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Quantum flavor vacuum in the expanding universe:
A possible candidate for cosmological dark matter?
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We analyze fermion mixing in the framework of field quantization in curved spacetime. We compute the
expectation value of the energy-momentum tensor of mixed fermions on the flavor vacuum. We consider
spatially flat Friedmann-Lemaitre-Robertson-Walker metrics, and we show that the energy-momentum
tensor of the flavor vacuum is diagonal and conserved. Therefore, it can be interpreted as the effective
energy-momentum tensor of a perfect fluid. In particular, assuming a fixed de Sitter background, the
equation of state of the fluid is consistent with that of dust and cold dark matter. Our results establish a new
link between quantum effects and classical fluids, and indicate that the flavor vacuum of mixed fermions

may represent a new component of dark matter.
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I. INTRODUCTION

Among the open issues of modern cosmology is the
understanding of the dark components of the universe.
Most of the total energy density is shared between “dark
energy” that drives the accelerated expansion of the
universe [1-7] and “dark matter,” the nonbaryonic matter
that is responsible for holding galaxies and clusters together
[8-25]. A conclusive explanation for this “dark universe” is
still lacking. Several proposals, often very different in
nature and perspective, have been put forward to account
for dark matter. New particles such as axions, axionlike
particles [26-36], and supersymmetric partners [37], aris-
ing from extensions of the standard model, might explain
the missing matter. Another possible dark matter compo-
nent is represented by massive compact objects such as
primordial black holes [38]. Other proposals rely on pure
quantum field theoretical effects and the nontrivial structure
of the vacuum of flavor fermion mixing [39-43]. The
relevance of fermion fields in astrophysical and cosmo-
logical contexts is well represented by the role of neutrinos.
These particles are a valuable source of information as they
are expected to play an important role in investigating
astrophysical processes. They can be used as a test of the
standard cosmological model [44,45] even at early time
[44,46] and have been recognized as a possible component
of dark energy [47]. Moreover, the corresponding vacuum
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has been identified as a possible dark matter component in
flat space [39,40]. Neutrinos are known to oscillate among
their three flavors, and their general oscillation formulas in
curved spacetime have been derived in Refs. [48-52]
together with a number of other aspects of this phenome-
non. We remark that flavor mixing and massive neutrino
oscillations are phenomena beyond the standard model.

In the following, starting from the analysis of the
possible contribution of the flavor vacuum to the dark
matter, previously studied in Minkowski spacetime [39,40],
we study the behavior of the flavor vacuum in the case of a
curved background. We compute, in the context of an
homogeneous and isotropic spacetime, represented by a
spatially flat Friedmann-Lemaitre-Robertson-Walker met-
ric, the expectation value of the energy-momentum tensor
of neutrinos on the flavor (mixed) vacuum. We show that
this expectation value is a diagonal tensor and satisfies the
Bianchi identities. Consequently, it behaves as an effective
stress energy tensor akin to that of a perfect fluid and can
enter the Einstein equations as a regular source term. In
particular, assuming a fixed de Sitter background, the
equation of state of such a fluid is that of dust or cold
dark matter (w = 0).

These results are not a mere generalization of the
studies conducted in flat space [39-43], since the under-
lying quantum field theory (QFT) of fermion mixing is
much more involved, with respect to flat space, and the
properties of the flavor vacuum depend critically on the
curved background considered. The computation per-
formed on the de Sitter background already gives an
indication that the flavor vacuum may play a role within

© 2022 American Physical Society


https://orcid.org/0000-0002-8745-2522
https://orcid.org/0000-0003-2373-2653
https://orcid.org/0000-0002-8190-4989
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.105.105013&domain=pdf&date_stamp=2022-05-17
https://doi.org/10.1103/PhysRevD.105.105013
https://doi.org/10.1103/PhysRevD.105.105013
https://doi.org/10.1103/PhysRevD.105.105013
https://doi.org/10.1103/PhysRevD.105.105013

CAPOLUPO, CARLONI, and QUARANTA

PHYS. REV. D 105, 105013 (2022)

the dark sector of the universe. Indeed, the flavor vacuum
brings along an additional energy density, and, being
pressureless, may be associated with a dark matter
component. According to our results, a possible constitu-
ent of dark matter is then represented by the energy of the
vacuum of mixed fields. In future works we will analyze
the energy-momentum tensor associated with the fermion
flavor vacuum in spacetimes that describe large scale
structures, such as spiral galaxies. In that context the fluid
related to the flavor vacuum can be more properly
identified with a dark matter component.

