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Generation of arbitrarily spin polarized muon pairs is investigated via polarized e~e™ collision. We
calculate the completely polarized cross section do,-,+_,-,+ and construct the fully spin-resolved

Monte Carlo simulation method to explicitly describe the production of polarized muon pairs. We find
that, due to the flip of mixed helicities along the scattering angle, arbitrarily polarized muon pairs with both
of the longitudinal and transverse spin components can be produced. Moreover, we also find that the
transverse polarization of the muon pairs depends on the directions of transverse spins of initial
electrons and positrons. The collision of tightly collimated electron and positron beams with
highly longitudinal polarization and nanocoulomb charge can generate about 40% muon pairs with
longitudinal polarization and about 60% muon pairs with transverse polarization. The compact high-flux
e~ et — u~u" muon source could be implemented through the next-generation laser-plasma linear collider
and would be essential to facilitate the investigation of fundamental physics and the measurement

technology in broad areas.
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I. INTRODUCTION

Spin polarized muon sources are versatile in fundamental
particle physics, nuclear physics, and condensed matter
physics [1-4]. In particle physics, the muon anomalous
magnetic moment [5-7], rare muon decay [1,8,9], and
muon-neutrino flavor oscillations [10-12] are deemed to
encode the experimental evidences in search of the new
physics beyond the standard model, demanding the
unequivocal measurements by using high-flux polarized
muon beams. The longitudinally spin polarized (LSP) and
transversely spin polarized (TSP) muon beams can both be
used for the precise measurements of the muon anomalous
magnetic moment [7] and are crucial for studying the
lepton flavor violating [8,13] and the CP violation [14,15].
In nuclear physics, the high-flux muon beams apply to the
muon-catalyzed fusion [2,16,17], the production of muonic
atoms for probing the nuclear properties [18,19], and the
muon-capture reaction for producing the nuclear isotope
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[20]. The LSP muons are used to study the nuclear structure
via the polarized deep-inelastic scattering with above 80%
polarization [21,22] or via the muon capture with above
70% polarization [23,24]. Moreover, the highly polarized
(above 90%) slow muons apply to the muon spin relax-
ation/rotation (uSR) measurement due to its sensitivity to
low spin fluctuation [3,4], whereby the uSR effect is
significant in quantum materials, radical chemistry, battery
materials, and elemental analysis [25].

The conventional hadronic z~z" — x~u* muon source
is generated through the proton-nucleon reactions inside a
high-Z target, in which the predominantly produced 7™
mesons decay into the polarized muons and, due to the
parity nonconservation, these muons are completely lon-
gitudinally polarized [26,27]. The TSP muons can be
obtained in the storage ring, in which the momenta of
LSP muons are deflected by 90° to obtain the TSP ones,
however, an integrated field of 492 T m is required in the
relativistic limit [28,29]. The hadronic muon source usually
demands a kilometer-scale accelerator to obtain the proton-
beam driver with energy above 100 MeV, and the muons
are required to be efficiently captured and rapidly accel-
erated from the divergent hadronic showers [26,30].

At present, with the rapid developments of ultraintense,
ultrashort laser techniques, the state-of-the-art laser pulses
can achieve the peak intensities of about 10> W /cm? with
a pulse duration of tens of femtoseconds and an energy
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fluctuation of about 1% [31-33]. Efficient laser-driven
plasma accelerators with a gradient exceeding 0.1 TeV/m
can provide dense tens-of-MeV proton [34,35] and multi-
GeV electron beams [36] in experiments, and thus have the
potential to significantly accelerate the prepolarized low-
energy proton [37-39] and electron beams [40-42].
Moreover, the TSP electron (positron) beam can be directly
produced via nonlinear Compton scattering (nonlinear
Breit-Wheeler pair production) in an elliptically polarized
[43,44] or bichromatic laser pulses [45-48] due to the
quantum radiative spin effects, and the LSP ones can be
produced via the helicity transfer from circularly polarized
y photons in nonlinear Breit-Wheeler processes [49,50],
which are generally preproduced via Compton scattering
[51,52] or bremsstrahlung [53]. Very recently, an all-optical
spin rotation method has been proposed to generate
arbitrarily spin polarized (ASP) lepton and ion beams
[54]. Thus, such a strong laser pulse could be used to
drive the direct production of muon pairs through the
quantum electrodynamics (QED) processes [30], such as
the Bethe-Heitler (BH) and trident muon pair productions
via the beam-target interaction: y + Z — pu~ + u* + Z and
e +Z—-pu +ut+e +2Z, and the triplet and e"e”
annihilation muon pair productions via the beam-beam
interaction: e~ +y > pu~ +u" +e ande” + et > um +
u" [55-59]. In the former, the high-brilliance muon beams
can be produced through the interaction of a laser-driven
GeV electron beam and high-Z target [60]. While, in the
latter, the low-emittance ones can be produced through the
collisions of a positron beam of about 45 GeV with target
electrons [57-59]. However, in these proposals, the polari-
zation of muon pairs are not taken into account. As known,
the longitudinal polarization dominates the BH- and
tridentlike processes [61]. According to the helicity con-
figure in the e"e™ — u~u™ process, in principle, the LSP
and TSP muon pairs can both be produced as a transversely
polarized state in a linear combination of two helicity states
[62]. Thus, it is attractive to examine the prospective ASP
muons produced via collisions of the forthcoming polarized
electron and positron beams driven by the ultraintense laser.

In this paper, the generation of ASP muon pairs via the
polarized e~ et annihilation process has been investigated.
We calculate the cross section of muon pair production for
ASP scattering particles by virtue of the density matrix (see
Sec. I A) and use the fully spin-resolved Monte Carlo
(MC) simulation method of binary collision [63] to
describe the production and polarization processes of muon
pairs (see Sec. I B). The interaction scenario and coor-
dinate system in the momentum space are illustrated in
Figs. 1 and 2, respectively. We find that the directions of the
initial spins can significantly modify the energy and
angular spectra of muons (see Fig. 3). Moreover, we find
that the polarized electrons and positrons with opposite
helicities annihilate into the polarized muon pairs with
mixed helicity states, which flip along the scattering angle

FIG. 1. Interaction scenario for generating ASP muon pairs via
polarized e~e™ collision. (a) Schematic helicity configuration in
the center of mass frame. The black and helical arrows denote the
particle momentum direction and mixed helicity, respectively, 71,
and 71,y denote the momentum directions of e~ and u~, respec-
tively, and 6; is the scattering angle. (b) Helicity distribution of
u" (u™ has an opposite distribution) in the plane of center of mass
energy E., and cosf;. In our simulation, the electron and
positron beams are initialized symmetrically with a transverse
Gaussian and longitudinal uniform distribution, divergence angle
0, = 1 mrad and uniform energy distribution between 110 and
360 MeV in the laboratory frame.

