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We explore the role of the dilaton field on higher-derivative supergravity within the framework of double
field theory and use it to fix the Lorentz-noncovariant field redefinitions connecting the metric and dilaton

fields with the duality multiplets.
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I. INTRODUCTION

In recent years, there has been a significant progress
in the understanding of the curvature corrections (higher
derivative interactions). In particular a great progress was
achieved on supergravity within the context of Double
Field Theory. That is connected with the fact that the
duality symmetries present on theories on toroidal back-
grounds constrain the possible interactions even before
compactification. In particular, a key result is that T-duality
is a symmetry to all orders in the & expansion of string
theory, at tree level [1]. These symmetries are precisely
realized by double field theory (DFT) [2] and therefore
lead to a very appropriate scheme for discussing higher-
derivative corrections. A comprehensive review on that
subject can be found in [3].

For instance, the complete Riemann squared terms of
the bosonic strings were obtained from duality arguments
in [4]. The first consistent deformation of DFT carrying
corrections was presented in [5], and later on it was
realized that this theory was a particular point in a two-
parameter family of consistent deformations of DFT [6].
The gauged version of the these theories were obtained in
[7] through a generalized Scherk-Schwarz reduction [8].
Alternative approaches that enlarge the duality group
while preserving the form of the action where proposed
in [9] and interesting applications on cosmological sol-
utions were discussed in [10].

A technique was proposed recently [11,12] that combines
both Lorentz symmetry and T-duality, which presumably
allows one to get information on (certain) higher-derivative
corrections to the effective actions of string theory in an
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iterative way. This approach is based on symmetry argu-
ments and not on first principle grounds, but so far all the
outcomes are self-consistent and agree with scattering
amplitudes, at least up to O(a’?). This approach is formu-
lated on DFT, hence a crucial aspect to make contact with
first principle computations is to have control on the passage
from DFT to the standard SUGRA frame variables.

DFT with strong constraint is basically a T-dual covariant
formulation of supergravity. This is written in terms of
duality multiplets which admit a simple decomposition in
terms of physical fields (dilaton, metric and two-form, if we
restrict to the NS-NS sector). Nevertheless as soon as we
consider higher-derivative interactions, the simple GL(D)
decomposition of the O(D,D) multiplets is no longer
identified with the (Lorentz singlets) physical degrees of
freedom (d.o.f.) and the connection between SUGRA and
DFT frames becomes more and more subtle. The purpose
of this article is to shed light on this point.

Inspired by the heterotic supergravity, where anomaly
cancellation conditions [13] forced the two-form to get a
nontrivial behavior under Lorentz transformations, the
authors of [6] proposed a new duality covariant gauge
principle that shed light on o’ -deformations of DFT through
a generalized Green Schwarz (GGS) mechanism. Actually,
it was shown that there are two inequivalent ways to embed
the Green Schwarz (GS) transformations in DFT and the
requirement of invariance of the action under these trans-
formations led to a two-parameter deformation of the
second-derivative action, containing both the heterotic as
well as the bosonic string."

The invariance under GGS and O(D, D) transformations
was sufficient to determine the effective action up to quartic
order in derivatives. Despite the success of this new gauge
principle, it was early realized that the algebra of the
proposed GGS only closes at O(a’) and the absence of a

"Type II theories are formally included at O(d') by setting the
parameters to zero, as they get the first nontrivial deformations at
8th derivative order.
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GS like transformation at O(a?) in SUGRA made it
difficult to get progress with this method at higher order.
A proposal to resolve this obstacle was presented in [11],
where a generalization of the GGS transformations was
suggested for the monoparametric case that exactly closes
at all orders in derivatives. The prescription from which the
perturbative GGS are obtained has its origin on what is was
dubbed the generalized Bergshoeff-deRoo identification
(GBdR). This identification is a dualization of the effective
symmetry found by Bergshoeff and de Roo in the heterotic
effective action between gauge and (composite) gravity
d.o.f., through the torsionful Lorentz connections [14].

Requiring invariance of the action under GGS ensures
both Lorentz and duality covariance of the theory.2 In the
frame formulation of DFT T-duality is linearly realized and
closes independently order by order in the Lagrangian,
Lorentz transformations instead connect interactions with
any number of derivatives. Contrarily, in the supergravity
framework duality mixes couplings at different orders
while Lorentz invariance is realized order by order (with
the exception of heterotic case where the Lorentz invariance
of the three-form requires higher derivative terms through
the Lorentz Chern-Simons).

Even it is formally possible to get the higher derivative
interaction terms requiring invariance under GGS, in the
practice it is not easily implemented. Fortunately, the same
technique leading to the GGS can be directly implemented
at the level of the action triggering a whole (iterative) tower
of interactions, to all orders in powers of ', connected with
the second-derivative action through T-duality and Lorentz
symmetry. This was successfully implemented in [12], not
only for the heterotic (monoparametric case) but also for
the full family of biparametric duality invariant theories
introduced in [6].

Besides the symmetry requirements, it is desirable to
contrast the results with independent computations, as for
instance with scattering amplitudes or f function calcu-
lations. Interestingly, [15] verified that the o> interactions
obtained in [12] lead to the expected coefficients for the
Riemann cube terms, both for the bosonic and heterotic
(zero coefficient in this case).

Even though this method allows to get @” deformations
within the framework of DFT in an iterative way, the
contact with supergravity is not iterative in nature and the
necessary Lorentz noncovariant field redefinitions connect-
ing Lorentz and T-duality multiplets must be performed by
hand, a work which is hardly implemented beyond O(a/?).

