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Recently, the most general theory of electromagnetism invariant under duality and conformal invariance
was written, and dubbed ModMax. It arises from a generalization of Born-Infeld (BI) theory by taking the
infinite tension limit, T → ∞. In this paper we show that this generalization can be obtained from a
branelike construction, just like BI, and can thus be coupled to scalars in the same way to obtain a Dirac-
Born-Infeld (DBI)-like action. All the BIon and catenoid solutions, and their interpolations, are still
solutions of the generalized DBI-like action, suggesting that an interpretation within string theory could be
possible. We also show that Rañada’s knotted solutions (with nonzero helicities) are still valid, both in the
ModMax theory, and in its precursor.
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I. INTRODUCTION

In a remarkable paper [1], the unique conformally
invariant and duality invariant extension of Maxwell electro-
magnetism was found (both in the Lagrangian formalism for
LðE⃗; B⃗Þ, and in the Hamiltonian formalism for HðD⃗; B⃗Þ),
depending on a dimensionless (numerical) parameter γ,
reducing to Maxwell’s theory at γ ¼ 0.1 The Hamiltonian
was found as a T → ∞ limit of a generalization of the Born-
Infeld theory [3] with the same parameter γ (such that
T → ∞ gives the Maxwell theory at γ ¼ 0). P-form
generalizations were given in [4], and a supersymmetrization
was presented in [5] (see also [6]). A number of papers
studied the solutions and properties of the ModMax theory
(coupled to gravity), among them [7–18].
However, it is known that the Born-Infeld theory can be

coupled to scalars, and the resulting Dirac-Born-Infeld
(DBI) theory has the simple interpretation in string theory
as the theory for the massless modes appearing on a D-
brane. As such, a supersymmetrization is available, and in
terms of the scalars representing brane fluctuations and the
gauge fields, one has both an extremal (supersymmetric)
solution, the Bogomol’nyi-Prasad-Sommerfield (BPS)
BIon [19], together with the original BIon of Born and

Infeld (devised as a nonsingular alternative to the Dirac
electron), and a “catenoid” solution. Both the BPS BIon
and catenoid have interpretations in terms of brane geom-
etries, and there are interpolating solutions as well [20–22].
A relevant question that we are trying to answer here is can

one interpret the precursor of ModMax, the generalization of
the Born-Infeld action, also as a brane-type action? And are
the same kind of solutions still valid, and if so, are they
modified? To the first question wewill find a positive answer,
with a certain caveat, whereas to the second question we will
find a positive answer, with no modification for the solution.
We will also consider whether knotted solutions of

electromagnetism found by Rañada [23,24] are still sol-
utions of ModMax theory and its precursor, and we will
find that they are.
Thepaper isorganizedas follows. InSec. IIwewill describe

theBI generalization and theModMax limit, inSec. IIIwewill
rewrite it in terms of a branelike description, which will allow
us to show that the same solutions are still valid, including the
Rañada solutions, and in Sec. IV we will conclude.

II. BORN-INFELD DUALITY-INVARIANT
GENERALIZATION AND MODMAX

ELECTROMAGNETISM

The generalization of the Born-Infeld theory has the
Hamiltonian

HðT;γ;D⃗; B⃗Þ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2þ2Tðscoshγ− sinhγ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2−p2

q
Þþp2

r
−T; ð2:1Þ
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1For an alternative derivation of this result see [2].

PHYSICAL REVIEW D 105, 105024 (2022)

2470-0010=2022=105(10)=105024(11) 105024-1 Published by the American Physical Society

https://orcid.org/0000-0002-9383-6047
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.105.105024&domain=pdf&date_stamp=2022-05-27
https://doi.org/10.1103/PhysRevD.105.105024
https://doi.org/10.1103/PhysRevD.105.105024
https://doi.org/10.1103/PhysRevD.105.105024
https://doi.org/10.1103/PhysRevD.105.105024
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


where T is a parameter of dimension 4, D⃗ is the electric
induction, and

s ¼ D⃗2 þ B⃗2

2
; p ¼ jD⃗ × B⃗j ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D⃗2B⃗2 − ðD⃗ · B⃗Þ2

q
:

ð2:2Þ

The Lagrangian is, as usual, the Legendre transform of
the Hamiltonian with respect to D⃗,

LðT; γ; E⃗; B⃗Þ ¼ E⃗ · D⃗ −HðT; γ; D⃗; B⃗Þ; ð2:3Þ

though an explicit formula was not given in [1]. As usual,
the Legendre transform implies the constitutive relations

E⃗ ¼ ∂H
∂D⃗ ; H⃗ ¼ ∂H

∂B⃗ ;