0, gradually and lead to the LSP and TSP muon pairs [see
Fig. 1(b) and more details in Figs. 4 and 5]. The
longitudinal polarization distributes near the colliding axis
and the transverse polarization distributes approximately
perpendicular to the colliding axis. Utilizing laser-driven
LSP electron and positron beams, high-flux ASP muons
could be produced directly through an ultrahigh-luminosity
laser-plasma collider (see Fig. 6 and Table I), which have
significant applications in broad areas.

The paper is organized as follows. Section Il summarizes
the methods of theory and numerical simulation. Numerical
results and related discussions are given in Sec. III. A brief
conclusion of this work is presented in Sec. IV.

II. METHODS OF THEORY AND NUMERICAL
SIMULATION

The cross section of process e”e™ — u~p™ with particle
spins can be obtained by introducing a spin projection
operator or using a density matrix [64,65]. The polarized

TABLEI. In a symmetric colliding setup with a set of example
parameters: charge Q,, longitudinal size [, and transverse size
0.y, and repetition frequency [, the produced muons with total
yield N, and partial yields N and N,. The electron and

positron beams with P‘(f)

as that in Fig. 6.

= 1 have the same energy distribution

0p  (.oy) (um) fip H2) N V. P") (V. PY)

5nC (100, 0.3) 10 546 (236, 0.79) (310, 0.83)
500 pC (50, 0.3) 106 591 (257, 0.83) (334, 0.83)
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scattering amplitude of Bhabha scattering and Mgller
scattering were discussed by considering the initial
spins [66,67]. The polarized scattering amplitude consid-
ering both initial and final spins can be significantly
simplified by applying the helicity eigenstates. However,
in general, the produced muon pairs are partially polarized
with the energy- and angle-dependent polarization degree.
In addition, in order to apply the e~ e™ annihilation process
as a polarized muon source, one should acquire the
comprehensive knowledge of the beam effects and polari-
zation characteristics in this leptonic process through the
realistic beam-beam collision. Therefore, we calculate the
completely polarized cross section using the density matrix
(see Sec. I A). Moreover, in order to simulate the beam
effects of energy and polarization distributions on the muon
pair production and build the bridge between theoretical
prediction and experimental procedure, we employ the MC
simulation strategy of binary collision [63] (see Sec. II B).

A. Calculation of the fully spin-resolved
cross section of the e”e* — pu~u* process

In the calculation of the fully spin-resolved cross section
of the muon pair production, we use the Lorentz invariant
density matrix to describe the arbitrary polarization (see
[63] and Secs. 65 and 87 in [64]). Denoting ¢ and &', as
mean spin vectors of e* and u* (see Sec. 29 in [64]),
respectively, whereby the density matrices can be formu-
lated by the defined spin four-vector bases [see Eqs. (9) and
(10)]. Defining the Mandelstam invariants in the process
e“et >y ut as

s=(p-+p ) =(pL+p)% F=s/m
t=(p-—pL)=(p—py)%  T=t/mg,
u=(p_-p.)=(p.-p)%s  d=u/m (1)

where p. and p/, denote the 4-momenta of e* and u*,
respectively. Defining m = m, /m, with m, and m,, being
the masses of electron and muon, the obtained cross section
in the c.m. frame is

do — 4m?
do _revi—dm] M @)
aQ 64s V3

where Q and r, are the solid angle and classical radius,
respectively. The scattering amplitude |M|? is expressed
as [64]

IM* = (8(ps, ap)r*u(p-, a_)a(p-,a_)y’v(p,, ay))

x (u(pZ, al)yqv(pl. a\ )v(ph. d)ypu(pl, a”))
= TP (pyp_y )T (pLy oy 7). (3)

where y,, and y; are the gamma matrices, contracted to four-

vectors in ‘“slash” notation below, a,. and a’i denote the

spin four-vectors of e and u*, respectively. The density
matrices in Eq. (3) are derived from the direct product of the
Dirac spinors uit and vo with the replacements

u(p_,a_)u(p_,a_) > p_,
v(py,a)v(pi.ay) = py, )
u(pl,aa(p_,a.) - p_,
v(ply.d)v(ply.dy) — ol

with p. = 1/2m,)(#s F mo)[l - r5(4,)] and 4, =

1/@2m,) (¢, F m,)[1 = (#'+)]. The spin four-vectors
are expanded as ay =7 ¢y ;85 and @, =) (i,
where % and 4T are the spin four-vector bases of e* and
u*, respectively. Substituting these expansions into the

density matrices of e* and y*, one obtains

{Pi,o =1/2m,)(ps F m,). )

prj=—Ciiprorses,j =123,

{ﬂ'iozl/@m DL Fomy), »
Pl Ci]pi()}/sﬁ .j=123.

Using the momenta of the scattering particles, a set of
orthogonal four-vectors

Q=p_+py=p_+70,

M=p_ —-p,

: / 2 (7)
K, =K-M(p_K - p' K)/M",
N = aﬁpQO‘MﬁKp,

is constructed for defining the spin bases of e*, and another

set of orthogonal four-vectors

Q=p_+p,=p-+p,

K=p_ —-py. (8)
M, =M —-K(p.K - pl,K)/K>.
L=c¢ ﬂpQ"‘KﬁM”,

is constructed for defining the spin bases of u*. eiﬁp is the

Levi-Civita tensor. Thus, it is convenient to define the spin
four-vector bases for e* with

ég = pi/mev

e = N/v/=IN*,
e5 = (f1-ps + f2- ps)/m,,
e = (f3-M+fs-Ky)/m,.

and for u* with
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At )
I/to _pj:/m;n

The coefficients 1, f,, f3, and f, are defined by the
orthogonal relations between &5 and &5, and the normali-
zation condition |85 |*> = [é£|? = —1. It is similar to the
definition of coefficients f5, fg, f7, and fg (see
Appendix C).