The paper is organized as follows. Section II contains a
summary of the properties of the quantum Dirac equation
in curved spacetime. Section III contains the field quan-
tization of the flavor fields and the introduction of the
oscillation components. In Sec. IV the component of
the expectation value of the quantum stress energy
tensor is derived. Section V contains the application to
a specific background metric, i.e., the de Sitter spacetime
and the derivation of the corresponding exact solution
for the component of the stress energy tensor, together
with some consideration on its regularization. Finally
Sec. VI is dedicated to the conclusions. In the following,
we will use the + — —— signature, and we will assume that
greek indices run from O, ..., 3; lowercase Latin indices
from 1,...,3; and uppercase Latin indices from 1, ...,4.
These last indices will represent tetrad indices. The
symbol [,] denotes the matrix commutator so that,

c.g., [VAJ’B] = YAYB —VBYA-

II. THE DIRAC EQUATION AND ITS SOLUTIONS
IN FLAT FLRW SPACETIME

For the reader’s convenience we start this section by
setting the notation and introducing the metric of interest.
We then elaborate on the Dirac equation and discuss the
general form of the solution. We will focus on the spatially
flat  Friedmann-Lemaitre-Robertson-Walker ~ (FLRW)
spacetime (we use the + — —— signature) described by
the metric g,, = diag(1, —C*(r), —C*(r), —C*(1)). where
C (1) is the scale factor. For our purposes it will be useful to
express this metric in terms of the conformal time 7 defined

dt

as dr = ¢g; with range 7 € (—o0,0) corresponding to

t € (=00, ). Using 7, the line element reads
ds?> = C*(7)[d7* — dx* — dy* — dZ?] (1)

when expressed in Cartesian spatial coordinates and in
conformal time .

In order to write the Dirac equation, we need to choose a
tetrad field e/} with the property g,, = e;efn,p. Given the
metric of Eq. (1), a convenient choice of tetrads is

ey = C(1)8y. (2)

where the Kronecker symbol 5{} signals that the only
nonzero component of e is the one for which the
Lorentz index A and the spacetime index u coincide.

Using the tetrads above one can define the generalization
of gamma matrices y* to the case of curved spacetime
7= et

Finally, in order to write the Dirac equation, we also
need the spin connections w,® = efI,e”® + e} 0,e*5.
The spinorial covariant derivative is defined with the
aid of the spin connections as D,y = d,w +I',y and
I, =tw}Blys.vp). We can now write down the Dirac

equation

i7" (x)D,y — my = 0. (3)

The above equation can be generated by the Lagrangian
i Tra7H Tra7H Y7
£ = V=S WD - D owl - miv | (4

and we can define the energy-momentum tensor of the
spinor field as the variation of the above Lagrangian with
respect to y and

I __
T/w = 5 {l//yu (x)Dvl// + l//yv(x)Dul//

—Dy‘f/%(x)ll/—Dyl/_/ﬁ(x)’//} (5)
In the metric (1) the Dirac equation reads

3i0,C .
(iyo(?, + El%yo + iy/0; — mC)l,// =0. (6)

We remark that the Dirac equation (6) holds for the
quantum field theoretic free Dirac field of mass m. At
odds with the classical Dirac field, we cannot drop the
spatial derivatives by arguing that space-dependent quan-
tities cannot enter the right-hand side of the Einstein
equation if the metric depends only on time. Indeed, all
the solutions to Eq. (6) must be considered for the field
expansion, including those which depend explicitly on
the spatial coordinates. Consistency with the (time-
dependent only) metric is then achieved for the expect-
ation value of the physical observables, including the
energy-momentum tensor, which turn out to depend only
upon time.

The spatial dependence of this equation suggests that we
look for plane wave solutions y « e”*, where the mode
label p is a 3-vector that can be thought of as the would-be
plane wave momentum when C(z) reduces to a constant,
and “a-b” is a shorthand notation for ) . ,,;a;b;.
We remark that the actual momentum that is

105013-2



QUANTUM FLAVOR VACUUM IN THE EXPANDING UNIVERSE: ...