D⃗ ¼ ∂L
∂E⃗ ; H⃗ ¼ −

∂L
∂B⃗ ; ð2:4Þ

and, in terms of E⃗, D⃗, B⃗, H⃗, the equations of motion take
the form of the equations of motion inside a material (in the

presence of sources, in ∇⃗ · D⃗ ¼ ρext=ϵ0 we obtain only the
external charge, delta function sources, introduced as an

extra term in the Lagrangian, whereas in ∇⃗ · E⃗ ¼ ρ=ϵ0 we
also obtain charges due to the polarization of the material,
or in this case, of the vacuum, so the charge density is
spread out)

∇⃗ × E⃗ ¼ −
1

c
∂tB⃗; ∇⃗ · B⃗ ¼ 0;

∇⃗ × H⃗ ¼ 1

c
∂tD⃗; ∇⃗ · D⃗ ¼ 0: ð2:5Þ

In [1], it is also shown that conditions for conformal
invariance are

E⃗ × H⃗ ¼ D⃗ × B⃗; D⃗ · E⃗þ B⃗ · H⃗ ¼ 2H; ð2:6Þ

while a condition for duality is

E⃗ · B⃗ ¼ D⃗ · H⃗: ð2:7Þ

In the Appendix we quickly review the case of the BI
action, that we will be generalizing here.

A. ModMax theory

The conformal and duality invariant ModMax theory
is obtained from the low energy, or T → ∞, limit of the
general theory (2.1), so

Hðγ; D⃗; B⃗Þ ¼ s cosh γ − sinh γ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 − p2

q
: ð2:8Þ

In this case also the Legendre transform can be made
explicitly, as was done in [1], and the result is the Lorentz
invariant Lagrangian

LModMaxðγ; E⃗; B⃗Þ ¼ cosh γSþ sinh γ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2 þ P2

p
; ð2:9Þ

where we have defined the quantities S and P as in [1],

S ¼ E⃗2 − B⃗2

2
¼ −

1

4
FμνFμν ¼ −

b2F
2

P ¼ E⃗ · B⃗ ¼ −
1

4
FμνF̃μν ¼ b2G; ð2:10Þ

and we have also related to the quantities F and G defined
for the BI electromagnetism (see the Appendix).

B. Lagrangian for the general theory

For the general theory (2.1), we calculate

E⃗ ¼ ∂H
∂D⃗ ¼

T
h
cosh γD⃗ − sinh γffiffiffiffiffiffiffiffiffi

s2−p2
p

�
sD⃗ − ðD⃗B⃗2 − B⃗ðB⃗ · D⃗ÞÞ

�i
þ D⃗B⃗2 − B⃗ðB⃗ · D⃗Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

T2 þ 2T
�
cosh γs − sinh γ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 − p2

p �
þ p2

r ; ð2:11Þ

and then

LðT; γ; E⃗; B⃗Þ ¼ D⃗ · E⃗ −HðT; γ; E⃗; B⃗Þ

¼ T þ
−T2 þ T

h
− cosh γB⃗2 − sinh γ sB⃗2þp2ffiffiffiffiffiffiffiffiffi

s2−p2
p

i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 2T

�
cosh γs − sinh γ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 − p2

p �
þ p2

r ; ð2:12Þ

but this has to be rewritten in terms of E⃗, B⃗.
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A natural guess for that is

L ¼ T −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 − 2T

�
S cosh γ þ sinh γ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2 þ P2

p �
− P2

r

¼ T
h
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ F cosh γ − sinh γ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F2 þ 4G2

p
−G2

q i

¼ T

2
641 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ B⃗2 − E⃗2

T
cosh γ − sinh γ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðB⃗2 − E⃗2Þ2

T2
þ 4ðB⃗ · E⃗Þ2

T2

s
−
ðB⃗ · E⃗Þ2

T2

vuut
3
75: ð2:13Þ

In the expansion of the above, the T-independent terms are definitely correct, since the small-field (or T → ∞) limit gives
the ModMax theory, but the next-order terms could in principle not be. However, at least its γ ¼ 0 limit is correct, since then
we must obtain the BI theory. It is too complicated to check the correctness of the above ansatz directly, however.
Instead, we must use indirect methods to prove it, as we will shortly do.
Actually, the Lagrangian (2.13), corresponding to the Hamiltonian (2.1), was also found already in [4], via yet another

indirect method.2

We can also calculate back the Hamiltonian of this Lagrangian (i.e., assuming the Lagrangian is correct, find the D⃗, H⃗
and H from it), via first obtaining from (2.13) that

H⃗ ¼ −
∂L
∂B⃗ ¼

T
h
B⃗
�
cosh γ þ S sinh γffiffiffiffiffiffiffiffiffiffi

S2þP2
p

�
− E⃗P

�
1
T þ sinh γffiffiffiffiffiffiffiffiffiffi

S2þP2
p

�i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 − 2TðS cosh γ þ sinh γ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2 þ P2

p
Þ − P2

q ;

D⃗ ¼ ∂L
∂E⃗ ¼

T
h
E⃗
�
cosh γ þ S sinh γffiffiffiffiffiffiffiffiffiffi

S2þP2
p

�
þ B⃗P

�
1
T þ sinh γffiffiffiffiffiffiffiffiffiffi

S2þP2
p

�i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 − 2TðS cosh γ þ sinh γ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2 þP2

p
Þ− P2

q ;