In the c.m. frame, the element of the solid angle is
dQ = d(-7)dw/(2|p||p’|), where p and p’ being the c.m.
momenta of electron and muon, respectively. Substituting
Egs. (5) and (6) into Eq. (3) and calculating the Dirac trace,
one obtains the differential cross section of the e~e®™ —
u~ut process,

d*c r - :
= ¢ F+Y Gi¢,+Y G,
dtdll/ 32§3(§ _ 4) < + - i g—,z + - i é’+.l

3
£ L), (1)
ij=1

where the functions F, GF, and H, ; are expressed by 3,7,
and i, and their concrete expressions are presented in
Appendix C. ¢’ and {” denote a selecting polarization by a
detector and have two spin states, and summing these two
spin states of ¢’ and ¢’ in Eq. (11) one obtains

d’s B r’
didy 833 (5—4)

F. (12)

After the integration of Eq. (12) over the azimuth angle y
and 7, one obtains the total cross section with the initial
spins (. ; of e*

-l F 13
ST B _4) (13)

where F is the integration of F over 7 and yw and is
expressed as

+ 18 (4m (54 2) +5(=5 +4))
+ ol (4m? (=5 +2) + 5(-25 +4))
+ 38 3(4m?* (=5 +2) + 3(5 +4))). (14)

The obtained cross section (11) as a function of the

parameters &', also gives the spin states of u* resulting

from the scattering process itself (see Sec. 65 in [64])

- +
o) = G0 (0 _ 67

i =7 Y= i=123 (15)

In the c.m. frame, ¢, and {,, are the transverse
polarization perpendicular to the scattering plane, C/i,3
and {5 are the transverse polarization in the scattering
plane, and é”i’z and ., are the longitudinal polarization
(see details in Sec. II B). Therefore, the helicity amplitudes
can be obtained by setting {,, = +1 and {, , = &1 in
Eq. (11) as

|M+—i$|2 =F+ GE F G; - H22, (163)

|M+—:tj:‘2 =F+ GE + G; + H22. (16]3)
The differential cross sections of the four helicity
channels |+ -+ F) and |+—+3) are do,_,- and
do _. ., respectively, where the subscripts from the first
to the fourth in sequence denote the positive (|+)) or
negative (|]—)) helicity eigenstates of e™,e*, u~, and u™,
respectively. The helicity scattering amplitudes can
also be obtained directly by using the helicity states in

the calculation of |[M|?> with spin four-vectors a, =
yn (%%ﬁ) and d/, = l;(ﬁ—]%;—:l) and it is consistent
with the deduced ones in Eq. (16) from the arbitrarily-
polarized scattering amplitude in Eq. (11).

The spin three-vectors ¢'’ can be expressed in an
arbitrary frame by the definition of a set of three-vector
basis n’_ [68] as

3
¢l =3l (17)
j=1
Wy = a7 —pL/ (B +m)iy,  (18)

with ﬁjf) being a time component of four-vector ft;t defined
in Eq. (10), and E, and p/, being the energies and momenta
of u* in an arbitrary frame. The three-vector bases n.
of e* can be defined in the same way. Thus, the mean
helicities of muon pair in an arbitrary frame are expressed

as 2. =& Upl /2l ).

B. MC simulation method

Following our developed MC simulation method for
polarized binary collision, here, we consider the collision
scenarios with realistic electron and positron beams that are
initialized with a specific degree of polarization, energy
distribution, and divergence angle in the laboratory frame.
During the beam-beam collision, the colliding region is
meshed into solid cells at every time step, and the electrons
that can scatter inside a cell are sampled by Thomson cross
section and paired by no-time-count method [69], as
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X

FIG. 2. Coordinate system of the muon pair production in the
c.m. frame. € and ¢ are the polar and azimuth angles of the
electron momentum p, respectively, and (np, p,(l)p) are the
spherical coordinates of electron momentum p. p | in the 0 = qb »
plane is perpendicular to p, and p’ in the p —p, plane is the
momentum of u~.

illustrated in Fig. 1. By the Lorentz boost along the c.m.
frame velocity fen [fem = (P— +py)/(E- + EL) with
momentap . and energies £, of e~ and e™ in the laboratory
frame], every paired e~ e® with s > 4m are permitted for
the single annihilation process of muon pair production by
using the acceptance-rejection method. For each event, the
c.m. momentum p’ of muon is determined in the defined
momentum coordinate (see Fig. 2), where the scattering
angle 6, is defined as the angle between p and p’. With the
determined 4-momenta (E,,,p’) of a muon pair, one can
calculate the transition probabilities of spin states using
cross section (11) to determine the final spin state, and the
spin axis is also determined by calculating Eq. (18). The
detailed architecture of the simulation code is described in
Appendix A.

Let us first clarify the determination of muon momenta.
Since we calculate the differential cross section Eq. (2) in
the c.m. frame, the polar and azimuthal coordinates of a
muon in momentum space are defined with respect to the
electron momentum p. The polar angle of a muon is the
scattering angle 6, in the scattering plane and the azimuthal
angle in the azimuthal plane 0 ) — & p» as sketched in Fig. 2.
An auxiliary quantity p | (defined in the azimuthal plane by
a random angle with respect to 0 ) is used to determine p’
by the relation 7, = cosOn, +sind, . The O, is
obtained by solving 64/6,,; = |R|, where R, is a uniform
random number between —1 and 1, and

|coso s\
(5 —4)(3 — 4m?) / G (19)
|cosd; \

which results in

(5—4)(5—4m?){45|cosO,|[4m*({_ 11 —C 20

= 383t ) +5(={ 181 =8 ala+ 303 +1)
FA4(C 1 F 14+ 08+ 58 5)]

—_|C059| (4m* =3)[5(C_ 181 —C 2l

—C 38+ 1) =40+ 0lin+ 585+ )]}
(20)

59:

In the c.m. frame, the defined spin 3-vector basis in
Eq. (18) is concrete, i.e., (n_;,n_j,n_3) corresponds to
the directions of (p, xp,p,—p,), and (n’_‘l,n’_’z,n’_j)
corresponds to the spherical coordinates (g;b R l,/,ép/) of
p’, respectively, as shown in Fig. 2. Therefore, in the c.m.
frame, a muon is produced in each single reaction with the
longitudinal polarization ¢’ (_f )2 and the transverse polariza-
tion ¢’ (_f )1 and C’(_f% along (ﬁpr and 91,/, respectively. We
denote Cil and ¢, as the longitudinal and transverse polar-

izations of u~, respectively, namely

L=y

Thus, the energy- and angle-dependent polarization can be
analytically obtained by Eq. (15). Alternatively, ﬂ is the

=Y, +@E)% @

difference between counting rates for positive and negative
helicities [summed over polarization states +¢’, (££”) of
u"], normalized to the total counting rate,

Y lde(¢l, 2=
| = S 00T, = 1)+ do(C, = D)

(22)

and it is similar to obtain the expression of ¢, from the
counting rates.

