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In our previous paper, we have presented a covariant BRST quantization of unimodular gravity which
may account for the smallness of the cosmological constant, and we have shown that the physical degrees
of freedom in the theory are the same as general relativity. The formulation has been given by using rank-2
antisymmetric tensor fields for both ghosts and antighosts. Here we give an alternative formulation using a
vector field for the antighost but keeping the same structure for the ghosts. This gives a significantly simpler
covariant quantization with less ghosts and no tripole modes in the ghost sector. We show that this also
gives only two physical transverse modes as in general relativity.
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I. INTRODUCTION

In our previous paper [1], hereafter referred to as I, we
have presented a covariant local BRST quantization of
unimodular gravity (UG), and have shown that the physical
degrees of freedom (dofs) in the theory are two transverse
modes as in general relativity (GR). UG is an interesting
theory that may explain why the cosmological constant is
extremely small [2-7].

UG can be formulated as GR with the constraint that the
determinant of the metric should be a fixed volume form in
the general relativity:

Sue = Zy / dxV=aR + A(y=g— )], (1.1)

where Zy = 1/(162Gy) with G being the Newton con-
stant, and A is a Lagrange multiplier field to impose the
constraint

V—g=w, (1.2)
with @ being a fixed volume form. Because of the
unimodular constraint /=g = @, we can derive only the
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traceless part of the Einstein equation even if there may be a
“cosmological constant” in the action. The real cosmo-
logical constant may be introduced as an integration
constant, and thus is determined by the boundary condition,
not by a constant term in the action even if we have such
a term.

The question how many physical degrees of freedom
(dofs) there exist in UG in the covariant quantization is a
nontrivial problem and there has been a lot of debate
[8—24]. The reason is the following. In the covariant
BRST quantization of GR, there exist full diffeomorphism,
and we have four sets of ghosts and antighosts. This leaves
10 — 8 =2 dofs in GR. However in UG, we have only
transverse (or volume-preserving) diffeomorphism TDiff:
—VHe4 — Vel

Spg” = (1.3)

oA =0, (1.4)
expressed in terms of diffeomorphism Faddeev-Popov (FP)
ghosts, ¢/, which satisfies a transversality condition:

V,ch=0. (1.5)
The condition (1.5) eliminates one dof from the FP ghosts.
We would also have the same number of antighosts.
Consequently the BRST quantization of this system intro-
duces only three sets of ghosts and antighosts. We also have
unimodular constraint, but it does not appear to introduce

additional set of ghost and antighost. Thus it seems that we
are left with 10 — 6 — 1 = 3 dofs, one more dof than GR.

Published by the American Physical Society
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In order to quantize UG in the covariant manner, we have
to realize the symmetry (1.3) off shell, i.e., without using
field equations. This is a nontrivial task, and it may appear
to require nonlocal projection operator [14]. However this
is not the case, and it has long been known in supergravity
[25-27] that a vector subject to transverse constraint can be
expressed by an unconstrained antisymmetric tensor even
in the curved spacetime. In our previous paper I, based on
this idea, we have expressed the reparametrization ghosts as

ch =V, e, (1.6)
which automatically satisfy the transverse condition with
rank-2 antisymmetric tensor ghost ¢#*. It turns out that after
the first gauge fixing, the ghost system needs the ghosts for
ghosts [28-30]. The reason is clear: The unconstrained
rank-2 tensor has 6 dofs which are more than required to
express the transverse vector ghost modes with 3 dofs. We
have found that this redundancy manifests itself in the form
of the gauge invariance in the ghost system, and this further
requires the gauge fixing and the introduction of ghosts,
reducing the number of dofs. Thus the ghost system
becomes significantly more complicated than usual.
Since we must have the same number of the antighosts,
it is natural to introduce similar rank-2 tensor antighosts,
and this further requires the ghosts for ghosts. We have to
continue the gauge fixing and the introduction of the ghosts
until there remains no more gauge invariance. The impor-
tant discovery in I is that after all this gauge fixing of TDiff,
the multiplier field A is actually identified with a BRST
daughter. This means that there exists a set of ghost and
antighost corresponding to the unimodular constraint after
gauge fixing only TDiff, contrary to the above naive
expectation. This is the key observation to get the correct
number of dofs.

This formulation is nice in the sense that it gives a
formulation symmetric in ghosts and antighosts, but use of
the rank-2 antisymmetric tensors for both ghosts and
antighosts gives a complicated structure because of the
necessity of the ghosts for ghosts in both sectors. Here we
note that what is really required for the off-shell gauge
fixing of TDiff is to use the antisymmetric tensor fields only
for the ghosts (not antighosts) to express the transverse
transformation parameter as in (1.6). We further notice that,
in our other paper [24] for the quantization of GR in
unimodular gauge, we have actually presented a general
way of imposing such a transverse-vector gauge condition
by using a (d-component) vector antighost. It is realized at
the price of adding an extra scalar field BRST doublet, a set
of BRST parent and daughter. The variation of the action by
this BRST daughter field impose the transverse condition
on shell on the vector antighost, thus leaving the necessary
number of dofs for antighosts. Because the structure in the
antighost sector in this formulation does not need the
ghosts for ghosts, we expect that this formulation gives

considerably simpler covariant quantization of UG with
less ghosts. This is what we aim in this paper, and indeed
we show that this formulation successfully gives an
alternative and simpler covariant BRST quantization with
correct number of dofs. It turns out that this formulation
also has the advantage that in the ghost and antighost
sectors, there do not exist tripole modes, which existed in I
due to the use of the ghosts and antighosts with derivatives
(1.6). The formulation, however, gives the asymmetric one
in the ghost and antighost sectors.