In the present article we go back over this point and
propose an all orders and iterative field redefinition for the

?At this point only those interactions connected by Lorentz and
T-duality with the second-derivative action can be accessible, and
it is not clear yet whether any other requirement can be exploited
to get insight on other interactions, as for instance those being
proportional to {(3)a’? present in all string theories. See [15] for a
discussion about this point.

metric and the dilaton fields. The conjectured map relies on
scattering amplitude arguments concerning interactions
with the dilaton field. We explicitly verified agreement
with the expressions in [12] when reduced to . The
proposed exact maps are implicitly defined by Eqs. (4.11)
and (4.14), while the explicit expressions up to > are
displayed on (4.21).

The paper is organized as follows. In Sec. II we review
the generalized Bergshoeff de Roo identification (GBdRi),
in Sec. IIl we comment on the possible realization of
dilaton free schemes both in SUGRA and DFT. In Sec. IV
we give a proposal for an iterative map connecting physical
(Lorentz-invariant) d.o.f. with the duality multiplets. The
conclusions are given in Sec. V.

II. THE GENERALIZED BERGSHOEFF
DE ROO IDENTIFICATION

In this section we will briefly review the GBdRi, for an
extended discussion we recommend the reader to visit the
papers [11,12].

T-duality strongly constrains the allowed interactions at
low energy and it was proven that there is only a two-
parameter family of theories, at fourth-derivative level [6],
consistent with this symmetry. Particular points of the
parameter space are identified with the NS-NS sector of
bosonic, heterotic or type II (origin of the parameter space).
These deformations are sourced by the two possible ways
in which Lorentz transformations can be consistently
modified at O(«'). As opposed to the undeformed
Lorentz transformation which is an exact symmetry of
the quadratic action, the two-parameter modifications
inevitably call for further subleading corrections, as the
closure of the new transformations forces the addition of
new terms at O(a?).

Interestingly enough, there is an iterative way to con-
struct a two-parameter minimal completion of the previous
deformed transformations, as well as an infinite tower of
interaction terms being invariant under such a symmetry.
The whole biparametric deformation of DFT is embedded
in an artificial extended space, which is infinite dimen-
sional. Regardless of this complication, its dynamics is
described by a second-derivative Lagrangian that admits
exact local symmetries.

The infinite extra directions are actually related with
gauge d.o.f., which are frozen by an exact identification
between gauge vectors and spin connections in a duality
covariant way. Such a relation, dubbed the Generalized
Bergshoeff de Roo identification (GBdRI), relates objects
with different number of derivatives triggering all orders o
corrections both in the action and the Lorentz (GGS)
transformations.

The gauged DFT we referred to is formally defined on an
2(D + k)-dimensional extended space (where k is sub-
sequently assumed to be infinite) and the framework on
which the GBdR identification is naturally realized is the
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frame formulation of DFT. The starting point is a gauged
flux formulation with rigid G=O(D+k,D+k) =
OD+p+q.D+q+p) and HxH=
OD+q-1,p+1)x0(p+1,D+¢g—1) symmetry.
It is important to keep in mind that the gauge group is
not physical but it is artificially introduced to account for
higher-derivative deformations of the Lorentz symmetry,
in particular the gauge couplings are not related with a
compactification scale but with the string length itself
through «'.

The index structure that follows from the group
decomposition is the following: M — (M.j) = (M,u.ji)

local

denotes the splitting of the rigid group G in terms of the
fundamental representation of G = O(D,D) and g =
O(k,k) respectively, and A= (A; 21) - (a,a;a,a)
parametrizes the decomposition of the local groups H
into H=0(D—-1,1) and h=0(q.p') and H into

H=0(1,D~-1)and h = O(p.q).

The gauge mechanism introduced is not a minimal
gauging procedure as e.g., the heterotic formulation of
DFT [16]. Here instead the gauging process necessarily
introduces scalar fields on top of the gauge vectors
which can be embedded on a generalized frame of the
2(D + k)-dimensional space £ \,*, admitting the following
decomposition

Ev* = W VENY,  Eut = —Ayfel,

A _ M A
(C/‘l; =A ﬁEM s

where the O(D, D)-valued Ej* is identified as the gen-
eralized vielbein of the double space and A, are the

(unphysical) gauge vectors. The functions y and [J are
defined by

XMN = MmN — AMﬁ-AN;iv D,w =Wip — -AMﬁ-AMz?' (2'2)

Here #nyy is the O(D,D) invariant metric, 7;, =
diag(nﬂ,{,nﬁﬂ) with n;; = Kz and 1n,, = —x,, where k

denotes the killing metric of 7 and 7, respectively.
Here eﬁ‘i is O(k, k)-valued, so it can be further para-
meterized as

where ;% and e,” are independent O(p,q) and O(¢, p')

matrices respectively and

Q-

My =1 =2, (24)

i

Local symmetries of the extended space are parameter-
ized by G-vectors &M that account for both gauge trans-
formations and generalized diffeomorphisms in a duality
covariant way and by Lorentz parameters I 45. The
generalized frame transforms locally as

SE ™t = EVONEMA + (D&Y — IV ep)EnA
+ fanTEVERA + 05T, (2.5)
where the information on the gauge group is completely
determined by the gaugings f . Concerning the rigid
duality group G, the generalized vielbein does transform
linearly.
Regarding the generalized dilaton d, it turns out to be
invariant under Lorentz and the duality group but trans-
forms as a density under generalized diffeomorphisms

1
5d = EVoyd - EaNgM . (2.6)
The embedding of DFT with its &’-corrections in the
2(D + k)-dimensional extended space requires fixing
extra d.o.f. and symmetries. For instance, setting &,°

and &;2 to zero and ¢,%, €;” to be constant partially break

the Lorentz group of the extended space. The remnant
symmetry is the usual Lorentz group of the double space,
O(D-1,1) x O(1,D —1). There are still extra d.o.f. of
the extended space as compared with those of the NS-NS
sector of DFT, and indeed both vectors A ; and scalars
Q;, must be frozen. Here is where the GBdRi comes

into play,
~01& 265 =F apc: —9:5 alt)ge=F aze- (27)

where t,» 1 are generators of H and H respectively and g;,

g5 their coupling constants. F 45 are the generalized fluxes
of the extended space

