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We consider dynamics of the massive minimally coupled scalar field theory in an expanding Friedmann-
Lemaître-Robertson-Walker universe. We consider the standard toy model of the conformally flat space-
time where the conformal factor becomes constant at the distant past and the distant future. Employing the
Schwinger-Keldysh diagrammatic technique, we compute infrared loop corrections to the occupation
number and anomalous quantum average of the scalar field and show that these corrections are growing
with time. Using these observations, we demonstrate that the regularized stress-energy tensor at the distant
future acquires substantial quantum corrections which exceed the long known tree-level contributions to
the particle flux.
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I. INTRODUCTION

In this paper we consider massive minimally coupled
scalar quantum field theory in an expanding Friedmann-
Lemaître-Robertson-Walker universe. For simplicity we
mostly consider two-dimensional situation, but also briefly
discuss the situation in higher dimensions in the Appendix.
(In higher dimensions the situation appears to be very
similar.) The universe that we consider has the expanding
geometry, which is sandwiched between flat space-time
regions at past and future infinities. Namely the conformal
factor of the metric continuously changes from one con-
stant in the remote past to another constant in the remote
future. Due to such a geometry of space-time there is a
particle creation. Namely in the Gaussian approximation,
i.e., for the fields without self-interactions, this model was
extensively studied long ago and the particle creation was
rate was calculated in [1,2].
The aim of this paper is to investigate the behavior of

self-interacting fields in this background. We consider
massive scalar field theory with λϕ4 self-interaction.
Based on the intuition gained by the previous work of
our group we expect that loop corrections to the stress-
energy fluxes will grow with time and overcome the tree-
level contribution [3]. That is due to strong infrared (secular
or memory) corrections, which appear even for massive
fields due to nonstationary situation in the system under

consideration, which is caused by the time-dependent
metric. In fact, below we find that the stress-energy flux
which was found in [1,2] receives strong (growing with
time or secular) loop corrections.
Secularly growing loop corrections occur in various

strong backgrounds and the character of the secular growth
is sensitive to the choice of the background geometry and to
the choice of the initial state and even the Cauchy surface.
In fact, one encounters such a phenomenon in cosmological
backgrounds [4,5] in the black hole collapse background
[6], in strong electric field backgrounds [7,8], in the
backgrounds of moving mirrors [9–11] and even in scalar
field backgrounds [12,13]. There is an evidence that secular
growth of loop corrections in nonstationary situations or in
background fields is quite a generic phenomenon [3] (see,
however, [14–17] for some specific situations).
Concretely in this paper we calculate loop corrections to

the two point correlation functions and extract from them
corrections to the occupation (or level population) numbers
Tr½ρ̂aþq⃗ aq⃗0 � and to the anomalous quantum averages (or
anomalous expectation values) Tr½ρ̂aq⃗aq⃗0 �. (Here ρ̂ is a
density matrix characterizing the state of the theory, aþq⃗
and aq⃗ are creation and annihilation operators in the theory
and the trace “Tr” is taken over the Fock space of the theory.)
Thenwe investigate how the regularized stress-energy tensor
changes due to the quantum loop generation of the level
population and anomalous expectation value. We find that
loop corrections to the latter quantities grow as the average
time of the two-point functions is taken to the future infinity.
The structure of the paper is as follows: in Sec. II we

describe the background geometry, define modes, and
construct propagators for the Schwinger-Keldysh diagram-
matic technique for generic spatially homogeneous states.
In Sec. III we compute infrared loop corrections to the
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occupation number and anomalous quantum average and
demonstrate that np and κp acquire growing with time
corrections. In the concluding section we calculate the
regularized stress-energy tensor and find contributions to
it due to the self-interaction of the field. In the Appendix, we
discuss some issues concerning the generalization of our
considerations to higher dimensions.

II. SETUP FOR THE PROBLEM

A. Space-time geometry and modes

We consider expanding universe with the following
metric

ds2 ¼ CðηÞðdη2 − dx2Þ; ð1Þ

where the conformal factor is given by [1,2]:

CðηÞ ¼ Aþ B tanhðρηÞ; ð2Þ

with some positive constants A > B, and ρ. In the main text
of this paper we consider the two-dimensional situation (to
highlight its peculiarities) and then extend it to any
dimensional case in the Appendix. The situation in higher
dimensions is not very much different.
We consider massive minimally coupled scalar field on

this gravitational background with the action given by

S ¼
Z

d2x
ffiffiffiffiffiffi
−g

p �
1

2
ð∂μϕÞ2 −

m2

2
ϕ2 −

λ

4!
ϕ4

�
: ð3Þ

As the background geometry is spatially homogeneous, it is
convenient to separate the variables as:

ukðη; xÞ ¼ eikxgkðηÞ: ð4Þ

Then, for a free field the equation for the temporal part of
the mode function is

d2

dη2
gkðηÞ þ ½k2 þ CðηÞm2�gkðηÞ ¼ 0: ð5Þ

Among all possible solutions of the equation above one
distinguishes the in-modes that are given by

uink ðη;xÞ¼ ð4πωinÞ−1
2eikx−iωþη−i

ω−
ρ log½2coshðρηÞ�

×F

�
1þ iω−

ρ
;
iω−

ρ
;1−

iωin

ρ
;
1þ tanhðρηÞ

2

�
; ð6Þ

where Fða; b; c; zÞ is the Gaussian hypergeometric func-
tion and

ωinðkÞ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2þm2ðA−BÞ

q
;

ωoutðkÞ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2þm2ðAþBÞ

q
; and ω�¼1

2
ðωout�ωinÞ: ð7Þ

Using transformation formulas for the hypergeometric
function, one can show that the in-modes (6) have the
following asymptotics

uink ðη; xÞ ¼ eikxgink ðηÞ ≈
( 1ffiffiffiffiffiffiffiffi

4πωin
p eikx−iωinη; as η → −∞

1ffiffiffiffiffiffiffiffi
4πωin

p eikx½αðkÞe−iωoutη þ βðkÞeiωoutη�; as η → þ∞;
ð8Þ

where

αðkÞ ¼ Γð1 − iωin=ρÞΓð−iωout=ρÞ
Γð−iωþ=ρÞΓð1 − iωþ=ρÞ

;

βðkÞ ¼ Γð1 − iωin=ρÞΓðiωout=ρÞ
Γð1þ iω−=ρÞΓðiω−=ρÞ

: ð9Þ

From (8) one can see that in the flat asymptotic past
(η → −∞) the in-modes correspond to the usual notion of
the particle in flat space-time, because they are described by
single waves. That is the reason why they are referred to as
in-modes.
The mode decomposition of the field operator is

ϕðη; xÞ ¼
Z

∞

−∞
dk½akuink ðη; xÞ þ a†ku

in�
k ðη; xÞ�: ð10Þ

Using the properties of the hypergeometric functions, one
can show that the canonical commutation relations for the
field ϕ with its conjugate momentum and for ak with a

†
k are

satisfied.
Similarly, one can define out-modes as

uoutk ðη; xÞ ¼ ð4πωinÞ−1
2eikx−iωþη−i

ω−
ρ log½2 coshðρηÞ�

× F

�
1þ iω−

ρ
;
iω−

ρ
; 1þ iωout

ρ
;
1 − tanhðρηÞ

2

�
:

ð11Þ

They correspond to the usual notion of the particle in flat
space-time in the flat asymptotic future (η → þ∞). In fact,
they have the following asymptotic behavior:
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uoutk ðη;xÞ¼eikxgoutk ðηÞ≈
( 1ffiffiffiffiffiffiffiffiffiffi

4πωout
p eikx½γðkÞe−iωinηþδðkÞeiωinη�; asη→−∞

1ffiffiffiffiffiffiffiffiffiffi
4πωout

p eikx−iωoutη; asη→þ∞;
ð12Þ

where

γðkÞ ¼ Γð1þ iωout=ρÞΓðiωin=ρÞ
Γðiωþ=ρÞΓð1þ iωþ=ρÞ

;

δðkÞ ¼ Γð1þ iωout=ρÞΓð−iωin=ρÞ
Γð1þ iω−=ρÞΓðiω−=ρÞ

: ð13Þ

The mode decomposition of the field operator in these
modes we will denote as follows:

ϕðη; xÞ ¼
Z

∞

−∞
dk½bkuoutk ðη; xÞ þ b†ku

out�
k ðη; xÞ�: ð14Þ

We find it instructive to calculate loop corrections both for
in- and out- Fock space states separately.