This paper is organized as follows. In Sec. II, we start
with the off-shell gauge fixing of TDiff using rank-2
antisymmetric tensor ghosts and vector antighosts. The
structure in the ghost sector is basically the same as in I, and
we have the ghosts for ghosts phenomena. We gauge fix
TDiff until there remains no more invariance. The structure
for the antighost sector is similar to that in [24]. In Sec. III,
to study the spectrum in the theory, we concentrate on the
theory at the linearized level. First, to check that we have
fully gauge fixed the gauge invariance, in Sec. Il A, we
show that there indeed exist the propagators for the flat
background for simplicity. Next, in Sec. III B, we derive the
equations of motion (EOMs) at the linearized order. We can
see that there is simplification in the antighost sector, and
there is no tripole field in ghosts and antighosts in contrast
to our pervious formulation in I though there is tripole in
the graviton excitation. In Sec. IV, we identify which fields
represent independent modes. We use this result in Sec. V
to examine how most of the fields fall into the BRST
quartets and show that there remain only 2 physical dofs in
the theory. In Sec. VI, we summarize our results and
conclude the paper with some discussions.

II. BRST QUANTIZATION
OF UNIMODULAR GRAVITY

The action (1.1) is invariant under the BRST trans-
formation (1.3) and (1.4) expressed in terms of diffeo-
morphism FP ghosts, ¢, which satisfies a transversality
condition (1.5).

In our previous paper I, we have expressed this field in
terms of an unconstrained antisymmetric rank-2 tensor
ghost ¢* as (1.6). It was shown in detail that imposing the
nilpotency of the BRST transformation automatically
clarifies the existence of additional gauge invariance and
ghosts for ghosts [28-30]. Here we just summarize the
result, referring to I for the details. The BRST trans-
formation laws are

TN VN H v,
dgct = crcr + iV, d,

ovp ;P U M opy
Spd* = ichchch — V1P,

opup — 3.0 P U M
Opt?P = icichchcr. (2.1)

The field d”* is a hermitian boson carrying double ghost
number Ngp = +2 and denotes the ghost for the ghost
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corresponding to the gauge transformation of ¢** under
which the “field strength” ¢ = V,¢** is invariant. Another
field °7** is similarly introduced.

We now consider the BRST quantization of this UG
system. Here the crucial difference from our previous paper
I is that we do not use the antisymmetric tensor field as the
multiplier BRST doublet field for fixing the (d — 1)(=3)-
component TDiff gauge invariance. Instead we use the
method developed in [24] to use a d(=4)-component
(unconstrained) vector multiplier doublet field (¢,.b,):

(2.2)

for fixing the (d — 1)-component TDiff gauge at the price of
adding an extra scalar BRST doublet field (S, Cg), trans-
forming as

858 = Cs. (2.3)

The gauge-fixing and FP ghost (GF + FP) terms in the
first step are given by [31,32]

Lorirp = —idp[¢, (0,5 — #0,5)]
= bﬂ(a}@/m - gﬂyaus) + iz‘ﬂ[au‘SB(glw)

= 8p(7")0,8 — /=g0"Cs], (2.4)
where ¥ = \/—gg¢"*, and
" = —v/=g(Vich + Vieh) + Vet
= —/=g(VIV ¢’ + V'V cPH). (2.5)

Here in Eq. (2.4), we can see the double roles of the extra
scalar S. First, the gauge-fixing condition resulting from the
variation of the multiplier field b, is
0,7 — 0,8 =0, (2.6)
which demands that the 4-component de Donder
gauge condition 9,7 =0 be satisfied aside from the
“longitudinal” component #¥0,S =,/—gd*S which
remains arbitrary since S is nowhere else specified. So
the presence of 9#S term reduces the actual number of
gauge conditions on the metric field from 4 to 3. Second,
the variation of the BRST partner Cg of S gives the

transverse constraint on the partner multiplier ¢* := ¢"“¢,
of b := g*b,:
9u(v/=99"¢,) = \/=gV,,&" =0. (2.7)

The variation of § field itself yields the BRST transform of
this equation as the EOM:

68[0,(v=99"¢,)] = V=9V,08(¢".)
=V _g(vubﬂ + vuéB (g/w)z.y)
=0. (2.8)
Although 6gc, = b,, the contravariant multiplier b* =
g b, is required to be transverse on shell up to FP ghost
quadratic term V,[65(3)c,].

This ghost Lagrangian (2.4) depends on c¢* only
through ¢4 = V, ¢ and has the gauge invariance under
the transformations with rank-3 totally antisymmetric
parameters ”¥:

Sctt =V e, (2.9)

This is just the gauge invariance already lifted in our BRST
transformation (2.1) with the ghost for ghost field d”**. We
take the following gauge-fixing condition and introduce a
multiplier BRST doublet to impose it:

gauge fixing cond. multiplier BRST doublet

Coun): BpdH =P,

VP =0 1 (dy,,
Here and in what follows, the bracket [ ] attached to the
indices means the weight 1 antisymmetrization; e.g.,
AyB, = (1/2)(A,B, — A,B,). Similarly we will also use
() for the symmetrization with weight 1.