PHYS. REV. D 105, 105013 (2022)

instantaneously carried by the mode with label p is the

. 1
comoving momentum ﬁ.

Using the helicity eigenbispinors &; defined as
c-p
—& =14 (7)
p

the solution of (6) can be written as the combination of the
positive and negative energy solutions in the form

fp(T)f/l(i)) )
9,(0)28:(P) )

g (&)
—f;(ma(fa))‘ ®)

Uy 4 (7,%) = eil"x<

pa(7.x) = eip'x<

Here p = % denotes the unit vector in the direction of p, 6 is
the vector of Pauli matrices, and 4 = £1. Notice that for
each A = +1, the quantity & /1( )o;&;(P) is an odd function
of p;, for i = 1, 2, 3. In particular, &} (p)o,&;(p) changes
sign when the momentum is reversed p — —p. The state-
ment can be proven by direct calculation, as shown in
Appendix B. Inserting Eq. (8) in Eq. (6), and using the
defining property of the helicity bispinors, we can write (6)
as the system

3i0
i0.fp = <mC 2 >f,, + PYps
la‘:gp ( —mC — 2 )gp+pfp’
: 3i0 .
i0.f) = ( —mC - )fp P9p:
largp = | mC— 2 C 9p — pfp‘ (9)

The above equations show that the functions f, g depend
only on the modulus p of the 3-momentum. Thus, from
now on, we will drop the vector index p in favor of the
scalar index p.

The scalar product between two solutions of the Dirac
equation A, B is defined as

"This is most conveniently seen by inserting the plane wave
ansatz in Eq. (6) and reverting to the coordinate time :

i ip.
{iy"(@ +§8'—C> —@—m}y/pzo.

In this form the equation resembles the Dirac equation in flat
space with a time-dependent potential 5 3 0 € and with the quantity
playmg the role of an instantaneous momentum.

(A.B), = / P x\/GA7(x)B. (10)

where the integration is to be carried over a hypersurface X,
of constant conformal time 7. If A and B are solutions of the
same Dirac equation, the scalar product (A, B), is inde-
pendent of 7. This is no longer true if A and B are solutions
of distinct Dirac equations. Taking into account that the
determinant is g = —C® and adopting the normalization

|fp|2+|gp|2: (11)

1
(2zC)3’

we obtain the following orthonormality and completeness
relations, respectively (for details, see Appendix A):

(up,i’ uq,l/)r = 63(17 - q)5/1,/1”
(“p,» Uq,/v)f = (vp,/l» uq,/v)f =0,

(Up 2 Vg2): = (P —q)5,1, (12)

1 I O
! Py =—— . (13
;(”p,l”p,/l + ”p,l”p,ﬁ) (22C)3 <O I ) (13)

Equation (13) shows that the set of solutions (8) provides a
basis not only for the solution space of the Dirac equation
but also for the space of 4-spinors.

The system of equations (9) can be further simplified by
introducing the functions

3 3

¢p = szp’ Yp = ngp (14)
since then the system becomes

0.9, = —imCe, — ipy,,

Oy, = imCy, —ipg,,

0y, = imCep, + ipy,,

O.yy = —imCy}, + ipd,,

and the normalization condition (11) becomes

|¢p‘2 + |7p|2 = (15)

1
(2n)
The first two of Egs. (15) can be combined to give two
second-order equations for ¢,

02¢, + (imd,C + p* + m*C*)¢, = 0. (16)

In the same way, we can obtain a second-order equation
%
for ¢p‘ . . . oy
We conclude the section by introducing a bilinear form
of the solutions of the Dirac equation, which is convenient
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for the study of the energy-momentum tensor. Given two
solutions A, B of the Dirac equation, we define the auxiliary
tensor as

L, (A,B) = Ay, (x)D,B + Ay,(x)D,B — D,Ay,(x)B
- D,Ay,(x)B. (17)

The properties of the auxiliary tensor are analyzed in
Appendix C.

