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In this second paper in a series of four, we continue with the program of incorporating backreaction among
the homogeneous and between the homogeneous and inhomogeneous degrees of freedom in quantum
cosmological perturbation theory. The purpose of the present paper is to illustrate the formalism of space
adiabatic perturbation theory for two simple quantum mechanical models, and to prove that backreaction
indeed leads to additional correction terms in effective Hamiltonians that one would otherwise neglect in a
crude Born-Oppenheimer approximation. The first model consists of a harmonic oscillator coupled to an
anharmonic oscillator. The second model describes the coupling between a scalar matter field and gravity
restricted to the purely homogeneous and isotropic sector. These results have potential phenomenological

consequences for quantum cosmological models.
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I. INTRODUCTION

In recent years, significant progress has been made in the
field of cosmology thanks to major improvements in
experimental precision [1] and theoretical modeling [2].
Because of the spatially nearly homogeneous and isotropic
distribution of matter on large scales and of the cosmic
microwave background radiation [3,4], it is possible to
describe many phenomena with symmetry-reduced models
of gravity and matter. The cosmological principle builds the
basis of our current inflationary concordance ACDM model
of the Universe [3,5-9]. Despite the many explanations that
this standard model provides for understanding the early
universe, important questions within the scheme remain
unanswered, for example the present H, tension [10] (see
also Refs. [11,12] pointing to a possible alleviation of the
tension) and the dark sector [13,14].

From a theoretical perspective, the concordance model is
built on the very well-tested foundations of classical Einstein
general relativity, and on the quantum field theoretical
Standard Model of particle physics. The incompatibility
of their mathematical frameworks suggests to model the very
early universe by a fundamental theory of quantum gravity
[15,16]. While the construction of such a theory is a
nontrivial endeavor, there are several possible candidates
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for a theory of quantum gravity (see Ref. [17] for an
extensive overview).

Now, there is hope that the above-mentioned advent of
cosmological measurements could serve to falsify such
quantum gravity theories. One advantage is that the
cosmological principle suggests to split cosmological fields
into a symmetry-reduced background and perturbations
thereof. In the series of papers, of which this is the second
one, we therefore build on the idea that a split into
homogeneous and inhomogeneous modes at the classical
level is meaningful.

In order to incorporate the ideas of quantum gravity, both
the symmetry-reduced sector as well as the inhomogeneities
should be subject to quantization. This procedure is inspired
by the hybrid approach [18,19] to quantum cosmology in
which the inhomogeneous degrees of freedom can be
quantized by using the powerful machinery of quantum
field theory on curved spacetimes (QFT on CST) [20].

Now, there are several problems regarding the formulation
of such quantum cosmological perturbation theories. First, in
order to use the machinery of QFT on CST, we need as an
input a classical metric on which the quantum fields
propagate. That metric is, however, fundamentally quantum.
The framework which we employ in order to overcome these
problems is similar to the one used in quantum fields in
noncommutative spacetimes [21,22] and is denoted as space
adiabatic perturbation theory (SAPT) [23]. If at least two
different energy scales can be identified, such a quantization
scheme comes automatically accompanied by a correspond-
ing perturbation expansion with respect to the ratio of the
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gravitational coupling constant x :=87zG where G is
Newton’s constant, and the standard model matter coupling
constant A.

The second important problem of inhomogeneous quan-
tum cosmology concerns the faithful consideration of
interactions between the homogeneous and the perturbative
sector. The difficulties are due to the nonlinear character of
Einstein’s equations, as well as the general difficulty of
modeling coupled quantum systems. While there has been
seminal progress in studying the evolution of quantum fields
on effective classical backgrounds (see our references in
[24]), the question of backreaction from the perturbations
onto the homogeneous degrees of freedom has not been
studied in great detail and by using rigorous perturbation
schemes.

However, the quantum fluctuations of all degrees of
freedom including the homogeneous ones are expected to
be very strong during the Planck era. Thus, it is unclear
whether semiclassical approximations of the fluctuations
are sufficiently accurate [25-29].

SAPT provides just that—a rigorous formalism to
incorporate backreaction. More precisely, it provides a
perturbative scheme for deriving approximate quantum
equations of motion for coupled quantum systems [30].
In our case, and in particular in the third and the fourth
papers of this series [31,32], this allows us to analyze the
quantum backreaction of the inhomogeneous cosmological
fields on the homogeneous and dynamical quantum degrees
of freedom.

For this purpose, SAPT uses the quasiadiabatic behavior
of the system in the sense that one can separate a “fast”
subsystem which provides energetic subspaces that are
almost invariant under the dynamics of the full Hamilton
constraint or operator H. 1t provides an iterative scheme to
compute projection operators associated with these fast
energy bands which commute with H up to the desired
order in €. Eventually, the theory suggests to project onto
one of these subspaces of the fast subsystem in order to
obtain an effective Hamiltonian for the slow system only.
Solving this Hamiltonian provides an approximate solution
of the full problem. The well-known Born-Oppenheimer
approximation for molecules corresponds precisely to the
zeroth order of this scheme: There, the small mass ratio of
electron and nuclei masses &2 := m,/M,, suggests to project
the system onto one of the electron subspaces which are
almost invariant under the dynamics of the full Hamiltonian
(for a limited range of time). The scheme provides an
effective backreaction term for the nuclei problem.

The Born-Oppenheimer approximation has already been
applied to different models of quantum gravity [33-35].
Unfortunately, the formalism only applies to a certain class
of problems (in particular, it does not apply to gauge-
invariant quantum cosmological perturbation theory) and
restricts to first order perturbation theory. SAPT extends the
formalism accordingly. In [36—38], SAPT was first applied to

quantum gravity. It was pointed out that SAPT, designed for
quantum systems with finitely many degrees of freedom,
needs to meet certain conditions in order to apply to QFT.
These conditions, specifically certain Hilbert-Schmidt
requirements, are not automatically met in inhomogeneous
quantum cosmology [36-38].

In our exposition of SAPT for quantum cosmology, we
aim at improving this situation. We apply SAPT to
(perturbative) cosmological models in order to keep track
of the backreactions between the homogeneous and inho-
mogeneous degrees of freedom. The first paper [24] of our
series of four papers lays out the corresponding general
theory. In particular, we include a self-contained introduc-
tion both to SAPT as well as to the relevant aspects of
gauge-invariant cosmological perturbation theory. Besides,
we discuss the challenges that occur when applying SAPT
to a QFT in great detail.

In the present second paper, we apply the formalism of
[24] to two quantum mechanical models. The first model is a
fast harmonic oscillator coupled to a slow anharmonic one. It
prepares our application of SAPT to the second model which
is general relativity coupled to a Klein-Gordon field and then
truncated to the purely homogeneous and isotropic degrees
of freedom. In suitable variables and in the presence of a
positive (negative) cosmological constant, this model can be
considered as a fast harmonic oscillator coupled to a slow
inverse (negative energy) harmonic oscillator; that is, the
kinetic term has a sign opposite to that of a harmonic
oscillator.

The purpose of these two models is twofold: On the one
hand, it illustrates the space adiabatic formalism in a
relatively simple and familiar context. On the other hand,
we showcase how the formalism extracts very efficiently an
effective Hamiltonian for the slow sector while incorporating
the interaction with the fast one. In particular, it displays the
backreaction between the two kinds of degrees of freedom.
The second model should be considered as the purely
homogeneous truncation of the quantum field theoretic
models that we treat in the two subsequent papers [31,32].

The architecture of this paper is then as follows: In the
next section, we briefly present the SAPT scheme and the
conditions that have to be met for the theory to be applicable.
For further details, we refer to the companion paper [24].
In Sec. III, we apply SAPT to the system of two coupled
quantum oscillators. In addition to extracting the adiabatic
corrections, we perform a spectral analysis of the effective
Hamiltonian and combine the adiabatic expansion with the
framework of quantum mechanical stationary perturbation
theory [39,40]. In Sec. IV, we consider the second model
with the same methods. As the spectrum is not pure point
when the cosmological constant is positive, one cannot resort
to stationary perturbation theory [41] but must use indepen-
dent methods [42] for the spectral analysis of the effective
Hamiltonian constraint. The pure point nature of the
spectrum will lead to delicate matching conditions which
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critically influence the size and structure of the kernel.
Finally, in Sec. V, we summarize our findings and conclude.

