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Observable effect of quantized cylindrical gravitational waves
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We investigate the response of a model gravitational wave detector consisting of two particles to the
quantized cylindrical gravitational waves and obtain a relation between the standard deviation of the distance
between two particles and the distance from the source to the detector. It is found that the quantum effect
carried by the cylindrical gravitational wave can be observed above Planck scale even though the source is as
far as the cosmological horizon. The equation of motion for the change of the distance between two particles
is obtained when the cylindrical gravitational waves pass. It is surprising that the dissipative term does not
exist up to the first order approximation due to cylindrical symmetry of the gravitational wave.
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I. INTRODUCTION

Some physical effects such as black hole evaporation and
early-universe cosmology [1,2] imply there should be a
quantum theory about gravity, but there is no experimental
or observational evidence to support that [3—5] up to now.
An important confirmation is to test the hypothetical quanta
of the gravitational field such as gravitons, but it is nearly
impossible to conclude in the foreseeable future [6,7].
Gravitational waves (GWs), however, can be used to
examine the possible implications for the quantization of
gravity since the GWs have been directly detected by LIGO
in 2015 for the first time [8].

Recently, Parikh, Wilczek and Zahariade treated the GWs
as quantum entity and explored its implications for quan-
tization of gravity from the perspective of experimental
observation [9,10]. They calculated the effect of quantized
gravitational field on falling bodies, and found that the
dynamics of the separation of a pair of free falling particles is
no longer deterministic, but probabilistic, as acted on by a
novel stochastic force. In this paper, we will investigate this
using the Finstein-Rosen wave [11] by coupling it with a
pair of free falling particles which is a simplified model for
the GW detector.

The Einstein-Rosen wave is an exact solution of general
relativity with two commuting Killing vectors and describes
a cylindrical GW, so using it to study the aspects of
nonlinearity originating from Einstein gravity is convenient
and significant [12]. Historically, it played an important role
in early attempts at defining the energy carried by gravita-
tional waves [13,14], since the energy of GWs is difficult
to be described locally due to the equivalence principle
[15-18]. Thus, the Einstein-Rosen waves as cylindrical GWs

*zhangbaocheng@cug.edu.cn

2470-0010,/2022,/105(10)/106019(9)

106019-1

from some proper astrophysical sources [19] could be
observed really [20] as they can carry the energy with
themselves. Moreover, the Einstein-Rosen wave has a nice
quantum description [21] and its quantization coupled to
massless scalar field has been obtained [22]. Although the
quantization of Einstein-Rosen cylindrical GWs has received
a lot of attention [23-33], its implication from the observable
point of view has not been discussed. In this paper, we study
its possible quantum signatures from cylindrical GWs by
calculating the response of a model GW detector to the
quantized gravitational field. It is found that the signatures
for the quantization of GWs contains the information about
the distance from the source to the detector which is derived
from the specific form of cylindrical GWs and cannot be
obtained from the general description for GWs.

The paper is organized as follows. In Sec. II, the theory of
Einstein-Rosen wave is reviewed. In particular, its quantized
form is given for the later discussion for the observable effect
of cylindrical GWs. In Sec. III, we use a simple detection
model to study the observable effect of the cylindrical GWs
and some novel results are obtained. Finally, we give a
conclusion in Sec. IV.

II. EINSTEIN-ROSEN WAVE

Consider a spacetime with the cylindrical symmetry
and its metric can be expressed with a conformally flat
form [21],

ds* = e™V[e’(—dT? + dR?) + R?d6*] + e¥dZ?, (1)

where the metric functions y and y depend only on the
coordinates R and 7. Using the vacuum Einstein field
equation, it is obtained that

© 2022 American Physical Society
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which is the wave equation of physical degrees of freedom
and has exactly the same form as the wave equation of the
cylindrically symmetric massless scalar field y evolving in
Minkowskian spacetime background [21]. This means that
the metric function y represents cylindrical gravitational
waves or Einstein-Rosen waves. The metric function y can
be obtained as

=5 [arr| () 4 ()] @

This is the energy of cylindrical GWs in a ball of radius R,
which derives from the definition about C-energy introduced
by Thorne [13] and a recent detailed discussion refers
to Ref. [34].

