa‘

kK'=0

Similarly,

(FT)I;(m,k) = Fl;(m’,k’)T(m’,k’);(m,k)
— 23260_,”/)’ cos [2z(k'—k)/N]
k/

_ 2625"’"ﬁ cos [2z(k'—k)/N)
k/

_ (1 _ 2]’}1) <Ze2ﬂcos 27k’ /N) _ N) (B8)
k/

and since (pp) () = (1 —2m), we have

(B9)

PZ _ (Zezﬁcos (2zk'/N) _ N)pb
k/

Through very similar calculations, we find
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(FT>2;<m,k>—Z[Z< 1) v eos 2e(K—0)/N

m' Lk'odd

+ Ze 5, ! P COS [27 (K — )/N]:|

k' even

_ Z k’ 2B cos 2k /N) (BIO)
and, for the last of the 1D irreps,
(FT)sypnp) = (=13 (=1)F e esat/) - (B11)
k/
so that
Pea = (Z(—l)k’em<2”k’/N>)pc,d. (B12)
kl
Next, for the 2D irreps, we have
Poo) (s™r*) = (1 = m)ek/N
¢Ol(l)(smrk) me —12/rlk/N
¢10(Z>(smrk) me 127zlk/N
brip (smrk) = (1 = m)e 2mk/N, (B13)

We will make use of the identities

:Z_;COS (271[\?(/) = sin (zl) <cos (zl) cot <%l) + sin (nl))

(B14)

S () =3 o(5) o (271))

[
X cosec <”—> (B15)
N
both of which vanish for / € Z. Therefore,
N-1
Z eii27zlk’/N =0 (B16)
¥=0

for 1 <1< N/2. We will also make use of the identity

(B17)

N-1
§ ilZﬂlk’/N E eitZﬂl (K'+k)/
kK'=0

for k=0,...,.N-1.
Now, analyzing the transformation of the 2D irreps as we
did before for the 1D irreps, we have

(/)00 fo)oo (s"'r )ka/ (m.k)
(m' k)
_ Z(l _ ml>ei2ﬂlk//Nezﬂ5m’m/ cos [2z(k'—k)/N]
m' k'
ZeiZn:lk’/NeZﬂcos (27k'/N) ,m=0
kl
o Zeiank’/N m=1
kl
_ (1 _ m) eiZn:lk/NZ 27K [N p2f3cos (27K /N)
k/

(B18)

_ (Z 27K /N p23 cos (2ak’ /N)) ¢oo(1)
k/

where in the second to last equality, we have used
Egs. (B16) and (B17). Repeating essentially the same
arguments, we also obtain

)= (Ze_iz””"/ N g2p cos <2”k’/N)> Po1)
k/
’10(1)(smrk (Zeﬂnlk//N 2f cos (27k' /N) )¢01

(Ze—zzﬂzk’/zv 2pcos (22K’ /N) >¢11 (B19)

¢61<1)(sm’k

/11(1)<Smrk

Altogether, we have shown that p} « p; for all irreducible
representations p;. Finally, using the Schur orthogonality
relations which state that for two inequivalent irreps of
some finite group G, ¢:G — U,(C) and p:G - U,,(C),
we have

(bri-pij) =0, (> dij) = 0w (B20)

and so we find
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N-1 2
FTF' = Dlag{ <N + Z e2pcos (27K /N)) , (ZeZﬂcos (27k'/N) _ N) , [Zk/(_l)k p2p cos (27k'/N) ;
k’

kK'=0

{ (Z ei27K' [N ,2p cos (2zk' /N)> (Z e~i27lk' [N p2f cos (2ak’ /N))
K K

<Z o127k [N 2 cos (27K’ /N)) ’ <Z o127l /N ,2pcos (22K /N)) ] = }
Iz g

(B21)
=1

where, [f([). ..., fi(1)]}", denotes mk entries with increasing values of /. The expression above is valid for even N. We do
not consider the odd N case in our paper, though the analysis may be carried out similarly.
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