Although the characteristic distribution of polarization in
the phase space (E,,,, — 6, space) can be obtained analytical
by Eq. (21), it is necessary to know the single spin state of
each pair in order to acquire the statistical polarization of
the produced muon pairs. The single spin state can be
determined by the MC sampling using the corresponding
transition probabilities given in Eq. (11). The statistical
meaning of the mean polarization of a single muon is that in
a piece of the phase space, the distributed mean polarization
can be retrieved by the observed spin components averaged
over particle number. The observed spin states of y* are
determined by the following four transition probabilities:

113002-5



LU, ZHAO, WAN, LIU, HUANG, XU, and LI

PHYS. REV. D 105, 113002 (2022)

Wit — / dQ[0.25 + ¢V 4 pNe@ 4 (T gD,

(23a)

Wi = / dQ[0.25 + ¢Vl — gNgld — (@) T g,

(23b)

wit = / dQ[0.25 — ¢Vl + e e — (e THEWD),

(23c¢)

Wi = / dQ[0.25 — ¢'Ve') — g gl 4 (gl g,

(23d)

Each of them consists of the spin-projecting terms (the
second and third terms in square brackets) and correlation

term (the fourth term in square brackets) between &’ g) and

the spin axis £¢& (f) (unit vector) of a detector. Each
transition probability determines the signs of the observed
spin components C(id), = C’ﬁ/|§’¥)| (i =1, 2, 3), namely,
the parallel or antiparallel projection onto the spin axis.
Thus we can employ the MC sampling by a uniform
random number 0 < R, < 1 as follows:

(i) R, € (0, W'") results in +§f)l-, —Hj(_d?;

(i) Ry € (W, WH + Wit results in =¢'%), —¢');

(i) R, € (WW + W wh 4 wh + wit) results

in +£\, ~¢19);

(iv) Ry€ (WM +WH + W 1) results in —¢\%), ¢4
Defining Cf) along the directions of C’g) leads to the
statistical polarization of produced y* beams

P = J@D 2+ @D+ @02 (24)

with the averaged components Z(id)l over the particle

number, and Pt((’,? is the total polarization. If one defines

¢ (f) as the parallel or perpendicular directions of the
momenta, one obtains the statistical beam polarization with

the longitudinal (P|<|” )) or transverse components (P(f>).

Similarly, we denote P|<|e) and P(f) as the longitudinal and

transverse polarizations of electron (positron) beams.

In the simulations, we consider that the energy distri-
bution in the given electron and positron beams is spatially
homogeneous and defined by a characteristic constant,
then the muon yield in a single collision N,. can be
written as [70]

d .
Nsc - ////di:d3VdT = Ee*e‘f’ X 5{2{, (25)

in terms of the single collision geometric luminosity £,-,+
of the beam-beam collision [71], where d*V and dr are the
infinitesimal volume and time, respectively, and an inte-
grated cross section &1 is obtained by coupling the energy
distribution functions of electron and positron beams to the
total cross section 6. In our simulation, instead of £L,-,+,
which measures the ability of a collider producing the
required number of interactions, the e~e™ collisions are
sampled by the Thomson cross section o7, which leads to
the maximum number of collision N, (see Appendix A).
Thus, the muon yield can also be estimated as

Ny =—X 513{' (26)

In the simulation, the energy-coupled &% is consistently
considered into each single muon pair production. N, in
Eq. (26) is sampled by Thomson cross section and propor-
tional to beam density. For electron and positron beams
with specific parameters, considering multiple beam-beam
collisions with repetition frequency f ., the total muon
yield is thus estimated as Ny = frpNye, in which the
quantity fr.,Nmax can be interpreted as the equivalent
maximum number N, resulted from an equivalent single
collision of beams with an equivalent charge Q.

III. SIMULATION RESULTS AND DISCUSSIONS

In this section, we first present the impact of initial spins
of e* on the cross section with summarized final spins (see
Fig. 3), then, the polarization mechanism in the muon pair
production is analyzed via the helicity amplitudes (see
Figs. 4 and 5). Finally, by varying the initial polarization of
electron and positron beams, the polarization curves of the
muon beams are obtained (see Fig. 6), and the feasible
beam parameters for producing the required polarized
muon pairs are examined (see Table I).

As known, the annihilation process e~e™ — yy and
elastic scattering process e~e™ — e~e™ also occur in the
e~ et collision, and the corresponding total cross sections
are shown in Fig. 3(a). These three processes are competi-
tive in a single collision, and the annihilation process is the
most probable reaction. In the simulation, these three
processes are considered into the rejection procedure
simultaneously, the y-photon yield produced in the anni-
hilation process is more than 10 times larger than the muon
pair yield, and this difference is consistent with that
between the cross sections (see the comparison in
Appendix A). The influence of the elastic scattering
process on the initial polarization of electron and positron
beams is negligible due to the smallest cross sec-
0N Gy pt Lypmgt -
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100 T T T T 1.5 T T T
a) F ety JF (D) Tnon 6F (@ ! L (b)
— 10 1t ,-. ---0y2 i
5 ool oI N T4
§ 1 E e~etoupu i1 ~ o) NS
® 0 = 2
s X g g E
X el @ ©
0.01 &y :
4 L
0.6 2 bt b g i
—_ 0 /2 0
SES
~
T 03 - A
I R N ~ FIG. 5. Polarization distributions in the plane of 6, and E,,, are
< 5 & [2 T L Wy produced by eze; collision with helicity eigenstates: (a)—(c)
0 . . 0 corresponding to ¢, Ci‘, and ('), respectively, calculated by
0 /2 0 /2 ™ Eq. (15) or Eq. (22); (d)—(f) corresponding to corresponding to
05 0y PE(’:{), Pﬁ” ), and PS’_”, respectively, calculated by Eq. (24) via

FIG. 3. (a) The total cross sections of three processes in the
e”e™ interaction. (b) 6, VS E.y calculated from Eq. (13) with
four initial spin states: nonpolarized 6,0, LSP &), with
{2l o=-1,and TSP 6, and 6, , with {_;{,; =1 and
{_18,1 = —1, respectively. (c),(d) The differential cross sections
vs 0, at the peak energies E), and 2E ,, respectively. The line types
in (¢) and (d) have the same meanings as those in (b) but for
dGyon/d0s, 45 2/d0,, d5 ) 1 /dO;, and dG, ,/d6; calculated from
Eq. (12). The unit of the cross section here and below is
r,% with r, = r,/m.