I1. SPACE ADIABATIC PERTURBATION THEORY

A. A brief overview of the basics

SAPT establishes approximate quantum equations of
motion for coupled quantum systems whose exact solutions
are not available. An important prerequisite for the theory is
the identification of a perturbative parameter which com-
pares two energy scales within the model. The two energy
scales are related to two (or more) subsystems, one of which
has a correspondingly high rate of change (the “fast”
subsystem) compared to the other subsystem (the “slow”
subsystem). The core of the approximation scheme relies on
the space adiabatic theorem [23]. Therefore, let H € B(H)
be an (essentially) self-adjoint, bounded, Weyl-quantized
Hamilton operator on the Hilbert space H. The space
adiabatic theorem states that there exists (under certain
conditions to which we will come in Sec. II B) an orthogonal

projection operator I € B(H) such that [30]

A

[A.11) = O (e>). (1)

The estimate on the right-hand side means that for all
m €N, there exists a constant C,, >0 such that
| A, 10| By < Cme™. As aresult, it is possible to construct
a projection operator which commutes in norm up to infinite
order in e with the full Hamilton operator and hence is
almost invariant under its dynamics.

The starting point and the basic idea of the space
adiabatic scheme consists in iteratively constructing such
a projection operator. As it turns out, the projection
operator is directly linked to one or several quantum
number(s) of the fast subsystem. In particular, it is possible
to extract quantum solutions of the fast system if we
formally “fix” the heavy subsystem in the first step. The
purpose of this analysis is twofold: On the one hand, these
states already represent one part of the solution. On the
other hand, they allow one to consider the effects of the fast
subspaces on the slow subsystem separately for each
subspace. In this sense, the scheme provides a perturbative
decoupling of subspaces of the fast state space. Then,
projecting onto one of these fast subspaces eventually
allows one to define an “effective” Hamilton constraint or
operator h.; which acts trivially on the fast subsystem.
Thus, ﬁeff provides an equation of motion or constraint for
the slow subsystem only, which is relatively easy to solve.
Moreover, it can be shown that the dynamics that it
generates in case of a true Hamilton operator and regarding

|

(By)(q.x

a time parameter 7 is identical to the original dynamics up to
errors of order *|t| in the estimate from above [23,24].

Since all parts of the system are considered to be
fundamentally quantum, let us start with a Hilbert space
that splits into the tensor product H = H, ® H;, where the
labels “s” and “f”” stand for slow and fast. Quantization with
respect to the slow subsystem is indicated by hats, while
quantum operators of the fast subsystem are given by bold
letters. The canonical variables of the slow and the fast
subsystems will be denoted by (g, P) and (x,y), respec-
tively. The concrete realization of the scheme requires us,
however, to represent the quantum theory of the adiabati-
cally slow subsystem as a deformation or phase space
quantization [43,44] (see Refs. [45,46] for recent reviews).
This consists in assigning a quantum “symbol” function on
the slow phase space I’ to its classical analog, instead of
associating an operator g on some domain D, C H, with
each classical function (or distribution) on I',. At the same
time, we stick to the standard representation of quantum
theory of the fast subsystem and display observables as
operators on the Hilbert space H;. For the coupled system,
operators consequently have the form of functions on the
heavy phase space I'; with values in the bounded operators
on Hg, for example B(q, p) € C*(I'y, B(Hy)).

These symbol functions play a crucial role in the
definition of the subsequent quantum theory and only a
certain class of symbol functions will eventually lead to a
well-defined theory, motivated by the pseudodifferential
calculus [47-51]. We note that the calculus automatically
provides a perturbative scheme if we rescale the momentum
variable P, subject to the phase space quantum theory, by a
factor ¢, i.e., p := eP [23]. In the following, this rescaling
will implicitly be assumed.

As a starting point, we remark that the connection of
phase space quantum mechanics with the conventional
representation of quantum operators as continuous linear
maps on a Hilbert space is given by the Schwartz kernel
theorem. Its generalization to the coupled systems states
that any (bounded operator)-valued phase space distribu-
tion B(q,p) € S'(Ts, B(H;)), i.e., the operator in the
employed phase space representation, is uniquely associ-
ated with a linear operator B:S(C,,H;) — S'(Cq. Hy)
which corresponds to the operator in the standard tensor
product form. Here, C, is the configuration space of the
slow subsystem. In particular, B(q, p) defines the integral
kernel K associated with the map B. For a Weyl ordering
of operators and for some y € S(C, Hy), the quantum
0perat0rl§' associated with its half-classical counterpart B is
then given by [30]

=3 // ( (g+ 7). p) ¢4y (g, x)dpdg € S'(Cy, Hy). (2)
e R2
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In order to work with operators for which the above integral
is uniformely convergent and such that Schwartz functions
are mapped on Schwartz functions, we need to restrict our
attention to a smaller class of observables than the tempered
distributions, S'(I'y, B(H;)) [30]. Specifically, we use the
class of operator—valued functions S}’ (I's, B(H;)) =: S}, for
which m € R and 0 <p < 1. A phase space function
B(q. p) belongs to S} and is denoted as a “symbol” of
class (m,p), if for every a,# € N there exists a positive
constant C, z such that [30]

supl(5048)(a. P < Capp)". )
q

may grow polynomially with respect to p. Working
with these symbol classes has the advantage that the
symbols can be composed with one another, and adjoints
as well as transposed operators can be well defined. In
particular, the operator product carries over to the space
of symbol functions and yields the continuous “star” or
“Moyal” product [46,52,53] on this space. It is the
pullback of the operator product on H, to the Poisson
algebra of phase space functions with values in the space
of linear operators on H;. The product is an asymptotic
expansion in ¢ and establishes the perturbative character
of the space adiabatic theory. Let therefore be B € S)"

and C € S,2. Then, the operator product BC yields a

1 well-defined operator D with symbol D € S "™ given
for every p € R, where (p) = (1 + p?)2. Note that these by [30]
symbols must be bounded functions with respect to g, but
|
D(q.p) = Z(%)k (0,0¢ = 0,0,)*B(q. p) - C(p. &) = (Bx.C)(q.p) (4)
’ £ k! qvs ™ Ypp ’ o) lp=q.&=p € e

Here, we denote the operator product for operators acting
on states in H; with a dot *“-.” The construction scheme of
SAPT and the conditions on the system can be stated as
follows:

B. System requirements

The subsequent presentation of the scheme and the
conditions that the system has to meet is based on the
work by Panati et al. [23,30]. These conditions are quite
restrictive and narrowly defined, thus excluding a variety of
systems. For example, the unbounded Hamilton operator of
the oscillator subsystem [cf. Eq. (12)] would not satisfy the
conditions without some technical modifications. These
modifications will be presented in the sequel. The con-
ditions given in [23,30] split into four categories:

(C1) The state space of the system decomposes as

H=L*R) ® H; = L*(R, Hy), (5)

where L?(R) is the state space of the slow subsystem
and H; must be a separable Hilbert space associated
with the fast subsystem.

(C2) The Hamilton operator H is the Weyl quantization
of a symbol function H(q, p) in the symbol class
Sy (I, B(H¢)). The Weyl quantization refers to the
slow subsystem, and the function H(q, p) has values
in the space of bounded self-adjoint operators on H;.

(C3), Gap condition. For any fixed (q,p) € R?, the
spectrum (g, p) of the function H(gq, p) contains at
least one isolated subset, o,(q, p), associated with
(a) fixed quantum number(s) v € N which is uniformly
separated from the remainder o, (g, p) = o(q, p)\
6,(q, p). In particular, the minimal distance between

the elements of ¢,(g, p) and the remainder of the

spectrum o..,(gq, p) is nonzero for every single

(g, p) € R%. More precisely, we can define two

continuous “enclosing” functions, f, :R?> - R with

f— < f4, such that

(G1) For every (g, p) € R?, the spectral component
0,(q, p) is entirely contained in the interval
I(qvp) = [f—(q’p)hf-F(q’p”

(G2) The distance between the remainder o6, (g, p)
and the interval I(q, p) is uniformly bounded
away from zero, i.e., distlo.n(q, p),1(q, p)] =
Cy(p)".

(G3) The width of I(z) is uniformly bounded:

sup(g per2|f+(q.p) = f-(q.p)| < Cy, < 0.

(C4) Convergence condition. If the system satisfies
the gap condition (C3), for some y € R, the
Hamilton symbol H must be in S,. If p = 0, also
y must vanish. If p >0, y can be any real
number but H must be essentially self-adjoint
on S(R, Hy).

C. Manual of the adiabatic perturbation scheme

Given the prerequisites of the previous section, Sec. II B,
the scheme of SAPT divides into three steps and relies on
the existence of the three following symbol functions.
Given the Hamilton symbol H € Sgl, SAPT assures
that [23]

(S1) there exists a unique formal symbol 7 = > 5 &'x;
with 7; € S, (B(H;)) such that 7, is the spectral
projection of H(q, p) corresponding to o,(q, p) and
with the properties
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(S1-1) wx . = =, (S1-2) n* = =,
(S1-3) Hx & — nx . H = 0.