The solution of Eq. (2) for a particular wave number &
can be obtained as

wi(R.T) = Jo(kR)(a(k)e™™ +a'(k)e™").  (4)

1
V2hG
where J,(kR) is the Bessel function of zeroth order. When
the canonical quantization is implemented, the parameters
a(k) and a'(k) are regarded as operators satisfying the
commutation relations [a(k), a’ (k)] = hd(k, k'), and they
can be physically interpreted as annihilation and creation
operators.

As discussed in the Introduction, the observable effect of
cylindrical GWs is considered at the place with a large
distance from the source, so the linearized form of this
metric (1),

ds> = (1 —y)ds3 + (1 +y)dZ>, (5)
with ds3=—(1+y)dT?+ (1+y)dR?> + R*d6?, is adequate
in the following discussion. It is noted that in the linearized
metric, the wave equation (2) still holds, but the energy
function y takes the asymptotic form. When R — oo, the
energy of gravitational waves is obtained as

Voo = A dkka® (K)a(k), (6)

by putting the Eq. (4) into Eq. (3) and taking the large R limit

[24,32]. This shows that the energy remains finite at large R.
According to the analyses in Refs. [21,30,32], the

Hamiltonian of this linearized gravity can be written as

e [l 2} o

where the gauge fixing conditions p, =0 and R = r are
imposed. p,, and p, are the canonical momenta conjugated

to the metric fields y and y, respectively. R = r indicates
that R can be used to measure the distance from the source
to the detector. Noted that the metric in Eq. (1) has used the
gauge R = r since in the initial expression the term R>d6?
should be r?dé>. It is not hard to confirm that Hgy = 7,
when the expression of p,, is used. For the cylindrical GWs,
there is another physically related Hamiltonian Hg; =
2(1 — e~H/2) which describes the energy per unit length
along the symmetry axis in general relativity [24]. H; is
related to the physical time ¢ which is gotten by the
transformation 7 = ¢’=/2T. Furthermore, with time ¢, the
annihilation and creation operators can expressed as

ag(k,t) =
ay(k,1) = at

a(k) exp [—itE(k)e Hao/?],
(k) exp [itE(k)e Hco/2], (8)

where E(x) = 2(1 — e */?). When the dimensional con-
stants 7 and G are restored, E( ) can be expressed as
(1 —e*G)/(4G), which gives 3 E(k) = k + O(#). Thus,
we take the first approximation E(k) ~ k in the calculation
below. Substituting these equations into metric field in
Eq. (4), we have

w(R, 1) = dkJo(kR)[ag(k, 1) + ay(k,1)].  (9)

ich

Define g (1) = ag(k.t) + ay(k, 1), and decompose (R, 1)
into discrete modes. Thus, the metric field becomes

VR ) == S h(R)(), (10
k

where the zeroth-order Bessel function J(kR) satisfies the
integral relation, [§° dRRJo(kR)Jo(K'R) = £ 8(k — k'), for
the period boundary condition k = 2zR/L.

Based on the discussion above, the Einstein-Hilbert
action of linearized cylindrically symmetric GWs can be
written as

1 [ Oy
2 /2
647:6/ / TRy [(8T) - (8_R> }

—m [ A3 2((@)* - R (1)

where the dot denotes the derivative with respect to . m =
Yoo
o=z is similar to the meaning of the mass, p,, = R g—"T’ is
used in the second line, and Eq. (10) and the integral
relation for the zeroth-order Bessel function Jo(kR) are

used in the third line.
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III. DETECTION

In this section, we consider the observable effect of the
cylindrical GWs. In this linearized metric (5), the Riemann
curvature tensor Rz can be calculated, which gives the
geodesic deviation equation, 4 dto = Rg’ ro! With [ denoting
the distance between two free falling testing particles. With
these, we can construct a simple model to test the cylindrical
GWs by the change of the distance between a pair of
particles with the action,

1
SM—/ dt( myl? ——mo(y 1//)ll>
L

= dt( =myl* + Jo(kR) ll) 12
[l ( 0 QZO )4 (12)

where /my is the mass of the particle and g = 3 \;”2‘;[_(; similar to
the coupling parameter between the GWs and two particles.
In the second line of the calculation, Eq. (10) is used, and
y = 0 is imposed when the distance R is large as required for
the discussion of the observable effect of cylindrical GWs.
The independence of y on the time means that the energy
carried by the cylindrical GWs is constant at large R
[22,24,32]. Thus, the effect of the cylindrical GWs on the
distance between two particles derives mainly from the
metric function .