The effects of initial spin states of e® on the

spin-summarized cross section of the muon pair
production are shown in Figs. 3(b)-3(d). Here one has
Onon = ()1 +6)2)/2 = (6.1 +6,,)/2. Note that the

03 pm

Ndo,—._/do, 9

Eon[x10%m,]

0.1p

do, .. /db; 0

Eon[x10%m,]

FIG. 4. Distributions of differential cross section in the plane of
0, and E,: (a) with summarized final spins dé, _/dé, [calculated
via Eq. (12)], and (b)—(d) with different helicity channels
[calculated via Eq. (16)].

MC simulations. The simulation parameters are the same as those
in Fig. 1.

component &) ; with {_,{, , =1 equals zero because
the corresponding helicity channel leads to the nonexistent
virtual photon state and is forbidden. Therefore, 6, is
twice 6,,, [see Fig. 3(b)]. For the spin-summarized differ-
ential cross section, its distribution with respect to 6;
presents the different energy dependence for different spin
states of e*. As E_, increases, d&,.,/d6d, and do ,/do,

L T I L I L I LB | L | LB LI I I | ] T L‘
P —oP)a Pl P
0 _T 1 L1 1 1 L1 11 1 1 1 11 1 11 11 1 1 1 1 T-:

L T I LI I LI | LI | L T L
'Eo) 5

05F 1 4 T | W

() _T 1 I L1 1 1 I L1 1 1 I 11 1 1 I 1 1 1 I 11 1 1 I 11 1 1 1 1 T-:

L T I L L LI L L I L ] T L‘

05F ~-Pl)a-P¥—o-pY

e 3 i Ve i Y
4 05 06 07 08 09 1

FIG. 6. (a)—(c) Polarization of muons vs P‘(“) for all the muons,

the muons beamed into 0 <@ < 0.27 and 0.37 <6 < 0.7x,
respectively. The filled marks denote the results produced
from the collisions with antiparallel transverse polarization
¢, =-C_, and the hollow marks in (c) denote the results
produced from the collisions with parallel transverse polarization
¢, | =¢&_ . Other parameters are the same as those in Fig. 1 but
having an exponential energy distribution with an average energy
E,, = 125 MeV in the laboratory frame.
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vary from the cosine angular spectra to the flattop angular
spectra, and the cosine-shaped d&, ,/d6; increases against
decreasing dé, ;/df; with two peaks [see Figs. 3(c)
and 3(d)]. Therefore, the collisions of electrons and
positrons with opposite helicities can produce polarized
muons with higher yield compared with other polarization
configurations. In the following, without loss of generality
we focus on the processes of muon-pair production
via the collisions of electrons with right-handed helicity
(denoted as ey) and positrons with left-handed helicity
(denoted as e}).

Considering the spins of the muon pair in Eq. (11) with
arbitrary ¢’ and ¢’, the polarization of muons with
mixed spin states can be clarified through the cross sections
of helicity channels. The distributed mean helicities
of muon pairs originate from the linear superpositions of
four helicity channels with weights determined by
do,_,-/d6,_ and do,_,./dé,._. The distributions of
the cross sections of four helicity channels are shown in
Fig. 4. As shown in Figs. 4(b) and 4(c), the asymmetric
distributions of do_, _/d#, and do___ /df, indicate the
helicity flip along 0y, i.e., A/ varies from —0.5 to 0.5 for
0 < 6, < r (a reverse variation for 1) [see Fig. 1(b)].
Consequently, | + —+ —) and |+ ——+) channels con-
tribute to the longitudinal polarization of muon pairs, and
the degree of longitudinal polarization is calculated by
Eq. (22). Differently, the distributions of do,__/d6;
and do,___/d0, are completely overlapping and symmet-
ric along 0, [see Fig. 4(d)]. As a result, | + —+ +) and
| + — — —) channels lead to the equal-weight linear super-
position between helicity states |+) and |—), and thus
contribute to the purely transverse polarization [62]. Note
that the spin-correlated term in Eq. (11) has non-negligible
contribution to the cross sections of | + — £ +) channels
and, subsequently, to the transverse polarization.

The helicity distributions determine the polarization
characteristics of produced muons. For the e~e™ collision
with opposite helicity eigenstates, the distributions of the
total polarization and its LSP and TSP components are
shown in Fig. 5. {| only originates from | + -+ —) and

| + — — +) channels, and substituting the cross sections of
these two channels [see Fig. 4] into Eq. (22), one obtains
the symmetric distribution of Ch along 6, for muon pairs

[equivalent to the calculation of Eq. (21)], as shown in
Fig. 5(b). While the distributed {’, originates from both the
four channels, | + —+ +) and | + — — —) channels con-
tribute the pure transverse polarization around 0, = /2,
and the partially overlapping cross sections of | + — 4+ —)
and | + — — +) channels lead to the nonequal weights of
u* at the helicity states |+) and, subsequently, the partially
transverse polarization [see Fig. 5(c)]. For the realistic
beam-beam collision, our MC simulation results of polari-
zation distributions (reactions are forbidden along 6, = 0
and 7) are consistent well with the analytical calculations
[see Figs. 5(d)-5(f)], which manifests the statistical

meaning of Cﬁ and ¢, in Eq. (21). According to these

characteristic distributions of polarization, in the ege;
collisions, the LSP muons can be extracted from the region
of 8, <037 or 6, 2 0.7z, and the TSP muons can be
extracted from the region of 0.3z < 6, < 0.7z. The polari-
zation distributions of muons from partially LSP electron
and positron beams are also revealed and presented in
Fig. 8 in Appendix B.