The GF + FP terms in the second step are

i -

£GF+FP,2 = B V4 —95B(dpppvp c )
i -

= E V —g0g (dl)yﬂv/)cw)

. ]
=5 VIV sy = Vyd™ - 85(GuoGe) ™
= VP (55 + IV, ), (2.11)

where partial integrations have been performed in the
second and third terms, and use has been made of the
commutativity g(Vy, A,,...) = Vi, 08(A,,..,)) follow-
ing from the equality Vi, A, .. = 0, A,,..,, valid for
any totally antisymmetric tensor A,,...,, .

This action (2.11) still has the gauge invariance under the
transformations [30]

sar = V e, (2.12)
sdr = N g, (2.13)
s = V6000, (2.14)

since it depends on these tensor fields only through their
covariant divergences like V,d”#, if partial integration is
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performed when necessary. Here again, the first gauge
invariance (2.12) is the one already lifted in our BRST
transformation (2.1) with the ghost for ghost field —z77*#.
The second gauge transformation (2.13) for the BRST
parent field @’ is contained as a part of the multiplier
BRST transformation in Eq. (2.10). We fix the former two
gauge invariances by the following gauge-fixing conditions
and introduce the corresponding multiplier BRST doublets
to impose them:

The GF + FP Lagrangian in the third step is

gauge fixing cond.
Viegri =
Viegevnl —

multiplier BRS doublet

(Fopopr opuys)s BTV = idoPHH,

( COPVH , dapuy>’ 53 COPYH — [ OPVH

(2.15)

The third gauge-invariance is automatically fixed by the
gauge-fixing on c_ipw of the second gauge-invariance
because of dgd’** = &M,

1_ 1
LGF-&-FP,S = —idg [ /_g|: 6 UPW <VdeW + = 2 daﬂvﬂ) 4= g COPYRY] dpyﬂ:”

—— \/—[ QWY gy = 3 Wl + 19

+ d"pl’”vgapuﬂ + iC”pyﬂvaEpvﬂ + iV, 1 4 5y (gpkgwglﬂ) -

We have introduced a gauge parameter a for later conven-
ience. The gauge condition for the third gauge symmetry
(2.14) follows from the terms containing ¢”** in (2.16). We
see that our antighost system is drastically simplified
compared with that in L.

Now there remains no further invariance and we expect
that the system is now fully gauge fixed. To avoid too many
tensor suffices, however, we rewrite the antisymmetric
tensor fields by their (Hodge) dual fields. Our sequence
of ghost fields, ¢/, d"” and 1***° are expressed by their
dual fields C,,,D,,T (generally denoted by the corre-
sponding uppercase letters) as

1
V=ge = 3 e°C,,,
/—gd"r = e’ D,

\/__gtﬂl/pﬁ = €”yp0T.
0123 _

(2.17)

Our convention for the ¢ is €”'~> = +1 and gp1p3 = —1.
The 3 multiplier BRST doublets are expressed by their
duals as

e D,
= — _gHvpo
) =)
e T
— —_ __pHUpo
) (3

cHre c
Y — _ghwpo
g<d/w/m> € (D)’ (2.18)
Furthermore ¢4 should be understood to represent
=V, e =— e°0,C . (2.19)

2\/=9

A H H
opvp ’ (_vxlt P+ C%CT)

ivaco'/”/ﬂ : aKTA(SB (gpxgm'gwl) . (216)

In terms of these dual fields, the BRST transformations
for the ghost fields are rewritten as follows:

1 .
85C,y = —5 V=9 upoCrcG + i(0,D, — 9,D,),

5D, 3'\/—ge}w,,c%c§c$+8ﬂT,

ogT = — 4’,/ GE upe Crichcs. (2.20)

The BRST transformations of multiplier BRST doublets
are trivial for covariant vectors and scalars:

5BD;¢ - (_:ﬂ’ 5BT = ID, 5BC - lD (221)

By wusing these dual fields, the GF 4 FP ghost
Lagrangians (2.4), (2.11), and (2.16) are rewritten as

Lorirpy = by (0,5 — 3#0,5)

+ ic, {(xw (e297%9,C,,)

- 5u()0,5 - 70,C5 . 222)
Lgrirpn = i6p[\/=gD,V,C"]
\/_[ZC"V”C
+ %ekﬂ”’lvf’b" V,Ce - V,.Cy
V=9
+ (V*D¥ = V*D*)(V,D, — ig"C,,559,,) | -
(2.23)
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EGF-&-FP,S = —i(SB [,/—g(TV(,D" + (XTD + CVUD()-)]

_ _ _ - 1 -
= V/=g[DV*D, +aDD + DV, D +iCV, 0" = 2 VT -V, €,y (VACW - V°C, = 47,C%, - T C

+2V, ¢, - VAC =2V, 0% -V ,C) = iVT -V, T + (iV¥T - D* + iV#C - D*)83g,,], (2.24)
|
where 1 1
gﬂy:nﬂy_hﬂp+§nuyh+"'a \/:_,é:l‘i‘zh—f‘ (33)