Together with the action of cylindrical GWs, we have the
total action as

Now we can calculate the physical effect. Similar to the
consideration in Refs. [9,10], the transition probability of
the particles from the state ¢, to state ¢p in time ¢,
Py (s = $5) = Sy 1. ulU(1 Ol )P where
y,, and f are the initial and final gravitational field states,
is calculated in what follows. U(t;,0) is the time evolving
operator which is related to the total Hamiltonian of the
combined GWs with particles. Due to the weak gravita-
tional field, linearity allows us to write the whole action as
S=>,8, with

1 1
Sw:A dt(zmq —|—2mol —Em(u g*e T

+ glo(wR)g 1 1), (14)

where the relativistic dispersion relation @ = k is used and
the subscript on ¢, is ignored for brevity. Then, the total
canonical momenta are introduced as p = mq + gJo(kR)Il
for the field and 7 = mol + gJo(kR)gl for the particle
system, and the total Hamiltonian is obtained as

+-ma’q*e .

2
(15)

gZJ%)F) -t

e p2+ﬂ_2_gpﬂlol -
2m  2mgy  mmy mmy

Thus, the time evolving operator can be calculated according
to Uy(t7,0) = exp (—% [ Hdr).

Inserting several complete bases of joint position
eigenstates, [ dqdl|q.1){q.!], and calculating the integral
of the variables ¢ and 7, the transition probability becomes

P Ve [¢A - ¢B

¢ [ Dipret w1, (16)

where the unrelated factor C = [ dl;dl;dl;dls(1;)pp(1})

¢E(lf)¢A(ll) Fl//w [L l/] = <l//w|U1’(lf’O)Ul(tf’O)|Ww> is
the well-known Feynman-Vernon influence functional
[35-37]. A further calculation (see the Appendix for the
detail) gives

Fy, (L1 = Foo (1. U)o e eV ly,),  (17)

where

q
S
\

= X'(0))Jo(wR)e™ """, (18)

and

: ni];w A / A "didi' Jo(wR,)Jo(wRy)
X (X(1)=X'(1) (X (1) e~ =)

Foall.f]=exp| -
X (t/) ei(t—t’)w) ,

(19)

with X(t) = j—;lz(t) and X'(t) = g—;l’z(t). Note that we
consider the source and the two particles being in the same
line. R, and R, are the distances between the source and the
two particles, respectively, with R, — R; = [ for the distance
between two particles.

The calculation above is made only for a single mode,
and sum up all these modes to derive the vacuum influence
phase as
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HONTRAES Z@O(u 184

4 2G
= nmo / /dtdt/ dwlcos((t—1)w)

Xfo(wR Jo(@Ry)(X (1) = X'(1))(X(¢') = X'(1'))]

147Zm()G/ /dzdz/ dolsin((t—1)w)

xJo(@R1)Jo(@Ry) (X (1) = X' (1)) (X (£) + X' (1)),
(20)

where the relation Fy,[l,I'] =expli®y[l,I']] is used.
It is surprising that the second term is zero due to the
relation [§°J,(ax)J,(bx)sin(cx) =0 for the situation
with Re[v] > —1 0<c<b-—a,and 0 <a <b. As dis-
cussed in Refs. [9,10], the second term in Eq. (20) is
related to the dissipation during the interaction between
the GW and the particles. So the dissipation is zero in the
situation we discuss due to the cylindrical symmetry of
GW. Actually, this term could exist when the E(k) takes
the higher-order term, but these terms are suppressed by
the higher-order power of 7.

