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We present next-to-leading order QCD corrections to B, — 7, and B, — J/y tensor form factors within
the nonrelativistic QCD framework. The full analytical results for B, to S-wave charmonium tensor form
factors are obtained. We also studied the asymptotic behaviors of tensor form factors in the hierarchy heavy
quark limit, i.e., m, — oo, m, = oo, and m,./m;, — 0. A compact expression for tensor form factors is
given analytically in the hierarchy heavy quark limit. The relation among different form factors is also
analyzed, especially at the large momentum recoil point. The numerical results for the B, to charmonium
tensor form factors in all the physical region are given at the end.
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I. INTRODUCTION

Testing the standard model and hunting for new physics
is a primary task in particle physics. In recent years, the
b — c transition has been employed as a vivid window to
indirectly detect the possible pattern of new physics.
Particularly the R(D™*)) and R(J/y) anomalies in recent
flavor physics experiments shall challenge the lepton
universality and indicate the possible pattern of new
physics [1-4]. To distinguish the new physics signal from
background in these heavy flavor quark decay channels, a
precision calculation and analysis of transition form factors
is required [5-8].

The b — ¢ transition modes in the B, meson have been
studied in many frameworks: the lattice QCD simulations
[9,10], nonrelativistic QCD (NRQCD) approach [11-18],
perturbative QCD approach [19-23], principle of maxi-
mum conformality [24], QCD sum rules [25-27], light-
cone sum rules [28], light-front quark model [29,30],
relativistic quark model [31-35], nonrelativistic constituent
quark model [36], and SU(3) symmetry [37,38]. It is a
remarkable progress that the HPQCD Collaboration has
gained the first lattice QCD results for the B, — J/y vector
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and axial-vector form factors in the full g> range [10].
Using the lattice QCD computation of the B, — J/y form
factors, the HPQCD Collaboration then determined the
standard model predictions of R(J/w) and improved the
theoretical precision. Therein, the lattice QCD results have
reduced the tension of R(J/y) anomalies and also indi-
cated the LHCb data has a 1.8¢ deviation from the standard
model prediction. To include the possible new physics,
other form factors such as scalar, pseudoscalar, and tensor
form factors are also involved in the processes, apart from
vector and axial-vector form factors. These new form
factors are not simulated in lattice QCD currently.
Fortunately, one can perturbatively calculate these form
factors at large momentum recoil order by order in the
NRQCD approach.

NRQCD is a powerful theoretical framework to deal
with the production and decay of the double heavy quark
system [39]. There are three kinds of typical scales ordered
by the quark relative velocity v: the heavy quark mass
(mg), around and above which the perturbative interactions
dominate for the hadron production and decay, the heavy
quark relative momentum (mgv), and the heavy quark
Kinetic energy (m, v?), around which the nonperturbative
binding dominates. The form factors can be expressed by
the series of nonperturbative long-distance matrix elements
(LDMES) and the corresponding perturbative Wilson coef-
ficients. In this paper, we focus on the next-to-leading order
(NLO) QCD corrections to the B, — . and B, — J/y
form factors. The scalar and pseudoscalar form factors can
be obtained from vector and axial-vector form factors by
equation of motion. Thus we will calculate the B, — 7, and
B, — J/y tensor form factors at NLO in the NRQCD
framework.
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Even though the definition of form factors only relies on
the local bilinear current, there needs to be a new
renormalization factor to cancel the UV divergence, since
the tensor current is not a conserved current. We will check
the UV and IR behavior of the B, —» 5, and B, — J/y
tensor form factors. On the other hand, we will investigate
the relation among different form factors in the hierarchy
heavy quark limit. Previous studies have indicated that
there are degenerates for vector and axial-vector form
factors in the hierarchy heavy quark limit. Very similar
to the Isgur-Wise function in small momentum recoil, the
form factors are not independent at large momentum recoil.
Thus we will check the asymptotic expressions of tensor
form factors in the hierarchy heavy quark limit.

The paper is arranged as follows. We give the definition
and the LO results for B, — 5, and B, — J/y tensor form
factors in Sec. II. We present the NLO QCD corrections to
the B. — n. and B, — J/y tensor form factors, discuss the
UV and IR behaviors, and give the asymptotic analysis of
tensor form factors in the hierarchy heavy quark limit in
Sec. III. Numerical results and discussions are given in
Sec. IV. In the end, we give the conclusion.