It can be shown that the Weyl quantization of a
resummation of z which we denote by =, is
Op(e®)—close to an operator I, ie., =
#, 4+ Op(e®) and [H I = Oy(e®) [[30] p. 75].
Hence, the symbol function & gives indeed a raise
to an (almost) projector onto one of the dynamical
subspaces of H.

(S2) Let m, be the projection on some “reference”
subspace K C H;. We assume that there exists a
symbol u, € SS(B(H;)) such that ug - o - ufy = .
Then, there is a formal symbol u = )", &'u; with
u; € S, (B(H;)) such that

(S2-1) u*s.u = 1y,
(S2-3) ux wxu* =n

(S2-2) ux.u* = 1y,

p-

The Weyl quantization of a resummation of u which we
denote by wu, gives rise to an operator U
ft, + Oy(e™) for which it holds true that UTIT
#, [[30], p. 85].

(S3) We construct a formal “effective” Hamilton symbol
hey = Zizo giheff,i by means of

heff = u*gH*gu*.

It is then true for systems with an external time

parameter ¢ and the Weyl quantizations & and fzeff
that [ [30], p. 90]

e—iﬁt _ ﬁ*e_iilefftﬁ = (’)O(g°°|t|). (6)

Hence, after unitarily transforming back to the original

Hilbert space, the dynamics generated by kg corre-

sponds to the dynamics of the true Hamiltonian H up

to errors of order &|z|.
Eventually, the aim is to compute the series expansion of
hg; up to the desired order / € N in &, such that the above
assertion about the dynamics is true up to errors of the order
£'*1|t|. We emphasize that the perturbative development of
the star product provides the possibility to iteratively
determine 7y == Y, €'/, u(py == Y s €'u;. In this work,
we compute 72(y), U, and A (o) for the oscillator and the
cosmological models.

III. THE SHOWCASE EXAMPLE: COUPLED
OSCILLATORS

A. Presentation of the system and preparations

We apply the space adiabatic perturbation scheme to a
quantum system which comprises two coupled subsystems:
An anharmonic oscillator, which can be identified with a
heavy mass M € R*, and a harmonic oscillator associated
with a lighter mass m € R™. We require the mass ratio
g =2 to be small in order to demonstrate the space
adiabatic formalism. Accordingly, the anharmonic oscil-
lator with mass M admits a much smaller rate of change
than the harmonic oscillator with mass m. The constant
number & serves as the perturbation parameter for the
theory. In the following, we refer to the heavy anharmonic
subsystem with phase space variables (g, P) € 'y = R?,
while for the light harmonic oscillator we introduce the
phase space variables (x,y) € I'; = R?. The classical
Hamiltonian associated with the model is given as the
four-times differentiable function on the Cartesian product
of phase spaces I'y x Iy,

2 2
Y 1 2 2 4
H(g,P =—+—4— . I' xT's,R
(q’ 9‘x7y) 2M+2m+2ma)(q) X GC ( SX fs )’
(7)
where we have introduced the function
7
o(q) = oy (1 + ﬁ) € C*([,R). (8)

The function @ mediates the coupling between the two
oscillators and can be understood as a ¢g-dependent
frequency of the light, harmonic oscillator. The parameter
L € R™ has the dimension of a length and plays the role of
a coupling constant between the subsystems. The cou-
pling vanishes in the limit L — 0.

We quantize the system and start by considering the light
harmonic oscillator. We specify the state space as a
standard L?-space and denote it as L?(R). The quantum
operators of the canonical variables x and y will be
indicated by bold letters and shall act on the vectors in
the Schwartz space S in the standard way. They satisfy the
formal commutation relation

.yl = ily, 9)

where we set 4 = 1. Since the classical Hamilton function
H(q, P,x,y) does not contain any mixed products of the
canonical variables x and y, there is no ordering choice to be
made for the quantum theory. For the heavy, anharmonic
oscillator, we take another L?-space as the space of quantum
states, and we denote it as L2(R). The quantum operators of
the canonical variables ¢ and P will be indicated by hats and
shall act in the known way, analogously to the light
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oscillator. In order to make SAPT work at the technical
level, we introduce a rescaled momentum operator p := eP.
Hence, the standard commutation relation of position and
momentum operator becomes

A

[q. P, = iels. (10)

Since the ordering of position and momentum operators
plays a role for the heavy oscillator, we choose the Weyl
ordering prescription of quantum operators [54,55]. The
quantum theory of the coupled system has the tensor
product Hilbert space

H=L3(R)® L}R) = L*(R x R) (11)

as its state space. Here, “®” denotes the topological tensor
product of Hilbert spaces.

Accordingly, we can define quantum operators by means
of the topological tensor product of bounded operators on
H. These have the form A ® B € B(L2(R)) ® B(L}(R))
for A € B(L}(R)) and B € B(L}(R)). In a similar manner,

we define the Hamilton operator H associated with the
classical Hamilton function H as a sum of tensor product
operators,

A-L o111 02 + bnorex. (12
_W® £+ S®%+§mw(q) ®x°. (12)
Note that H is not a bounded operator on the state space
‘H, but it is a well-defined, bounded operator on
C®(R) ® C(R), i.e., on the topological tensor product
of the spaces of smooth functions with compact support on
R. Our first duty is then to check whether H is essentially
self-adjoint on a subspace of H in order to establish a well-
defined quantum theory. For this purpose, a theorem which
goes back to Kato [56] is helpful. It states that if the
potential energy contribution V (g, x) in H(g, P, x,y) is a
measurable, locally bounded function, V(q, x) € L®.(R?),
and if it is positive V > 0, then H, defined as an operator on
CP(R?) = CP(R) @ CX(R), is essentially self-adjoint.
For our model, the potential energy function V is given by
1 2 1 q2 : 2 1

V(q,x)—ima)0< +F> X (13)
[cf. Eq. (7)]. V is measurable, locally bounded, and positive.
Consequently, H is essentially self-adjoint on C®(R?) and
hence generates the time evolution of the quantum states in
‘H. To further analyze the time evolution of the quantum
states, it is necessary to resort to a suitable approximation
method, for example SAPT, and we therefore alter the
representation of the heavy, anharmonic quantum theory. We
check the conditions that have to be met for SAPT and adapt
the representation accordingly.

B. Checking of the conditions and preparations

We start by checking the conditions (C1)—(C4) for
SAPT step by step (cf. Sec. II B). Regarding condition
(C1), we note that the tensor product Hilbert space H =
L2(R) ® L3(R) of the oscillator model [Eq. (11)] trivially
satisfies (C1) because L?(R) is a separable Hilbert space,
and hence H has the required form of a tensor product.
Note that as H; is separable, it is possible to construct a
unique isomorphism between the spaces L>(R) ® H; and
L*(R,H;) [[57], Theorem I.10 on p. 52]. We shortly
mention that the L?(R, H;) representation of some state
Y € 'H gives rise to a Hilbert bundle picture: Therefore,
consider M = R as the base manifold of the Hilbert
bundle H — M for which every fiber is a Hilbert space
H;. A state ¥ € L*(R,H;) has the form of a section
¥:qg+ (¢q.¥(q)) € H with ¥(q) € H;.

Regarding requirement (C2) which imposes condi-
tions on the Hamilton operator, we start by representing
the Hamilton operator as a symbol function H(q, p).
Considering a phase space quantization scheme for the
heavy oscillator results in the phase space function

2 2 1

H(q.p) = T-1i+3 -+ mo(qPx’,  (14)
which yields an unbounded operator on L?(R) for every
(g, p) € R?. Following the space adiabatic perturbation
scheme by Panati et al. [23], H(q, p) must belong to one of
the symbol classes S} and therefore should have values in
the space of bounded operators B(LZ(R)). It is clear that H
cannot satisfy this condition as the energy spectrum of the
harmonic quantum oscillator is undoubtedly bounded from
below but certainly not from above. By using an unbounded
operator, we must therefore abstain from the results on the
convergence of the perturbative series as proven in [23].
Another possibility, advocated as well in [23] and out-
lined in Appendix A for our example is to define an
auxiliary Hamiltonian that eases these tensions. Since our
Hamilton operator is, however, unbounded, the resulting
auxiliary Hamiltonian is physically different from the
original Hamiltonian.