ð2:14Þ
and then

H ¼ E⃗ · D⃗ − L ¼ −T

þ
T

(
1þ B⃗2

T cosh γ þ sinh γ

T2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðB⃗2−E⃗2Þ2

T2
þ4

ðB⃗·E⃗Þ2
T2

q h
−B⃗2ðB⃗2 − E⃗2Þ − 2ðE⃗ · B⃗Þ2

i)
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ B⃗2−E⃗2

T cosh γ − sinh γ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðB⃗2−E⃗2Þ2

T2 þ 4ðB⃗·E⃗Þ2
T2

q
− ðB⃗·E⃗Þ2

T2

r

¼ −T þ
T
h
T þ cosh γB⃗2 þ sinh γffiffiffiffiffiffiffiffiffiffi

S2þP2
p ðSB⃗2 − P2Þ − P2

T

i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 − 2TðS cosh γ þ sinh γ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2 þ P2

p
Þ − P2

q : ð2:15Þ

The original Hamiltonian (2.1) satisfies the duality condition

E⃗ · B⃗ ¼ D⃗ · H⃗; ð2:16Þ

and the condition (needed for conformal invariance of the model, so only in the ModMax T → ∞ limit)

E⃗ × H⃗ ¼ D⃗ × B⃗; ð2:17Þ

while the condition for conformal invariance

2A fact that I realized only recently, shortly before finishing this paper.
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D⃗ · E⃗þ B⃗ · H⃗ ¼ 2H; ð2:18Þ

is satisfied only in the T → ∞ limit.
Indeed, we can check that, in terms of the Hamiltonian variables, B⃗ and D⃗, we have

E⃗ ¼ ∂H
∂D⃗ ¼

T
h
cosh γD⃗ − sinh γffiffiffiffiffiffiffiffiffi

s2−p2
p

�
D⃗s − ðD⃗B⃗2 − B⃗ðB⃗ · D⃗ÞÞ

�i
þ D⃗B⃗2 − B⃗ðB⃗ · D⃗Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

T2 þ 2Tðs cosh γ − sinh γ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 − p2

p
Þ þ p2

q ;

H⃗ ¼ ∂H
∂B⃗ ¼

T
h
cosh γB⃗ − sinh γffiffiffiffiffiffiffiffiffi

s2−p2
p

�
B⃗s − ðB⃗D⃗2 − D⃗ðB⃗ · D⃗ÞÞ

�i
þ B⃗D⃗2 − D⃗ðB⃗ · D⃗Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

T2 þ 2Tðs cosh γ − sinh γ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 − p2

p
Þ þ p2

q ; ð2:19Þ

so that

E⃗ · B⃗ ¼ D⃗ · H⃗ ¼ B⃗ · D⃗
cosh γ − sinh γsffiffiffiffiffiffiffiffiffi

s2−p2
pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

T2 þ 2Tðs cosh γ − sinh γ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 − p2

p
Þ þ p2

q ;

E⃗ × H⃗ ¼ D⃗ × B⃗; ð2:20Þ

and moreover

D⃗ · E⃗ ¼
T
h
D⃗2

�
cosh γ − s sinh γffiffiffiffiffiffiffiffiffi

s2−p2
p

�
þ p2

�
1
T þ sinh γffiffiffiffiffiffiffiffiffi

s2−p2
p

�i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 2Tðs cosh γ − sinh γ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 − p2

p
Þ þ p2

q ;

B⃗ · H⃗ ¼
T
h
B⃗2

�
cosh γ − s sinh γffiffiffiffiffiffiffiffiffi

s2−p2
p

�
þ p2

�
1
T þ sinh γffiffiffiffiffiffiffiffiffi

s2−p2
p

�i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 2Tðs cosh γ − sinh γ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 − p2

p
Þ þ p2

q ; ð2:21Þ

so that

D⃗ · E⃗þ B⃗ · H⃗ ¼
2T

h
s cosh γ − sinh γ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 − p2

p
þ p2

T

i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ 2Tðs cosh γ − sinh γ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 − p2

p
Þ þ p2

q : ð2:22Þ

We see that the right-hand side equals 2H only in the T → ∞ limit, i.e., only for the ModMax theory (this is expected,
since only then the theory is conformal).
But then, the above gives us a way to check the correctness of the ansatz (2.13) for the Lagrangian, namely that it should

satisfy the same relations (and then the uniqueness of the theory, as stated in the original paper, ensures that we have the
right result).
From (2.14), we obtain

E⃗ × H⃗ ¼ D⃗ × B⃗ ¼ E⃗ × B⃗
T
�
cosh γ þ S sinh γffiffiffiffiffiffiffiffiffiffi

S2þP2
p

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 − 2TðS cosh γ þ sinh γ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2 þ P2

p
Þ − P2

q ;