B. Schwinger-Keldysh formalism

Below we will show that loop corrections to the expect-
ation value of the stress-energy tensor grow with time, thus,
signaling substantial amplification of the particle creation
rate by quantum loop corrections. This is the generic
situation in time-dependent or strong background fields,
as was explained in the Introduction. The background that
we consider here (1), (2) is time-dependent. Hence, the free
Hamiltonian of the scalar theory under consideration (3)
also depends on time. Hence, we are dealing here
with an example of nonstationary situation. In such a case
to calculate loop corrections one has to apply the
Schwinger-Keldysh rather than Feynman diagrammatic
technique (see e.g., [18–20] for the introduction into the
subject).
In the Schwinger-Keldysh formalism the system is

considered to evolve on a closed time contour which
consists of two branches: forward branch (from −∞ to
þ∞) and backward branch (from þ∞ to −∞). We denote
the field operator on the forward and backward branches of
the contour as ϕþ and ϕ−, correspondingly. Then, one can
construct four types of propagators, but only three of
them are linearly independent. To transform to these
three linearly independent propagators, one performs the
Keldysh rotation:

ϕcl ¼ 1

2
ðϕþ þ ϕ−Þ;

ϕq ¼ ϕþ − ϕ−: ð15Þ

Then, the three propagators are the Keldysh, retarded, and
advanced two-point functions correspondingly:

GKðη; xjη0; x0Þ≡ hϕclðη; xÞϕclðη0; x0Þi

¼ 1

2
hfϕðη; xÞ;ϕðη0; x0Þgi;

GRðη; xjη0; x0Þ≡ hϕclðη; xÞϕqðη0; x0Þi
¼ θðη − η0Þ½ϕðη; xÞ;ϕðη0; x0Þ�;

GAðη; xjη0; x0Þ≡ hϕqðη; xÞϕclðη0; x0Þi
¼ −θðη0 − ηÞ½ϕðη; xÞ;ϕðη0; x0Þ�: ð16Þ

Graphically, these propagators are denoted as shown
in Fig. 1
For a generic state the following mode expansion is valid

for the Keldysh propagator:

GKðη;xjη0;x0Þ ¼
ZZ

dkdq

��
1

2
δkqþha†qaki

�

× ½uink ðη;xÞuin�q ðη0;x0Þþuink ðη0;x0Þuin�q ðη;xÞ�
þ hakaqiuink ðη;xÞuinq ðη0;x0Þ

þ ha†ka†qiuin�k ðη;xÞuin�q ðη0;x0Þ
�
; ð17Þ

and for the commutator:

Gðη;xjη0;x0Þ≡½ϕðxÞ;ϕðx0Þ�

¼
Z

dk½uink ðη;xÞuin�k ðη0;x0Þ−uink ðη0;x0Þuin�k ðη;xÞ�;

ð18Þ

via which one can express the retarded and advanced
propagators, as in (16). Note that while the tree-level
retarded and advanced propagators (and the field commu-
tator) are state independent, the Keldysh propagator does
depend on the state of theory.

FIG. 1. Graphical notation for the Keldysh, retarded, and advanced propagators respectively.
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Because the metric under consideration is spatially homo-
geneous we consider only spatially homogeneous initial
states in which the following relations necessarily hold:

ha†qaki≡ Trðρaþk aqÞ ¼ nkδðk − qÞ;
haqaki ¼ κkδðkþ qÞ; ha†qa†ki ¼ κ�kδðkþ qÞ; ð19Þ

where nk is the occupation (or level population) number and
κk is the anomalousquantumexpectationvalue (or anomalous
average). For such states the Keldysh propagator, which is
sensitive to the state of the theory, simplifies to

GKðη; xjη0; x0Þ ¼
Z

∞

−∞
dk

��
1

2
þ nk

�
½uink ðη; xÞuin�k ðη0; x0Þ

þ uink ðη0; x0Þuin�k ðη; xÞ�
þ κkuink ðη; xÞuin−kðη0; x0Þ

þ κ�ku
in�
k ðη; xÞuin�−kðη0; x0Þ

�
: ð20Þ

Using (4), one can define the Fourier components of the
propagators as

GKðη; xjη0; x0Þ ¼
Z

∞

−∞
dkeikðx−x0ÞGKðkjη; η0Þ: ð21Þ

TheFourier components of (20) and (18) are explicitlygivenby

GKðkjη;η0Þ ¼
�
1

2
þnk

�
ðgink ðηÞgin�k ðη0Þþgin�k ðηÞgink ðη0ÞÞ

þ κkgink ðηÞgink ðη0Þþ κ�kg
in�
k ðηÞgin�k ðη0Þ;

and Gðkjη;η0Þ ¼ gink ðηÞgin�k ðη0Þ−gin�k ðηÞgink ðη0Þ; ð22Þ
where we have restricted ourselves to the case in which
occupation number is symmetric under the inversion of the
spatial momentum: nk ¼ njkj.
Alternatively, one can quantize the field using out-modes

(11), i.e., decompose the field operator as

ϕðη; x⃗Þ ¼
Z

∞

−∞
dk½bkuoutk ðη; x⃗Þ þ b†ku

out�
k ðη; x⃗Þ�; ð23Þ

and consider spatially homogeneous initial states in which

hb†qbki ¼ n̄kδðk − qÞ; hbqbki ¼ κ̄kδðkþ qÞ;
hb†qb†ki ¼ κ̄�kδðkþ qÞ: ð24Þ
In such a case, the Keldysh propagator has the same form as
(22), but with gink ðηÞ, nk, κk replaced by goutk ðηÞ, n̄k, and κ̄k
correspondingly. At the same time the commutator function
is equal to

Gðkjη; η0Þ ¼ goutk ðηÞgout�k ðη0Þ − gout�k ðηÞgoutk ðη0Þ: ð25Þ
One can show that this commutator function is the same
as in (22), because the transformation from the basis

of in-modes to the out-modes is the canonical (simplectic)
one.
Of course one can consider more generic states, which are

belonging to Fock spaces constructed with the uses of modes
that are related to the in- and out-harmonics via generic
canonical transformations. One just has to pay attention to the
Hadamard properties of the propagators, because singularities
of the propagators are measurable, e.g., in the running of
coupling constants. To keep tasks small in this paper we
restrict our considerations only to the in- andout- Fock spaces.

III. INFRARED LOOP CORRECTIONS

In this section we compute loop corrections to the
occupation number and anomalous quantum expectation
value in self-interacting scalar field theory. We consider
quartic self-interaction, λϕ4, and show that for the in-modes
the occupation number and anomalous quantum average
are secularly growing with the average time of η1 and η2 of
the Keldysh propagator GKðη1; x1jη2; x2Þ. We also show
that for the out-modes there are no growing with average
time contributions to occupation number and anomalous
quantum average. But we will see that for the out-modes
there are secular divergences, i.e., for the out-state one
cannot take the initial Cauchy surface to past infinity:
otherwise loop correction will be infinite even after the
implementation of the UV cutoff [5].
Consider now the theory with λϕ4 self-interaction:

Sint ¼ −
λ

4!

Z
d2x

ffiffiffiffiffiffi
−g

p ðϕ4þ − ϕ4
−Þ

¼ −
λ

4!

Z
d2x

ffiffiffiffiffiffi
−g

p ð4ðϕclÞ3ϕq þ ϕclðϕqÞ3Þ: ð26Þ

One can see that there are two types of vertices in this case,
which are depicted on the Fig. 2. In the next two
subsections we will separately consider contributions of
diagrams of two types. We are mainly interested in the loop
corrections to the Keldysh propagator, because it is this
two-point correlation function that is sensitive to the
evolution of the state of the theory1 [3,20].

FIG. 2. Vertices for the quartic self-interaction.

1Relevant loop corrections to the retarded and advanced propa-
gators, unlike those to the Keldysh propagator, do not grow as both
of their arguments are taken to the future infinity. We discuss this
point in greater details in the section on the sunset diagrams.
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A. Tadpole diagrams

We start with the consideration of the one and two loop
tadpole diagrams. Then we resum the leading tadpole
contributions from all loops.

Some of the tadpole diagrams that contribute to the loop
corrections of the Keldysh propagator are depicted on the
Fig. 3. The sum of tadpole diagrams up to the two-loop
level yields the following contribution:

GK
ð2-tadpoleÞðη1; x1jη2; x2Þ ¼ GK

12 −
iλ
2

Z
∞

η0

dη3dx3Cðη3ÞðGK
13G

K
33G

A
32 þGR

13G
K
33G

K
32Þ

−
λ2

4

Z
∞

η0

dη3dx3Cðη3Þ
Z

∞

η0

dη4dx4Cðη4Þð2GK
13G

R
34G

K
34G

K
44G

A
32 þ 2GR

13G
R
34G

K
34G

K
44G

K
32

þ GK
13G

K
33G

A
34G

K
44G

A
42 þ GR

13G
K
33G

K
34G

K
44G

A
42 þ GR

13G
K
33G

R
34G

K
44G

K
42Þ; ð27Þ

where we have introduced notations of the form GK
12 ≡

GKðη1; x1jη2; x2Þ for the tree-level Keldysh propagator
and similarly for the tree-level retarded and advanced
propagators; η0 here is the position of the initial Cauchy
surface—the time after which the self-interaction is adia-
batically turned on.
At the same time the one-loop contributions to the

retarded and advanced propagators are

GR
ð0þ1Þðη1; x1jη2; x2Þ

¼ GR
12 −

iλ
2

Z
∞

η0

dη3dx3Cðη3ÞGR
13G

K
33G

R
32;