In order to illustrate the polarization transfer efficiency

from the polarized electron (positron) beam, the latter is

(¢)

initialized with varying PH and Pﬂf) but maintaining

(P‘(‘e>)2 _,_(p(f))2 = 1. The resulted polarization curves

Vs P‘(f) are shown in Fig. 6. Because the ege; collisions
lead to the canceled mean helicities besides 6, = z/2, the

statistical P‘(‘” ) is vanished for all the produced muons,

and thus P = P(f) and increases linearly with P‘(f) [see
Fig. 6(a)]. The LSP muons can be extracted from the
paraxial region where P‘(I” ) dominates the polarization due
to the final spin state | + —) or | — +) [see Fig. 6(b)]. Note

that both P(f> = 0 and nonzero Pﬁf) with§, | =¢_ | result
in the similar polarization curves as those in see Fig. 6(b).

The TSP muons are scattered around 6 = z/2, and the

polarization curves of P(f) are distinguished between the

ege; collisions with mutually antiparallel and parallel

transverse spin components. The antiparallel case with

¢, =—C¢_ leads to the linear growth of P(f), which is

equivalent to the case P(f> = 0, while the parallel case with

¢, 1 =¢_ | leads to the approximately flat variation of

Pi") [see Fig. 6(c)]. The main reason is that, for the latter
case, the cross section with final helicity states | + +) is

an order of magnitude larger than that for the former case,

(w)

and thus has larger contribution to P’ at higher energy

and smaller P|(|e) (see detailed presentations in Fig. 9 in

Appendix B). The reactions between the polarized electron
beam and nonpolarized positron beam (or vice versa) also
produce the similar polarization curve to Fig. 6 but with the
half-reduced yield.

The muon yields produced from a symmetric colliding
setup with specific beams are shown in Table I, where
frep 18 estimated by the colliding beams with an equivalent
500 nC charge (see the explanation in Sec. Il B). The
results indicate that about 40% LSP muon pairs (6 < 0.3z
and 620.77) and about 60% TSP muon pairs
(037 <0 <0.77) with approximate 80% polarization
degree are produced in the assumed colliding setup. The
higher degree of polarization with approximate 90% for
LSP and TSP muons can be filtered by the narrower
regions of @ (see Fig. 6). Moreover, the beam-beam
collision can be designed as a charge-asymmetric
setup, namely, with a nanocoulomb electron beam and a
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hundreds-of-picocoulomb positron beam, which can sig-
nificantly reduce the beam disruption at the interaction
point [72]. Furthermore, the emittance of produced muons
can be reduced by the tunable energy asymmetry of tens of
MeV between electron and positron beams. However, we
find that the polarized muons cannot be produced in the
colliding electron and positron beams with a GeV energy
asymmetry due to the vanished average spin components,
thus the interaction of a positron beam and target electrons
cannot generate the polarized muon source [57-59].

The implement of the leptonic e"et — y~ut muon
source depends on the high-luminosity e~e™ collisions.
As an advanced next-generation collider, the laser-plasma-
accelerator-based linear e~ e colliders have attracted broad
interest recently due to their compact scale [73-76]. The
theoretical calculations assess that, by virtue of the kilo-
hertz laser pulse, the laser-driven wakefield sustains the
multibunch beams with continuous transverse focusing to
produce a nanometer beam size, which permits the laser-
plasma linear collider to operate at very high luminosity on
the order of 10** cm=2s~! [74,75]. We underline that the
dense electron beams with tens of nanocoulomb charge and
hundreds of MeV energy can be generated through the
direct laser acceleration [77,78] or laser-wakefield accel-
eration [79,80]. The interaction of laser-wakefield electron
beams with high-Z target induces the production of the
positron shower with tens of nanocoulomb charge and the
energy exceeding 100 MeV [81,82], which could be
trapped and accelerated as a high-quality beam in the laser
(beam) wakefield [83—85]. Thus the laser-driven electron
and positron beams with ultrahigh charge afford the ultra-
high-luminosity laser-plasma linear collider for the gen-
eration of e"e* — y~u™ muon source.

IV. CONCLUSION

In summary, we investigate the generation of ASP muon
pairs via the collision of polarized electron and positron
beams. We calculate the cross section of process e~ +
et -y~ +pu* with arbitrary spins of four leptons and
develop the fully spin-resolved MC method to simulate the
polarized muon-pair productions in the realistic beam-
beam collision. Both the LSP and TSP muon pairs can
be produced simultaneously in the eze; collisions and are
beamed into regions around parallel and perpendicular
directions of the colliding axis, respectively. The polari-
zation mechanism of the muon-pair production is clarified
through the differential cross section with different helicity
channels. Our calculations indicate that, based on the
current platform of laser-plasma acceleration, it has poten-
tial to generate LSP electron and positron beams with the
charge from hundreds of picocoulomb to tens of nano-
coulomb, which could promise to produce ASP muon pairs
via the ultrahigh-luminosity laser-plasma collider scheme.
Our proposed leptonic muon source could be applicable in

broad areas, such as laser-plasma, nuclear, high-energy
particle, and condensed matter physics.
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APPENDIX A: NUMERICAL
SIMULATION METHOD

In the simulations, the realistic e~ and e™ (not macro-
particles) are randomized with energy and spatial distribu-
tions. Following the algorithm in [69], we consider a
collision cell containing N_ electrons in the beam (1)
and N, positrons in the beam (2), the maximum probability
of a collision within a unit time A¢ and a unit volume AV is

P = 207¢At/AV, (A1)
where o7 is the Thomson cross section and used as the
reference cross section. At each colliding time step, the
maximal number of ¢~ and e in a cell that are probable
to scatter iS Ny, = Phax/N_N_.. After randomly sorting
the particles of each beam in a cell, the ¢~ and e™ used
to be paired for collision are selected from the first N,
particles in each sorted e~ or e™ list. The event probability
is given by

P = (61 ¢ AT/AV) [ Pryay. (A2)
The collision of a paired e* is admitted to the u* pair
production process based on a rejection method, i.e., for a
random number R, accept if P/ > R,,.