IL. B, — . AND B, — J/y TENSOR FORM
FACTORS

Inputting various Dirac Gamma matrices in bilinear local
quark currents sandwiched between the B, meson and a
charmonium state, one can define various form factors. The
tensor form factors for B, meson into an S-wave charmo-
nium are defined as [40—43]

(n.(p)[co*q,b|B.(P))
fT(qz)

M 2)

FIG. 1. Tree level diagrams (1) and (2) for the form factors of
B, into an S-wave charmonium, where the symbol “@” denotes
certain current operators and the lower line is the spectator charm
quark. At LO, one gluon is exchanged between the upper bottom/
charm quark and the lower charm quark.

(J/y(p.€")|co" q,b|B.(P)) = 2iT (q* )" e; p,P,. (2)

(J/w(p.€)|eay’ q,b|B.(P))

=T5(q*)((mp, —m3, e+ — & - q(P* + p*))
2
« q
T Ty(qYe -q(qﬂ S pﬂ>), 3
my, =My,

where the Dirac operator 6** = £ (y#y* — y*y*). We denote
the momentum transfer as ¢ = P — p and we have the
physical constraint 0 < ¢* < (mp_—my;,(,))* in form
factors. The m and ¢ are the mass and polarization vector
of the mesons. We also use the convention of the Levi-
Civita tensor €°!? = 1. Note that 7' (0) = T,(0) by using
the identities 6,75 = o’ and €,,,,,06"ys = —2i0,, in
Eqgs. (2) and (3).

In NRQCD, both the B. meson and J/y can be treated as
nonrelativistic bound states. The decay amplitudes for
B, — J/y can be factorized as the short-distance Wilson
coefficients and the LDMEs [11,16,39,44]. The leading-

i
2 €pvpo

=" (PP + p")— (my — mn )g*), (1) order (LO) Feynman diagrams are plotted in Fig. 1. Using
mg, +my,, ‘ NRQCD, the leading-order results for the form factors are
|
1102y - 1OVACCrER(: 4 DR G2 4 e 0)y y(0), "
9 S - b
T 22 (sz2 =257+ 1)’m3N,
AN2C,Crrs/z + 1(5572 + 657 + 4s + 1 ay (0 0
TII“O(Z, 5) = ALF ( Jasw ( )B}/’( )J/l//’ (5)
22 (sz> =257+ 1)*m3N,
o 4v2C,Cpry/z + 1(15572" + 85723 — 85722 — 1657z + 6527 — 4s — 1)agy(0) 5 w(0),,
T3%(z.8) = 3/2 2 213 C ' (6)
(z= 1223z 4 1)(sz%> = 257+ 1)*m3 N,
o 4v2C,Crrsy/z + 1(352% + 25z — 4s — D)ayy(0)5 w(0),,
T3%(z.s) = — 3/2( o2 2,3 . ’ ()
2/2(sz = 2524+ 1)’mjN,
where z=m./m;, and s=1/(1—-¢g?/m3). The nonperturbative parameters w(0)g g, and w(0),,, ., are the

Schrodinger wave functions at the origin for ¢ and cc systems, respectively, which are related to the NRQCD LDMEs

for the production and decay processes [39].
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It is noted that the heavy quark symmetry is involved at
leading power in heavy quark effective theory and the form
factors at the minimum momentum recoil point can be
expressed by the Isgur-Wise functions. It indicates that the
heavy-to-heavy transition form factors are not independent
in heavy quark symmetry. In this paper, we will calculate
perturbatively the form factors of B, into an S-wave
charmonium. The perturbative calculation results are
thought to be solid at the maximum momentum recoil
region. Then we can also investigate the asymptotic
behaviors in the hierarchy heavy quark limit. We introduce
the hierarchy heavy quark limit, i.e., m;, — oo, m, — o0,
and z = m./m; — 0, to observe the asymptotic behaviors.
One can assume the heavy quark mass approaching infinity
as m, = x40 and my = x|, .0 and then
z=mg/my = x|, .cp = 0. One can easily see that
the form factors are not independent in this limit. In the
following, we list the asymptotic expression for the LO
tensor form factors:

16V2C, Crrs®ay(0)5 w(0),

Asymp.LO
T (Z’ S) Z3/2m2NC s (8)
TAsymp.LO o 4\/§CACF”S(4S + l)aSW(O)BCW(O)J/y/
1 (Zy S) = Z3/2m3N .
bV c
©)

The tensor form factors 7, and 75 are related to 7’| as

TAsymp.LO (Z, S)

T2Asymp.LO(Z’ S) _ 1 , (10)
N

Tg\symp.LO (Z, S) _ Tllksymp.LO(Z’ S) ] (1 1)

The higher-order QCD and relativistic corrections for the
vector and axial-vector form factors for B, meson into an
S-wave charmonium can be found in Refs. [14,15,17,44].
We have confirmed all the previous results for the NLO
corrections to the vector and axial-vector form factors. The
relativistic corrections for the tensor form factors for
B, — J/w have been performed in Ref. [45]. In the
following section, we will study the NLO QCD corrections
to the tensor form factors for both B, — 7. and B, — J/y
channels. The precision predictions of various form factors
shall improve the standard model theoretical uncertainty
and determine the possible pattern of new physics in R(7..)
and R(J/y) observables.

III. QCD CORRECTION TO B, — 5., J/y
TENSOR FORM FACTORS

We next calculate the NLO QCD corrections to the
tensor form factors of B, — (1.,J/y) transitions. At LO,
the form factors come from two tree diagrams in Fig. 1. At
NLO, the form factors receive contributions from various

one-loop Feynman diagrams in Fig. 2. These one-loop
diagrams include the self-energy, vertex, box, and pentagon
corrections.

On the calculation of the one-loop diagrams, we adopt
the Feynman gauge and use dimensional regularization to
regularize the occurring UV and IR divergences. First, we
apply the package FeynArts [46] to generate the correspond-
ing Feynman diagrams and amplitudes. We implement the
package FeynCalc [47] to handle amplitudes, i.e., contract
indexes, simplify Dirac Gamma matrices, and obtain traces.
Then, employing the package Apart [48] for partial fractions,
the full one-loop amplitudes, including the self-correction,
vertex, box, and pentagon corrections are expressed as the
linear combination of the standard Passarino-Veltman
scalar integrals AO, BO, CO, DO.! We use PACKAGE-X
[50] to analytically calculate these Feynman integrals.

The one-loop self-energy and vertex correction diagrams
have the UV divergences, which are thought to be canceled
by the counterterm in the standard high-order calculation
procedure. But an additional renormalization factor Zr- for
certain currents is also required. The renormalization
constants include Z,, Zs;, Z,, Z, and Zp (see
Refs. [44,51]), referring to quark field, gluon field, quark
mass, strong coupling constant g,, and tensor current,
respectively. In our calculation, the Z3, Z,, and Z are
defined in the modified-minimal-subtraction (MS) scheme,
while for Z, and Z,, the on-shell (OS) scheme is employed,
which tells

57, =-3Cp 2

1 w4 5
—+In"5+-4+0(e)| +O(a3),  (12)
4r m* 3

€uv

12 2
67, = _CF& —t—+ 31n#—2+4—|— O(e) | +O(a),

4r leyv  €R m
(13)

1
67 = Z’_S [(ﬁo —2C,) —+ O(e)} +0(a3), (14)
n €uv
_ P 1 2
0=~ iz LUV - 0(6)} +Ole), "
57 = Cp s {L + (’)(e)} +O(a?). (16)
iy, cuv

Here, 6Z; = Z; — 1. fy = (11/3)C, — (2/3)n; is the one-
loop coefficient of the QCD beta function, p is the
renormalization scale, and note that 6Zp will vanish for
vector and axial-vector currents.

'However, the five-point integrals in Fig. 2(18), can only be
reduced to AO, BO, CO, DO by integration by parts [49] without
setting scaleless integrals to zero to distinguish UV and IR
divergences.
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FIG. 2. All of the one-loop diagrams (1)—(29) for the form factors of B. — J/w(#.), where the symbol “@” denotes certain current
operators. The bubble in (3) and (4) represents the one-loop gluon self-energies. (24)—(29) only contribute to B. — 7. channel.