D⃗ · H⃗ ¼ E⃗ · B⃗; ð2:23Þ

and moreover
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E⃗ · D⃗ ¼
T
h
E⃗2

�
cosh γ þ S sinh γffiffiffiffiffiffiffiffiffiffi

S2þP2
p

�
þ P2

�
1
T þ sinh γffiffiffiffiffiffiffiffiffiffi

S2þP2
p

�i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 − 2TðS cosh γ þ sinh γ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2 þ P2

p
Þ − P2

q ;

B⃗ · H⃗ ¼
T
h
B⃗2

�
cosh γ þ S sinh γffiffiffiffiffiffiffiffiffiffi

S2þP2
p

�
− P2

�
1
T þ sinh γffiffiffiffiffiffiffiffiffiffi

S2þP2
p

�i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 − 2TðS cosh γ þ sinh γ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2 þ P2

p
Þ − P2

q ;

ð2:24Þ

so that

E⃗ · D⃗þ B⃗ · H⃗

¼ 2

TS
�
cosh γþ S sinh γffiffiffiffiffiffiffiffiffiffi

S2þP2
p

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 − 2TðS cosh γþ sinh γ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2 þP2

p
Þ−P2

q ; ð2:25Þ

and the right-hand side is different than (2.15), except in the
T → ∞ case, or ModMax case, in which it matches, as it
should.

III. LORENTZ INVARIANT THEORY: COUPLING
TO A SCALAR AND BION AND CATENOID

SOLUTIONS

We would like to couple the above general model, with
the Hamiltonian (2.1) and the Lagrangian (2.13) to a scalar
field, and find its nonmagnetic static solutions. As we have
previewed, we will find that the same solutions at γ ¼ 0 (for

the DBI case) are still valid, so we will review the way they
are obtained first.

A. DBI Lagrangian and BIon and catenoid solutions

In the case of the BI Lagrangian, coupling to scalars was
easy, and it led to the DBI Lagrangian. Noting that the
Lagrangian can be rewritten as

LBIðb; E⃗; B⃗Þ ¼ b2
�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det

�
ημν þ

Fμν

b

�s �
; ð3:1Þ

the Lorentz invariant coupling is simple, and it leads to

LDBIðb;Fμν; XÞ ¼ b2
�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det

�
ημν þ

∂μX∂νX

b2
þ Fμν

b

�s �
;

ð3:2Þ

which moreover, was found to the action for a D3-brane in
string theory moving in flat 5 dimensions, with X=b the
transverse position of the brane, and Aμ the open string field
on the brane.
Note that the above form of the DBI action is the unique,

explicitly Lorentz invariant, form. Unlike the X ¼ 0 case,
we cannot reexpress it in terms of the invariants F and G,
and the invariant X̃ ¼ ð∂μXÞ2=b2.
The most one can say in the DBI case is that, for B⃗ ¼ 0,

we can rewrite it as [19]

LDBIðb; E⃗; XÞ ¼ b2
�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1 −

E⃗2

b2

��
1 −

ð∇⃗XÞ2
b2

�
þ ðE⃗ · ∇⃗XÞ2

b4
−

_X2

b2

s �
: ð3:3Þ

The momenta for A⃗ and X, respectively, in this case are found to be (in the A0 ¼ 0 gauge)

Π⃗ ¼ ∂L
∂E⃗ ¼

E⃗
�
1þ ð∇⃗XÞ2

b2

�
− ∇⃗X E⃗·∇⃗X

b2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1 − E⃗2

b2

��
1 − ð∇⃗XÞ2

b2

�
þ ðE⃗·∇⃗XÞ2

b4 − _X2

b2

r ≡ “D⃗ðE⃗; XÞ”;

P ¼ ∂L
∂ _X

¼
_Xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�

1 − E⃗2

b2

��
1 − ð∇⃗XÞ2

b2

�
þ ðE⃗·∇⃗XÞ2

b4 − _X2

b2

r ; ð3:4Þ

(we see that Π⃗ is a generalization, in the presence of X, of D⃗) so the Hamiltonian becomes

HDBIðb; Π⃗; P; ∇⃗XÞ ¼ b2
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�

1þ ð∇⃗XÞ2
b2

��
1þ P2

b2

�
þ Π⃗2

b2
þ ðΠ⃗ · ∇⃗XÞ2

b4

s
− 1

�
; ð3:5Þ

subject to the Gauss constraint ∇⃗ · Π⃗ ¼ 0, due to the absence of the A0 canonical momentum, as usual.
The static equation for X, obtained by varying the above Hamiltonian with respect to X, after putting P ¼ 0 and