If we consider the competitive one-order QED
processes in each e~et collision: e~et — yy,
e"et > uput,and e"et — e"e™, the event is determined
by the selection method. We define P,, = 6,-,+_,,,/207,
Pﬂ—/ﬁ = 5e’e+—>y’/ﬁ/26T’ and P+ = Gpptme-et /207
Randomize a uniform number R, between O and 1 and
execute the following selections:

(i) Ry € (0,P,,) leads to the annihilation process;

(i) Ry € (P,,.P,,+ +P,,) leads to the muon-pair

production process;
(iii) Ry € (P,-p+ + P,y Pp-or + P,-pyr +P,,) leads to
the elastic scattering process;

(iv) Ry € (P,¢+ + Py~ + P,,. 1) leads to no reaction.
The production yield of these three processes in the
collision of ¢~ and e™ beams is shown in Fig. 7(a).
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0 1
0 40 80 0 /6 /3 /2
T[1lum/c] 6,
FIG. 7. (a) Reaction rates of three different processes in the

collision of ¢~ and e™ beams. (b) Py = 69/6, Vs 0, for
nonpolarized (non), LSP (||). and TSP (L) e*, calculated from
Egs. (13) and (20), where the line types have the same meanings
as Fig. 3(b). The thin and thick lines correspond to E., =
125 MeV and 1 GeV, respectively.

With the definition Py = 64/6,, the distribution of Py
implies that the produced pair is scattered into df, with a
corresponding probability dPy, as shown in Fig. 7(b).
Figure 7(b) also indicates the energy-independent profile
of Py for the “_L,2” case (the thin, green dotted and thick,
green dotted lines are overlapping), which leads to the
reaction forbiddance near 6, = 0 or ; = x as the corre-
sponding dP, equals zero. Thus, 6, can be determined
solving the equation Py(6,) = R, via MC sampling, where
R; is a uniform random number between —1 and 1. After
the determination of 6,, the momenta of y* in the c.m.
frame can be determined according to the momentum
relations presented in Fig. 2. The energy and momentum
of muons in the laboratory frame are also calculated by the
Lorentz transformation

7y = VYem(1 F BouB) cO 0, (A3)
Yem — 1 Yem
p,i = (p/ F (27),3/7/ cos 9uﬂcm> + 7ﬂcm7 (A4>
cm

where yon = 1/+/1 =%, and ' = |p'|. 0, is the angle
between f., and p’. With the determined momenta, the
degree of polarization can be calculated analytically from
Egs. (21) and (24) through MC simulation.
Finally, the execution of the simulation code is per-
formed as follows:
(i) Initialize the e* beams with an energy distribution,
angle divergence and mean spin.
(i1) Grid the collision region into 3D cells at simulation
time 7.

(iii) Pare the colliding e* inside the first cell Ax;Ay,Az,
using the no-time-count method and transform each
pair from the laboratory from to the c.m. frame.

(iv) Randomize a number R, and use the rejection
method to generate u* pairs inside the cell. If P*/
is too large (say, >0.1), divide the interval Az (and
Pi“J) by an integer Ng,, and repeat the following
procedure Ng;, times.

(v) Randomize another number R; between —1 and 1 to
determine the scattering angle €, and hence the
momenta of the created pair in the c.m. frame.

(vi) Calculate Egs. (15) and (18) by the determined
momenta, and randomize a number R, to determine
the observable spin state.

(vil)) Go back to step 3 and undertake the next paired
collision of e*.

APPENDIX B: THE DISTRIBUTION OF
POLARIZATION PRODUCED FROM PARTIALLY
POLARIZED ELECTRONS AND POSITRONS

For the ege; collision with partially polarized electron
and positron beams, the distributions of P/, P|(|” ) and P(f)

are shown in Fig. 8. The structures of the distributed

(e)

polarization are not changed, but, as P|| decreases, the

polarization magnitudes decrease as well. Thus we say that
the polarization structure is determined by the final helicity
channels and the magnitudes of the polarization is deter-
mined by the initial polarization degree.

The influences of initially transverse spins on the
distributions of polarization are shown in Fig. 9. For
the ege; collision with the mutually antiparallel transverse
spins, ie., &§., =—(_,, the reactions are almost
forbidden in the regions of 8; < 0.1z and 6, = 0.9z [see
Figs. 9(e) and 9(f)], because of the energy-independent
change of P, [see green dotted line Fig. 7(b)]. While for the
ege; collision with the mutually parallel transverse spins,

(u)

ie, &, =¢_, the distribution of PH approaches

the one from the ege; collision without transverse

0 0.5 1
)
6
4
-~ 2
£ 6
S
2 4
§2
M6
4 it
> "%
0 /2 0 /2
0s

FIG. 8. Polarization distributions of (a),(d),(g) Pfg[), (b),(e),(h)
PI(\M ), and (c),(),31) Pi”), produced by colliding electron and

positron beams with (a)~(c) Phe) = 0.8, (d)—() P‘(ﬁ = 0.6, and

(2)-@1) Pﬁe) = 0.4, respectively. There is no transverse polariza-
tion of initial beams.
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(=2 S =2

En[x10%m,]

FIG. 9. Distributions of simulated polarization. (a) P‘(ll' ) and
(b) P(f>, produced from ege; collisions with P‘(le) = 0.6 and

parallel transverse polarization §, ;| = &_ |, together with the
corresponding differential cross sections with final helicity states:
(¢) |+=) and (d) | £ =£). (e)—(h) are similar to (a)—(d) but
for ege; collisions with antiparallel transverse polarization

APPENDIX C: THE EXPRESSIONS OF
COEFFICIENTS IN EQS. (9)-(11)

The coefficients f1, f», f3, and f4 in Eq. (9) are

_ 5/2-1
fl*\/mv (Cla)

|
fz:_\/ﬁv (Clb)
_ —(E—@)?/(4m? —5) +5-4) Cc1
LR g7y e iy ) M
fe= s (C1d)

The coefficients f5, f¢, f7, and fg in Eq. (10) are

i =-6_1. 5/2—m?
fs= = (C2a)
V= (m*s —2m?/4)
polarization [see Figs. 8(e) and 9(a)]. Additionally, the
distribution of Pi") near §, = n/2 remains remarkable as fo=-— m’ (C2b)
the energy increases [see Fig. 9(b)], because the |+ +) V=(m*s —32m?/4)
components of cross section with £, | =¢_ | are larger
than those with £, | = —¢_ by an order of magnitude B V202m? —5/2 — (i—i1)?/(8 — 25)) o
[see Figs. 9(d) and 9(h)]. fr= NS o (C)
|
P—i)/(2m* —5/2— (1—@)*/(8 — 25
P i N X G D [ )
(=2m? +5/2+ (T—it)*/(8 = 23))/2(4 = 5)(3 — 4m?)
The final-state spin irrelevant term is
1 g . - s 2 e -
F:mg(—2m4(5—4)2(5—,15+,1 +{ 0ia—C 38 5—1) +2(—(S—4)§—,2C+,3f\/—S(4m2(5—4) —§ +45+(1-21)?)