It is noted that these renormalization constants are
involved in certain counterterm diagrams, but some of
them may disappear in the final renormalization formulas
since they will cancel by each other. Now we can write
down the renormalization formula for the form factors.
Take the B, — 7, transition matrix element, for example,

(n.|eTb|B.) = (—ig,) / / d*xd*y
(ne|TA (x)A% (), (%), (¥) (€T'B) (0)|B.)
=22 (~igh) / / d4xd / d'k e;’:l (;
2: 2223 (| TR () % <y><erb>'*< )B.)E,
(17)

where the renormalized matrix element has been labeled by
a subletter R. The heavy quark mass that is not explicitly
written out should be also renormalized. j, is the conserved
heavy quark vector current, which does not need the
renormalization, i.e., j, = j,’f for conserved current.
Similarly, Zr =1 for the flavor-changed vector and
axial-vector current; while we have Zr =1+6Zr #1
for the flavor-changed tensor current.

After summing up all of the contributions, we find both
the UV and IR poles indeed cancel, respectively, and obtain
complete analytical finite results of the form factors. At last,
we use the Mathematica function series to obtain asymp-
totic expressions of the form factors in the hierarchy heavy
quark limit. All of the analytical calculations have been
numerically checked by the packages AMFlow [52] and
FIESTA [53], which are consistent with each other.
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The asymptotic expressions of form factors in the
hierarchy heavy quark limit are presented in the
Appendix. Note that the NLO QCD correction to
B. — n. tensor form factor f; has been investigated in
Ref. [44]. We have confirmed their results of the form
factors in the paper [44]. In addition, we also obtained the
NLO QCD correction to B. — J/y tensor form factors
T, ,3, which are important input to precisely study the
R(J/w) anomaly [54]. The method may also apply in the
transition of the double heavy diquark system [55].

IV. NUMERICAL RESULTS AND DISCUSSIONS

In the following numerical calculation, the one-loop
result for a strong coupling constant is used, i.e.,

V¥4
as(lu) = 2\’ (18)
(4Cy—2np) G

where the typical QCD scale Aqcp is related to ny. For

example, Agfczg = 87 MeV is determined by a,(my) =

0.1179 with mz = 91.1876 GeV. Agcp will increase if one
uses the high-order result for the strong coupling constant;
however, it is not necessary and only required if we also
take the high-order corrections to the form factors. Because
we have treated the B. meson and the S-wave charmonium
as nonrelativistic bound states, the pole mass of heavy
flavor quarks is adopted as m; =4.75£0.05 GeV
and m, = 1.50 £ 0.05 GeV.

First we investigate the renormalization scale
dependence of the form factors. To eliminate the uncer-
tainty of nonperturbative NRQCD LDMEs, we define
fr(w)/fr(my +m.) and T;(u)/Ti(m; +m,), which are
independent of the nonperturbative NRQCD LDMEs. We
then plot the renormalization scale dependence of tensor
form factors at the LO, asymptotic NLO, and complete
NLO results in Figs. 3-5. In general, the scale dependence
at NLO is obviously depressed relative to the LO case.
Namely, the fya?In(u®) terms in the form factors are
canceled by the scale dependence in the strong coupling
constant. But an additional renormalization constant Z is
introduced for tensor form factors and it leads to a scale-
dependent term proportional to Cra? In(u?), which can not
be canceled. Thus it is reasonable that the scale dependence
of tensor form factor f at NLO is still large.

Next we will focus on the theoretical predictions of
tensor form factors in B, to an S-wave charmonium. To
avoid the uncertainties from NRQCD LDMEs, we can
employ the HPQCD Iattice data of vector and axial-vector
form factors in B, to an S-wave charmonium [9,10].
Combining the analytical expressions of vector, axial-
vector, and tensor factors in the NRQCD framework, we
can furthermore obtain the tensor form factors.

However, the perturbative calculation in NRQCD is valid
when the transferred momentum is large. Thus the

1.6
15 7 LO
14 Asymp.NLO
= —— NLO
5 13
“|E12
o=
1.1
1.0
09 2 3 4 5 6
u(GeV)
FIG. 3. The renormalization scale dependence of the form factor

fr at LO, asymptotic NLO, and complete NLO. We set the form
factors at the maximum recoil point, g> = 0. Herein y runs from
m. to my, +m, with fixed quark mass m. = 1.50 GeV and
my, =4.75 GeV.