5Bg/u/ = _( V _g)_lgl(vglpmvy)vpcar (225)
In what follows indices of the fields will be raised and
is to be substituted in the above equations. lowered by using #** and 7,,, respectively. The quadratic
terms in our total action are given by
III. PROPAGATORS AND EQUATIONS
OF MOTION AT LINEAR ORDER L06quadr = Lrvezo + Linpl=t + Linl=2 + Linepl=3>
A. Propagators 1 1 1 1
_o=-h, O +— mY2 — —hOh + =
La=o = 7 IO 42 (,0)? = S hOh + 5 2
+ b,,(@lh”ﬂ —0"S),
Lyc = /=9R + A(y/=g9 — @) + Lgprp,1(2.22) i

Now the total Lagrangian of our UG system is given by

i _
— _ gHUpo G — it M ; yZ
+ Lorirp2(223) + Loryre3(2.24). (3.1) Eiept=1 = 2° €u00,Cpo = 1€,0"Cs +1CO,C
. . : +iCr*Cy,,
Let us check in detail if we get nonsingular fully gauge _ _ _
fixed action on the flat background with w = 1. We LiNy|=2 = —-D*(OD, - 00,D,) + DO*D,, + aDD
introduce a fluctuation A" around the flat metric #** +0, D*. D,
defined by _
LNy =3 = iTUT. (3.4)
P = e, (3.2) 2
We start with Ngp = 0 sector. The 2-point vertex ngF)P:O
and then to the linear order we have in momentum space is
|
hye S b, A
— pZ[% pQuvpo _ % ar dre e Lo
h;w 1 quv ,po uv Jpo 3 uv ,po 0 —tprn 2N
0 _ —(a@"er? + et dl?) — et e (3.5)
Npp=0 S 0 0 ip 0 s .
b, ip(f’n"”‘ —ip* 0 0
%nf"’ 0 0 0
I
by using the projection operators
PP _ PPy duad™ = d* ee™ =¢f  dye™ =0, (3.9)
Ay = M 7 € =" 75> (3.6)
p
2 1 2 2) off 2) aff () (2)ap.po — (2)po
Pl(tv?/”f 2 <dﬂpdva + dyody, - gdﬂbdptf)’ (3.7) P’”’*“ﬂd 0. Puape 0, Prvar? Pu™

(3.10)
which satisfy

We can straightforwardly compute the inverse of the

: -1 .
matrix, ['?) Nep=0"

ptd,, =0, d,n" =3, e " =1, (3.8)
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h/){f
P2, —Ld,d
hﬂl/ HV,po 3 %o
1 F(dweps + €udys) =
F(Z)Nl o= —5 X
P -p S d,, —3e,,
by _2ip(pd‘7)ﬂ
A _p2 (dpo - epa)

The 2-point vertex r? in momentum space is

[Npp|=1
Cro Cc G
F\(I%')FP|=1 = Gy <%8ﬂm’p2py 0 p/t) , (3.12)
C, _p[/’””]# —pt 0

the inverse of which is given by

c, C,
1—*(2)‘—]\} =1 _ L % C;w gmzplpl/pz 2p[;47h]p
Fpl= —p2
p C 0 Py
CS _pp 0
(3.13)
The 2-point vertex F‘(N) =) in momentum space is
D, D
2 = .
T = D”( P’ —zp,,) . (3.14)
D\ ip* a
the inverse of which is given by
. D’ D
TOy = 2 D ([—5ﬂﬂ+(a+1)pﬂp”/p2] ip,,> :
D —ip’ 0
(3.15)
Finally the 2-point vertex Fl(N) =3 for T and T in
momentum space is given by
2 .
\(N)FP\:3 = _lpz’ (316)
and the inverse of which is given by
@1 (3.17)
[Nep|=3 p2

Thus we have confirmed that the propagator may be
obtained and the system is fully gauge fixed.

36;4116/)0]

S b,
d;w - 36,“, 2ip(ﬂdl,)p

-3 —ip,

ip, 0

P’ 0

-p*(

A

d;w - eﬂl/)

, (3.11)

p
0

0

B. Equations of motion at linear order

Let us denote the total action as S. The EOMs to linear
order are given as follows: for a = —1,

Ngp = 0 sector

6Sug
— h(=n, ") =0, 3.18
5& ( nﬂl/ ) ( )
O0Sug . 1 1
S EDh’”’ — 0 (hyy + by)) + E/Inw =0, (3.19)
O0SuG . 4
S &h,, — 0,5 =0, (3.20)
oSug
:Ofb, =0, 3.21
5S H ( )
Ngp = £1 sector
6Sua . 1 vpo _
S - Ee” »e10,C,, — 0*Cs =0 (3.22)
6Sug . 1, _ ~
: —e°09,¢, — HCY =0 3.23
5Cﬂy 28 pCO' ( )
5SUG . L
Pk 0C,, +9,C=0, (3.24)
OSuG . .7
:o0C, =0, 3.25
S0 G, (3.25)
OSUG . -
1 ote, =0, 3.26
5cs 0 (3.26)
Ngp = £2 sector
0Sug 8SuG . ., ~ _
D, =D, Dt =D 27
6D 8D $ 0 O ’ (3:27)
%Sug 5SUG : 0D, =0, OD'=0, (3.28)
SDH
Ngp = %3 sector
0Syg 68 -
6 TS Or=0, OT=0 (3.29)
6T ~ oT
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where h, = 8h,,. Note also that Egs. (3.19), (3.23),
and (3.28) are already simplified by their preceding
equations.
Taking the trace of (3.19) and using (3.18) and (3.21), we
find
24 = 0'0"hy,,. (3.30)