Instead of continuing to calculate the transition proba-
bility that requires an unambiguous expression for the state
lw,) of the gravitational field, we use the correlation
function to illustrate the observable effect. The correlation
function can be defined as in [10] through the vacuum part
of the influence phase by,

ARG [
Ag(t, 1) = G / da cos((t = 1)) Jo(@R, )Jo(@R>).
7T Jo
(21)
It is noted that Ay(t,7')=(No(t)No(t')) = [DNoexp[—3

ST T dedd Ag' (2,6 )No(£)No (1) No(t )NO( ') is the auto-
correlation function of quantum stochastic noise N, using
the Feynman-Vernon trick [10,35]. An observable signa-
ture is obtained through the standard deviation when ¢ = ¢
given by

oo = ((I(r) = (1(1)))*)?
l

~ 2 No(ONo(0)
= %\/Ao(t, 1), (22)

where [, is the initial distance between two particles
(it can also be considered as the arm length of the GW
detector [38]). Ay(t,1) =#2E [ dwJy(wR;)Jo(wR,) is a
convergent integral, Wthh is different from the result in
Refs. [9,10] where the integral about Ay(#, 7) is divergent
so the frequency has to be cut off at @, ~ 27c/l, with
dipolelike approximation. A striking character of our
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FIG. 1. The standard deviation o, for the change of the length

between two particles (or test masses) influenced by cylindrical
GWs as a function of the distance from the source to the detector.
The length for different lines is taken according to the present
setups or plans for GW detection, i.e., the red line represents the
arm length of ground detector like LIGO and the blue line
represents the arm length of spatial detectors like LISA, Taiji, or
Tiangin.

result (22) is the dependence of the correlation function
A on the distance from the source to the detector. This is
demonstrated in Fig. 1. It is seen that the smaller the initial
distance between two particles, the higher the required
sensitivity would be. For the present detected possible
sources that focused on the distance from the source to
the detector about 1 Gpc (~10%m) [39—41], it is found
that the present detector is unable to detect the quantum
effect of GWs, since its requirement for the ability to
detect the change of 10732 m for the length using the
ground detector and 1072° m using the spatial detectors is
beyond the ability of the present technology [42-45].
However, the quantum effect of cylindrical GW is larger
than the Planck scale even though the distance from the
source to the detector reaches at the cosmological horizon
(~14 Gpc), which means that the quantum property of
GW can be observed above Planck scale.

Finally, we want to give the expression for the equation
of motion for the separation of two particles. For this, such
term as (i, | e="4|y,,) in Eq. (17) has to be calculated.
Using the same method as in Ref. [10], we have the
Langevin-like equation

| .

[ =S () + No()]i(1) = 0, (23)
for the state y,, taken as the coherent state. The first term
is related to the classical effect of cylindrical GW, and
the second term derives from the quantum property of
GW, which can be regarded as a stochastic noise [9,10]
distinguished from the classically deterministic evolution.
In particular, the fifth-order derivative term that existed in
the earlier discussion [9,10] disappears here because the
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second term is zero in Eq. (20). Other states as the squeezed
vacuum state can be used to do the calculation, but no more
new results are obtained than those presented here or in the
earlier study [9,10].

IV. CONCLUSION

In this paper, we have investigated the quantized Einstein-
Rosen wave and its detectable effect. The Einstein-Rosen
wave has the cylindrical symmetry, the well-defined local
energy, and a nice quantized form similar to that for the
quantum harmonic oscillators. Based on these, we calculated
the influence of passing cylindrical GW on a two-particle
system that is a simple model for the GW detector. Unlike
the general GW detection, the parallel propagation along the
direction of two-particle connection works for our discus-
sion. Using the methods of the path integral and the
Feynman-Vernon influence functional, we have calculated
the transition probability for the combined system of two
particles and GWs. In particular, we discuss the standard
deviation for the quantity of geodesic deviation of two-
particle free motion. This can be regarded as an observable
signature. It is significant to note that the signature carries
the information about the distance from the source to the
detector. As illustrated in Fig. 1, the observable sensitivity
depends not only on the distance from the source to the
detector, but also on the distance between two particles.
Interestingly, even for the sources at the cosmological
horizon, the quantum effect of cylindrical GWs could be
observed above the Planck scale. Finally, we have obtained a
Langevin-like equation for the quantity of geodesic deviation

|

for two-particle’s motion. Different from earlier results, there
is no gravitational radiation reaction term existed in our
calculation up to the first approximation due to the cylin-
drical symmetry of GW. Based on these results, it is
interesting to study further in what case or how the
cylindrical waves can be generated, which will be included
in our future work.
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APPENDIX: DERIVATION OF
EQUATION OF MOTION