C. Application of space adiabatic perturbation theory

1. Construction of the projector symbol 7y
We construct a function 7(;)(¢) with values in the
bounded operators on L#(R) according to the conditions
(S1) in Sec. ITC, and with the aim to construct a symbol
whose Weyl quantization commutes up to errors of order &
with H. The construction of the symbol 7(1) proceeds
iteratively using the ansatz of a formal series representation,

() = Ty + €My (15)
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In the first step, the scheme requires one to provide a zeroth
order symbol 7z, (q) as initial data. This must be a projection
symbol onto one of the g-dependent eigenspaces of H(q, p)
(see Sec. IIC). We recall that H(q, p) has the harmonic
oscillator eigenfunctions &,(g) as eigensolutions, with
g-dependent frequency w(g) and constant mass m. The
corresponding eigenenergies consist of a generic kinetic
energy contribution and the n-dependent oscillator part, i.e.,
E,(q,p) = p?*/(2m) + w(q)(n +1/2). The zeroth order
projection m, is given by one of the eigenprojections
70..(q) = £,(9)(€4(q), )¢ In particular, we select one
quantum number n = v and define the zeroth order symbol
to be 7, = m;,. Note that this projector exists for every
(g, p) €Ty due to the global energy gap. Because of the
continuity of the map (q,p)+ H(q,p), the map
(¢, p) = my(q, p) is also continuous. The construction
scheme makes use of the star product, here only up to its
first order in & which is given for two symbol functions

f(q., p) and g(q, p) by

(f*.8)(q.p)=(f-8g)(q.p) +—((5J) -(0,8)

— (0pf) - )(g. p) + O(€). (16)

To shorten the equations, it is reasonable to use the Poisson
bracket notation {f,g} = (9,f) - (0,8) — (0,f) - (0,8)
We follow the steps in Sec. II C and begin by the projector
condition (S1-1).

Condition (S1-1) mxm = &.—The expansion of the first
condition (S1-1) in € yields up to first order with the series
expansion of 7}y and the star product

i
Ty - I +8(2{7170,7l'0}s +7l'0 “TT + '7[0)
=Ty + €m, +Oo(82). (17)

We compare the terms of the same order in € on both sides of
the equation. Regarding the zeroth order, this yields
7y - Ty = 7y, which holds true by construction. The terms
of first order in & serve to determine z;. Since &, does not
depend on p, the derivatives 9,7, and hence the Poisson
bracket vanish. The remaining terms are then z, -7+
@, - wy = ;. This implies that the diagonal part of the first
order symbol z; which is defined as #? =z - 7, - 7y +
(1 —my) -7y - (1 — ) vanishes. For determining the
remaining off-diagonal part z0P := &, — D, it is necessary
to consider the condition (S1-3). Regarding the possible
construction of the higher order term 7, we note that only 7,
is helpful for computing the effective Hamiltonian A (5).

Condition (S1-3) Hx &t — wx H = 0.—The expansion of
(S1-3) up to first order in ¢ yields

[H’”O]f+£<%{H’”0}s_§{”0’H}s+H'”l -7 'H)
— 0o(&). (18)

Again, the zeroth order contribution is trivially satisfied,
[H, 7o) = 0, as the symbol 7z, is an orthogonal projection
operator on the eigensolutions of H. The strategy to
extract the off-diagonal part of z; is the following: In
Eq. (18), we take the first order contributions, and we
multiply them by &, from the left and by its orthogonal
complement 7y := (1; — &) from the right. Since 7 is the
projection on one single eigenspace with eigenenergy E,,
this factor can be drawn from the left to the right, i.e.,
ny-H 7, -nf =my-n, - n5E,. Furthermore, by defin-

OD.1

=g -y Ty, WE

can write for the last two terms 7 OD Y(E, — HY), where

H* denotes the projection of H on (lf 7). We repeat

the procedure for determining 7r0D2 =my ;7w In

both cases, multiplying (E, — Hl) ! from the right and

from the left, respectively, and knowing that the diagonal

part of z; vanishes, yields for &; = n'(l)Dl + n'(l)D’z

ing the lower off-diagonal part as 7,

]
m = —§<”0 Amg.H+ E N} - (H- —E ;)" - 7y

+ (HJ_ - Evlf)_l n(J)_ : {H + Eulf»ﬂo}s : 71'0). (]9)
For a concrete evaluation of 7y, it is necessary to know the
derivatives of the eigenfunctions &,(g) with respect to g.
We use that all excited states &,(g) relate to the vacuum
state &y(q) by n-times application of the creation operator

a(q)*, namely
a0 =V 40,
with a(q)* = m“;(q) <x - ma)i(q) y>, (20)

and where a(q)* and its adjoint a(q) satisfy the standard
commutation relation [a(q),a(q)*]; = 1;. It is straight-
forward to compute the g¢-derivative of &y(g) by
employing its position representation and keeping track
of the g-dependence of the frequency, w. The explicit
g-dependence of a(g)* is given in (20). The introduction
of the function f(g) = —(0,w)/(4w) simplifies the result,

9,60(q)=V2f(9)é(q). O,a(q) =-2f(g)alq). (21)

The derivative of an excited state &£,(¢) results from
Egs. (20) and (21), namely

qfn —vn }’L—l f fn 2
+V(n+ 1) +2)f( 61)§n+z(61)- (22)
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We recall that the states &,(g,x) are vectors in
L*(R, L2(R)), and hence can be seen as sections &,:q —
(g,&,(q,x)) of a global Hilbert bundle with £,(q, x) € H;-.
The partial derivative corresponds therefore to a covariant
derivative on the space of Hilbert bundle sections T'(7;),
namely A(q):T'(H;) - T'(H;). In order to simplify
the equations, we use an index notation with the &£,’s as
basis vectors in H;. Equation (22) provides the entries

of A(g),

A(q)y = —/n(n=1)f(q)8; "
/i F D+ 2)f(q)s2  (23)

The derivative of the projector 7y (g) with respect to g results
from the derivation of the states [Eq. (22)] and by using the
functional representation of the projector due to Riesz.
Besides, we employ the respective elements A of A,

8q”'O = A(Q)Z_2(§u<§zz—2’ ’>f + 5y—2<§w >f)
+ 'A(Q)Z-ﬂ (51/ <§zx+2’ '>f + §u+2 <§w >f) (24)

It is then straightforward to evaluate the symbol z; by
using that x, does not depend on p, but H and E, do. In
particular, the operator 9, (H + E, 1;) is simply (2p/m) - 1;.
Furthermore, the inverse of (H+ — E, 1;) reduces to a factor
(E,.» —E,)"' = 4+(2w)~" when projected on &,.,, and
we get

71 = 5 P (A6 1 = Eimalar )

+ A(q)lz:+2(§y+2 <§w ‘>f - 61/ <§v+27 >f)) (25)

Condition (S1-2) n* = m.—It is easy to check that 7}
satisfies the condition (S1-2) by transposing and complex
conjugating z, and x;. For closing this section, we
emphasize that n(l)(q, p) depends on the heavy phase
space variables. After quantization this would yield a
nontrivial operator with respect to the heavy subsystem
and hence does not simplify the task to find (approximate)
solutions for the whole problem. The next step of the
scheme therefore consists in constructing a unitary symbol
u which maps the dynamical subspace related to =, or
more precisely here to 7(;), to a suitable reference sub-

space Ky C H;.

2. Construction of the unitary symbol u

We choose an arbitrary, but suitable, reference subspace
K¢ C H; by selecting one fixed (gq, po) € I's. We denote

the eigenbasis of H; at (go., po) by {&,(q0) }nen = {C }ren
and define the reference projection as

T, = fv(q0)<§u(QO)’ '>f = ¢u<€w '>f~ (26)

In order to mediate between X and the subspace associated
with &, the scheme suggests to compute a unitary symbol u
given as a formal power series in e. We restrict the
computation to the first order u(;) = u + eu;. It makes
sense to choose

uo(q) = Y Lulén(@): ), (27)

n>0

as initial data of the iteration. This will become clearer
when we evaluate the conditions (S2—-1) to (S2-3). For the
following construction, it is useful to split #; into a
Hermitian and an anti-Hermitian part @) = aj and b; =
—by such that u() = u, + e(a, +b) - u,.

Conditions (S2-1) and (S2-2) u* u* = 1; = u*x ,u.—The
given condition of unitarity (S2—1) for u; evaluates in terms
of a; to the equation

ug-ug— 1 + 8(% {uo, up s + 2“1) =0p(e?), (28)

and likewise for the second condition (S2-2). At zeroth
order, the resulting conditions u,-u;—1; =0 and u -
uy — 1; = 0 are trivially satisfied for the choice of u; in
(27). Regarding the condition at first order in & that arises
from (28), it is clear that the Poisson bracket {u,ug},
vanishes since u, does not depend on p. It therefore follows
directly that @; = 0. The anti-Hermitian part b; is deter-
mined by condition (S2-3).