The divergence of the gravity equation (3.19), combined
with (3.30) and (3.21), yields

0b, = —0,4, (3.31)
which, together with (3.21), gives
0a=0. (3.32)
Equation (3.20) gives
-0s+21=0. (3.33)

Equations (3.31) and (3.33) imply that b, and S fields
satisfy dipole equations [1*b, = 0 and (IS = 0, and their
dipole parts are supplied by the simple pole A field.
Applying [ to the gravity field equation (3.19) and using
Eqgs. (3.31) and (3.33), we get

1
Eﬂzhﬂb - 8ﬂay/1 - O

(3.34)

So, we see that 71/“, field is now a tripole field, and the

tripole part is supplied by the simple pole 4 field and the

dipole parts are supplied by simple pole parts of S and b,,.
For the Ngp # 0 ghost sector, we find from (3.22)

LCg = 0. (3.35)
The dual of (3.22) gives
DZCW =0. (3.36)

Taking the 0, divergence of (3.23) and using (3.25)
gives

tcH = 0. (3.37)
The dual of (3.23) yields
sz‘:ﬂ =0. (3.38)

Equations (3.24), (3.28), and (3.29) show that all the other
ghost fields are of simple pole:

OC=0D=0D=0D,=0D* =0T =0T =0. (3.39)

There are no tripole ghost fields, in contrast to our paper I,
though there are in the graviton fluctuation. This is one of
the simplifications that our new formulation brings in.

IV. IDENTIFYING THE INDEPENDENT FIELDS

We have not only the usual simple pole fields but also
dipole and tripole fields in this system. So the number of
independent particle modes are different from that of
independent fields. To avoid the complication of decom-
posing the multipole fields into simple pole modes, we also
adopt here, as in the previous paper I, the 4-dimensional
Fourier expansion [33] of the fields

W)= [ PO ()44 (p)e ] (1)

(27)

to define annihilation and creation operators ¢(p) and
¢'(p) for such general multipole fields. We analyze
independent 4-dimensional Fourier modes for each ghost
number Ngp sector successively, in the Lorentz frame in
which the 3-momentum p is along x axis:

p*=(p°0,0,p), ie., p'=0(i=1,2), p3=|p|>0.

(4.2)

Note that if the field ¢ is a massless simple pole field
#(p) x 8(p?), this reads

po(p?) = (Ipl.0.0.|pN)p(p?). ie.. p°=p’>=]pl
(4.3)

We will show in the following analysis that the inde-
pendent fields in each ghost number sector are given by the
list in Table I.

A. Npp =0 sector

We begin with the fields with ghost number Ngp = 0. We
have 10 component gravity h,, field, 1 scalar field S, 1
unimodular multiplier field A, plus a 4 component vector
NL field b,; thus, 10+ 1+ 1 +4 = 16 component fields
in all. Let us count/identify the independent fields among
them, by using the EOMs (3.18)—(3.21).

These EOMs (3.18)—(3.21) in this Ngp = 0 sector take
exactly the same forms as those in GR theory in unimodular
gauge, if we identify the unimodular NL field b there with

TABLE 1. List of independent fields. i denotes transverse
directions 1 and 2.

Ngp =0 hrys s 20,0 ; b, b
INep| = 1 Coi» C12, C ; ¢, ¢;, C°
|NFP‘ =2 Do,Di,D 5 DO,Di,D
INep| =3 T ; T
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the present unimodular multiplier 4. The same counting
there also applies here.

The 10 component 4, is subject to the 1 traceless
condition (3.18) and the 4-vector de Donder gauge con-
dition (3.20), so has 10 — 1 —4 = 5 independent fields, as
which we can take the same fields as in GR case. First, we
have two BRST invariant simple-pole (hence physical)
fields

hri(p):=(1/2) (k" =h*)(p),  hro(p):=

These transverse modes are BRST invariant since the
BRST transformation of A*“(p) at linearized level is
given by

h'?(p). (4.4)

sph(p) = —ip*ck(p) — ip*ci(p). (4.5)
while the transverse momentum components p’ (i = 1, 2)
vanish by definition. Simple-pole property Clar;(p) =0
also follows from the EOM (3.19) and p’ = 0. In addition
to these two, we have a transverse vector field (hence
possessing 3 independent components):

20) =57 (#0530 +) ) ()
= 53 (1 + 1)),

£p) =5 (o). (i=1.2),

200) =50 (7 =50+ ) ) ()
2;3;(;100 1) (p), (4.6)

satisfying transversality p " (p)= pox’(p)+psx’(p)=0.
So we can forget the redundant component y*(p) hence-
forth. The second equality for the expression y°(p)
[or x3(p)] follows from the tracelessness Eq. (3.18),
= b = 0,

(W1 + H2)(p) = (K = h7)(p).
This y#(p) field has a very simple BRST transformation
property

(4.7)

dpx"(p) = —ich(p). (4.8)

Next, the gauge fixing NL field b, is subject to the
transversality (3.21), p°by(p) + p*b3(p) = 0, so we can
take 3 fields by and b;(p) (i =1, 2) as its independent
components. These 5 components h;, ¥° and ' from hyy
and 3 components b, and b; give the all of the independent
fields listed in the Ngp = O sector in Table I.