∇⃗ · Π⃗ ¼ 0, is
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∇⃗ ·

2
64 ∇⃗X þ Π⃗ ∇⃗X·Π⃗

b2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð∇⃗XÞ2

b2 þ Π⃗2

b2 þ
ðΠ⃗·∇⃗XÞ2

b4

q
3
75

¼ ∇⃗ ·

2
64 ∇⃗X

�
1 − E⃗2

b2

�
þ E⃗ E⃗·∇⃗X

b2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1 − E⃗2

b2

��
1þ ð∇⃗XÞ2

b2

�
þ ðE⃗·∇⃗XÞ2

b4

r
3
75 ¼ 0: ð3:6Þ

Static solutions without magnetic fields need only solve

the above equation and the constraint ∇⃗ · Π⃗ ¼ 0. We have
(see [20,21] for a review of these solutions),
(1) The BPS (extremal) BIon, corresponding in the

string picture to a fundamental string attached to
the D-brane, sourced by an electric field charge on
the D-brane. This is obtained by putting (writing the
sum of extremal BIons, which is also a solution, due
to the BPS nature of it)

Π⃗ ¼ ∇⃗X ¼ ∇⃗Λ; Λ ¼
X
i

qi
jr⃗ − r⃗ij

⇒

X ¼
X
i

qi
jr⃗ − r⃗ij

; E⃗ ¼ ∇⃗X: ð3:7Þ

It is easy to see that it is a solution to both the
constraint and (3.6). Its energy linearizes, and is

E ¼
Z

d3xð∇⃗ΛÞ2; ð3:8Þ

and gives rise to a finite energy.
(2) The usual BIon solution of Born and Infeld, with

X ¼ 0, and E⃗ ¼ −∇⃗ϕ, and

ϕ ¼ C
Z

∞

r

dxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2b2 þ x4

p ; ð3:9Þ

which becomes ϕ → C
r at r → ∞. This solution has

also a finite energy, which was identified by Born and
Infeld with the energy of a nondivergent electron.

(3) The “catenoid” solution, describing one half of a
D-brane–anti-D-brane bridge, with E⃗ ¼ 0 and

X ¼ C̃
Z

∞

r

dxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x4 − b2C̃2

p ; ð3:10Þ

and also becomes X → C̃
r at r → ∞. This has a

“horizon” (where we glue to another solution) at

r0 ¼
ffiffiffiffiffiffi
bC̃

p
, where F⃗≡ ∇⃗X diverges, though X does

not, so the solution makes sense only for r > r0.
The most general static spherically symmetric solution is

obtained by writing in this case the constraint ∇⃗ · Π⃗ ¼ 0
and the equation of motion (3.6), which become

d
dr

2
64 r2ϕ0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − ϕ02
b2 þ X02

b2

q
3
75 ¼ 0;

d
dr

2
64 r2X0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − ϕ02
b2 þ X02

b2

q
3
75 ¼ 0;

ð3:11Þ

which can be integrated with integration constants C and C̃,
respectively, leading to the most general solution

ϕ ¼ C
Z

∞

r

dxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x4 þ b2ðC2 − C̃2Þ

q ;

X ¼ C̃
Z

∞

r

dxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x4 þ b2ðC2 − C̃2Þ

q : ð3:12Þ

We see that C2 < C̃2 gives a catenoidlike solution, with
C ¼ 0 giving the catenoid, C2 > C̃2 gives a BIon-like
solution, with C̃ ¼ 0 being the BIon, and C ¼ C̃ gives the
BPS BIon solution corresponding to the fundamental string
ending on the D-brane.

B. Lorentz invariant theory and coupling to a scalar

In order to couple to a scalar, we must write a Lorentz
invariant form of the action, but as we saw in the DBI case,
that is only possible if we have it in a determinant-type
form. Otherwise, if we try to rewrite it in terms of the
Lorentz invariants F and G, that fails once the scalar is
introduced. Then, the thing we expect to have inside the
square root would be of the form

det

�
ημν þ αðF; F̃ÞFμν

b
þ βðF; F̃Þ F̃μν

b

�

¼ det

�
ημν þ αðF; F̃ÞFμν

b
þ βðF; F̃Þ

2
ϵμνρσ

Fρσ

b

�
; ð3:13Þ

i.e., starting with the standard BI action, replace

Fμν → αðF; F̃ÞFμν þ βðF; F̃ÞF̃μν; ð3:14Þ

which gives rise to the change [in terms of A ¼ FμνFμν

and B ¼ FμνF̃μν, or more precisely F ¼ A=ð2b2Þ and
G ¼ −B=ð4b2Þ]

F → ðα2 − β2ÞF − 4αβG; G → ðα2 − β2ÞGþ αβF:

ð3:15Þ

But given that the determinant in the BI action gives

1þ F −G2; ð3:16Þ

and it is supposed to (we want it to) get modified into
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1þ F cosh γ − sinh γ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F2 þ 4G2

p
−G2; ð3:17Þ

we obtain two equations for two unknowns, α and β,

ðα2 − β2ÞF − 4αβG ¼ cosh γF − sinh γ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F2 þ 4G2

p
ðα2 − β2ÞGþ αβF ¼ �G: ð3:18Þ

To solve them, define

a≡ α2 − β2; b≡ αβ; ð3:19Þ

and first write a ¼ 1 − bF=G, then find

ðαþ βÞ2 − ðα − βÞ2
4

¼ αβ ¼ b ¼ FG
F2 þ 4G2

ð1 − cosh γÞ þ sinh γ
Gffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

F2 þ 4G2
p ;