1.6

15p 7 LO

14 Asymp.NLO
= 513 NLO
Ay EN 1.2

iy

1.1

1.0

09 2 3 4 5 6

u(GeV)

FIG. 4. The renormalization scale dependence of the form
factors T; and T, at LO, asymptotic NLO, and complete NLO.
We set the form factors at the maximum recoil point, q2 =0,
which leads to T, (¢*> = 0) = T»(¢*> = 0). Herein y runs from m,
to my +m. with fixed quark mass m, = 1.50 GeV and
m;, = 4.75 GeV.

1.6
L] S LO
14 Asymp.NLO
g — NLO
5|5 13
FIE 12
[N
0-9 2 3 4 5 6
H(GeV)
FIG. 5. The renormalization scale dependence of the form

factors 75 at LO, asymptotic NLO, and complete NLO. We set
the form factors at the maximum recoil point, g> = 0. Herein p
runs from m, to m,, + m, with fixed quark mass m, = 1.50 GeV
and m;, = 4.75 GeV.
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1.8 T r . r
16 —— NRQCD-+Lattice+Z series

1.4}
‘“5{,1.2-
S

1.0
0.8}

0.6

0 2 4 6 8 10
q*(GeV?)

FIG. 6. The full curve of physical tensor form factor f7(g?) for
B, — 1, transition with 0 < ¢*> < (mg_—m, ). The blue curve
with error band is the result of our polynomial fit in the Z series
combined with NRQCD calculation and the HPQCD lattice data
of vector form factors for B, — 7, [9].

analytical expressions of vector, axial-vector, and tensor
factors in the NRQCD framework are not applicable for the
minimum momentum recoil region. Thus we will use the
Z-series method [56-59] to do the extrapolation. The tensor
form factors can be rewritten as [60,61]

1 ..
Fl) = > dden).  (19)
1 —1t/my =
with
t,—1t— /L —1
7 = \/ + \/ + 0 , (20)
Vi =1+ /I, = I
1.2 T T T T
— NRQCD-+Lattice+Z series
1.0t
& 0.8f
~
0.6}
0.4}
0 2 4 6 8 10
q*(GeV?)
FIG. 7. The full curve of physical tensor form factor T (g?) for

B, — J/y transition with 0 < ¢* < (mp, — mj/v,)z. The blue
curve with error band is the result of our polynomial fit in Z
series combined with NRQCD calculation and the HPQCD
lattice data of vector and axial-vector form factors for B, —
J/w [10].

1.0
0.9k
0.8
0.7F
0.6
0.5k
0.4}
0.3

—— NRQCD-+Lattice+Z series

Ta(q?)

0 2 4 6 8 10
q°(GeV?)

FIG. 8. The same as Fig. 7, but for the physical tensor form
factor T,(q?) for B, — J/y.

035 NRQCD+Lattice+Z series
0.30}
% 0.25}
o
0.20}
0.15}
0 2 4 6 8 10

7*(GeV?)

FIG. 9. The same as Fig. 7, but for the physical tensor form
factor T5(q?) for B, — J/y.

t
t0:t+<1— l—t—‘>, (21)
Jr

I = (mB(. =+ mn(,.(J/l//))zv (22)

where t = ¢, and my are the masses of the low-lying B,
resonance. Here the series of parameter z can be truncated
to second order because z(g*) ~0.02 in B, to an S-wave
charmonium [62].

We plot the full curve of physical tensor form factors f7
and T 5 for B, to an S-wave charmonium in Figs. 6-9.
Our results of B. — 7. and B. — J/y tensor form factors
at maximum recoil g*> = 0 are listed in Table I, together
with the results from other literatures. The uncertainties of
our numerical results in Table I are from the HPQCD lattice
data uncertainties of vector and axial-vector form factors
[9,10]. Compared to the results from covariant confined
quark model (CCQM), covariant light-front quark model
(CLFQM) and QCD sum rules (QCDSR), our results for
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TABLE 1. Tensor form factors at maximum momentum recoil point g> = 0 calculated in this paper and other
literatures.

f7(0) T,(0) = T5(0) T5(0)
NRQCD + lattice 0.85 £ 0.07 0.46 +0.05 0.18 £0.02
CCQM [63] 0.93 0.56 0.20
CLFQM (type-II) [64] 0.90105] 0.561 018 0.197593
QCDSR [60] 0.93 £0.07 0.47 £0.04 0.19 £ 0.01

T;(0) are very close to the values in both CLFQM and
QCDSR. While our result for f7(0) is a little smaller than
the value in CCQM.