+(3=4)C_»¢ . 50 \/—§(4m2(§—4) —52+43+(T—-01)?) +(§—4)C+!2C_‘3f\/—§(4m2(§—4) —32+43+(1—0)?)

—(5—4)§+,2§—,35‘\/—5(4’"2(5—4)—52"’45"’(?—’7)2)—164:—,1C+,1;1~4+16§—.1C+.1;+165—,1C+,15¢—16C—,1C+,1

—168_ 58 pTia+16L_ 58 oT4+168_ 58 2ii—168_ 54 5 +8C_ 38, 3P =160 3¢, 3T-+8C_ 3¢, 30 —16{_3¢, 30t
+168_3¢ 3+ 8P =167+ 80> — 160+ 16) +2m>(3—4)2(3({_18y 1~ alin—C 3¢ 5+1)

+ (4 a=2)(C 1l +8-08s =838 3= 1)) +253 (01 8+ 08 n+ 38 3+ 1) =5 (21( 1 Eu (- 1)
—C28in=C 38 30+ C 38 3+ 1) =20(8_ 1§+l a—C 384 3= 1) +2(9_ 181 +90 0l +T7C 58 3+7)
TP n8 o= D) F (0l n=1)) +45(2H28 1Ly 1 (A= 1) +¢_ 58 o (#=2) =384 30 +2(_3(. 3+2)

—4ia($_ 181 +E08ia=C a8 3= D) H4BE 1 3808 o+ s s D H P (08 0= 580 3-2)

+i? (L2l n=8 38, 5-2))).

(C3)
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The coefficients of {’_; are

Gr = —32m(C_, +¢,,)@m —T— 1 +2), (C4a)
G, = TG o 4)14’” — s) 8/ m?5(3 —4m*)(2m?> =T — i+ 2)(-2(¢_5 + C+,3)\/—(4m2(§ —4) = F + 45+ (- 0)?)
X V(3 =4) + /= 4)FHC 2= Ch) = VE-45u(_2 = C10)), (C4b)

G = (16m(2m® T+ 2) (= 1) (<2(C -3 + L 1.3)\/~(5—4) (4m2(5—4) — 5 + 45 + (- 0)?)

i)
(=4)5H( 2= 2) =V (E=4)Fu(C_ 5= (1 0)) +4m* (5 =4)\/ (5 =4)5(C_2 =L 2) =5/ (5=4)5(C_2 = (4 0)
+45/(5=H)5(L2—¢40))) < 4),/(5—4)( \/4’” S=4)-F +4s+( ﬁ)) (Cdc)

The coefficients of ', ; are

GT = —32]’1’!(4‘_’1 + C+,1)(2m2 —fi—0 + 2), (CSa)
Gy = T 4)24,"2 3 8/ m?5(3 —4m?)(2m* =T — i+ 2)(-2({_5 + §+,3)\/—(4m2(§ —4) =3+ 435+ (T—0)?)
/= 8) + VG =AU s~ C4n) = V= 502~ £12)). (Csb)

= (16m(2m? ~ T~ 14-2) (= ) (2L +C1 )y (5~ 4) (42 (5 —4) =3 +45 1 (1~ )2) + /G- DFH(C_2 L2
— V=45 a=C12) +4mP (5= 4V (=45 2= () =7V G- 4502 —Ca)

a5 ST s 1) <S " /—(s 4 \/4m2(s 4)—3 +4s+(l u))_ (C5¢)

The coefficients of ¢ ", ; are

1 ~
:m8(2m4(5—4)2(5(§-,1§+,1 —Ca8ia=C sl st D) F A8+ 282+ 58,5+ 1)) = 23(H(VE

X (§—4)0_2. 3 \/—(4m2(§—4) —52+45+(T-0)%) - (E—4)C+’2C_’3\/—§(4m2(§—4) -5 445+ (—0)?)
A+ 164§y ii=168_ & +328_ 20 2it—48(_ 58, 5 +328_ 30, 3ii—480_ 3¢, 3+ 16ii—16) —ii(1/(3—4)5

XC_ ol s/~ (5= 4) (4mA(5—4) =82 445 + (- 1)2) = (F—4)C 205/ 5 (4m(5—4) =2 4 45 + (- 0)?)

F16C_ & +48L_ 08 o +48L_ 38 3+ 16) +16(8_ 11 +38 284 0 +30 58 3+ 1) +8P ({0l 2 +¢3¢43)
F8E°(C_nl o+ 5013)) +2m*(5=4)*(33(C_1lun —C-nlh o= 3l 3+ 1) =5(F+a=2)(C_ 1l —C 2l

~C 3liat 1) =A(F+a=2)(C 181+ alia+C 3l s+ 1)) +5(C ol o= 1) +5* (8 =80 oL o) +5 (P (L 1l
=082 =C a3 ) F =20 1841 +20 08 a+20 58 3=2) + ({18 —¢oal o= 3 s+ 1)

F (=20 181 20080 +28 584 3=2) F 288 FTE 08 2= 584 3= 7))+ (P(=6_ 1841 +6(_ 58 o
F68_ 304 3=6) +AH(A(C_ 1 C 1 +3E_ 0040 +3E 58 3+ 1) 420180 =60 28 0 =60 3. 5 +2)+u(—=60_ {4
+68_ 28 2+6 38, 3—6)+8i(C_1¢11—38 28230 38,3+ 1)=8(C_10 130 28 2 =30 30 3+1))
+32(1+a=2)2(C_18h 1 +¢-08i 2 +E 3843 +1)), (Céa)
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1

23 (2% (% I R Ca 2
(G a7 m2§(§_4m2)32m 32 (=2m*5_ 18 o — (5 —4) 1l o(—2m* +54+21-2) +8m*C_ (. »

Hy=-

6= 4ol —5m* =202+ 1) + (5207 + P+ 1)

TG =4l —Sm* =202+ 1) + (527 + P+ 1)
+ 526180+ 2358 18 af— 638 180 — 88 1 2T +8C 18, 0). (Coéb)

Hy3= (85(52\/—(3—4)(m4—2m2(?+ D+ GE=2)i+7+1) (185 +84183) = 25(=C 17043V (5-4)
/= =220 1)+ (5= 2T+ P+ 1)+ 20/ G- A5 )+ (m2 + 1)1 8 /=)
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