Condition (S2-3) ux .x u* = m,.—We keep in mind that
any Poisson bracket applied on only the symbols z, u,,
and u;, vanishes, because the symbols do not depend on p.
Then, the condition (S2-3) evaluates to

g uy— 1y +e([by, 7yl +ug - 7wy -ug) = Op(€7). (29)

It is straightforward to check that our choices of ug, 7,
and z, satisfy the condition at zeroth order, namely
uy - my - uy —m, = 0. At first order in &, we use that the
equation b, = —[x,,, [b;, 7,]]; gives a solution for b; which
provides the following result for u:

U (30)

u, = [z, ug - 790 - ug),

i
=SHo- (H- —E1;)™" -7y - {H + E 11,7} - g

_%”p “Up - {”07H+Eu1f}s : (HL _Eylf)_l ”é

(31)
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The concrete evaluation of u; in terms of the connections
and the eigensolutions &, is given by

25’5&) (A(Q)Z_Z(Cu<§y_2, '>f + §0—2<§w >f)

- A(q)5+2(€u+2 <§w '>f + Cu <§u+21 >f)) (32)

u =

3. Construction of the effective Hamilton symbol h; 5

The last step of the perturbation scheme consists in
pulling the dynamics of the chosen subspace associated
with 7 to the e-independent subspace f[pH. This essentially
means that by applying the unitary operator U =
it + Oy(&>) on the Hamiltonian H, the action of the latter
on elements in IIH is rotated to f[pH. The effective
Hamiltonian A.; which acts on this subspace is the
Weyl quantization of the symbol k. which is determined
by the condition (S3) in Sec. IIC, namely h. ;s =
ux . Hx u*. Again, we assume an ansatz of a formal power
series in ¢ for the effective Hamiltonian, i.e., hef (o) =
et o + €hegr1 + €2heg > here up to second order in €. In the
following, we restrict our attention directly to the subspace
associated with z, and will project on it. At zeroth order,
the condition (S3) gives

2
. P 1
heff,o.p =T U “H-uy - T, = <2m + a)(q) (v + E))ﬂp.

(33)

For the first and second order contributions in (S3), it is
useful to star multiply the condition by u from the right.
Thus, the double star product does not have to be carried
out. For determining the first order contribution of k. ;,
this yields

ux H —hogy g% 1t = ehegp 1 * 0 =ehegy ; -ug+O(e?),  (34)

and by reorganizing the equation

I i
he = ("1 “H—heg-u, +§{u0’H}s_§{hcff.0au0}s> ‘U

(35)

Knowing that u; has no diagonal contributions and that u,
does not depend on p, this condition implies that /. ; has
no diagonal contributions. Hence, the restriction to the
chosen subspace with quantum number v vanishes,

i
heff,lﬁp = Enp ’ {uO’H + Eblf}s : u6 "y = 0. (36)

The same strategy applies for deriving ey, ,. As in
Eq. (34), we circumvent the twofold star product by writing

uk H — (hegr o+ €hegr ) ) %t = g % 1
= Ezheffwz Uy + 0(83). (37)

The evaluation of the star products on the right-hand side of
this equation and multiplication by u;, from the right yields

heir = ((wox H)y + (wyk* H)| +uy - H — (hegr gk 20),
— (e xetto); — (Regro* oty )

—hery - uy = her g - up) - ug. (38)

Several of these contributions vanish when restricting to
one single energy band v by multiplying with 7, from the
left and the right. First, we have that H - ug - &, = E ug - &,
aswell as zr, - hegr ) = E,, - m, such that the third and the last
terms containing u, cancel. As a consequence, the second
order contributions to # and z do not enter the formula for
hes 5 - Moreover, the first and the fourth terms in (38)
cancel which is due to the fact that the eigenstates &,(g) do
not depend on the momentum p. For a detailed proof of
this, we refer to Appendix A.3 of the fourth paper of this
series [32], more precisely to Egs. (159) ff.

By evaluating the remaining star products in Eq. (38),
we eventually obtain

i
— *
hetrp = 7 {u;.H+EN}u;-m,
*
_np 'heff,l cUyp U, '”p

I
- Eﬂp Aheger,uo} - ug T (39)

The second order contribution k. » , displays the effects of
nonadiabaticity. The evaluation of the symbol in (39) yields

L2 p2q2 N 1
2mwy \ m(L* + ¢*)? )

2
(VP +v+ 1)>7l'p. (40)

heff,Z,p =

P )
(LZ + q2)2 2L2

We see that this second order contribution not only gives an
additional potential term which only depends on ¢ as a
backreaction from the light, harmonic oscillator onto the
heavy oscillator. It also yields a kinetic term which depends
on the momentum p.

D. Approximate solutions to the effective Hamiltonian

We start with the evaluation of the zeroth order symbol
of Eq. (33). It is easy to evaluate the action of its
quantization on some generic tensor product wave func-
tion in 'H = H, ® H;: The operator associated with the
fast subsystem 7z, has the eigenfunction ¢,, which is the
same for every (¢, p) € I'y. Thus, one can simply examine
the action of the (g, p)-dependent energy function on
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elements of H,. The Schrodinger equation for some
generic wave function ¥ & H, derived from the
Hamilton symbol, Eq. (33), is given by

2 1 y
<‘ it QMQEQZ) wa, (@) = Eqwy, (), (41)

where we defined

2w, 1 - 1
Q= M—Loz <l/+§>, E;,=E;,—m <1/+§), (42)

and E,, is the energy of the whole system. This is the
Schrodinger equation of a harmonic oscillator with mass
parameter M and frequency €,. The eigenfunctions
wg.y(q) are associated with discrete eigenenergies which
are labeled not only by the former quantum number v of
the light subsystem but also by the heavy quantum number
d. The superscript “0” indicates that these are the solutions
of the zeroth order effective Hamiltonian. The respective
eigenenergies are given by

1 2w, 1 |
Ey = N2 (v 2) (as2). @
dy @ <l/ + 2) + ML2 <U + 2) <d + 2) ( 3)

We emphasize that this result corresponds to the Born-
Oppenheimer approximation, i.e., the adiabatic limit of
the perturbation theory. In this simplified scheme, the
heavy degrees of freedom encounter an external potential
given by a single energy level of the light degrees of
freedom. This limit is also denoted as the ‘“adiabatic
decoupling” because the light degrees of freedom are
constrained to stay within one energy band.

The contribution to the effective Hamilton operator of
second order, hgy,, is the Weyl quantization of the
symbol function in Eq. (40). As this operator represents
a perturbation of the zeroth order Hamiltonian fzeff,o_p,
standard quantum mechanical perturbation theory applies
and provides corrections to the spectrum {E,;,}en-
Namely, the shift of the energy due to fzeff,zﬁp is given
as the expectation value in the zeroth order states, i.e.,
AE;, = (Y, heo 0, ), Knowing both ingredients,
the zeroth order states and the form of the perturbation
effective Hamiltonian, it is straightforward to compute
AE, , for any d and v in N. We present the derivations and
the explicit formulas in Appendix B and content ourselves
with providing the expression for AE,, for illustration
here. Therefore, we define a dimensionless parameter
£, = +/MQ,L, and we obtain

AE,, = Q”(2+ +1)+ & +1 (2472 +2¢7)
0w =TT 16w \ "2 vty
NeTE Q(v+3)
Erf(# 112 -2
+ r( l/) 8{,/ 4(00 ( v

+2008 4465 -Q, (P +v+1)(1 +2f§)>, (44)

where Erf(Z,) = erf(¢,) — 1, with “erf” being the standard
error function.

IV. COSMOLOGICAL MODEL

A. Presentation of the system and preparations

This second showcase example for applying SAPT
analyzes a simple cosmological scenario: We consider
Einstein general relativity on a globally hyperbolic space-
time manifold M, reduced to spatial homogeneity and
isotropy, including a cosmological constant A € R* and
coupled to a spatially homogeneous, isotropic, and real-
valued Klein-Gordon field ¢ with mass m € RT. The
background space manifold is the compact three-torus T3
with coordinate side length / in all three directions and flat
spatial slices, i.e., k =0 in the standard notation. The
spacetime manifold is thus modeled by M = R x T3.
We choose coordinates such that the time parameter ¢ labels
the homogeneous and isotropic spatial slices. The metric
tensor g of general relativity has the scale factor a € R™ as
its only remaining dynamical degree of freedom. The scalar
field reduces to a homogeneous and isotropic variable,
¢ € R. Both a and ¢ depend on the time parameter 7. The
Einstein-Hilbert and the matter field “cosmological” action
are given by

Sla.¢]="1 A dt<—21K(6c'l2a+2Aa3)+21/1a3(é52—m2¢2)>,
(45)

where the integration over the torus volume produces a
factor I°. Here, x and A are, respectively, the coupling
constants of general relativity and the Klein-Gordon system,
where k = 87G and G is Newton’s constant. If both (a, ¢)
are dimensionless, as we assume, then both coupling
constants have the same dimension. Our motivation for
this choice is that in this way we do not need to introduce
additional mass scales into more general than quadratic
inflaton potentials. Thus, it is reasonable to define the
adiabatic perturbation parameter as the dimensionless ratio,

&= —. (46)

Note that we can associate mass parameters to the coupling
constants, namely m? := 2~! and M3, = x~! where Mp is
the reduced Planck mass. Note that we set Ai=1=rc¢
throughout this section. We assume that m; < Mp and thus
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& < 1, which is certainly the case if m, is in the mass range
of a typical Standard Model particle mass. We also point out
that 1 and the mass of the scalar (inflaton) field m are
independent parameters.