GA
ð0þ1Þðη1; x1jη2; x2Þ

¼ GA
12 −

iλ
2

Z
∞

η0

dη3dx3Cðη3ÞGA
13G

K
33G

A
32: ð28Þ

Here we restrict our attention to the second order in λ
corrections to the Keldysh propagator and to the first order
in λ to the retarded and advanced propagators. That is
necessary to close the Dyson-Schwinger equation for the
resumed Keldysh propagator.
Let us investigate how the tadpole diagrams depend on

the time coordinates of the endpoints. We would like to
single out the leading contributions in a certain limit. In
particular, we are interested in the limit when both
coordinates of the two-point function are taken to the
future infinity:

η1 þ η2
2

≡ η ≫ η1 − η2: ð29Þ

The consideration of this limit allows one to trace the
destiny of the state of the theory as the time goes by.
Let us start from the diagrams of the first type depicted

on the Fig. 3. Denoting their contribution to the Keldysh
propagator as GK

a , one finds

GK
a ðη1; x1jη2; x2Þ ¼

iλ
2

Z
∞

η0

dη3

Z þ∞

−∞
dx3Cðη3ÞðGK

13G
K
33G

A
32

þ GR
13G

K
33G

K
32Þ: ð30Þ

Plugging here the expressions for the propagators (18) and
(20), in the limit (29) after the integration over x3 one
obtains2:

GK
a ðη1; x1jη2; x2Þ ≈ −2πiλ

Z
η

η0

dη3Cðη3Þ

×
ZZ

dpdreipðx1−x2ÞGK
r33

�
1

2
þ np

�

× fginp ðη1Þgin�p ðη3Þgin�p ðη3Þginp ðη2Þ
− gin�p ðη1Þginp ðη3Þginp ðη3Þgin�p ðη2Þg: ð31Þ

Let us consider the integrals over η3 and η4 in (31). For
now scientists do not known how to calculate such integrals
exactly. To evaluate them approximately we divide the
integration domain into three regions: remote past ðη0; η̄Þ,
intermediate expansion ðη̄; η̄0Þ, and the remote future ðη̄0; ηÞ.
This division into three regions is done so that we could

FIG. 3. A few leading tadpole diagrams. There are also diagrams of the same type with different placings of retarded and advanced
propagators.

2Here we have denoted the Fourier transformed Keldysh
propagator GKðqjη3; η4Þ as GK

q34.

LOOP CORRECTIONS TO COSMOLOGICAL PARTICLE … PHYS. REV. D 105, 105019 (2022)

105019-5



use asymptotic behavior (8) of the in-modes in the past and
future infinities (see Fig. 4). From the latter regions of
space-time growing contributions can potentially come.
We can omit contributions from the remote past and

intermediate regions, if the contribution from the future
region grows with time in the limit (29), while the
contribution from the remote past region does not grow
as η0 → −∞. This omission is justified if one keeps only
the leading contribution to the integral in the limit (29),
while the contribution from the remote past and intermedi-
ate regions remain finite. It is not very hard to check that the
latter is true for the initial in-state.
To evaluate the contribution from the future region it is

convenient to make the following change of variables in the
double integral

Z
η

η̄0
dη3

Z
η

η̄0
dη4… ¼

Z
η

η̄0
dt

Z
η−η̄0

η̄0−η
dτ…; ð32Þ

where we have introduced the new variables

t ¼ η3 þ η4
2

; τ ¼ η3 − η4: ð33Þ

Then, in the limit (29) one can approximate one of the
integrals in (31) asZ

η

η0

dη3Cðη3ÞGK
r33g

in�
p ðη3Þgin�p ðη3Þ

≈
Z

η

η̃0
dη3Cðη3ÞGK

r33g
in�
p ðη3Þgin�p ðη3Þ

≈
ðAþBÞη

4π2ωinðrÞωinðpÞ
�
1

2
þnr

�
α�ðpÞβ�ðpÞðjαðrÞj2þjβðrÞj2Þ;

ð34Þ

where in the last step we have plugged the asymptotics of
the in-modes at the future infinity (8) and neglected η̃0 in
comparison with η → ∞. In all, as one can see,

GK
a ðη1; x1jη2; x2Þ ∼ λη; as η → þ∞; ð35Þ

i.e., the contribution under consideration does grow with
time and it comes from the future region of integration
over η3;4.
We continue with the consideration of the diagrams of

the second type depicted in Fig. 3. Denoting their con-
tribution as GK

b , one finds that

GK
b ðη1; x1jη2; x2Þ ¼ −

λ2

2

Z
∞

η0

dη3dx3Cðη3Þ
Z

∞

η0

dη4dx4Cðη4ÞðGK
13G

R
34G

K
34G

K
44G

A
32 þGR

13G
R
34G

K
34G

K
44G

K
32Þ

≈−8π2λ2
Z

η

η0

dη3Cðη3Þ
Z

η3

η0

dη4Cðη4Þ
Z

dpdqdseipðx1−x2Þ
�
1

2
þ np

��
1

2
þ nq

��
1

2
þ ns

�

× ðgpðη1Þg�pðη3Þg�pðη3Þgpðη2Þ− g�pðη1Þgpðη3Þgpðη3Þg�pðη2ÞÞðgqðη3Þ2g�qðη4Þ2 − g�qðη3Þ2gqðη4Þ2Þjgsðη4Þj2:
ð36Þ

Calculating the integrals over η3 and η4 in the same manner as in the (34), one obtains that

GK
b ðη1; x1jη2; x2Þ ∼ λ2η; as η → þ∞: ð37Þ

For the third type of diagrams that are depicted on the Fig. 3 (again, denoting their contribution as GK
c ) in the limit (29) one

finds:

GK
c ðη1; x1jη2; x2Þ ¼ −

λ2

4

Z
∞

η0

dη3dx3Cðη3Þ
Z

∞

η0

dη4dx4Cðη4ÞðGK
13G

K
33G

A
34G

K
44G

A
42

þ GR
13G

K
33G

K
34G

K
44G

A
42 þ GR

13G
K
33G

R
34G

K
44G

K
42Þ ∼ λ2η2; as η → þ∞: ð38Þ

FIG. 4. Plot of the hypergeometric function Fð1 − 2i;−2i;
1þ i; ð1þ tanhðxÞÞ=2Þ against x: the blue line depicts the real
part of the function, while the red line depicts the imaginary part.
Vertical dotted lines characterize approximate positions of η̄ and η̄0.
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Thus, from (35), (37), and (38), one can see that even if λ is
very small the loop corrections to the Keldysh propagator
can become large after a long enough time of evolution. It
means that to understand the physics one has to resum at
least the leading contributions from all loops. We will see in
a moment that growing as η ¼ ðη1 þ η2Þ=2 → ∞ contri-
butions from tadpoles can be absorbed into the mass and
mode renormalization, because products of the modes
gpðη1Þg�pðη2Þ contain η dependent terms in the future
infinity region.
At this moment note that the second type of diagrams

from the Fig. 3 is suppressed by the additional power
of λ. Hence, to resum the leading contributions one just
needs to take into account the chains of bubbles and
ignore the “cactus” type of diagrams. These observations
enable us to write the Dyson-Schwinger equation for the
resummation of the tadpole corrections to the Keldysh
propagator. Denoting the “exact” (resummed) Keldysh
propagator as G̃K , we find that it obeys the equation as
follows:

G̃K
12¼GK

12−
iλ
2

Z
∞

η0

dη3dx3Cðη3ÞðGK
13G

K
33G̃

A
32þGR

13G
K
33G̃

K
32Þ:

ð39Þ

Here G̃A
32 is the advanced Green function with the

resummed bubble diagrams, which is obtained with the
use of (28).
Applying the differential operator ð□þm2Þ to the both

sides of this equation, one obtains

�
□þm2 þ λ

2
GK

11

�
G̃K

12 ¼ 0: ð40Þ

The equations for the exact retarded and advanced propa-
gators have the same form with the delta functions on the
right-hand side. Thus, one can take into account the leading
tadpole diagrams as a sort of a “mass renormalization”

m̃2 ¼ m2 þ λ

2
GK

11: ð41Þ

There are certain comments, which are in order at this point
because the “mass renormalization” seem to depend here
on space-time coordinates.
In fact, let us consider the tree-level Keldysh propagator

GK at the coinciding points. For simplicity we consider in
detail the propagator for the Fock space ground state3:

GK
11 ¼

Z
dkgink ðη1Þgin�k ðη1Þ: ð42Þ

Obviously, GK
11 does not depend on the coordinates in the

remote past, η1 → −∞, as the modes gink ðη1Þ in this region
of space-time are given by simple exponents (8), and the
integral over k just gives the standard UV divergence due to
zero-point fluctuations:

Z
dkgink ðη1Þgin�k ðη1Þ ⟶

η1→−∞

Z
dk

4πωin
: ð43Þ

Now let us concentrate on the opposite limit η1 → þ∞.
Plugging asymptotic behavior of the in-modes (8) into (42),
one obtains:

Z
dkgink ðη1Þgin�k ðη1Þ

⟶
η1→þ∞

Z
dk

4πωin
½jαj2 þ jβj2 þ αβ�e−2iωoutη1 þ α�βe2iωoutη1 �

≈
Z

dk
4πωin

½jαj2 þ jβj2�

¼
Z

dk
4πωout

sinh2ðπωþ=ρÞ þ sinh2ðπω−=ρÞ
sinhðπωin=ρÞ sinhðπωout=ρÞ

; ð44Þ

where we have dropped the rapidly oscillating terms as
their contribution to the integral is negligible in comparison
with the contribution of the terms that are independent of
time, η1.
Now, using (40), we can write down the equation for the

tadpole corrected modes g̃kðηÞ as:
�
d2

dη2
þ k2 þCðηÞ

�
m2 þ λ

2

Z
dqginq ðηÞgin�q ðηÞ

��
g̃kðηÞ ¼ 0:

ð45Þ

The term in this expression which is proportional to λ
contains the standard UV divergence which can be
absorbed in to the renormalization of m. But also this
term contains finite η dependent contributions. To treat
them we consider the changes in the modes. In fact, using
the asymptotic forms (43) and (44), one can find that the
in-modes have the following renormalized asymptotic
behavior:

g̃ink ðηÞ≈
( 1ffiffiffiffiffiffiffiffi

4πω̃in
p e−iω̃inη; as η→−∞

1ffiffiffiffiffiffiffiffi
4πω̃in

p ½C1ðkÞe−iω̃outηþC2ðkÞeiω̃outη�; as η→þ∞;

ð46Þ

where to find the coefficients C1;2ðkÞ one needs to calculate
the integral

R
dqginq ðηÞgin�q ðηÞ explicitly to know the poten-

tial in the equation under consideration. To the best of our
knowledge this integral is not a table one, but below wewill
not use the explicit form of C1;2ðkÞ.

3The situation with other states with zero anomalous averages
is not much different.
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At the same time, ω̃in and ω̃out are given by

ω̃2
inðkÞ ≈ k2 þ ðA − BÞ

�
m2 þ

Z
dk

4πωin

�
;

ω̃2
outðkÞ ≈ k2 þ ðAþ BÞ

�
m2 þ

Z
dk

4πωout

sinh2ðπωþ=ρÞ þ sinh2ðπω−=ρÞ
sinhðπωin=ρÞ sinhðπωout=ρÞ

�
: ð47Þ

Then, using the tadpole corrected in-modes g̃ink ðηÞ one can
construct the Keldysh propagator G̃K according to the
Eq. (20). For example, in the Fock space ground state for
the in-modes one has

G̃Kðη; xjη0; x0Þ ¼
Z

∞

−∞
dk

1

2
½ũink ðη; xÞũin�k ðη0; x0Þ

þ ũink ðη0; x0Þũin�k ðη; xÞ�;
where ũink ðη; xÞ ¼ eikxg̃ink ðηÞ: ð48Þ

In the same manner, we can obtain the asymptotic behavior
of the out-modes

g̃outk ðηÞ≈
( 1ffiffiffiffiffiffiffiffi

4πω̃in
p ½C3ðkÞe−iω̃inηþC4ðkÞeiω̃inη�; as η→−∞

1ffiffiffiffiffiffiffiffi
4πω̃in

p e−iω̃outη; as η→þ∞;

ð49Þ

and construct the tadpole corrected propagator using
these modes.
In all, we obtain that the sum of the leading tadpole

diagrams in the limit (29) results in the change of modes

from gkðηÞ [with the asymptotic behavior of which is given
in (8) and (12)] to g̃kðηÞ (with the asymptotic behavior of
which is given in (46) and (49). And all three propagators
change accordingly in the same way. In the following we
assume that the modes (and propagator which are con-
structed from these modes) are tadpole corrected, i.e., are
given by (46) and (49). However, to reduce notations, we
will omit the tilde symbol for these modes and propagators.
Also, we assume that the UV divergence of the form

R
dk

4πωin

is absorbed into the renormalization of the bare mass m,
and the tadpole corrected frequencies ω̃in and ω̃out in (47)
are finite.

B. Sunset diagrams

Let us continue with the consideration of the two-loop
sunset diagrams which lead to more physically interesting
contributions to the two-point functions. Namely one
cannot absorb their contribution into the mass and wave
function renormalization.
Let us start with the consideration of the sunset con-

tribution to the retarded propagator. The sunset diagrams
lead to the following corrections of the retarded propagator:

GR
ð2Þðη1; x1jη2; x2Þ ¼ −

λ2

24

Z
∞

η0

dη3dx3Cðη3Þ
Z

∞

η0

dη4dx4Cðη4Þð6GR
13G

R
34ðGK

34Þ2GR
42 þGR

13ðGR
34Þ2GR

42Þ

¼ −
λ2

24

Z
∞

η0

dη3dx3Cðη3Þ
Z

∞

η0

dη4dx4Cðη4Þθðη1 − η3Þθðη3 − η4Þθðη4 − η2Þ

× ð6G13G34ðGK
34Þ2G42 þ G13ðG34Þ2G42Þ: ð50Þ

In the limit (29), this two-loop contribution contains
the multiplier, which is approximately equal to
θðη − η3Þθðη3 − η4Þθðη4 − ηÞ ¼ 0. The multiplier appears
due to the causal nature of the retarded Green function
[20]. Because of this fact there are no growing with
average time η two-loop contributions to the retarded
propagator. That is the usual story in the limit that we
consider [4]. Similarly one can show that for the same
reason advanced propagator does not receive secularly
growing contributions in the same limit. Meanwhile, as

we will see in a moment, Keldysh propagator does receive
growing with time contributions from the sunset dia-
grams. This is the key difference of the sunset contribu-
tions as compared to the tadpole ones. Because of that
sunset corrections cannot be attributed to the mass
renormalization. Their growth in time is due to the change
of the state of the theory.
For the Keldysh propagator the sunset diagrams are

depicted on the Fig. 5. Then, the two loop correction to the
Keldysh propagator has the following form:
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GK
ð2Þðη1; x1jη2; x2Þ ¼ −

λ2

6

Z
∞

η0

dη3dx3Cðη3Þ
Z

∞

η0

dη4dx4Cðη4Þ
�
3GK

13ðGK
34Þ2GA

34G
A
42 þGR

13ðGK
34Þ3GA

42 þ 3GR
13G

R
34ðGK

34Þ2GK
42

þ 3

4
GR

13ðGR
34Þ2GK

34G
A
42 þ

1

4
GR

13ðGR
34Þ3GK

42 þ
1

4
GK

13ðGA
34Þ3GA

42 þ
3

4
GR

13ðGA
34Þ2GK

34G
A
42

�
: ð51Þ

We start with the consideration of the in-modes (46) and
want to investigate how do the two-loop corrections to the
Keldysh propagator (51) affect the initial occupation
number and anomalous quantum average. Namely, we
consider a spatially homogeneous initial state with the
planckian occupation number and with the zero anomalous
quantum average:

ha†qaki ¼ nkδðk−qÞ; nk ¼
1

eωin=T −1
; and haqaki ¼ 0:

ð52Þ

Here T is some temperature.
From the expression (51) we can extract loop corrections

to the occupation number and anomalous quantum average
by comparing it with eq. (17) in the limit (29). Then for the
occupation number one obtains the expression as follows:

nð2Þp ≈ −ð2πÞ2 λ
2

6

Z
η

η0

dη3Cðη3Þ
Z

η

η0

dη4Cðη4Þ

×
Z

dqdrdsδðp − q − r − sÞgin�p ðη3Þginp ðη4Þ

×

��
1

2
þ np

��
3GK

q34G
K
r34Gs34 þ

1

4
Gq34Gr34Gs34

�

− GK
q34G

K
r34G

K
s34 −

3

4
Gq34Gr34GK

s34

�
; ð53Þ

where we have neglected in the leading approximation the
difference between η1, η2 and η ¼ ðη1 þ η2Þ=2 in the limit
under consideration.
Expanding propagators in mode functions, one obtains

that

nð2Þp ≈ ð2πÞ2 λ
2

6

Z
η

η0

dη3Cðη3Þ
Z

η

η0

dη4Cðη4Þ
Z

dqdrdsδðp − q − r − sÞgin�p ðη3Þginp ðη4Þ

× ½gin�q ðη3Þginq ðη4Þgin�r ðη3Þginr ðη4Þgin�s ðη3Þgins ðη4Þðð1þ npÞð1þ nqÞð1þ nrÞð1þ nsÞ − npnqnrnsÞ
þ 3gin�q ðη3Þginq ðη4Þgin�r ðη3Þginr ðη4Þgins ðη3Þgin�s ðη4Þðð1þ npÞð1þ nqÞð1þ nrÞns − npnqnrð1þ nsÞÞ
þ 3gin�q ðη3Þginq ðη4Þginr ðη3Þgin�r ðη4Þgins ðη3Þgin�s ðη4Þðð1þ npÞð1þ nqÞnrns − npnqð1þ nrÞð1þ nsÞÞ
þ ginq ðη3Þgin�q ðη4Þginr ðη3Þgin�r ðη4Þgins ðη3Þgin�s ðη4Þðð1þ npÞnqnrns − npð1þ nqÞð1þ nrÞð1þ nsÞÞ�: ð54Þ

FIG. 5. Sunset diagrams providing the two loop correction to the Keldysh propagator.
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To estimate the time integrals in this expression we
perform the same operations as in the previous sec-
tion, i.e., we divide the integration interval over
temporal coordinates η3;4 into the same three regions
as in the previous section and use the asymptotic
behavior of the modes (46) in the remote past and
future. Intermediate region cannot lead to growing
contributions due to its fixed length even if η0
and η are taken to the past and future infinities,
correspondingly.