Fase = 3Quuse + FainpEM 4EN 5ET e

F 4 =2D4d - Qp45, (2.8)
defined in terms of the gaugings fp. generalized
Weitzenbock connection Q 45- and flat derivatives

Qusc = DaEVpElctinps  Da=EMudm- (29)
Equation (2.7) is supplemented with an identification
between gauge and Lorentz parameters of the extended
space (I'gg, I'ge = 0)
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e = —glg(ty)Bc’

Ige = =928 (th)ge.  (2:10)
after which it can be verified that both the left-hand side and
right-hand side in (2.7) operate exactly in the same way
under local transformations (here ﬁ§ denotes the general-
ized Lie derivative),3

5.7:4@ = ,Cgfﬁﬁ + FQEFQA - 'DAF% + 2‘7:AD[BFC]D’
8F ypc = LeFape + FopclPa — Dalse + 2F apisl
(2.11)

Fluxes depend on the derivatives of the generalized
frame and so (2.7) leads to an iterative derivative expansion
of the former. If we further take into account the embedding
of Ey* into €)*, then the (exact) generalized diffeo-
morphism and Lorentz symmetries of extended space
trigger a derivative expansion («-corrections) on the local
symmetries for the double space.

The resulting transformations comprise the usual (uncor-
rected) generalized diffeomorphism plus a deformed
Lorentz symmetry that closes order by order and reduces
to the known GGS transformations at O(«’). Similarly,
implementing the GBdRi on the second-derivative action
of the extended space leads to an infinite tower of
interactions, which again reduces to the known fourth-
derivative action at O(a),*

L=y L), (2.12)
n=0

LY = 2D, (F3FacdFb ) — F F3FAcdF? - D Dy (F edF

+ Facdpb  Ft2F; ., —2DEFedD Fy
— 4D FPacF, PFy , + 4/3F4CF LFy,  FAT0 4 2F 8¢ Fpcb Fo 4 P4y,

Similarly

where £ ~ . £ = R, + R,, with

R, = 2(D°F, — D*F,) — (F°F, — F4F,),  (2.13)

1 — _ 1 —
Ry =5 (F P2 — F b FEE) +8(F%F‘”’” — F g F22°).
(2.14)
Generalized fluxes are defined as
Fapc = 3Qupq), Fy =2Dyd — Qp,®,
Qupc = (DAE"5)Eyc. (2.15)

and D4, = EM,0,,. Alternatively, after integration by parts
we can replace R, with R,

R, = FiF, — F4F,,. (2.16)

As we have previously anticipated, the corrections on the
second-derivative action are described by two parameters,
denoted below by letters a and b, whose origin can be
traced back to the two coupling constants g; and g,.

L0 =ard 4 bLy)

(2.18)

...C}Z:l{)a b, c }) (2.19)

The interactions can be further organized according to the presence or absence of dilaton fluxes, Fj:

L(rs)

which will be used later on

= Eg"g) + E;;’S). The complete expression is explicitly displayed in [12]. Here we only exhibit the £g"y) piece

It is worth mentioning that this relation truncates the d.o.f. of the extended space but do not impose any condition on the double
space. Actually, it is after this truncation that the d.o.f. of the extended space exactly matches those of the double space.

It is important to keep in mind that £") does not necessarily include all possible interactions compatible with scattering amplitudes,
it only contains the biparametric deformations of DFT, which is the minimal completion of the second-derivative action that exactly
closes under T-duality and the deformed Lorentz transformations (GGS) to all orders in derivatives.

>The parameters a and b must not be confused with flat indices @, b and a, b.
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£0% _

F3(=2DLF'¢/D?D,F Frpp— 2DLFAelD, D,,Fdef 4DFD?F ”FdeFEg

+2DPDyFeceFd LF,, o+ 2DPDLFyeFe ) F?, p + 2DLFAeD, F?y FY,
—4D*DIFieeF, LF;,  +2D°DIFIc¢F, LF;,  + 2D*DLFA4¢FT | F 7,
+4D°F£eDIFY,  F; L = 2D°F<DFT LF;,  + 8DF<DIFy [F;,
_ 2D3FE££Df<Fé£-fFf--£f - QDBFHEEDEFf'CIF}.ef + 2D‘1F‘75’—('D5F5de;-e f
+2D4F LD, FUT Fy, p + 2DLFI4eDPFT ) F oz p = 2DPF3l FIeeF; LF
— 2DPF;*LF4¢Fi, FY)  + 4D°FT<¢Fd, ng Fejqg—8DFPceF IF, L,
+ 4DeFtcefd AF: L F, on T+ 4DbF5——Fd£QF9£ﬁFE gn DEFEQ-FHZg L_iFEﬂFE gh
+ADTFCIFULE,  (F,  ~ ADPFREIFULE F, 4 DFFPSLFIILE, Ry
+ DPFpeL it pe, Fegn—2DTFIdF? yFILFs  —2DT FeedF,  Fa.LF;
+ 4D FIeeF, LRI, Py = 2DPFyeeFl LF, (F, — 2DTFA9hFieeFy LFy

B +4DCcheF gFf hF

—2DIFTHLFAeFhy F oy — 2DV FOeFI LFh o

- 4D7F51££Fé£2Fé£ﬁE;g y + DPFICdFT  F ot F/: i)
+ DF5(—2DSF*“ID F?, ; — 4D°FP<¢Fa, (F, L — 4D Ficep?  F,
+2DFeeFb F, L 4 2DPFeCeFd  Fp L+ 2D PR PP,

+2DLFPeFT FOy = 2F9<<FT LFD, (FPy, — 2Fe<d i, FOOLFPeL

+4FACIFe A, FPCe — 4F O UFA  FPee 4 F2  FO9MF, o FP 4 — 2FT JF9, (FPeepas )