Note that in the usual considerations of inflation, A is
generically set to one. This is of course a choice and has no
consequences for the physical content of the theory. By
allowing different values for A, we simply introduce a
(physically irrelevant) parametrization invariance for the
scalar field.

It transpires that in the adiabatic language, gravity is the
“slow” sector and the Klein-Gordon particle the “fast” one.
This may seem counterintuitive when one thinks of the
Klein-Gordon field as an inflaton candidate and the infla-
tionary phase when ¢ practically freezes (for small m2) while
a expands exponentially. However, note that the distinction
of slow and fast degrees of freedom uses intrinsically a
statistical average over the phase space. For instance, when
the system under consideration has a true Hamiltonian
bounded from below, one uses the equipartition theorem
(see Ref. [24] and references therein). In our case, we do not
have a true Hamiltonian but rather a Hamiltonian constraint
so that the equipartition theorem does not apply. However,
we can use the constraint itself (basically the Friedmann

equation) to deduce that for the velocities, u = In(a) and

v = ¢, itholds that u?/x ~ v/ for small A/ in scalar field
kinetic energy dominated parts of the phase space. See the
companion paper [24] for more details.

The space adiabatic scheme requires a Hamiltonian
formulation of the problem. We define the conjugate
momenta of a and ¢ as p, = eg—i and p := g—; where L

is the Lagrange function associated with the action S. The
Poisson brackets of the canonical variables evaluate to
{a,p,} =€ and {¢,u} = 1. This choice for the funda-
mental Poisson relations assures that we can identify the
masses associated with the homogeneous and isotropic
degrees of freedom with the mass of the total system of the
torus as pointed out in [24]. The Legendre transformation
generates the Hamilton constraint,

1p2 A w1
C ) s = -t —a —+-—m?a’ 2? 47
(@ Pad) == F 0 P Tapm @t (47)
where for notational reasons, we divided the whole con-
straint by a constant factor 1. Besides, we set /> = 1 without
loss of generality. For simplifying the analysis by means of
space adiabatic perturbation theory in the following, we
switch to “triadlike” canonical variables,
bi=+Vda’ p::g&
b 3 \/E’

which is a double cover of the original phase space. Note
that the range of b consists of two branches, a positive and a
negative one. We do not restrict to any of them. In order to

(48)

keep the notation as simple as possible, we introduce the
following parameters and functions:

8 o _3A ) Mg

mg ::5, WG =—— mKG = bz, kG :_7. (49)

4k’

These definitions and the new canonical variables give for
the Hamilton constraint

2 1 /"2
C b7 El ’ e ~ 2 b2 AN~ /1N
( p ¢ IL{) sz_I_ZmGwG +2ﬁ1KG(b)
L
+ EmKG(b)wZKG¢2- (50)

We quantize the system and start by considering the scalar
field subsystem. The state space is the standard L?-Hilbert
space and will be denoted by H; = L?(R). The quantum
operators are indicated as bold, and the scalar field operator
and its conjugate momentum satisfy the canonical commu-
tation relation [¢h, p]; = i1;. Similarly, the state space of the
geometrical subsystem will be denoted by H, = L?(R). The
quantum operators wear hats and the canonical commutation
relation for the geometrical variable and its conjugate
momentum are [b, p], = iel,. The quantum theory of the
coupled system has the tensor product Hilbert space
Hs ® H;. Note that this is not the representation chosen
in loop quantum cosmology (LQC) [58-60] for which one
motivation is that inverse powers of a or b can be made well-
defined following the technique introduced for loop quantum
gravity (LQG) [61,62]. That technique does not work in the
presently chosen Schrodinger representation. However, one
can still find a dense and invariant domain [63] for the
Hamiltonian constraint operator of the full system which is
sufficient to perform the spectral analysis. The constraint
operator on the tensor product Hilbert space is given by

~2
A D 1 2A2> 1 )
C: ——— + Mg b ®1 +7A®
( dmg | 2 cWG f 2inga(b) Ho
| A
+ 5 k(D) wgg ® $5. (51)

2

This operator is, due to the inverse kinetic energy operator of
the geometric sector, not bounded from below. In fact, itis a
constraint, and we are mostly interested in the domain of the
Hilbert space that is annihilated by the constraint. Exact
solutions are obviously not available. In what follows, we
perform a systematic step by step SAPT treatment.

B. Checking of the conditions and preparations

We check the conditions (C1)—(C4) from Sec. II B for the
cosmological model. Condition (C1) holds without further
ado since the cosmological Hilbert space H, ® H; has the
required tensor product form. In addition, H, is an L>-space
and H; is a separable Hilbert space. Following condition
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(C2), we represent the quantum constraint (51) as a symbol
function C(b, p) with values in the linear operators on the
Klein-Gordon Hilbert space H;. Formally, we simply
quantize the Klein-Gordon subsystem by means of a
standard Weyl quantization procedure and obtain

2

C(b.p) A VLA P
= —_—— —m —_—
P 2mg 276 )T (D)

+ %ﬁ’lKg(b)a)%Gﬂz. (52)
This symbol function is an unbounded operator on H; for
every (b, p) € R In particular, the operator corresponds to
the Hamiltonian of a quantum harmonic oscillator with
constant frequency wgg, b-dependent mass 7ig(b), and an
offset energy. As such, the symbol has an energy spectrum
which is unbounded. According to SAPT, the constraint
symbol must belong to one of the symbol classes S} and
should therefore have values in the space of bounded
operators on H;. Furthermore, it must be a bounded
function with respect to the geometric variable b and grow
maximally polynomially with respect to p. This is not the
case because the constraint contains terms proportional to
fitgg(P) = b* and its inverse.

In fact, we could now apply the same strategy as
introduced in the previous section and define a suitable
auxiliary Hamilton symbol H,, to which one finally
applies SAPT. This nontrivial task will, however, not be
able to account for the properties and dynamics generated
by the original Hamilton constraint, as already men-
tioned. Therefore, we will again abandon the convergence
results for bounded operators as presented in [23] and
remain with the original Hamilton constraint for our
application of SAPT.

C. Application of space aAdiabatic perturbation theory

1. Construction of the projector symbol

According to the iterative scheme presented in Sec. II C,
we construct a function 7z(;)(b) with values in the bounded
operators on L?(R). We use the ansatz of a formal power
series 7ty = @, + ey and the conditions subsumed in (S1).
In the first step, the scheme requires one to provide the zeroth
order symbol my(b) as initial data which must be the
projection symbol onto one of the b-dependent eigenspaces
of C(b, p). AsC(b, p) is the Hamilton operator of a harmonic
oscillator with b-dependent mass #igg(b), constant fre-
quency wgg, and an offset energy, my(b) is simply the
eigenprojection onto one of the eigensolutions, &, (b), with

C(b.p)&,(b) = E, (b, p)&,(D). (53)

where we introduced the (b, p)-dependent, discrete energy
spectrum

2
P 1 1
En(b,ﬂ) = —m+§mG0)éb2+wKG<n+§>. (54)

The eigensolutions &,(b) are the harmonic oscillator eigen-
functions with b-dependent mass /gg(b) and constant
frequency wgg. With these prerequisites, the scheme sug-
gests to select one quantum number n = v, and to define
o (b) = &,(b)(&,(D),-)s. Again, we note that my(b) is a
continuous function with respect to b (cf. Sec. III C 1). Then,
following the instructions from Sec. II C and the steps taken
in the example of the oscillator model (cf. Sec. III C 1), the
projector symbol has the form

i

T = ) (”O : {”09C + Eblf}s : (CL - Eulf)_l '”(J)_

+ (Cl - Eylf)_] . ﬂé . {C + E,,lf,ﬂ:o}s . 7[0), (55)

where C+ = C - (1; — 7). For the concrete evaluation of 7,
it is reasonable to resort to a representation in terms of
annihilation and creation operators a(b) and a(b)* of the
problem. These satisfy the canonical commutation relations
[a(b),a(b)*]; = 1;, and the creation operator is given by

a(b)* =

kg (b)wxg <¢ B i
2 kG (D) ok

ﬂ) . (56)