In (54) there are three virtual momenta, and if the delta
function has two frequencies with one sign and other two
with the opposite sign [e.g., δðωoutðpÞ þ ωoutðqÞ−
ωoutðrÞ − ωoutðsÞÞ], then the argument of the delta function
can be zero. In such a case we have a growing with time η
contribution to (54). Evaluating integrals over η3 and η4 and
keeping only those terms, which in the limit (29) give
the delta functions of the form δðωoutðpÞ þ ωoutðqÞ −
ωoutðrÞ − ωoutðsÞÞ (i.e., the terms that are independent of
t ¼ ðη3 þ η4Þ=2 under the integral), one obtains

nð2Þp ≈
λ2ðAþBÞ2η

64π

Z
dqdrdsδðp− q− r− sÞ
ωinðpÞωinðqÞωinðrÞωinðsÞ

δðωoutðpÞ þωoutðqÞ−ωoutðrÞ−ωoutðsÞÞ

× fðjC1ðpÞC1ðqÞC2ðrÞC2ðsÞj2 þ jC2ðpÞC2ðqÞC1ðrÞC1ðsÞj2Þ½ð1þ npÞð1þ nqÞð1þ nrÞð1þ nsÞ− npnqnrns�
þ 2ðjC1ðpÞC1ðqÞC2ðrÞC1ðsÞj2 þ jC2ðpÞC2ðqÞC1ðrÞC2ðsÞj2Þ½ð1þ npÞð1þ nqÞð1þ nrÞns − npnqnrð1þ nsÞ�
þ ðjC1ðpÞC2ðqÞC2ðrÞC2ðsÞj2 þ jC2ðpÞC1ðqÞC1ðrÞC1ðsÞj2Þ½ð1þ npÞnqð1þ nrÞð1þ nsÞ− npð1þ nqÞnrns�
þ ðjC1ðpÞC1ðqÞC1ðrÞC1ðsÞj2 þ jC2ðpÞC2ðqÞC2ðrÞC2ðsÞj2Þ½ð1þ npÞð1þ nqÞnrns − npnqð1þ nrÞð1þ nsÞ�
þ 2ðjC1ðpÞC2ðqÞC1ðrÞC2ðsÞj2 þ jC2ðpÞC1ðqÞC2ðrÞC1ðsÞj2Þ½ð1þ npÞnqnrð1þ nsÞ− npð1þ nqÞð1þ nrÞns�
þ ðjC1ðpÞC2ðqÞC1ðrÞC1ðsÞj2 þ jC2ðpÞC1ðqÞC2ðrÞC2ðsÞj2Þ½ð1þ npÞnqnrns − npð1þ nqÞð1þ nrÞð1þ nsÞ�g: ð55Þ

In writing this expression we have neglected η̄0 with respect
to η → ∞.
However, one should note that the presence of the delta

functions δðp − q − r − sÞ and δðωoutðpÞ þ ωoutðqÞ −
ωoutðrÞ − ωoutðsÞÞ restricts the momenta to satisfy the
following system of equations

�
p ¼ qþ rþ s;

ωoutðpÞ þ ωoutðqÞ ¼ ωoutðrÞ þ ωoutðsÞ:
ð56Þ

This system has the following solutions

�
r ¼ p

s ¼ −q
and

�
r ¼ −q
s ¼ p

; ð57Þ

which is the specifics of the 2D kinematics.
Plugging these solutions into (55), one can see that the

term proportional to ½ð1þ npÞð1þ nqÞnrns − npnqð1þ
nrÞð1þ nsÞ� vanishes identically. In 2D space-time this
happens for any distribution, while in higher dimensions
only for the thermal (Planckian) one. Finally, the expres-
sion for the two-loop correction to the occupation number
has the following form

nð2Þp ≈
λ2ðAþ BÞ2η

64π

Z
dqdrdsδðp − q − r − sÞ
ωinðpÞωinðqÞωinðrÞωinðsÞ

δðωoutðpÞ þ ωoutðqÞ − ωoutðrÞ − ωoutðsÞÞ

×fN 1ðp; q; r; sÞ½ð1þ npÞð1þ nqÞð1þ nrÞð1þ nsÞ − npnqnrns�
þN 2ðp; q; r; sÞ½ð1þ npÞð1þ nqÞð1þ nrÞns − npnqnrð1þ nsÞ�
þN 3ðp; q; r; sÞ½ð1þ npÞnqð1þ nrÞð1þ nsÞ − npð1þ nqÞnrns�
þN 4ðp; q; r; sÞ½ð1þ npÞnqnrð1þ nsÞ − npð1þ nqÞð1þ nrÞns�
þN 5ðp; q; r; sÞ½ð1þ npÞnqnrns − npð1þ nqÞð1þ nrÞð1þ nsÞ�g;

ð58Þ

where the quantities N 1;2;3;4;5ðp; q; r; sÞ are given by:
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N 1ðp; q; r; sÞ ¼ jC1ðpÞC1ðqÞC2ðrÞC2ðsÞj2 þ jC2ðpÞC2ðqÞC1ðrÞC1ðsÞj2;
N 2ðp; q; r; sÞ ¼ 2ðjC1ðpÞC1ðqÞC2ðrÞC1ðsÞj2 þ jC2ðpÞC2ðqÞC1ðrÞC2ðsÞj2Þ;
N 3ðp; q; r; sÞ ¼ jC1ðpÞC2ðqÞC2ðrÞC2ðsÞj2 þ jC2ðpÞC1ðqÞC1ðrÞC1ðsÞj2;
N 4ðp; q; r; sÞ ¼ 2ðjC1ðpÞC2ðqÞC1ðrÞC2ðsÞj2 þ jC2ðpÞC1ðqÞC2ðrÞC1ðsÞj2Þ;
N 5ðp; q; r; sÞ ¼ jC1ðpÞC2ðqÞC1ðrÞC1ðsÞj2 þ jC2ðpÞC1ðqÞC2ðrÞC2ðsÞj2: ð59Þ

Let us continue now with the corrections to the anomalous quantum average:

κð2Þp ≈ ð2πÞ2 λ
2

6

Z
η

η0

dη3Cðη3Þ
Z

η

η0

dη4Cðη4Þ
Z

dqdrdsδðp − q − r − sÞgin�p ðη3Þgin�p ðη4Þ

×

�
2θðη4 − η3Þ

�
1

2
þ np

��
3GK

q34G
K
r34Gs34 þ

1

4
Gq34Gr34Gs34

�
−GK

q34G
K
r34G

K
s34 −

3

4
Gq34Gr34GK

s34

�
: ð60Þ

Expanding in this expression the propagators in the modes and making the exchange η3 ↔ η4 in some of the integrals, one
can rewrite the last expression as

κð2Þp ≈ −ð2πÞ2 λ
2

6

Z
η

η0

dη3Cðη3Þ
Z

η

η0

dη4Cðη4Þ
Z

dqdrdsδðp − q − r − sÞgin�p ðη3Þgin�p ðη4Þ

× fgin�q ðη3Þginq ðη4Þgin�r ðη3Þginr ðη4Þgin�s ðη3Þgins ðη4Þ½ð1þ 2npÞðð1þ nqÞð1þ nrÞð1þ nsÞ − nqnrnsÞ
× ðθðη4 − η3Þ − θðη3 − η4ÞÞ þ ðð1þ nqÞð1þ nrÞð1þ nsÞ þ nqnrnsÞ�
þ 3gin�q ðη3Þginq ðη4Þgin�r ðη3Þginr ðη4Þgins ðη3Þgin�s ðη4Þ½ð1þ 2npÞðð1þ nqÞð1þ nrÞns − nqnrð1þ nsÞÞ
× ðθðη4 − η3Þ − θðη3 − η4ÞÞ þ ðð1þ nqÞð1þ nrÞns þ nqnrð1þ nsÞÞ�g: ð61Þ

Here the terms that do not contain theta functions give delta functions after integrating over η3 and η4. In this case the
situation is similar to the one with the occupation number (58). The terms that do contain theta functions give contributions
in which the internal momenta are not restricted by the energy conservation:

Z
η−η̄0

η̄0−η
dτeiτωðθð−τÞ − θðτÞÞ ¼ −

2i
ω
ð1 − cosðωðη − η̄0ÞÞÞ → −

2i
ω
; η → ∞: ð62Þ

Then, the two-loop contribution to the anomalous quantum average can be written as