+ FyF5(DSF LD F?, ; — 2DIFadeFe ) FP, 2D F?CeF? F, L
S 2 O S B R S S e L L N

+2F IR, Py P — 1/ 2F LR, g PP 4 FPCdRT yFO PG ),

Ly = Fe(=DED,F LIF? F 5, — DUD*FT4<Fy, F,7, — D'F C4DPF! yF 7,

— DD FLIF, F gy = D FPDLF Fy = DEFPORDyFy g FO ),

= 7 T e ¥ 1 er-fah
— D FULDFd (Foq, — DIFPYIDIFy, Fryp — S DU FIINEAAFy F g,
| . 1 N 1 "
=~ 3 DO FT Ay FO Fygj =5 DY F<F) 4 7 Frg = 5 DUFT 0, FP LYy Frg

z-ed 7 h
—2D°F L fFT f Foy, + DPF3LFe FT y Fog o + DIFYT F PR, ) F

+ DDy Fo, + DFPTADAF,  Fyp, + DUFELDIFy, Fry

| 1 1 .
+§DdFef£F££QFa£gFé/-~g—l—§ PFdeF, IFT Fefg+2DbF LaFs 4 FT o Fog,
d fgh b e f af f -
+2D FeI FLbF, y Fogy = 2DEFe8 FLIFT [ Fop, + 2DIFC AL  FoT F g,
+2DIFALFE, in.ngé- — 2DEFe FLIFT  Fogy +2DZJF??1£F,3£&FJ§FM 5

o ,
— DYFpeeFes, Fh Fop — DF?I,F2LF  F o )
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— DUFeD*F4¢F; ) Fy 7, = DEFED,FLOF Foy = DUFED,FELFI,  Fog,

=5 DPFAF! 4 FyeF77  Fyg + DV FF? OF roF 5L F 7, + DIFTDIFCF, , Fo5,

2

1 - ) - o _
+ S DPFeFeLIFy, fF aFagy+ 2DIFLFCELER,  Fl yF,

efg = DbFﬂF;,ﬂF‘?f_]gFéhéFg;lz

+ DAF* L Fepd soFeae— FapbFeelpe, ZFE-?EFE 75+ DIFCACFCFCF, 4 Fys,

1 B _ _ _ _ -
+3 FeFF4¢F® F/9,F 5, — FOFOF2LF° raFdFaza

Dilaton fluxes appear on £, £, £2) only up to
quadratic order. This is not an accidental fact, but a general
property that holds for all £("). Indeed, it is easily proven
from two observations. First, the source of interactions is
the quadratic action of the extended space which is
quadratic in dilaton fluxes [see (4.1) or (4.2)] and second,
F apc are independent of dilaton fluxes while F 4 are linear
on dilaton fluxes of the double space F/,, as can be easily
seen from the O(D, D) flux decomposition in Appendix A
of [12].

L as it is presented here through (2.12) has the nice
property of being exactly Lorentz invariant order by order;
nevertheless, the price to pay for that is a huge number of
terms in the action. Bianchi identities and section con-
ditions can be, in principle, implemented to further simplify
the Lagrangian. On the other hand, integration by parts or
field redefinitions can be implemented too, but at the cost of
realizing the Lorentz symmetry up to total derivative terms
or at the cost of modifying the form of the GGS trans-
formations, respectively.

III. DILATON FLUX CANCELLATIONS
IN THE o' -EXPANSION

It is well known that the dilaton at tree level in string
theory enters in the action, either in the global overall
factor e2? or through the derivatives thereof. That is
automatically satisfied by the GBdRI, as the generalized
dilaton on the extended space only appears in the overall
factor e=24(= /|g|le=??) or through the dilaton fluxes. On
the other hand, as we have commented above, dilaton
fluxes are present at all orders in o but only in the form
(Fy)", with n =0, 1, 2. After moving to the SUGRA
scheme derivatives of the dilaton will appear then up to
0,0, and therefore can be absorbed after integration
by parts or by Lorentz covariant redefinitions of the
metric and dilaton fields, except for the dilaton kinetic
terms in £,

To see that, we first notice that terms linear in d¢ can
be rewritten without dilaton after integration by parts.
Then, the only nontrivial couplings are those quadratic

®That readily follows from Egs. (4.9) and (4.10).

(2.21)

in derivatives of the dilaton, which in addition can be
expressed as

\/ge—2¢vm¢vn¢T(N)mn
1 1
=5 V9e IV, gT N 42 /ge 20N, gV, T

1 mn 1
=3 e\ NV, p TN"™" + 3 \ge VN, TN)mn,
(3.1)

where “=" means up to total derivatives and 7N)"" is an
arbitrary (dilaton independent) tensor of Nth order in
derivatives. We learn from (3.1) that terms proportional
to 0,,¢0,,¢ are equivalent to terms proportional to V,,V, ¢,
up to total derivatives and terms without derivatives of the
dilaton.
We will now show that terms like these can be properly
rewritten without dilatons after a suitable choice of variables.
Indeed, after a field redefinition of the metric g, —
Gmn + 09,,, and dilaton ¢ — ¢ + 6¢, with bg,,,, 6¢p ~
O(d’) the second derivative Lagrangian changes at linear
order as L© +5£0, with 6£© = G™8sg,,, + D6,
where G"" and @ refer to the equations of motion of
the metric and dilaton, respectively. If we consider a field
redefinition leaving d invariant, the net effect is the addition
of an extra piece at order O(d'); 6L = (G™+
ig’”"(b)ﬁgmn = (Rmn + vavn¢ - ZlLHmqunpq)(sgmn-
Hence, the choice 6¢™" = —%T@)’”” cancels dilatons at
order O(a'). Let us move to the following order in derivatives.
In this case, on top of the original couplings
~V,V,pT®m  there are some extra dilaton dependent
terms at order O(’?). Schematically from 6% £ and
8L due to nonlinear effects of the field redefinition.
The crucial observation here is that these terms are still
quadratic in dilaton derivatives because the field redefini-
tions (parameterized by dg,,,) are dilaton independent.
Plugging all these interactions leads to a new term
V,,V,pT@™ which again can be eliminated by a new
field redefinition parameterized by

Sgm = — T@)mn O<a/2). (32)

S —

106015-6



DUALITY COVARIANT FIELD REDEFINITIONS

PHYS. REV. D 105, 106015 (2022)

Clearly, we can proceed inductively to prove a very
important lesson; there is a scheme in supergravity where
the interactions related with the biparametric-DFT contain
no dilaton beyond quadratic order, except for the expo-
nential factor e=2%.