Using the b-dependence of the oscillator eigenfunction &y (D)
with mass gg(b) and of a(b)*, their derivatives are simply

OpEo(b)=V2f(b)Ey(b), Opa(b)* ==2f(ba(b), (57)

where we have introduced the function f(b) :== —(0,figg)/
(4mgg) = —1/(2b). As a consequence, the b-derivative of
the excited states have the form

Opén(b) = A(b)328,2(D) + A(b) 2, 12(b). (58)

where we used that any excited state derives from the vacuum
state by multiple applications of the creation operator and
the same definition for the elements of the covariant
derivative A as for the oscillator model. In analogy, the
operator 0,(C — E, - 1;) is simply (=2p/mg) - 1;, and the
inverse of (C* — E,) reduces to a factor of +£(2wgg)™". Asa
result, the projector symbol 7; has the form

M1 = = g (A6 (o2 = a6 ))
+ A(b)z+2(§u+2<§w '>f - §u<§u+2’ >f)) (59)

One can check that 7z} satisfies all three conditions sub-
sumed under (S1) up to first order in e. Again, the next step
consists in unitarily mapping the dynamics within the sub-
space associated with z; to a simpler reference subspace.
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2. Construction of the unitary symbol u

Analogous to the proceeding in Sec. III C 2, we construct
a unitary symbol u ;) which maps the dynamical subspace
related to 7)) to a suitable reference subspace Ky C Hj.
We select one fixed (b, py) € I'y and define the reference
projection as

np = 50(b0)<§1/(b0)7 '>f = €y<§y, '>f' (60)

The unitary operator in line with the conditions (S2) at
zeroth order is given by

n>0

The iterative construction gives in analogy to the results in
Sec. HI C 2 for u,

u =[x

OD *
pr Mo AT UG - g
ip

= W (A(b)5_2 (Z:v <£v—2v '>f + CI./—Z <§w >f>
GWKG
- A(b)z+2(§u+2 <§w '>f + Cu <§u+2’ >f)) (62)

3. Construction of the effective constraint symbol heg; (5)

The last step of the perturbation scheme consists in
computing an effective Hamilton constraint as a formal
power series in € up to second order. In particular, we
restrict ourselves to the computation of the effective
Hamiltonian within the selected reference space, i.e.,
Ceir,2)p(b,p) = 7, - Cegp (2) (b, p) - 7, The zeroth order
contribution of this symbol is given according to condition
(S3) restricted to zeroth order by

2

p 1 1
Ceff’(),p(b,p) - <_m + Emgwébz + wKG (l/ + 5) > 7l'p.

(63)

Thus, the effective constraint symbol for the gravitational
degrees of freedom includes the bare gravitational con-
straint symbol plus an offset energy which stems from
Klein-Gordon’s particle chosen energy value. This result
corresponds to the Born-Oppenheimer approximation. As
in the oscillator model, the first order contribution of the
effective constraint symbol, C. 1 (b, p), contains only off-
diagonal terms, such that Ce 1 (b, p) vanishes,

i
Ceff,l,p<b’p> = Enp Hug, C+ E 14} “uy -7y, = 0. (64)

The same reasoning used for the computation of
Cess,1p(b. p) gives for the second order contribution a similar

result as for the oscillator model [see Eq. (39)]. The explicit
symbol for the cosmological model is thus

Caap(bop) = = L .
eff.2.p P _ZmGa)KG C()Gb2 g 2

_%%@2 YUt 1)>np. (65)
This proves our statement that besides the trivial Born-
Oppenheimer approximation, further backreaction effects
arise for the gravitational subsystem. It is now easy to
evaluate the action of this symbol on some generic tensor
product wave function in H = H; ® Hy, since the Klein-
Gordon tensor factor does not depend on the gravitational
degrees of freedom anymore.

4. Solutions of the effective constraint operator

The final step consists in the Weyl quantization of the
effective Hamiltonian symbols constructed above up to
second order in the adiabatic parameter which consists of
the two contributions (63) and (65) of zeroth and second
order, respectively. The zeroth order contribution has no
ordering ambiguities and represents essentially an inverted
harmonic oscillator with nonvanishing zero point energy.
The second order contribution becomes symmetrically Weyl
ordered in this step and involves negative powers of b, which
thus is more singular than the zeroth order contribution. The
spectral problem of the zeroth order contribution is the one
of an inverted oscillator, well studied in the literature (see,
e.g., Ref. [42] and references therein). The spectrum is of the
absolutely continuous type, and the operator is essentially
self-adjoint on the space of smooth functions vanishing at
infinity. The generalized (i.e., not normalizable) eigenvectors
are explicitly known in terms of parabolic cylinder functions.
It is possible to choose boundary conditions such that these
eigenfunctions vanish at zero where the classical singularity
resides. One would now like to proceed as for the oscillator
model and treat the second order contribution as a small
correction to the second order by means of stationary
perturbation theory. Unfortunately, this method is applicable
only when the zeroth order has a pure point spectrum. In fact,
it is well known that the perturbation theory for absolutely
continuous operators is very unstable in the sense that a
perturbation by an operator of an arbitrarily small Hilbert-
Schmidt norm exists such that their sum has a pure point
spectrum [41]. We are not aware of any rigorous work in that
direction, and it seems that the spectral problem of the
Hamiltonian constraint operator including zeroth and second
order contributions must be addressed by independent
methods such as using the dense and invariant domain
studied in [63]. We leave this problem for future research and
just point out once more how nontrivial the inclusion of
backreaction effects can become.
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V. CONCLUSION AND OUTLOOK

We applied SAPT to two closely related quantum
mechanical models: We first studied a quantum mechanical
system of a heavy and slow anharmonic oscillator which is
coupled to a lighter and fast harmonic oscillator. The
coupling has been established via the potential term in
the Hamilton operator. The motivation for this model has
been of a technical nature and served as a preparation for
the second, cosmological model. There, we considered the
purely homogeneous sector of quantum cosmology in order
to study the influence of backreaction between geometry
and matter contributions to the Hamiltonian constraint.
This influence can be encoded in terms of a purely
gravitational effective Hamiltonian which receives correc-
tions from the backreactions of the matter degrees of
freedom that one would not expect in a crude Born-
Oppenheimer approximation. These correction terms could
play an important role in the details of a possible singularity
resolution that was discovered in the LQC approach to
quantum cosmology [58—60].

While we have not done so in this paper, one could of
course also quantize the slow sector using such loop
methods. Therefore, the phase space quantization scheme
needs to be revisited as the standard procedure here relies
on the Weyl quantization ordering. In particular, the
standard phase space 7*(R) would have to be replaced
by T*(S') which was already done in [36-38]. We have not
done so, because [63] shows that there exists a dense and
invariant domain for the Hamiltonian constraint and all its
finite order backreaction terms; in particular all matrix
elements can be computed in closed form. We will come
back to the phenomenological consequences of backreac-
tions for the model discussed in this paper in future
publications.

In the two remaining papers of this series, we employ
quantum field theory by taking the inhomogeneous degrees
of freedom to linear order in cosmological perturbation
theory into account [31,32]. We meet additional challenges
as was already explained in [24]: In order to secure unitary
equivalence of the different Fock spaces for different
homogeneous configurations, one must perform additional
transformations for the whole canonical system in linear
cosmological perturbation theory. Such transformations
were constructed in [64,65] and can be applied for our
purposes. The implementation of such transformations can
lead to tachyonic quantum fields in some parts of the slow
(homogeneous) phase space. An example for a (gauge
invariant) quantum field with an indefinite mass squared
term is the Mukhanov-Sasaki scalar perturbation in cosmol-
ogy. Hence, the occurrence of such instabilities in our
considerations is not due to the SAPT scheme itself and
is already encountered in standard gauge-invariant cosmo-
logical perturbation theory [66]. In [24], we have made

several proposals for overcoming the corresponding prob-
lems including a phase space restriction induced by an
additional partial canonical transformation in the homo-
geneous sector, and we will apply them in [31,32].
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APPENDIX A: REGULATION OF THE
HAMILTON SYMBOL

It is possible to define an auxiliary Hamilton symbol
H,,.(q, p) which is not only a bounded operator on H; but
also a bounded function with respect to the slow phase
space variables g and p. Therefore it is helpful to rewrite
the Hamilton symbol H (g, p) in its spectral form using that
the problem corresponds to a harmonic oscillator with
g-dependent frequency w(g), mass m, energy offset

Ey(p) = % and eigensolutions &, (g) € H;, n € N with
energy eigenfunctions E,(q, p),

H(q, p)¢,(q) = E,(q, P)é:(q),

Baaup) = Eulp) + 0lg)(n+3). (A1)