The other fields 4 and S as well as the other 5 dependent
components in /,,

(W' +1?2)(p), (R =hP)(p), Ki(p), h®(p) (4.9)

can be shown to be explicitly expressed by the above 5 + 3
independent fields by using EOMs (3.18)—(3.21) as follows.
In Eq. (3.31) which we already derived from those

EOMs, the unimodular multiplier A was identified with the
dipole part of the gauge-fixing multiplier (NL) field by:

Ap) = —%Dbo(p). (4.10)

This is an important relation showing that the unimodular
multiplier field 1 becomes the BRST daughter field, hence a
member of a BRST quartet. As for the S field, we can
rewrite Eq. (3.19) into the following form by substituting
h, = 9, of Eq. (3.20):

1 1
oS = SOh = ) + . (411)

Adding two equations with indices (u, v)
and dividing by —(p3 + p3), we obtain

= (0,0) and (3,3)

S(p) = ——2

(Ox° = ib%)(p).
p§+ p3

(4.12)

Now the 5 dependent components in /,,, in Eq. (4.9). The
first dependent field (2'! + h??)(p) is already given by the
second field (h% — 133)(p) in Eq. (4.7). The latter one is
shown in Eq. (4.43) in the previous paper I to be

4ip°

(h® = h¥)(p) = 5bo(p). (4.13)

ps+r3

which is actually the same equation as Eq. (4.12)
if we substitute —(p + p3)S(p) = i(p°h° + p*n®)(p) =
psh®(p) — pih*3(p) following from O*O'S = h* =
0”0, ", The rest two components 4% and 4% follow from
the de Donder gauge condition (3.20), d,h** = S, the
u =1 (i =1, 2) component gives

Ri(p) = p?)( (p).

» (4.14)

and the vanishing difference 0 = 9¥9"'S = 99, h** with

(u,v) = (0,3) gives Eq. (4.41) in L:
4pgp’
h3(p) = O 0(p). 4.15
() =) (4.15)
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B. Nyp # 0 sectors

In Ngp = +1 ghost sector we have 6 component C,,, and
2 scalars, Cg and C, so 8 components in all. In Ngp = —1
antighost sector we have two 4-component vectors ¢, and
C*, so also 8 components in all.

Begin with the Ngp = +1 ghost sector. The constraint
equation (3.24), 9“C,,, + 0,C = 0, takes the same form as
that in the previous paper I, which implied that only 3
components Cy; and Cy, are independent among 6 C,, if
the scalar C is chosen as another independent field;
the other 3 components are expressed by these and
C as the Eq. (4.52) in I with C* and C there replaced
by C,, and C:

0
p .
Cos =—C(p). CSiZ_FCOi(p)v (i=1,2).

(4.16)
These 3 + 1 =4 fields Cy;, Cy, and C are the all of the
independent fields listed in the Ngp = 1 sector in Table I.
The other remaining field Cy is indeed expressed by the
dipole part of the independent field Cj,; the y =20
component of EOM (3.22) gives

1 ,
Cs(p) = 30 SOSZJDP3CU(P) = 0Cp(p),
2p

(4.17)
where in the second equality, p; = p® has been used since
OC»(p) is a massless simple pole field.

Next consider the Ngp = —1 antighost sector, consisting
of two vectors ¢, and C*. Equations (3.26) and (3.25) show
that these vectors are both transversal:

0
pOZ‘O + p3E’3 =0- 5‘3 = —%E’o, (418)

0
Pl + psC =0 =0 = ¢,

) (4.19)

where p® = p? has been used in front of the simple pole
field C*. Moreover, Eq. (3.23) gives constraint relations
between ¢, and C*: noting that [J¢, is also a simple pole
field,

(n=0r=3): p°C - pC°=0-C"=C  (420)
(/l =0or3,v= i); giij3Ej(P) +pOCi -0
= C'(p) = —e"0e;(p)

(i.j=1.2,67 = —¢l"),  (421)

(,L{ = l,l/ = 2): Dp06‘3 - ngéo =0- DZ‘3 = —DEO
(4.22)

Equations (4.20) and (4.22) merely give identical relations
with the transversality of vectors ¢, and C*. Only the
Eq. (4.21) implies new relations that C(p) are given by the
dipole part of £/¢;(p). We thus have shown that 3 + 1 = 4
fields ¢y, ¢; and C° are all of the independent fields in
Npp = —1 antighost sector as listed in Table I.

Finally, the EOMs (3.27)~(3.29) in the |Ngp| =2,
3 sectors are trivial. So we can immediately see that the
independent fields in these sectors can be chosen as written
in the list of Table L.

V. IDENTIFYING BRST QUARTETS

Now that all the independent fields are listed up in
Table I, we can show that all of them other than the two
physical transverse modes hp; and hr,, fall into BRST
quartets, decoupling properly from the physical sector. In
order to do so, we recall the BRST transformation at
linearized level (which is also the BRST transformation of
the asymptotic fields under the perturbative assumption):

g = 0, (5.1)

St = —20ct) = gerwey . (5.2)
85C,, = i(9,D, = 0,D,), (5.3)

558 =Cs,  65Cs =0, (5.4)
8¢, = ib,,  dgb, =0, (5.5)
Syt =T, §5CF =0, (5.6)
55D, = 9,T, 8T =0, (5.7)
55T —iD, 85D =0, (5.8)

5sC =iD,  8zD =0. (5.9)

The BRST quartet is generally a pair of the BRST
doublets which satisfy the properties schematically drawn
as [34]

B

Alp) <~ A(p>
inner—prlt.)“(.ill'iét'én..,_'._ (5.10)
Clp) —= 1B).