Nevertheless, not necessarily does exist a frame in DFT
where there is no dilaton flux beyond quadratic order. The
reason is simple, on SUGRA we can only perform a change
of basis by Lorentz covariant fields redefinitions (so that for
instance the metric and dilaton remain being singlets).
Similarly, the only allowed change of basis on DFT is
due to duality covariant field redefinitions and therefore
the previous results not necessarily extend to the DFT
framework.

The answer to this question is relevant as it could offer a
simple scheme where the number of couplings in L is
significantly reduced, but also to better understand the
structure of the higher-derivative interactions in general and
the role of the dilaton in particular when it is desired to
linearly realize T-duality at the level of the Lagrangian.

The first observation is that interactions being linear
in dilaton fluxes can be moved from R, into R J after

integration by parts. This follows easily from the identity

e_ZdFATA = E_ZdDATA — 8M(€_2dEMATA). (33)

Hence the only nontrivial couplings are those quadratic
in dilaton fluxes or linear on derivatives thereof which in
fact are equivalent, up to total derivatives. Indeed,

e XD FpTAB = 72 F \F T8 + 0, (e 2/EM ,FpT*P).
(3.4)
Notice that antisymmetric derivatives (D, F'g)) are elim-

inated either after integration by parts or equivalently by
using the Bianchi identity

DCFCAB - FCFCAB - ZD[AFB] (35)

F&F;Fﬁzéﬂ’gé = FyFyFdFB - F F,F¢
= F,F ¢4(2D F, + D®Fp_,)
= 2D F F,Fi<d

+ (D, -

Fg)(F,;FbﬁiFﬁgg) _

Regarding the quadratic terms, we must discuss separately
the cases with mixed projections and those with equal
projections.

The former can be eliminated by field redefinitions as
both D, F, as well as D, F; match the equations of motion’

up to dilaton-independent or linear-dilaton terms.

dcaFé

Glatl = piFt 4 (D, — F,)Fbc — <72 (3.6)
or equivalently
Gatl = 2DbF@ —2(D, — F,)Fabe —2Fdcap, b (3.7)

We are left with equal projection terms D;Fj, and D F,.

These are much more subtle. It turns out that those terms
appearing in the original expression in (2.12) with such a
structure can be absorbed at a given order but at a very high
cost as it requires a duality-covariant (dilaton—dependent)8
field redefinition of the generalized vielbein. Then, it
reintroduces dilaton dependence at the next order in
derivatives, and it can be shown that it occurs in a way
that cannot be reabsorbed any more. But more importantly,
once we study the nonlinear effects of the (dilaton-
dependent) field redefinitions, dilaton fluxes appear at any
order, not only quadratically as in the original expansion.

For instance let us consider EE,I)

E(an D 2DE(F,3F‘_‘5‘—IFE£4) - FaFBFag‘lFi)sz_l

= FoFyFO P 4+ 2(Dy—F,)(F5FAdF? ;). (3.8)
where the last term in the second line is a total derivative
(after multiplication by e~2¢). The first term can be
alternatively rewritten, up to total-derivative and dilaton-

independent couplings as D, FjF*<4¢F 13£ 4 but it leads to a
dead end as there are no identities for D(;F7). On the other

hand, the first term in (3.8) can be worked out by the use of
Bianchi identities as

c_ipégg

— Dy(FaF<4F2, ;) +
b

(Dy = Fp)(FF 4F?, )

— DyFF ¢4FL 4 D;(F*¢4DPFj , — Dy FA<4FL )

(Dg = Fa) (F*e4DbFy = D FI<UFY ).

(3.9)

" After a field redefinition with EM, — EM, + §EM,, SEM , ~ O(a'), the Lagrangian changes, at linear order, as £(©) + GlapOE™L
where SEAB = SE,;AEMB and Glap) is the equation of motion of the generalized frame. The antisymmetry on the indices is due to the fact
that the generalized frame is a constrained field, and it must hold 6E,3 = —6Ep4. The components 6E—; and 6E,;, vanish after use of

Bianchi identities.

$This must be contrasted with the SUGRA scheme where 69,,, Was dilaton independent.
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The last line is a total derivative, the last term in the first line is dilaton independent while the second term can be rewritten as

1

DyFaFF? =Gl FP4FL g = F e DP (F4FL ) + F 3, FT €, FAAFL 4 (Dy— Fo) (FP24F, g Fy<9).

T2

(3.10)

The first term is proportional to the equation of motion and so can be absorbed in a (duality-covariant) field redefinition,
the second and third ones are dilaton independent and the last one is once again a total derivative.