The g-dependent projectors on H; are simply given by

Zn(q) = Ea(9)(En(): )1 (A2)
where (-, -); denotes the standard scalar product in H;. As a
consequence, the Hamiltonian symbol in its spectral form is
given by

H(q.p) =) E.(q.p)m:(q).

n>0

(A3)

Following the strategy in [23], let us define a cutoff
Hamiltonian symbol Hy/(q, p) with values in the bounded
operators on H;,

Hy(q.p) = E.(q.p)m.(q),
n=0

(A4)

whose norm is Ey (g, p). In order to satisfy condition (C4)
for a constant gap, it is necessary to define another
“auxiliary” Hamiltonian H,,,(q, p). The idea is to replace
the function Hy(q, p) by some appropriately bounded
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function outside a certain compact region on the slow
phase space. Therefore, let us define the interval
A={(q,p):[Hn(q. P)ll53,) < Ec}, or more precisely,
all points (g, p) € R* for which it holds true that
Ey(q, p) < E.. Therefore, we need E, > wy(N + 1/2).
The auxiliary Hamiltonian symbol must then satisfy
[[23], p. 176]
() Hux(q.p)=Hy(q.p) for all (q.p)€A+u:=
{(q.p): 1 Hn(q, P) s,y < Ec +H},s
(i1) HHaux<q’ p)HB(Hf) > HHN(q/’ p/)HB(Hf) for all
(g.p) € A+pand (¢'.p') € A+ p,
(iil) H,x (g, p) satisfies the global gap condition with
y =0, i.e., a constant gap.
H,,, can be obtained by smoothly extending the energy
bands E,(q, p) outside of the region A + u by a set of
bounded, smooth functions with appropriate transition
conditions, for example,

N
aux(q p :Z ,

n=0
E,(q.p) if (¢.p) EA+p,
with Ey(q) = {b(qm if (¢.p) & A+u, (43)

where b, (g, p) € C¥(R?, R) is an appropriately bounded
function for every 0 <n < N. Besides, they must be
pointwise distinct; i.e., they are not allowed to merge
into or to cross with one another. This is important for the
gap condition (C3). In fact, with these requirements,
H, (g, p) satisfies all conditions for SAPT. R
Finally it is possible to show that the dynamics of Hy

and Haux coincide for states with eigenenergies up to the
cutoff energy E.. In fact, using the tools proposed in [67]
and with the strategy of [23], the following identity can be
shown to hold true:

(e Hut — e=HNOT ¢ (Hy)
= —ie‘iﬂa“X’/ dse’Hﬂuxs(Haux —ﬁN)e"HN‘l (—c0.El]
0

= Oy(e

); (A6)

where i<_oo, g is the spectral projection operator on
energies below E..

Unfortunately, it is not possible to compare the dynamics
generated by H,,, and the one generated by H in the same
manner, since the latter is an unbounded operator. We hence
need to make a choice: Either we use the auxiliary
Hamiltonian for the application of SAPT, which might,
however, be a difficult task and which does not properly

reflect the properties of the original Hamiltonian, or we
remain with the original Hamiltonian and must therefore
abandon any results on the convergence of the perturbation
series. In this paper, we choose the second option.

APPENDIX B: EVALUATION OF THE
OSCILLATOR HAMILTONIAN

The effective Hamilton operator of the oscillator model
splits into the zeroth order contribution kg, and a

perturbation of second order, ﬁeff_z,p. It is possible to
compute the effect of the perturbative part of the
Hamiltonian on the unperturbed spectrum {E;,} cn DY
using standard quantum perturbation theory. The deviation
of the spectrum due to flefmp results from computing the
expectation value of ﬁeff,qu in the unperturbed states
{9, Yaen» namely AEg, = (B, hen2,E),), For nota-
tional reasons, we split the perturbation operator into two
parts: A “kinetic” one hgf, (g, p) which depends not only
on ¢ but also on the momentum p. And a “potential”
contribution hg;’ft’ 2’P(q) which solely depends on g. Since

these operators act trivially on the light Hilbert space by
projecting on the state {, via &,, we omit the action on the
light states and only consider the scalar functions

hg‘?,z,p(q, p) and h‘e’?{ »p(q) given by

Lty  pd
IM*Qy  (L* + ¢?)*’

heit s p(q. p) = = (B1)

v+l q*
AM (L2_,’_q2)2'

higrop(4) = (B2)

The concrete evaluation of the potential operator fzg?ft, 2p A8
an expectation value in one of the oscillator eigenfunctions
E4,(q) is trivial as it only depends on g: In position
representation, we only have to integrate its symbol
hg?;z,p(q) over (£,,24,)(q) = (E4,)?*(q). The kinetic term
can be treated by means of the Weyl quantization integral in
analogy to the definition in Eq. (2), but for scalar-valued
symbols. Thereby, the p-variables turn into derivatives of
the remaining g-dependent part of Agf, = and the eigen-
functions E, ,(g). In order to simplify the analysis, we use
partial integration to shift all the derivatives on the
functions E,,(¢). We introduce a new adapted coordinate
,i=vMQ,q and the parameter 7, :=+/MQ,L.
Eventually, we express the quantum oscillator solutions
E4,(q) in terms of Hermite polynomials {H;(u,)} en-
Eventually, this gives for the expectation values
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AP Q0 +v+ 1)/ 2 u?
dv —

4/m24d!

202 1
apk - L) / i
N Tl S

1
- Z Hz21+1 (uv) +d-Hy (uy)HzHl (uu)]duu'

In order to solve the u,—integrals, we take advantage of the
series representation of the Hermite polynomials,

E
5: (_l)m d-2m
Hd(uy) = d' 70m!<d — 2m)‘ (21/[,/) N

to pull out the u,-dependence. The resulting integrals for
the potential and the kinetic part have the form

, u2/1
1) = [ e "y
@) /Re GET

) u2/1
JA) = | e —M__qu,
@) Ae GET

(B4)

(BS)

where A is a parameter which changes according to the
choice of d. It is possible to derive recursion relations for
solving /(1) and J(4) for generic A. The required input are
the first few integrals, 7(0), (1), J(0), J(1), and J(2)
which can be solved by hand. For deriving the recursion
relation, we add and subtract terms in the integral which
sum up to zero but which allow one to reduce the integral to
terms that depend on the preceding integrals. For example,
the integral /(1) unfolds to

1(2) = r<z - ;) —2221(A=1)=£*1(A=2), (B6)

where I is the standard gamma function. A similar relation
for J(A) can be found by using the same trick. By
introducing an appropriate recursion ansatz, it is possible
to trace any /(4) back toI'(i) with2 < i < 4, I(1), and 1(0),
and likewise for J(4) using I'(i) with 3 < i < A, J(2), J(1),
and J(0). For the I(4)’s, we employ

1(2) = a()I(0) + b(A)I(1) + Y c,.u)r(i - %) (B7)

i=2

in Eq. (B6), and we determine the coefficients to

a(2) = (1= 2)(=1)*¢%, (BS)
b(2) = A(=1)1 Y, (BY)
¢i(A) = (1 4+ 4= i)(—1)ig2%, (B10)

(0 +up) e

2+ i)

H(u,)du,,
[H5(u,) (u} = 2d = 1) = d*H_, (u,)

(B3)

|
Again, the same method applies to J(4). With these
prerequisites, it is possible to determine AE,, = AEN" +
AER for any d and v in N. To illustrate, the energy shift
due to the potential term has the form

Q21 (1P + v+ 1) a &
4h\/7_1' m=0 k=0
(_1)m+k2—2(m+k)
X
mlk!(d —2m)!(d - 2k)!

pot _
AEd,y =

I(d—m—k+1), (BIl)

and likewise for the kinetic term but lengthier. By evalu-
ating the sums and employing the specific /(4)’s for every
summand, we obtain the correct energy shift. Namely, the
energy shifts for d =0 and d = 1 are given by

24y 202 (44
agy, = 2T 1)+ R ) - ),
N Q (P +v+1) 5 .
1w = —T(\/E—i— 2,1(1) +£,1(0))

£ (v +1)

WU(]) +J(2)). (B12)
with the integrals given by
100) = \;2’_’+ 2’;3 (262 — 1) (erf(£,) - 1), (B13)
1(1) = —/m = — e (1 + 222 (erf(£,) — 1), (B14)

v

J(1)= ﬁ(l +202) el (1- 422 =424 (1 —erf(£,)),

472 873
(B15)
J2) = —\/TE (5 +2¢2)
+ 8’; 23+ 1222 + 46 (1 —erf(£,)).  (B16)

14

Here, “erf” denotes the error function. Employing the
integrals in the above equations yields the expressions in
Eq. (44).
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