We denote this BRST quartet described by this scheme by
using the same notation as used in I simply as

C(p) = iB(p)). (5.11)

(A(p) = C(p);

106006-9



KUGO, NAKAYAMA, and OHTA

PHYS. REV. D 105, 106006 (2022)

This scheme means that a pair of BRST doublets satisfying
(assuming A(p) a boson),

SgA(p) = [iQg.A(p)] = C(p).

35C(p) ={iQs.C(p)} = iB(p).  (5.12)
have nonvanishing inner-product with each other:
(0IC(P)C"(9)|0) = (0IC(p)iQsA'(q)[0)
= i(0[B(p)A™()]0) x 5*(p - q)
#0, (5.13)

or, equivalently, in terms of commutation relation,

propagator (¢;¢;)

0={iQg,[C(p).AT(q)]}
=[iB(p).A%(q)]-{C(p).C'(q)}
= [iB(p),A"(q)]={C(p).C"(q)}

x5*(p—q) #0. (5.14)

We should note that the existence of nonvanishing inner-
products/commutators can also be judged from the non-
vanishing propagators. As explained in I, generally, the
expressions of commutation relations (CR) and the propa-
gators for the free fields ¢; have the following exact
correspondence:

CR [¢;(p). $}(q)]

HE S

L
p*pt p®

where three terms on both sides correspond to the terms of
simple-pole, dipole and tripole parts, respectively. This
correspondence also holds for the fermion fields if the
commutators are understood to be anticommutators. We
use an abbreviated notation for the propagator in momen-
tum space:

b)), = / e (O[T, (), (0)[0).  (5.16)

which is identical with i times the inverse of the 2-point
vertex, il (z)i‘jl, so can be read directly from the results
given in Sec. III.

Now let us start the task to identify the BRST quartets.
Among the fields in Table I, we can list all the boson fields
which are not BRST invariant. Then they must be BRST
parents of certain BRST doublets, which can be read from
the BRST transformation Egs. (5.1)—(5.9). Thus we find all

the BRST doublets possessing boson parent as

6ex°(p) = —ich(p) = =psCia(p),  (5.17)

sy (p) = —ick(p) = €7(p3Co; — PoCs;)(p)
- _gw%ucw(p), (5.18)
8D°(p) = ip°T(p), (5.19)
58D°(p) = C(p), (5.20)
sgD'(p) = C'(p) = —"Te;(p),  (5.21)

where in Eq. (5.18), use has been made of Eq. (4.16) to
rewrite Cs;(p) as —(p°/p?)Cy;(p) in the last equality. We

< [8(p?). 8 (p?). 18" (PP (p - q).

(5.15)

have used Eq. (4.21) in the last line to rewrite C? which does
not appear in Table I as independent fields. In the same way,
all the BRST doublets possessing fermion parent can be
found as

63Coi(P) = —poDi(p). (5.22)
dsC(p) = iD(p), (5.23)
Spo(p) = ibo(p), (5.24)
68¢i(p) = ibi(p), (5.25)
65T (p) = iD(p). (5.26)

At this stage we notice that all the independent fields in
Table I other than the physical transverse graviton modes
already appear in these BRST doublets, as the parent or
daughter fields. Since the BRST doublets are known to
necessarily form BRST quartets which essentially decouple
from physical subspace, one is tempted to conclude that the
unitarity proof is completed. We must, however, be very
careful about the dipole and tripole fields appearing in the
BRST parent position. For instance, if A is a dipole and B is
a simple pole for the BRST doublet 6gA = iB, then this
implies 6g[JA = 0. That is, the simple pole field [JA,
representing the dipole part mode in the A field is BRST
invariant. So [JA must appear somewhere at BRST daugh-
ter position in the full list of the BRST doublets. Otherwise,
the unphysical [JA mode becomes a BRST singlet appear-
ing in the physical subspace and violates unitarity.

All the multipole fields which appear in the parent
position in these BRST doublets (5.17)—(5.26) are:
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2.7, Cpi . ;. Let us examine the BRST doublets
possessing these parent fields in turn.

First is the doublet (5.17), dgx°(p) = —p3C12(p). The
parent y°(p) is tripole while the daughter C,,(p) is dipole,
meaning that the tripole mode part [(1?¢%(p) could be a
dangerous BRST singlet. But Eq. (3.34), (1/2)(%h,, =
9,0, tells us 0%°(p) « A(p) and the unimodular multi-
plier field A(p) was already noted in Eq. (4.10) to be a safe
BRST daughter field « (b (p) and it indeed appears in the
daughter position of the BRST doublet (5.24). Note that
this BRST doublet is a safe doublet, in which both the
parent ¢o(p) and the daughter by(p) are dipole fields,
implying that it actually represents two simple-pole BRST
doublets:

dgto(p) = iby(p) and 0c(p) = iOby(p). (5.27)

where the hat symbol ¢ means the simple-pole part in the
multipole field. Here we emphasize that the second
equation of (5.27) means that the multiplier field A impos-
ing the unimodular constraint becomes the BRST daughter
b, = ip° and has associated ghost and antighost. This is
the key how we get the correct number of remaining
physical dofs.