V. CONCLUSION

While the lattice QCD has performed a state-of-the-art
work on the vector and axial-vector form factors for the B,
meson into an S-wave charmonium, analyzing the pattern
of new physics in R(y.) and R(J/y) requires more
theoretical input. In this paper, we calculated the analytical
NLO corrections to tensor form factors for the transitions of
the B. meson into an S-wave charmonium, the 7. and J /.
The compact asymptotic expression of tensor form factors
in the heavy bottom quark limit are presented. Combining
the strict NLO results for vector, axial-vector, and tensor
form factors and the HPQCD lattice data of vector and
axial-vector form factors, we obtained the full curve of the
physical tensor form factors f7(¢?) and T} ,3(g*) for the
considered B. — n.,J/yw charmonia. These results are

ACks) m{(lch_zﬁ) 2’

fO(z,s) 4z 3 3 zm;, 9 2

10n; Inz Ins

e T

useful to precisely study the semileptonic decays of the
B, meson into an S-wave charmonium such as the R(J/y)
anomaly.
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APPENDIX: TENSOR FORM FACTORS IN THE
HIERARCHY HEAVY QUARK LIMIT

In this Appendix, we have listed the analytical expres-
sion of tensor form factors for the B, meson into an S-wave
charmonium in the hierarchy heavy quark limit, i.e.,
my, — o0, m, — o0, and z = m./m; — 0. In general, we
have z = m./my, and s = 1/(1 — ¢>/m3). For the B. — 1,
transition, we have

2

2 6

In?z Ins 3In2 1 1 . 1\. .
+CA|:—4+<—2—2—2>11'1Z+(2—2S>L12(1—2S)+<S—2)L12(1—S)

%( 25— 1)In%s + ((—23— 0

2512
{1ﬂ_+ogz

4 2

s N, ,, (1=3s)ln2 1 67
2S>lns+< s E)ln 2+27 (25 +1)+—

s—1 2" 9

I )
N (5 ns+6ln2_£> Inz+ (4s — 1)Liy(1 = 25) + (3 = 25)Lip(1 — 5)

+ Cp
(s+ )ln2s+ ((4s+5)ln2+

2(1 - 2s)? 12

and at maximum recoil point (s = 1 or g*> = 0)

5(4(34 — 115)s — 101) +23 5
Ins+ (25+2 )n22
41 —252(s— 1) neE g

ss=7) +7)n2 1 ( 2(4s+19)+L_2O7)]}
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NLO (| 11c, 2 2u* 10 1 n?
Ir o )_1 ; {( A_ nf)lnL_ﬁ_E_zl 2_|__
n

1) 3 3) w9 2 6
1 32 1 31n%2 2 67
Col--Inlz+ (-2 22— )mz-—"—2m2-2
+A[4“Z+( 2 2)“ 2 8+9}
2 2 2 2
u-  Slnz 23 9In“2  3In2 Sz~ 53
Cp|-Int 62 -1 22 A2
+F[nmi+4+<n4nz+2+2+34 (A2)

Note that the above NLO result of B. — #,. tensor form factor f7 is in agreement with the previous calculation in Ref. [44].
For the B, — J/y transition, we have
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2
u 2 4 12 1
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* F{ nm%+< 4s +1>“+<< 4s+1> n”( b)) "t e ne

9 8 . 3 5
+ (m—?))le(l —ZS) (4—m)L12<1—S)+ ((7_4s+1) ln2—4s+1—2) Ins

6sln’s (225 + 2)In?2 7*(2s = 1)
- In2+——=-17] ¢, A3
P R P 1) T 53 (A3)
Ti%(zs)  T5°(zs)  T5°(zs)’
and at maximum recoil point (s = 1 or ¢*> = 0)
TYO(z,1) L 11C4  2ny ln2—ﬂ2— 10n;
TH0(z,1) 47z 3 3 i 9
2 4In2 6 6ln2 1
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