The purpose of the appendix is to give a detailed
calculation about the significant and different results in
Sec. III of the main text using the method in Ref. [9,10].
Starting from the Hamiltonian (15) of the detection model,
we continue to make the calculation about the transition
probability of particle from sate ¢, to state ¢p

Py, (s = b5) =Y _|(f-d5lU(17,0)lwu da)P. (A1)

1)

where |a, b) = |a) ® |b) and U(t;,0) = exp(—+ [ Hdt) is
the unitary time-evolution operator. We now insert several
complete bases of joint position eigenstates, [ dqdl|q, 1)
(g, 1|, and have

Pl//,“(qu - ¢B) = Z<W(m ¢A|UT(tf’ 0)|f’ ¢B><f’ ¢B|U(tf’0)|l//(m ¢A>

If)

:Z/indqg'dedQ}dlidl;dlf'dlg<l/’wv¢A|qg’l§><q;9l;|UT(tf’0)|q/f’ ly)

X <q/fﬂ l/f|f7 ¢B><f’ ¢B‘Qf’ lf> <qf’ lf’U(tf’O)lqi’ li><Qi’ li’l//a)’ ¢A>

- / daidgidasdddidldldlyt(a) b ()b by (L wa(a)bally)

x (i, LU (17, 0) |}, U) (a1 |U (27, 0) gy, 1),

where y,,(q), ¢4(1), ¢pp(l) are the corresponding wave
functions in position representation for the states |y,,),
|4, |Pp), respectively. In order to express each of the
amplitudes in canonical path-integral form, we write the
transition probability as

P, lbs — ) = / d1,d1Ldldl (1) ba (1) (1) (1)

x/f)lf?l’e%fofd’%m"(lz_l/z)Fww[17l/} (A3)

(A2)

where the Feynman-Vernon influence functional is intro-
duced according to the definition as

Fy [L1] = (wolU'(t;.0)U(t;. 0)ly,).  (A4)

The influence functional indicates the effect of the
quantized gravitational field mode on the arm length of
the detector.
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In order to calculate further the Feynman-Vernon func-
tional, we require that we change the Hamiltonian form (15)
in main text. Using the amplitudes in canonical path-integral
form,

(g7, 1r|U(ts,0)]q;. 1)

= / DrDIDpDgqg exp
i [t : .
x (E / di(al + pi— Hig. p,l,ﬂ))), (AS)
0
and then performing the path integral over z, we find

(g7, 1 |U(t4,0)]q;, 1;)

N / Diet | 4ot / DpDq exp

< (3 [N avi-ram). o
where
H/p,q) = (p = ng()’Ela)R)lz)z + %mwque‘“o. (A7)
|
F, [T = (p,le o(@R)qgl (0)I'(0 )U*(tf’o)e—éfo(wR)qgl’(ff)l( e~

<l// |€ h']“ mR)q,ql l: UT( )

_%Jo(wR)‘H(lf),(]l}l/fe—%J(,(mR)ql(tf)glef U[(tf')e_EJO(H)R)q’Of)'qI"Zi |l//w> ,

This is just the Hamiltonian required in the follow-
ing calculation. Furthermore, it can been split into a
time-independent free piece and an interaction piece,
HZZH()"'HI Wlth

21

p 2 2 —
Hy=—+— Yoo A
0= 5 tymaTgeT, (A8)
H, — _gJo(wR) pll (@R )Jo(a)R2)l2lz‘ (A9)
m 2m

Notice from the form of (A7) that the instantaneous
eigenstates are merely those of a simple harmonic oscillator
but shifted in momentum space by p — p + gJo(@R)IL.
Since shifts in momentum space are generated by the
position operator, we can rewrite the time-evolution
operator as

U(t;,0)=e hJO((UR)qgl(O)1<O)U(tf’O)e%JO((”R)qu(t/)l(tf) (A10)

Using this U(t;,0), the influence functional in Eq. (A4)
becomes

#o(@R)qgl(t,)it, )U(l‘f 0)e~ #0(@R)qgl(0 |l// )