Regarding the first term in the last equality of (3.9), it also can be worked out in order to eliminate the dilaton but at the
cost of implementing a dilaton-dependent field redefinition, indeed

2D F yFaFod = (Giapy + 2(D° = F®)Fape + 2F 3 5F/ ) (D, — F)F*2< + Dy (F
+ (Dg = F3)(=F."DpF®<4) +

f
(Dy = F,)(=2F;(D), - FQ)FE2

SDpFed)

)

o

IS

= Glap/(D. — F,)F*2¢ — 2D, F,F*4bF )2 —2F,F¢42D F; ,*
+2F°4D (Do F ey + F,3:F/¢,) + Dy(Fo "D F??)
—2(D, — F,)[FCe2((D? = F®)Fepe + F,7:F/¢y) + Fo(D, — F)) FC22]

+ (Dg — F3)(—F . /°DpF<4

= 2F gD (FPL4F, ) — 2F 47, F7 ¢

ISy
~
S
IS
I
!
ol
[
ST
|
[\°)
S
Qu
—
|
i
12
IS
S
QU
!
[
S
IN]
N—

+2FC9D (Do F ey + F,7:F/¢y) + Dy(F . P DF?c?)
+ g[aé]KDg - FE)FMQ - FEQgFE‘ga]
—2(D, = F)[((DF = F*)F s + F 7./ €,)FE22 4+ F (D), — F,) F* 4]

+ (Dg — Fz)[2F°4tD F ;" — F P DF?<d — 2F; ,AFCL4F, ],

with the first two lines being dilaton independent, the third
line can be absorbed in a dilaton-dependent field redefi-
nition, and the last two lines are total derivatives. Plugging
in (3.9), (3.10), and (3.11) we indeed verify that dilaton
fluxes can be completely eliminated from £(). Some
comments are in order

(1) It can be shown by a careful inspection of the first
term in (3.8) that there is no other way to eliminate
the dilaton.

(i) Even though we managed to eliminate dilaton
fluxes, there is not a real simplification in £!) as
we end up with more terms in the Lagrangian than
the original ones.

(iii) We got rid of dilaton fluxes at order O(«'), but the
necessary dilaton-dependent field redefinitions
reintroduce dilaton fluxes at subleading orders and
they appear now at any power, not just quadratically.

(iv) Similar steps as those followed here can be imple-
mented to cancel the dilaton couplings appearing
on £ in (2.20) and (2.21).9 Nevertheless, it can be
shown that the dilaton interactions at O(a’?) with

’Indeed, it is also possible to cancel all the original terms
containing dilatons at arbitrary order by implementing dilaton
field redefinitions directly in the extended space.

(3.11)

origin in the field redefinitions at order O(a’) cannot
be completely eliminated by implementing field
redefinitions, integration by parts, and use of
Bianchi identities or section conditions.

(v) The absence of a dilaton-free frame in DFT is not in
conflict with SUGRA. What we state here is that the
dilaton cannot be eliminated by duality-covariant
field redefinitions, the situation drastically changes
if we move to the SUGRA variables which indeed
require duality noncovariant field redefinitions.

All the previous statements have tedious and technical
proofs, but only the last one is in some way interesting and
has useful implications and so we will focus on it in the
next section.

IV. PERTURBATIVE FIELD REDEFINITIONS
FOR THE METRIC AND DILATON FIELDS

The GBdRi is naturally established in the framework of
DFT; however, in order to make contact with supergravity it
is required to find appropriate noncovariant field redefini-
tions. This is the only step which is noniterative and must
be performed by brute force, i.e., by demanding the metric
and dilaton (as well as the two-form in the bosonic case;
a = b) to be invariant under Lorentz transformations. In
this section we will show that the field redefinition for both
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the metric and the dilaton can be fixed by demanding the
derivatives of the dilaton cancel out when we move from
DFT to SUGRA variables.

The relevant piece of the action of the extended space is
MR = e 2R(DFA - DyFA) -

(FaFA = FFA),

(4.1)
or equivalently (up to total derivative terms)

eMR = e M(F 4 FA = F 4 FA). (4.2)

F3FA = F o FA = FuF* — F,F¢

= 2T, AE P F o Fy + 2MPE2E,LF  Fy + 4(Q,E:) (

_2<Fa_a‘

1\VH

+ (@) e

+2(F, - 62){()(%

-0, ((iprese) o (ep,e ) +opcerten| )

J<OR(r2)  +

The O(D,D) decomposition of the dilaton fluxes is
displayed in Appendix A of [12]. Nevertheless, these
expressions admit a further simplification after which the
F 4 components reduce to

(Fyp = ) () 2

_ gﬂg (Fy- 82)(95{451;@) — (F; —03) <(H%)y,!5y5>].
(43)

Considering the other components, one arrives at

1\PH

(I&)”

(652

uep

)=
(@

(4.4)

The first line gives the second-derivative interactions of the dilaton, R, in (2.16). It is not difficult to see that the full R,
in (2.13) can be generated if we bypass the integration by parts in the extended space and perform the flux decomposition
in (4.1) instead of (4.2). The second line gives (implicitly) the higher-derivative interactions of the dilaton field in the DFT
framework, the third to sixth lines are total derivatives, and the remaining terms are dilaton independent.

The second line explicitly shows that there are no dilaton derivatives beyond quadratic order as I1, £, and Q are dilaton
independent. The last term in the second line can be absorbed a priori in a field redefinition as it leads, after integration

by parts, to
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4(Q7,8,4) <(H%)’~’ g 5}) F F5 = 4[F°4,F o — Fj,:D° + DD ) (2, :2) <(H%)e ’-’é;ﬁ)

- 4(0; - 0, (04,6 (16,7 ) ) =410, - ) Fp(et, ) (17 ) ).
(4.5)

The right-hand side on the first line is dilaton independent, the first term in the second line can be absorbed in a (dilaton-
independent) field redefinition of the generalized vielbein, and the last three are total derivatives.

The first and second terms on the second line of (4.4) cannot be eliminated with duality-covariant (and dilaton-
independent) field redefinitions.