ðαþ βÞðα − βÞ ¼ α2 − β2 ¼ a ¼ 1 −
F2

F2 þ 4G2
ð1 − cosh γÞ − sinh γ

Fffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F2 þ 4G2

p : ð3:20Þ

We want to avoid singularities in both the G ¼ 0 case
(for instance, for B⃗ ¼ 0), and F ¼ 0 case (null, for instance
electromagnetic wave).
Indeed, for G ¼ 0 (and F ≠ 0), we have a ¼ e−γ; b ¼ 0,

so

α ¼ e−2γ; β ¼ 0: ð3:21Þ

Also, for F ¼ 0 (and G ≠ 0), we have b ¼ 1
2
sinh γ;

a ¼ 1, giving

α ¼ cosh
γ

2
; β ¼ sinh

γ

2
: ð3:22Þ

The only potential singularity is for the case F ¼ G ¼ 0,
just like for the limit ModMax theory.
Finally, coupling to the scalar is done in the usual way

for the DBI action, assuming that that the scalar X part is
not modified, so

LðX;FμνÞ ¼ b2
�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det

�
ημν þ

∂μX∂νX

b2
þ αðF;GÞFμν

b
þ βðF;GÞ F̃μν

b

�s �
: ð3:23Þ

Since inside the square root we obtain 1þ ð∂μXÞ2=b2 þ
F terms, when taking the large T ¼ b2 limit, we obtain only
a free scalar action, − 1

2
ð∂μXÞ2, added to the ModMax

theory, so it is not so interesting.
It is much more interesting (meaning, we have inter-

actions to between the scalar and gauge fields), if we keep
T finite, so that is what we will consider next.

C. Static solutions with no magnetic field

Since we are interested in solutions at B⃗ ¼ 0, consider
B⃗ ¼ 0 in the Lagrangian (2.13), giving

L ¼ T

�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

eγ

T
E⃗2

r �
; ð3:24Þ

which by the way is consistent with the fact that when
B⃗ ¼ 0, the Hamiltonian (2.1) becomes (then
p ¼ 0; 2s ¼ D⃗2)

H ¼ T

2
64

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ D⃗2

Teγ

s
− 1

3
75: ð3:25Þ

Then (since up to the eγ term, this is the same as in the
DBI case) it follows that we can use the same logic as in the
DBI case, and say that, in the A0 ¼ 0 gauge, we have the
equation of motion reducing to

∇⃗ · D⃗ ¼ 0; ð3:26Þ

or rather delta function sources on the right-hand side,
which is solved as usual by

D⃗ ¼ ∇⃗ q
jx⃗ − x⃗0j

; ð3:27Þ

except now there are some factors of eγ in the relation
between E⃗ and D⃗,
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E⃗ ¼ ∂H
∂D⃗ ¼ D⃗

eγ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ D⃗2

Teγ

q ¼ e−γ
D⃗ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ D⃗2

T̃

q : ð3:28Þ

We can then add X directly in the Hamiltonian at B⃗ ¼ 0,
and obtain (T̃ ¼ eγT)

HðΠ⃗;P;XÞ

¼e−γT̃

" ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1þð∇⃗XÞ2

T̃

��
1þP2

T̃

�
þ Π⃗2

T̃
þðΠ⃗ ·∇⃗XÞ2

T̃2

s
−1

#
:

ð3:29Þ

Then the static solutions at B⃗ ¼ 0 are the same ones as
for the usual DBI case, just rescaled by e−γ; namely,
(b̃2 ¼ T̃) in the most general case

ϕ ¼ e−γC
Z

∞

r

dxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x4 þ b̃2ðC2 − C̃2Þ

q ;

X ¼ e−γC̃
Z

∞

r

dxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x4 þ b̃2ðC2 − C̃2Þ

q ; ð3:30Þ

E⃗ ¼ −∇⃗ϕ, with C ¼ 0 giving the catenoid, C̃ ¼ 0 the
BIon, and C ¼ C̃ the extremal BIon.