Second is the doublet (5.18), dpxi(p) =
—£''00C,;(p)/p*. Since the parent y'(p) is a dipole field
while CICy;(p) is a simple-pole field, the dipole part
Oy'(p) is a potentially dangerous BRST singlet. But
EOMs (3.19) and (3.20) lead to Ly'(p) = Oh%(p)/p° =
ib'(p), which safely appears in the daughter position of the
doublet (5.25).

Third is the doublet (5.22), in which the parent Cy;(p) is
dipole while the daughter D;(p) is simple-pole. So
OCoi(p) is a potentially dangerous BRST singlet but it
actually appears in the daughter position of the dou-
blet (5.18).

Lastly are the doublets (5.24) and (5.25); the former
doublet (5.24) was already noted in advance to represent a
safe and double BRST doublets in Eq. (5.27). In the latter
doublet (5.25), the parent ¢,;(p) is dipole while b;(p) is
simple-pole. But the potentially dangerous BRST singlet
0¢;(p) just appears in the daughter position of the
doublet (5.21).

We thus have finished to show that the list of the BRST
doublets in Egs. (5.17)—(5.26) is complete; that is, it
contains all the independent modes in our UG theory other
than the physical transverse modes and they all fall into
BRST doublets decoupling from the physical sector.

For the unitarity proof, this is enough. For completeness,
however, we identify how those BRST doublets form
BRST quartets. The task for doing so is only to find for
each BRST doublet with boson parent in (5.17)—(5.21)
a partner BRST doublet with fermion parent from
(5.22)—(5.26) which has nonvanishing inner-product with

each other. As explained before, the existence of non-
vanishing inner-products can be easily found by examining
the nonvanishing propagators given in Sec. III. In this way,
we can identify the following BRST quartets:

W’(p) = =p°Cia(p): Co(p) = ibo(p)).  (5.28)

('(p) = —(1/p*)e0Cy;(p); €(p)—ibi(p)). (i=1.2),

(5.29)

(D°(p) = ip°T(p):  T(p) —iD(p)).  (5.30)
(D°(p) = C°(p);  C(p) = iD(p)),  (5.31)
(D'(p) » —e'0e;(p):  Coi(p) = —poDi(p)).  (5.32)

The relevant propagators showing the existence of non-
vanishing inner-products between the pair doublets in these
BRST quartets are the following:

(ibo %), = p*(co Cia)), = i(pz)z’ (5.33)
(ibs 1)y = (6 €0 Cop)y = iy (5.34)
l i/Y = — Ci E™ . =1l—, .
P ps 0j/p pz
— — po
(iD D%, = =p"T iT), = —i?, (5.35)
— - pO
(iD D), = (C C%), = —i—, (5.36)
p
- .. po
p0<Di Dl>p = _<C0i 8l]|:|6j>p = l? (537)

Here we note that the propagators in the first line are of
dipole. It implies that the first BRST quartet (5.28) in fact
represents two BRST quartets each consisting of simple-
pole fields:

So(p) = ibo(p)).

0¢y(p) — iby(p)),

(Or°(p) = —p°0OCn(p):
(#°(p) = =p*Cia(p);
where hat means the simple-pole part. This structure can be

understood if we note the following relevant propagators of
simple-pole:

(5.38)

(5.39)

2
. _ .p
<lb0 D)(0>p = P3<C0 DC12>p = _lp_;’ (5-40)

2
. ~ P
(i0byg )(O>p = p*(0¢ Cia)p = _lp_;' (5.41)
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The nonvanishing inner-products exist between the simple-
pole parts and the dipole parts.

Thus we have confirmed that all the fields including
multipole fields except for the transverse modes fall into the
BRST quartets and decouple from the physical sector,
leaving the two transverse graviton modes as physical
states.

VI. CONCLUSIONS

In this paper, combining the new ideas in I and [24], we
have given a new covariant BRST quantization of UG.
First, we have used rank-2 antisymmetric tensor fields for
the ghosts which satisfy the transverse condition. This gives
further gauge invariance in the ghost sector and we have
successfully gauge fixed TDiff. For the antighosts, we need
fields with the same number of dofs. In I, we have used the
same rank-2 antisymmetric tensor fields, but this leads to a
formulation with lots of ghosts and tripole modes in the
ghost sector. Here instead we have used vector antighost
which satisfy transverse condition on shell due to the
additional scalar field S. We have shown that this leads to a
fully gauge-fixed theory, and all the modes except for the 2
transverse graviton modes fall into the BRST quartets and

completely decouple from the physical subspace. In this
way we have succeeded in giving a covariant BRST
quantization of UG with the correct number of dofs, the
same as GR.

This formulation has two advantages compared with our
previous formulation in I. One is that the formulation
contains less number of ghosts without those originating
from antighosts. The second is that we do not have tripole
modes in the ghost sector. These lead to considerable
simplification in the resulting system. A difference is that
this formulation is asymmetric in ghost and antighost
sectors, while that in I is symmetric. Both formulations
give the correct number of dofs. Which formulation is more
useful for covariant study of UG remains to be seen, but we
hope that our formulations should be useful for further
study of UG.
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