κð2Þp ≈ − λ2ðAþBÞ2η
64π

R dqdrdsδðp−q−r−sÞ
ωinðpÞωinðqÞωinðrÞωinðsÞ fK1ðp; q; r; sÞ½ð1þ nqÞð1þ nrÞð1þ nsÞ þ nqnrns�

þK2ðp; q; r; sÞ½ð1þ nqÞð1þ nrÞns þ nqnrð1þ nsÞ� þK3ðp; q; r; sÞ½nqð1þ nrÞð1þ nsÞ þ ð1þ nqÞnrns�
þK4ðp; q; r; sÞð1þ 2npÞ½ð1þ nqÞð1þ nrÞð1þ nsÞ − nqnrns�
þK5ðp; q; r; sÞð1þ 2npÞ½ð1þ nqÞð1þ nrÞns − nqnrð1þ nsÞ�g;

ð63Þ

where the quantities K1;2;3;4;5ðp; q; r; sÞ are given by:

K1ðp; q; r; sÞ ¼ ðC�
1ðpÞC�

1ðqÞC�
2ðrÞC�

2ðsÞC�
2ðpÞC1ðqÞC2ðrÞC2ðsÞ

þ C�
2ðpÞC�

2ðqÞC�
1ðrÞC�

1ðsÞC�
1ðpÞC2ðqÞC1ðrÞC1ðsÞÞδðωoutðpÞ þ ωoutðqÞ − ωoutðrÞ − ωoutðsÞÞ;

K2ðp; q; r; sÞ ¼ 2ðC�
1ðpÞC�

1ðqÞC�
2ðrÞC1ðsÞC�

2ðpÞC1ðqÞC2ðrÞC�
1ðsÞ

þ C�
2ðpÞC�

2ðqÞC�
1ðrÞC2ðsÞC�

1ðpÞC2ðqÞC1ðrÞC�
2ðsÞÞδðωoutðpÞ þ ωoutðqÞ − ωoutðrÞ − ωoutðsÞÞ;

K3ðp; q; r; sÞ ¼ ðC�
1ðpÞC2ðqÞC�

2ðrÞC�
2ðsÞC�

2ðpÞC�
2ðqÞC2ðrÞC2ðsÞ

þ C�
2ðpÞC1ðqÞC�

1ðrÞC�
1ðsÞC�

1ðpÞC�
1ðqÞC1ðrÞC1ðsÞÞÞδðωoutðpÞ þ ωoutðqÞ − ωoutðrÞ − ωoutðsÞÞ;
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and

K4ðp; q; r; sÞ ¼ −
i
3π

�
C�
1ðpÞC�

1ðqÞC�
1ðrÞC�

1ðsÞC�
2ðpÞC1ðqÞC1ðrÞC1ðsÞ − C�

2ðpÞC�
2ðqÞC�

2ðrÞC�
2ðsÞC�

1ðpÞC2ðqÞC2ðrÞC2ðsÞ
ωoutðpÞ þ ωoutðqÞ þ ωoutðrÞ þ ωoutðsÞ

þ 3
C�
1ðpÞC�

1ðqÞC�
1ðrÞC�

2ðsÞC�
2ðpÞC1ðqÞC1ðrÞC2ðsÞ − C�

2ðpÞC�
2ðqÞC�

2ðrÞC�
1ðsÞC�

1ðpÞC2ðqÞC2ðrÞC1ðsÞ
ωoutðpÞ þ ωoutðqÞ þ ωoutðrÞ − ωoutðsÞ

þ 3
C�
1ðpÞC�

1ðqÞC�
2ðrÞC�

2ðrÞC�
2ðpÞC1ðqÞC2ðrÞC2ðsÞ − C�

2ðpÞC�
2ðqÞC�

1ðrÞC�
1ðsÞC�

1ðpÞC2ðqÞC1ðrÞC1ðsÞ
ωoutðpÞ þ ωoutðqÞ − ωoutðrÞ − ωoutðsÞ

þ C�
1ðpÞC�

2ðqÞC�
2ðrÞC�

2ðsÞC�
2ðpÞC2ðqÞC2ðrÞC2ðsÞ − C�

2ðpÞC�
1ðqÞC�

1ðrÞC�
1ðsÞC�

1ðpÞC1ðqÞC1ðrÞC1ðsÞ
ωoutðpÞ − ωoutðqÞ − ωoutðrÞ − ωoutðsÞ

�
;

K5ðp; q; r; sÞ ¼ −
i
π

�
C�
1ðpÞC�

1ðqÞC�
1ðrÞC2ðsÞC�

2ðpÞC1ðqÞC1ðrÞC�
2ðsÞ − C�

2ðpÞC�
2ðqÞC�

2ðrÞC1ðsÞC�
1ðpÞC2ðqÞC2ðrÞC�

1ðsÞ
ωoutðpÞ þ ωoutðqÞ þ ωoutðrÞ þ ωoutðsÞ

þ C�
1ðpÞC�

1ðqÞC�
1ðrÞC1ðsÞC�

2ðpÞC1ðqÞC1ðrÞC�
1ðsÞ − C�

2ðpÞC�
2ðqÞC�

2ðrÞC2ðsÞC�
1ðpÞC2ðqÞC2ðrÞC�

2ðsÞ
ωoutðpÞ þ ωoutðqÞ þ ωoutðrÞ − ωoutðsÞ

þ 2
C�
1ðpÞC�

2ðqÞC�
1ðrÞC2ðsÞC�

2ðpÞC2ðqÞC1ðrÞC�
2ðsÞ − C�

2ðpÞC�
1ðqÞC�

2ðrÞC1ðsÞC�
1ðpÞC1ðqÞC2ðrÞC�

1ðsÞ
ωoutðpÞ − ωoutðqÞ þ ωoutðrÞ þ ωoutðsÞ

þ 2
C�
1ðpÞC�

1ðqÞC�
2ðrÞC1ðsÞC�

2ðpÞC1ðqÞC2ðrÞC�
1ðsÞ − C�

2ðpÞC�
2ðqÞC�

1ðrÞC2ðsÞC�
1ðpÞC2ðqÞC1ðrÞC�

2ðsÞ
ωoutðpÞ þ ωoutðqÞ − ωoutðrÞ − ωoutðsÞ

þ C�
1ðpÞC�

2ðqÞC�
2ðrÞC2ðsÞC�

2ðpÞC2ðqÞC2ðrÞC�
2ðsÞ − C�

2ðpÞC�
1ðqÞC�

1ðrÞC1ðsÞC�
1ðpÞC1ðqÞC1ðrÞC�

1ðsÞ
ωoutðpÞ − ωoutðqÞ − ωoutðrÞ þ ωoutðsÞ

þ C�
1ðpÞC�

2ðqÞC�
2ðrÞC1ðsÞC�

2ðpÞC2ðqÞC2ðrÞC�
1ðsÞ − C�

2ðpÞC�
1ðqÞC�

1ðrÞC2ðsÞC�
1ðpÞC1ðqÞC1ðrÞC�

2ðsÞ
ωoutðpÞ − ωoutðqÞ − ωoutðrÞ − ωoutðsÞ

�
:

In all, due to the space-time expansion, the in-modes
(that are single waves in the remote past) behave as linear
superpositions of plane waves in the remote future. It is the
interference between these plane waves at the future
infinity which causes the appearance of the growing with
time contributions in the occupation number and anoma-
lous average. This growth is signaling in a change of the
initial state of the interacting theory. As we see, in the
present case that is caused by the expansion of the space-
time. But here we see only the leading effect in the second
loop order.
Namely we see that even if λ is very small, loop

corrections to the occupation number and anomalous
average (to the two-point functions) is becoming strong
after a long enough evolution time. This means the
breakdown of the perturbation theory. Then to understand
the physics one has at least to resum the leading growing
contributions from all loops. That is the problem for the
future work. It is a much harder problem than the
resummation of the bubble diagrams because it involves
kinetic processes both in occupation number and anoma-
lous average.
Let us stress here the secular growth in np and κp is not

solely due to the expansion of the geometry. In fact, for the
same scalar theory in the background of the usual (dþ 1)-
dimensional flat space-time one encounters a similar

phenomenon. If the initial state is not the Fock space
ground state, but rather contains some non-zero occupation
number np, which is different from the Planckian spectrum,
then the two-loop correction to the Keldysh propagator
yields the following contribution to the occupation number:

nð2Þp ∼ λ2ðt − t0Þ
Z

ddqddrddsδðωp þ ωq − ωr − ωsÞ

× ½ð1þ npÞð1þ nqÞnrns − npnqð1þ nrÞð1þ nsÞ�;
ð64Þ

where ωp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p⃗2 þm2

p
and t0 is the position of the initial

Cauchy surface. See, e.g., [3] and references therein.
Note that the r.h.s of this relation vanishes only for the

Planckian distribution np ¼ ðexpðβωpÞ − 1Þ−1, which
includes the Fock space ground state np ¼ 0. Otherwise
we encounter simultaneously the secular growth and
secular divergence. The latter is the dependence on t0,
which cannot be taken to the past infinity, because other-
wise the loop correction will be infinite. Unlike the
stationary situation, now we find the explicit dependence
on the initial Cauchy surface. Thus, in the situation under
consideration the secular growth in the occupation number
comes from the fact that due to the self-interaction, λϕ4, the
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occupation numbers start to change in time—we see their
redistribution due to particle scattering processes.
Somewhat similar phenomenon we encounter in the

expanding universe. In fact, the initial state that we take is
not a ground state of the time dependent Hamiltonian of the
theory that we consider. Furthermore, due to the time
dependence of the background we also encounter the
generation of the anomalous averages, even if they have
been zero initially. And we of course see many more
different kinetic processes, which are forbidden in the flat
space-time due to the energy conservation.