(Al1)

where [; =1(0), I, =1(t;) and quantities with a subscript I/ are defined in the interaction picture (e.g.,

q;(t) = efot/hge=iHot/7) "Since in the interaction picture, p; = mg;, we can rewrite the interaction Hamiltonian as

Jo(@R))Jo(@R,)(gll)?
2m '

H; = Jo(wR)gq,ll + (A12)

Since the commutator [H,(2), H;(7)] = g*Jo(wR;)Jo(wR,) (1) 1(1)I()I(£)]G; (1), g, ()] is easy to be confirmed to be a

—i [
constant, we can eliminate the time-ordering symbol in the interaction evolution operator U, (t;) = T (e " .Jo Hidldty ot the

expense of an additional term in the exponent which can be seen in the following form,

U,(t;) = exp <——/ Hdt — 2f12/ /dtdl [H (1), H(t )])

—exp (2 [ toRiatir+ 25 [ s tor 1010)

< exp (—— [ [t soriastora im0 ), q,<r/>]). (A13)

After repeated use of integration by parts to remove the time derivatives from the ¢; operators, this expression becomes
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U(ty) = exp (g / CsleR)ai0iwd+ 32 | Jo<wR1>J0<sz><z<r>l<r>>2dt)

cexp (=20 [ [ aatsor )k IO an(). a1 ).
= exp <%/ ! dtJo(wR)q;(1)X(1) —%JO(wR)q,(T)lef —l—%gfo(wR)q,lﬂi)
coxp (s [ [ttt o o). an(1 X(0X(0)

" dtIo(@R))Jo(@Ry) q) (1), qi(¢)]11X (1)
2

_ g
4h? 0
7 g

2h2

+ ‘dt,JO(le)JO(a)RZ)[CII(I)’CII(I/)]lefX(I) Jo(wR)Jo(@wR5)[q;(1), I(t/)]lizilfzf> (A14)

4n? J,

where ¢ = ¢;(0), X(¢) and X'(¢) are defined after Eq. (17) in the main text.

Then, using the relation e*e? = ¢4+B e8] where A and B are operators, U, (t;) can be reduced to be

U (tf) —e hjo(wR)ql(tf)lflfezhf dtJo(oR)q, (1) X (t )ehjo(wR)q,ll

s e Jo! g dndt do(R ) Io(Ry)la (0.0, (XX () (A15)

With this expression, we can simplify the form of the influence functional (A11) as

F, 1,0] = €S<l//w|€ th dldt]y(wR)q; ()X (1) zhf dldt]o(wR)q; (t |ll/w> (A16)

where

S

25 [ [ sy (@R a0, 4, X X @) = XOXW), (A17)

Thus, we obtain a suitable form of the influence functional as
F(l) [17 l,] = FO(U [l’ l/] <l//(,!) | e_W*aT+Wa ‘l//!,!)> * (A18)

This is the formula (17) in the main text.

In order to calculate the Eq. (23) in the main text, the concrete quantum state for the gravitational field has to be chosen.
We choose the coherent states, |y,,) = |a,), where q,, is the eigenvalue of the annihilation operator a, ala,) = a,|a,)-
Since the classical cylindrical gravitational wave mode g is g,(t) = Q,, cos(w? + ¢,,), the classical cylindrical gravitational
wave can be written as

w(t) = Jo(@R)q(1). (A19)
The influence functional becomes
Fw[l, l’] _ FOw[l’ l/]e—w*a;,+w%

= Fou[l. 1] exp |55 To(@R)Q,, cos(wt + ,,) (X (1) = X'(1))|. (A20)

2h

Putting all this together, we find that the transition probability can be written as
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Py — dy) = / dl,ddlydll by (1) (1) b (1) (1)

/ DIDI exp [—— / / dtdi’ A" No(1)No(t')

X exp {h/ dt{z o —1’2)+im0( (R, t)+N0(t))(X(t)—X’(t))H.

Using the saddle point approximation, we get the equation
of motion for the separation distance [ as

oL daL d? oL

=0, A22
ol dt o dt2 ol (a22)

with the Lagrangian as

(A21)

L= g ol = 1%) + Zmo(y(R. 1) + No(0)(X(1) = X'(1).

4
(A23)
Thus, we have the Langevin-like equation
N R
I= S [Wo() + RO =0, (A24)

This is the formula (23) in the main text.
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