A. No dilaton ansatz and the field redefinitions

Let us consider once again (4.4), but this time let us perform the GL(D) decomposition of the dilaton fluxes,

FaFA=F o FAS (=201 €, 58, D) F4F— (nt —2IPP 9,0 ) F ,F )+ 4(QF,£,9) (1) "€ ) F F
32[(955—2114‘?@@5[_,5)@ 8"y — (= gzé—2nﬁ65ﬁzsﬁé)émgéné+4(9?,_,5;)((n%)ﬁ‘-’ggl?)zmgé",-,]am&anéa
32[@65—2nf‘f5pé5q5)émaéﬂ,-,+(gzé+2nﬁ65ﬁzgéé) 8" +4(Q7,E;9)((IT 3’ &) ;e"5)0,,000,.

(4.6)
. . . 10 _ 1
where in the second inclusion we have used D=0+ Zln _ g = det (gmn)’ ( 41 0)

=V2e",0,p +— — (0™ — terms),

\/_ wba

- 1
Fg = _\/Eémgamq5 \/Ewba <8m

@ in the first and second line denotes the spin connection
computed with the pair of independent vielbeins e
and e”, respectively. The line over the fields is here to
distinguish them from the physical (Lorentz singlets)
variables."! Finally, in the last inclusion we have used
the relation

terms), (4.9)

"It readily follows from the frame decomposition

1 gma gma
- >
V2\ By = )"t (B + Goun) 8"
EMy = n"NENEnpa. (4.7)

and the invariant metrics

0 o," 9 O )
MN = " =( = . (48
n (5,"” 0 ) NaB ( 0 i (4.8)

19" _terms vanish if we solve the strong constraint with the
standard supergravity section condition.

which is a consequence of the fact that the generalized
dilaton d does not receive corrections neither under Lorentz
nor under O(D, D).

The requirement of no derivative of dilaton at higher
orders leads to the identification of the last two lines in (4.6)
with the kinetic term of the dilaton; 4¢™"0,,¢0, ¢, which
implies

mn_—mn+Hﬁ&S ag bém SN _H/fqg ('15 Bém "
g =9 p €5 € aCp 4 a® b

+2(Q7,8,9) ()€, (4.11)

It is worth mentioning that exactly the same conclusion
is obtained if we avoid the integration by parts. This time
the flux decomposition is performed on R, instead of
on R, and the metric ansatz is obtained after comparison
with —40"¢0,,¢ +4V™V,,¢p whose difference with
+40"Pp0,,¢p is a total derivative

Let us introduce A2 = &";¢,,2 € O(1,D — 1), then the
physical and duality covariant frames are related, up to an
arbitrary Lorentz transformation 0%, via

ey’ = 2,2(E7),¢0,°, (4.12)
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with

EL —TI 7 €€, AN Aot + 2(,E;

a

1I\io e _
@ (B) " E5) N1 52, (4.13)

so that

Pa

- 1 . [ ~ 1\A0 4 =
b= b= Inldet(5,2 + T8, £,0 ~T°€,°8, T A 4200485, () 7,5 A7) (4.14)

These expressions simplify considerably in the monoparametric case (heterotic DFT) with, for instance a = 0, as there is
no scalars (€2 = 0), hence

gmn — gmn + gﬁggﬂgémgénb’ (415)

b=~ iln[det(ﬁéﬂ L E,E9). (4.16)

Unfortunately, this argument cannot be used to fix the field redefinitions of the two-form and therefore we still need to
compute it by hand.

In order to test the proposals we can work out (4.11) up to O(a'?) and compare with the expressions displayed in [12].
Actually, we do not need to compute it here as we can read it directly from £. Once again we follow the shorter route, we
integrate by parts on (2.13), (2.18), (2.20), and (2.21) to accommodate all dilaton fluxes, up to O(’?), on

LD FyF" — F Fé + aF FyFP4LF? 4+ bF ,F,Fe@PFL
+ @*F F3[-DEF LD FP, , — AD°FPe¢F? (F, L + 2DVFeceFa, F,
+2DLFPAeFT ) FOy = Fo 4R,  F PP 4 OFTCOFe IF, |\ FP ¢

- 2F‘_’£QF;1£ﬁF‘73 WFPCe+ 1/2FF  JF9%F, , FPed — 2FF L9, J_cFi’EﬁF‘_‘ 73]

— b?F ,Fy[-DFa?/ D Ft,; — AD<Fbee e

&
L,
+
[\
)
1S
B
~
IIQ
<
B
.

c

e
+2DFFLAeFLy Fa o — F P iFa cFbel 4 QFacipe ip

I~

— 2F49F ;" Fa bt

IS
+
=
[\
k!
g
R
)
=
&

FeLOF (o yFpp, — FAAFe0,F 1 F 7,

— FeFE(D,FLFd,  F g, — FOLF,  FTFo7,) (4.17)

from which we read
g =g+
+-2";2";(~DF LD FP, f — ADPFPCeFa  Fy L 4+ ODPFPeeFa, (F, f
+2DLFPEFT | Fo; ) — FoCF0,  FO; (FP8L 4 2F3Cip? LF,

b e
ghF <

- 2F5’£€F;1}Fﬁg WFPC€ + 1/2F°  ,F*9"F, . WFPed —2F7 LF3, fFPeeFe;))
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b? ;
~ 5 ", 2"y (=D P D Fly; — ADCFYTTF4 F ] 4+ 2DYFETT R GF

+2DfFédEFZaé fo—FgcaFgaa a _Fbel 4 pFatipe hp

_ b e
9f gs'th_f’

ab 1 - __
- <—E’"aé”h <DdFefeFM£FE;Q + EFﬁf_‘ﬂF&Ef}«“eféFE;g — FA¢F?0,F " F g7,

_ Fagipégzpﬁfépéﬁ)) (4.18)