D. Knotted solutions to precursor of ModMax

Maxwell’s equations in vacuum have solutions with
nonzero helicities

Hmm ¼
Z

d3xϵijkAi∂jAk;

Hee ¼
Z

d3xϵijkCi∂jCk;

Hem ¼
Z

d3xϵijkCi∂jAk;

Hme ¼
Z

d3xϵijkAi∂jCk; ð3:31Þ

where B⃗ ¼ ∇⃗ × A⃗ and E⃗ ¼ ∇⃗ × C⃗, with nonzero Hopf
index, and perhaps knotted (with nonzero linking num-
bers). The basic Hopfion (time-dependent) solution was
found in Bateman’s formalism [25], via the ansatz

F⃗≡ E⃗þ iB⃗ ¼ ∇⃗α × ∇⃗β; ð3:32Þ

where α and β are specific complex functions of spacetime
variables,

α ¼ A − 1þ iz
Aþ it

; β ¼ x − iy
Aþ it

;

A ¼ 1

2
ðx2 þ y2 þ z2 − t2 þ 1Þ; ð3:33Þ

and ðp; qÞ-knotted solutions are obtained by the replace-
ment α → αp, β → βq, or by using acting on a plane wave
(unknotted) solution with conformal symmetry transfor-
mations with complex instead of real parameters [26]. The
Hopfion and knotted Hopfion solution have F ¼ G ¼ 0
and, since

∂tHmm ¼ −2
Z

d3xE⃗ · B⃗ ¼ ∂tHee

∂tHme ¼ −
Z

d3xðE⃗2 − B⃗2Þ ¼ −∂tHem; ð3:34Þ

all the helicities are conserved on the solution.
More general solutions were found by Rañada [23,24].

One set of solutions have G ¼ 0 (E⃗ · B⃗ ¼ 0), but F
arbitrary (E⃗2 − B⃗2 ≠ 0), so have only Hee and Hmm
conserved on the solution, and are given by

B⃗ðr⃗; tÞ ¼ gðϕ; ϕ̄Þ∇⃗ϕ × ∇⃗ ϕ̄;

E⃗ðr⃗; tÞ ¼ g0ðθ; θ̄Þ∇⃗θ × ∇⃗ θ̄;

gðϕ; ϕ̄Þ ¼
ffiffiffi
a

p
2πi

1

ð1þ ϕ̄ϕÞ2 ; g0ðθ; θ̄Þ ¼
ffiffiffi
a

p
2πi

1

ð1þ θ̄θÞ2 ;

ð3:35Þ

satisfy ∂ ½μFνρ� ¼ 0, and can be rewritten in terms of real
functions p, q, u, v (defined only on patches in whole
space) as

B⃗ ¼ ∇⃗p × ∇⃗q; p ¼ 1

1þ jϕj2 ; q ¼ argðϕÞ
2π

;

E⃗ ¼ ∇⃗u × ∇⃗v; u ¼ 1

1þ jθj2 ; v ¼ argðθÞ
2π

: ð3:36Þ

There is also another set of solutions, with both F ≠ 0

and G ≠ 0 (E⃗2 − B⃗2 ≠ 0 and E⃗ · B⃗ ≠ 0) found implicitly
(no explicit form is given, only a condition on the form at
time t ¼ 0) from the Rañada construction in [27], but we
are not interested in them here. In [15] there was a direct
construction for deformed Rañada type solutions for the
ModMax theory, that reduce to the Rañada solutions
at γ ¼ 0.
However, in [28,29], the following observation was

made. Since the equations of motion of the nonlinear
electromagnetic theory written in terms of F and G can
be put into the form of the Maxwell equations in a medium,
(in terms of E⃗, B⃗, D⃗, H⃗) as in (2.5), all we need to do is
ensure that
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H⃗ ¼ −
∂L
∂B⃗ ¼ B⃗þOðF;GÞ; D⃗ ¼ ∂L

∂E⃗ ¼ E⃗þOðF;GÞ;

ð3:37Þ

for the same Bateman solutions with F ¼ G ¼ 0 to be still
valid. That is satisfied for a Lagrangian that admits a Taylor
expansion around F ¼ G ¼ 0 and reduces to Maxwell in
the small field limit, i.e.,

LðF;GÞ ¼ b2
�
−
F
2
þ
X
n≥2

X
m≥0

cn;mFnGm

�
: ð3:38Þ

In particular, this is applied to the BI theory, for which
b2½1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ F −G2

p
� can be expanded as above.

In the case of the ModMax theory, however, the limit
ðF;GÞ → ð0; 0Þ is singular because of the square root, so
the above seems not to hold. However, in this case of the
ModMax theory, we observe that we have

LðF;GÞ ¼ −
Fb2

2
cosh γ þ sinh γ

2
fðF2; G2Þ; LðF;G ¼ 0Þ ¼ −

Fb2

2
eγ ⇒

H⃗ðG ¼ 0Þ ¼ eγB⃗; D⃗ðG ¼ 0Þ ¼ eγE⃗: ð3:39Þ

The factors of eγ in H⃗ and D⃗ can be reabsorbed in a
trivial redefinition, in order to obtain the same equations of
motion as in vacuum, since classically a multiplicative
constant in front of the Lagrangian is irrelevant.
That means that the Rañada solutions (3.35) are still

valid for the ModMax theory. When going from ModMax
to its precursor (2.13), the same logic as [28,29], described
above, for going from Maxwell to BI, still applies. Namely,
the expanded Lagrangian is now

LðF;GÞ ¼ ModMaxðF;GÞ
þ
X
n≥2

X
m≥0

cn;m½ModMaxðF;GÞ�nG2m; ð3:40Þ

and so again, it leads to (3.39), hence the Rañada solutions
with G ¼ 0, F ≠ 0, (3.35) are still valid.