C. A comment about out-modes

Now let us consider the loop corrections for the out-
modes (for the initial state constructed over the Fock space
out-state). In fact, the space-time expansion could have
started from any quantum state rather than from the thermal
in-state.
Performing similar operations as for the in-modes, one

obtains that in the limit (29) the loop corrections to the
occupation number and anomalous quantum average for
the out-modes are given by the same expressions (54) and
(61), correspondingly, but with the in-modes ginp ðηÞ
replaced by the out-modes goutp ðηÞ.
To continue we again divide the region of integration

over η3 and η4 into three time intervals and consider the
contribution only from the distant future region, which
potentially can provide the leading contribution in the limit
η → þ∞, if η0 is kept finite. We will see in a moment that it
is very important to keep η0 finite for out-states.
Plugging asymptotic form of the out-modes (49) in the

future region into the expression for the occupation
number, one obtains that

n̄ð2Þp ≈
λ2ðAþ BÞ2η

64π

Z
dqdrdsδðp − q − r − sÞ

ωoutðpÞωoutðqÞωoutðrÞωoutðsÞ
× δðωoutðpÞ þ ωoutðqÞ − ωoutðrÞ − ωoutðsÞÞ
× ½ð1þ n̄pÞð1þ n̄qÞn̄rn̄s − n̄pn̄qð1þ n̄rÞð1þ n̄sÞ�:

ð65Þ

However, as it was pointed out in (56) and (57), due to
the presence of the delta functions δðp − q − r − sÞ and
δðωoutðpÞ þ ωoutðqÞ − ωoutðrÞ − ωoutðsÞÞ the expression
½ð1þ n̄pÞð1þ n̄qÞn̄rn̄s − n̄pn̄qð1þ n̄rÞð1þ n̄sÞ� is equal
to zero. Therefore, the loop corrections to the occupation
number for the out-modes are not growing as η → þ∞. For
the same reason we have neglected contribution from the
remote past region for the in-modes, because the latter
contribution was not growing as η0 → −∞. Furthermore,
plugging (49) into the expression for the anomalous
quantum average, one also obtains that the loop corrections
to the anomalous quantum average for the out-modes does
not grow in the limit (29).

However, let us stress here that for the out-modes one
obtains the infrared catastrophe. In fact, if η0 → −∞, then
the contribution from the remote past region, ðη0; η̄Þ, is
growing as η0 → −∞. That happens for the same reason as
why there is the secular growth for the in-modes in the
limit η → þ∞. Due to this divergence the initial Cauchy
surface, η0, cannot be taken to the past infinity. Otherwise
the loop correction to the propagator will be infinite even
after the implementation of the UV cutoff. Similar situation
one encounters in global de Sitter space-time [3] (see
also [4,21]).
But let us stress that if η0 is taken long before the

beginning of expansion we essentially encounter a situation
with a coherent initial state in flat space-time. Namely, we
encounter a situation with such a state that leads to a non-
zero initial anomalous average. This situation was consid-
ered in [22]. If η0 → −∞, one can expect that the system
will get thermalized before the beginning of the expansion.

IV. CONCLUSIONS AND DISCUSSION

So far we have essentially considered corrections to the
two-point functions: as one can see from (22) the Keldysh
propagator encodes the occupation numbers and the
anomalous averages. We have seen that in λϕ4 theory
the occupation numbers and anomalous averages for the in-
modes grow with the increase of the average time of the
two-point function. To see what physical consequences this
effect leads to in this section we calculate the corrections to
the expectation value of the stress energy tensor.
To calculate the expectation value we use the standard

technique of [2]. For simplicity we assume that the initial
occupation number is zero, as in classic texts. But we have to
take into account that now due to the self-interactions the
state in the asymptotic region η → ∞ acquires non-zero
occupation number and anomalous quantum average. We
also need to take into account the mass renormalization
coming from the summation of the leading tadpole diagrams.
We use the Pauli-Villars regularization scheme, i.e., we

introduce the regulator fields. Then, after the resummation
of the tadpole diagrams, one obtains the following effective
Lagrangian:

Leff ¼
1

2
gμνð∂μϕ∂νϕþ ∂μψ∂νψ þ 2∂μχ

†∂νχÞ

−
1

2
ðm̃2ϕ2 þ ð2M2 − m̃2Þψ2 þ 2M2χ†χÞ

−
λ

4!
ϕ4 þ Zðm̃2;M2Þ; ð66Þ

where m̃ is the renormalized mass [defined in (41)], ψ is a
commuting field, while χ and χ† are anticommuting fields,
and Zðm̃2;M2Þ is a counterterm (cosmological constant
renormalization). We do not take into account here the
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λϕ4 term, because its contribution does not affect our
conclusions substantially.
Varying the action with the Lagrangian (66) with respect

to the metric tensor, one obtains that the stress-energy
tensor is given by

Tμν ≡ −
2ffiffiffiffiffiffi−gp δS

δgμν

¼ −
1

2
ðgμνgρσ − gμρgνσ − gνρgμσÞ

× ð∂ρϕ∂σϕþ ∂ρψ∂σψ þ 2∂ρχ
†∂σχÞ

þ 1

2
gμνðm̃2ϕ2 þ ð2M2 − m̃2Þψ2 þ 2M2χ†χÞ

−
λ

4!
gμνϕ4 − gμνZðm̃2;M2Þ: ð67Þ

Now we consider the time evolution of the Fock space
ground state for the in-modes from η → −∞ to η → þ∞.
We assume that the interaction term is turned on adiabati-
cally, so that in the distant past region we have the free
theory. Then the role of the interaction term is to create
nonzero occupation number and anomalous quantum
average during the expansion of the space-time.
Because at past infinity we start with the empty space,

we can fix the counterterm Zðm̃2;M2Þ by requiring that the
stress-energy tensor at past infinity, η → −∞, is zero.
Evaluating the expectation value of the stress energy tensor
at past infinity η → −∞ for such an in-state jini that

hinja†qakjini¼ 0; hinjaqakjini¼ 0; as η→−∞; ð68Þ

one finds that the counterterm should have the following
form (see [1,2] for the details of the calculation):

Zðm̃2;M2Þ¼−
1

8π
ðm̃2 logm̃2þð2M2− m̃2Þ logð2M2− m̃2Þ

−2M2 logM2Þ: ð69Þ

However, as it was shown in the previous sections, the same
in-ground-state jini after the evolution transforms into a
state with a nonzero occupation number and anomalous
quantum average in the future infinity, η → þ∞, i.e.,

hinjSþa†qakSjiniloop ¼ nð2Þk δðq − kÞ;
hinjSþaqakSjiniloop ¼ κð2Þk δðkþ qÞ; as η → þ∞; ð70Þ

where the explicit expressions for nð2Þk and κð2Þk can be
derived from (58) and (63) by putting initial occupation
number to be zero, i.e., np ¼ 0, as we start here from the
Fock space ground state for the in-modes. Note that in this
paper we have expanded the evolution operator S to the
second loop order only.

Then, computing the expectation value of the stress-
energy tensor in the distant future and taking the regulator
field masses to infinity (M → ∞), one obtains that:

hinjTμνjini ¼ hinjTμν
0 jini þ hinjTμν

loopjini;

hinjTμν
0 jini ⟶

η→þ∞

Z
∞

−∞

dk
4πω̃out

× kμkν
�
ω̃out

ω̃in
ðjC1j2 þ jC2j2Þ − 1

�
;

hinjTμν
loopjini ⟶η→þ∞

Z
∞

−∞

dk
2πω̃in

kμkν½nð2Þk ðjC1j2 þ jC2j2Þ

þ κð2Þk C1C2 þ κð2Þ�k C�
1C

�
2�; ð71Þ

where

kμ ¼
�

ω̃out

Aþ B
;

k
Aþ B

�
: ð72Þ

Here the term hinjTμν
0 jini is the contribution of the Gaussian

theory (given by the Lagrangian (66) with self-interaction
switched off), while the term hinjTμν

loopjini arises from the
loop corrections to the occupation number and anomalous
quantum average, and ω̃in and ω̃out are defined in (47).
While hinjTμν

0 jini is due to amplification of the zero-point
fluctuations, hinjTμν

loopjini is due to the excitation of the
higher levels—due to the change of the state of the theory.
Note, at the same time, that the term hinjTμν

loopjini is

proportional to λ2η. Hence, even for small λ this term is
comparable to the tree level result hinjTμν