This field redefinition is somehow more general than the one displayed in [12], as here we still preserve the full double
Lorentz group. To make contact with loc cit we partially fix the Lorentz group by imposing &”, = &",6"; and

e", = e",8",, which in addition implies D, = —%55,”8;, y D, = %5;@,, with 9, = &",0,, as well as
Fape = ——st80550(),,. Fope = —iaeélz(se‘(z@(ﬂ 14+ @ 1q)
abe N abes abe /2 a0 [abc] labc] )
Fape = \L@égﬁgég@(_)“bc’ Fare = _\/%53525?(2@“) jabe] + @ ae)), (4.19)
where the torsionful spin connections are given by
Dy = 2", (wnb + %Hmnpé"bé%), (4.20)

where the line over the spin connection and the three-form means these are computed in terms of the Lorentz noncovariant
fields e, and b,,,. Hence,

b
gmn _ gmn + 4(0( )mbcw( n be +Z(D(+)mb66)(+)nbc

2
4 (l_ é(maén)b {ac(b(_)ggfacd) o = 40@ hdea)(—)adf@( )ce 4 zab cdea)( )a dfd)(_)cef

8
1200 befw(d )fw<+)cda _ @(_)eCd@(_)f d&)(+)gfa&)(—)gbe + 2@(—)510(16)(—)gef&)(—)gdfa)(—)bce

_25)(—)dcg(b< ) Tl ) @(bee 4 1/2(0 v oaef o'~ )gef@(—)bcd

de

~20"” fcda‘)(_)ge e )bce(zw afd) 4 @-lafal))
b? |
+ ? 6 [3C aefaca)( ef — 40w Hbedg ( )a efa)( Cdf + 281) dcea)(+)acf&)(+)def

+20c@Hbde (g, & —(—) ot @t g (+)!I£ @(—)fga@(—)feh 4 25)(+)aff@(+)ged@(+)gfd@(ﬂhce

—2&)(”"69@( g @ p@Hbee 4 1/26e @ Hasl o+, plHIbed
—2a), falt )qe (@ Hbee (2p(-ladd 1 pl+)ladgl)]

b

%g( &), | —0ca el el ), — Dol B (e,
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+ ab@(+)cef@(+)def@(—)acd + 3h@(—)€cd@(—).fcd@(+)aef

] a
-= (25)(_)[@0] + @(H[dgc])@(—) i

N = N

— (;,(HCEfg)H)gef@(—)bcd@(—)ﬂgd — @\F)ged gy (-)e

We have explicitly verified that (4.21) is in perfect
agreement with Egs. (4.42), (4.48), and (4.50) of [12].
The precise matching is straightforward but tedious,
because the proposed map here sets the physical metric
in terms of spin connections associated to the duality
covariant frame e, while in [12], was obtained the inverse
map. The first line in (4.21) is easily verified because w(*)
and @) agree at leading order, but the remaining terms
require more work. We have used Cadabra software in
order to verify the matching [17].

V. OUTLOOK

Symmetries play a central role in the structure of
effective theories in string theory. Nevertheless, not all
of them can be made explicit simultaneously. That is
precisely the case with T-duality and Lorentz transforma-
tions, while the former is linearly realized in DFT, the
GL(D) decomposition of the duality multiplets ¢, g,,,, and
b,,, transform in a very complicated way under Lorentz
transformations. On the other hand, SUGRA variables ¢,
Gpmn» and b, transform nonlinearly under T-duality.

Recently different approaches, within the context of
DFT, have used T-duality to get insight on possible
interactions beyond quadratic order. It is therefore desirable
to contrast all these results with e.g., scattering amplitude or
beta function computations. Having control on the map that
exchange between both DFT and SUGRA schemes is a
fundamental ingredient for that purpose.

In this paper we propose a map for g,,, and ¢ in terms of
duality multiplets of the two-parameter deformation of
DFT introduced at O(a’) in [6] and extended to all orders in
[11,12]. This proposal was successfully contrasted with
previous results up to O(a’?).

Unfortunately, the argument employed here cannot be
extended to cover the case of the two-form. It would be
interesting to shed light on this point in the near future.

We have proved that there is a basis in SUGRA where
(derivatives of the) dilaton can be completely eliminated in
the Lagrangian beyond quadratic order, at least for those
interactions related to the biparametric DFT. Notably, there

5)(+)b6f@(+)cef + @()adegy(H)bef g(+) | 95(+)

(2@(+)[€fg] + @(—)[efy])@H)hef@(—)acd@(—)gcd + @(thﬁ@(—)acd@(—)fﬁg@(—)

cfyg

edg

a® D o (4.21)

is not a dilaton free basis in the latter. It is probably related
with the fact that in order to linearly realize T-duality at
higher orders, it is required to further extend the Lorentz
group of SUGRA into a double Lorentz group. For
instance, a way to eliminate dilaton interactions is possible
if we partially fix it by identifying]2 e, =e";o,, but as
we said the full double Lorentz group is a crucial ingredient
to linearly realized T-duality.

Another relevant question that deserves attention is the
possibility of getting iterative expressions for the equations
of motion of the deformed DFT, these together with the
previously mentioned maps are relevant in the context of
generalized T-dualities regarding o' corrections on solution
generating techniques and to simplify the calculation of
beta functions of sigma models (see for instance [18-21]).

The field redefinitions found in [12] were obtained
directly from the GGS transformations, whose definition
is supported by the explicit verification of the closure of the
algebra and by the fact that they reduce to the known GGS
transformations at O(a’). Here instead the map is derived
from the action obtained in [12]. Even though both the
GGS and the action follow from the GBdRi, they were
obtained from two independent computations and so the
agreement not only can be interpreted as a support for the
map but also for the consistency of the action, if we
interpret the closure of the GGS as an independent proof of
consistency. Further verifications in favor of the action
found on loc cit were explored in [15], this time regarding
certain pure gravity couplings.
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"In this case there is no distinction between F' 4 and F; and we
can also cancel terms like F,F,(=F;F,) by using the equations
of motion.
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