IV. CONCLUSIONS

In this paper, I have shown how to couple the precursor
to the ModMax model to scalars, by writing it in a square
root of determinant form, similar to the DBI action. For
static solutions in the absence of magnetic fields, the action
is the same as in the DBI case, which led to the same
solutions still being valid; the supersymmetric (BPS) BIon,
the original BIon, and the catenoid, as well as all the
general solutions in between. I have also shown that the
Rañada knotted solutions with F ≠ 0, G ¼ 0, are still
solutions of both the ModMax theory and its precursor
(and, of course, the full action with scalars, of which that is
a consistent truncation, as the action contains only terms
which are quadratic in scalars).
An important question remains; can one still understand

this precursor to the ModMax model somehow in string
theory, as a modification of the original DBI brane action?
The answer is not clear, since the form we wrote for the
action had some nontrivial scalar coefficients, α and β,
depending on the Lorentz invariants F and G (or A and B)

made from the electromagnetic field, and it is not clear
under what conditions these could be obtained.
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APPENDIX: QUICK REVIEW OF BI
ELECTRODYNAMICS

The Born-Infeld theory of electromagnetism [3] is
obtained for γ ¼ 0 in (2.1), so it is worth reviewing what
happens in this case, in terms of the formalism above, in
order to generalize it.
The Lagrangian is

Lðb; E⃗; B⃗Þ ¼ b2
h
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ F −G2

p i
; ðA1Þ

where

F ¼ 1

b2
ðB⃗2 − E⃗2Þ ¼ 1

2b2
FμνFμν;

G ¼ 1

b2
E⃗ · B⃗ ¼ −

1

4b2
FμνF̃μν; ðA2Þ

with F̃μν ¼ 1
2
ϵμνρσFρσ.

The constitutive relations become

H⃗ ¼ −
∂L
∂B⃗ ¼ B⃗ −GE⃗ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ F −G2
p ; D⃗ ¼ ∂L

∂E⃗ ¼ E⃗þ GB⃗ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ F −G2

p :

ðA3Þ

COUPLING THE PRECURSOR OF THE MOST GENERAL THEORY … PHYS. REV. D 105, 105024 (2022)

105024-9



Then the Hamiltonian is

H ¼ E⃗ D⃗−L ¼ b2
"

1þ B⃗2

b2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ B⃗2−E⃗2

b2 − ðB⃗·E⃗b2 Þ
2

q − 1

#
; ðA4Þ

but it needs to be reexpressed in terms of D⃗, B⃗, where D⃗ is
now explicitly

D⃗ ¼
E⃗þ B⃗

�
E⃗·B⃗
b2

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ B⃗2−E⃗2

b2 −
�
B⃗·E⃗
b2

�
2

r ; ðA5Þ

and we can thus calculate

2s ¼ D⃗2 þ B⃗2 ¼
E⃗2 þ B⃗2

�
1þ B⃗2−E⃗2

b2

�
þ 2

ðE⃗·B⃗Þ2
b2

1þ B⃗2−E⃗2

b2 −
�
B⃗·E⃗
b2

�
2

;

p2 ¼ D⃗2B⃗2 − ðB⃗ · D⃗Þ2 ¼ E⃗2B⃗2 − ðE⃗·B⃗Þ2
b2

1þ B⃗2−E⃗2

b2 −
�
B⃗·E⃗
b2

�
2
; ðA6Þ

which allows us to check that

Hðb; D⃗; B⃗Þ ¼ b2
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2s
b2

þ p2

b4

s
− 1

�

¼ b2
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ D⃗2 þ B⃗2

b2
þ D⃗2B⃗2 − ðD⃗ · B⃗Þ2

b4

s
− 1

�
:

ðA7Þ

We now note, by comparing with the γ ¼ 0 limit of (2.1),
that we have T ¼ b2.
We can also, reversely, calculate

E⃗ ¼ ∂Hðb; B⃗; D⃗Þ
∂D⃗ ¼ D⃗þ D⃗B⃗2−B⃗ðD⃗·B⃗Þ

b2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ D⃗2þB⃗2

b2 þ D⃗2B⃗2−ðB⃗·D⃗Þ2
b4

q ; ðA8Þ

and then

Lðb; E⃗; B⃗Þ ¼ D⃗ · E⃗ −Hðb; D⃗; B⃗Þ

¼ b2

2
641 − 1þ B⃗2

b2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ D⃗2þB⃗2

b2 þ D⃗2B⃗2−ðB⃗·D⃗Þ2
b4

q
3
75; ðA9Þ

and then we can check that we can rewrite it in terms of E⃗,
D⃗ as in (A1).
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