0 jini as η → ∞.
Thus, the well-known textbook tree-level contribution to

the expectation value of the stress energy tensor is strongly
corrected by the quantum loop effects in self-interacting
theories. That signals a violation of the perturbation theory
expansion, because higher loops deliver corrections of the
same order ðλ2ηÞn ∼ 1. Hence, to understand the physical
consequences of the effects that we consider here one has to
resum at least the leading contributions from all loops. Let
us stress that the result of the resummation may depend on
the initial conditions. See, e.g., [12,13,23–25] for a similar
resummation which was performed in analogous situations.
We will do the loop resummation in the situation under
consideration in the future work.
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APPENDIX: GENERALIZATION
TO HIGHER DIMENSIONS

In this Appendix, we briefly discuss the situation in
higher dimensional space-times. We want to show that the
phenomenon that we are discussing here is not specific only
to the two dimensional case. Namely, we consider (dþ 1)-
dimensional space-time with the metric:

ds2 ¼ CðηÞðdη2 − dx⃗2Þ; x⃗ ¼ ðx1;…; xdÞ; ðA1Þ

with the same conformal factor CðηÞ ¼ Aþ B tanhðρηÞ as
in two-dimensional case. Separating the variables as

ukðη; x⃗Þ ¼ eik⃗ x⃗gkðηÞ; ðA2Þ

and plugging these mode functions into the equation of
motion, for the temporal part of the modes one obtains the
equation as follows

d2gkðηÞ
dη2

þ d − 1

2

C0ðηÞ
CðηÞ

∂gkðηÞ
∂η þ ½k2 þm2CðηÞ�gkðηÞ ¼ 0:

ðA3Þ

Here one can get rid of the first order derivative and rewrite
this equation in the form of the oscillator with a time-
dependent frequency:

�
d2

dη2
−
ðd−1Þðd−5Þ

16

ðC0ðηÞÞ2
C2ðηÞ −

d−1

4

C00ðηÞ
CðηÞ þk2þm2CðηÞ

�

×gkðηÞCd−1
4 ðηÞ¼0: ðA4Þ

Exact solutions of this equation are given by the Heun
functions. Their explicit from is not necessary for our
purposes. In fact, we may distinguish solution, which
behaves in the asymptotic regions as:

uink ðη; x⃗Þ ∼
8<
:

1ffiffiffiffiffiffiffiffi
4πωin

p CðηÞ−d−1
4 eik⃗ x⃗−iωinη; η → −∞

1ffiffiffiffiffiffiffiffi
4πωin

p CðηÞ−d−1
4 eik⃗ x⃗½C̃1e−iωoutη þ C̃2eiωoutη�; η → þ∞;

ðA5Þ

with some coefficients C̃1 and C̃2. The mode decomposi-
tion of the field operator as usual has the form:

ϕðη; x⃗Þ ¼
Z

∞

−∞
ddk½akuink ðη; x⃗Þ þ a†ku

in�
k ðη; x⃗Þ�: ðA6Þ

As in the two-dimensional case, the sum of the leading
tadpole diagrams contributes to the mass and mode
renormalization. Here we imply that the mass is already
renormalized and we aim to demonstrate that the loop

corrections to occupation number and anomalous quantum
average contain growing with time contributions.
From here it is tedious but straightforward to deduce that

the expressions for the occupation number and anomalous
quantum averages are essentially the same as in the two-
dimensional case, but with the different numerical factors
and small modifications.
E.g., for the occupation number one obtains the follow-

ing expression

nð2Þp ≈ ð2πÞ2d λ
2

6

Z
η

η0

dη3Cðη3Þdþ1
2

Z
η

η0

dη4Cðη4Þdþ1
2

Z
ddqddrddsδðp⃗ − q⃗ − r⃗ − s⃗Þgin�p ðη3Þginp ðη4Þ

× ½gin�q ðη3Þginq ðη4Þgin�r ðη3Þginr ðη4Þgin�s ðη3Þgins ðη4Þðð1þ npÞð1þ nqÞð1þ nrÞð1þ nsÞ − npnqnrnsÞ
þ 3gin�q ðη3Þginq ðη4Þgin�r ðη3Þginr ðη4Þgins ðη3Þgin�s ðη4Þðð1þ npÞð1þ nqÞð1þ nrÞns − npnqnrð1þ nsÞÞ
þ 3gin�q ðη3Þginq ðη4Þginr ðη3Þgin�r ðη4Þgins ðη3Þgin�s ðη4Þðð1þ npÞð1þ nqÞnrns − npnqð1þ nrÞð1þ nsÞÞ
þ ginq ðη3Þgin�q ðη4Þginr ðη3Þgin�r ðη4Þgins ðη3Þgin�s ðη4Þðð1þ npÞnqnrns − npð1þ nqÞð1þ nrÞð1þ nsÞÞ�: ðA7Þ

Evaluating integrals over η3 and η4 as in the two-dimensional case, it is straightforward to find that:
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nð2Þp ≈
λ2ðAþ BÞ3−dη
28−2dπ3−2d

Z
ddqddrddsδðp⃗ − q⃗ − r⃗ − s⃗Þ
ωinðpÞωinðqÞωinðrÞωinðsÞ

δðωoutðpÞ þ ωoutðqÞ − ωoutðrÞ − ωoutðsÞÞ

× fÑ 1ðp; q; r; sÞ½ð1þ npÞð1þ nqÞð1þ nrÞð1þ nsÞ − npnqnrns�
þ Ñ 2ðp; q; r; sÞ½ð1þ npÞð1þ nqÞð1þ nrÞns − npnqnrð1þ nsÞ�
þ Ñ 3ðp; q; r; sÞ½ð1þ npÞnqð1þ nrÞð1þ nsÞ − npð1þ nqÞnrns�
þ Ñ 4ðp; q; r; sÞ½ð1þ npÞð1þ nqÞnrns − npnqð1þ nrÞð1þ nsÞ�
þ Ñ 5ðp; q; r; sÞ½ð1þ npÞnqnrð1þ nsÞ − npð1þ nqÞð1þ nrÞns�
þ Ñ 6ðp; q; r; sÞ½ð1þ npÞnqnrns − npð1þ nqÞð1þ nrÞð1þ nsÞ�g; ðA8Þ

where the quantities Ñ 1;2;3;4;5;6ðp; q; r; sÞ are given by

Ñ 1ðp; q; r; sÞ ¼ jC̃1ðpÞC̃1ðqÞC̃2ðrÞC̃2ðsÞj2 þ jC̃2ðpÞC̃2ðqÞC̃1ðrÞC̃1ðsÞj2;
Ñ 2ðp; q; r; sÞ ¼ 2ðjC̃1ðpÞC̃1ðqÞC̃2ðrÞC̃1ðsÞj2 þ jC̃2ðpÞC̃2ðqÞC̃1ðrÞC̃2ðsÞj2Þ;
Ñ 3ðp; q; r; sÞ ¼ jC̃1ðpÞC̃2ðqÞC̃2ðrÞC̃2ðsÞj2 þ jC̃2ðpÞC̃1ðqÞC̃1ðrÞC̃1ðsÞj2;
Ñ 4ðp; q; r; sÞ ¼ jC̃1ðpÞC̃1ðqÞC̃1ðrÞC̃1ðsÞj2 þ jC̃2ðpÞC̃2ðqÞC̃2ðrÞC̃2ðsÞj2;
Ñ 5ðp; q; r; sÞ ¼ 2ðjC̃1ðpÞC̃2ðqÞC̃1ðrÞC̃2ðsÞj2 þ jC̃2ðpÞC̃1ðqÞC̃2ðrÞC̃1ðsÞj2Þ;
Ñ 6ðp; q; r; sÞ ¼ jC̃1ðpÞC̃2ðqÞC̃1ðrÞC̃1ðsÞj2 þ jC̃2ðpÞC̃1ðqÞC̃2ðrÞC̃2ðsÞj2:

One should note here that the only difference in higher
dimensions, as compared to the two-dimensional case, is
that the internal momenta now are d-dimensional, and also
the numerical prefactor of the r.h.s. is different. However,
the character of the secular growth is linear in any number

of dimensions, and the form of the “collision integral” is
also the same. The same fact holds for the anomalous
quantum average—the expression for it is similar to (63).
At the same time, for the out-modes the correction

coming from the future region is as follows:

n̄ð2Þp ≈
λ2ðAþ BÞ3−dη
28−2dπ3−2d

Z
ddqddrddsδðp⃗ − q⃗ − r⃗ − s⃗Þ
ωoutðpÞωoutðqÞωoutðrÞωoutðsÞ

δðωoutðpÞ þ ωoutðqÞ − ωoutðrÞ − ωoutðsÞÞ

× ½ð1þ n̄pÞð1þ n̄qÞn̄rn̄s − n̄pn̄qð1þ n̄rÞð1þ n̄sÞ�: ðA9Þ
Here we keep η0 finite and neglect the contribution from the past region. Otherwise, if η0 → −∞ we obtain the infrared
catastrophe, as was discussed above.
In all, the situation in higher dimensions is not conceptually different from the two-dimensional case, if one considers

first few corrections to the stress energy tensor in the massive scalar theory.
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