III. QUANTIZATION OF FLAVOR FIELDS

In the following, we start by quantizing a single Dirac
field of definite mass, and then we report the analysis of the
main properties of two flavor mixed fields. It is important to
stress that here we adopt the flavor Fock space quantization
of the flavor fields in a curved background [48]. In such a
setting, the representations in terms of annihilators with
definite mass (mass representation) and the representation
in terms of annihilators with definite flavor (flavor repre-
sentation) are unitarily inequivalent, regardless of the
background metric considered (Minkowski, FLRW, etc.).
The flavor vacuum, annihilated by all the destruction
operators with definite flavor, has the structure of a
condensate of particle-antiparticle pairs with definite
masses. Such a structure characterizes the mixing phe-
nomenon. The analysis of the flavor mixing in QFT and the
unitary inequivalence between flavor and mass representa-
tions in the Minkowski metric are reported in [53] and in
references therein. The current paper specifically pertains
to the flavor vacuum on a curved background. In addition to
the particle creation phenomena related to the expansion of
the universe, we also need to consider the condensate
structure of the flavor vacuum that we remark is to be taken
into account regardless of the background metric.

Our approach to the quantization of the flavor fields is
different from the quantization employed in previous
works, as [54]. There the authors work within a unique
representation (the mass representation) and the creation
operators for fields with definite masses and fields with
definite flavor, at a fixed time, act upon the same Fock
space and define a unique vacuum state (the mass vacuum).
Inequivalent representations only come into play for dis-
tinct times, due to the expansion-related particle creation.

In our case, two inequivalent representations (the mass
and the flavor ones) are present even at the same time. This
point can be understood by considering the flat spacetime
limit of the energy density. Indeed, in Refs. [39-43], it has
been shown that the expectation value of the Hamiltonian
density computed on the flavor vacuum is nonvanishing
even in the flat spacetime limit (where there is no particle
creation due to expansion). This result is due to the
condensate structure of the flavor vacuum. On the contrary,
on the mass vacuum that the authors of Ref. [54] use, the
expectation value of the (normal-ordered) Hamiltonian

density vanishes in the flat spacetime limit. Such a circum-
stance is an obvious consequence of the absence of particle
creation. Here, we generalize the results of [39] to the case
of a curved background.

Finally, in order to avoid any confusion, we remark the
Bogoliubov coefficients discussed in Sec. IV are the mixing
coefficients, provided by the inner products of modes with
different masses at the same, given time [48]. These are not
to be confused with the Bogoliubov coefficients, as those
appearing in [54], that relate the field expansions at
distinct times.

A. Dirac field

Since the set of solutions (8) {4, v}, is complete,
any solution of the (linear) Dirac equation can be written
as a linear combination of these modes. In particular, this
is true for the Dirac field: w(x) =3, [d®p(A,up 1+
B* 2. ;). In this equation, the notation B* i is chosen to
remark that v, ; describes an antiparticle with momentum
—p. Notice that all the spacetime dependence is in the
modes, while the coefficients are independent of both space
and time coordinates.

Quantization is achieved, as usual, by promoting the
field, and thus the expansion coefficients to operators

w(x) =Y / Aty + B 0p0). (18)
A

and imposing the canonical anticommutation relations. The
momentum conjugate to y(x), according to the Lagrangian
(4), is m,(x) = iC%"(x), so that the canonical anticom-
mutation relations to be imposed are

{wa(e. %), 7,p(2.%')} = iC{ya (e, %), yp(z.x)}
= i6,56° (x —x'). (19)

Here the indices A and B are referred to as the spinor
components A, B =1, 2, 3, 4. It is easy to show that the
relations (19) are satisfied if one imposes the following
anticommutation relations on the coefficients:

{Ap,/lvA;/v} - {Bp,).’ B;y} = 5/11’53(17 - q) (20)

with all the other anticommutators vanishing (see
Appendix D ...). The field expansion (18) defines the
vacuum state |0) as the state annihilated by all the
annihilation operators A,,[0) = B,,|0) =0, V p.A. It
is important to stress that the definition of the vacuum
state depends critically on the choice of the field modes.
Specifically, its particle interpretation is tied to the
boundary conditions specified on the solutions (8).
Another kind of field expansion is possible if one
assumes a specific time evolution of the modes, as is
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done within the adiabatic approximation (see, e.g.,
Refs. [55-58]). Contrary to our field expansion (18),
the annihilation operators (and thus the vacuum)
are thereby endowed with a specific time dependence.
The expansion (18), instead, does not assume any

|

particular time dependence and is, therefore, more gen-
eral. The two expansions can be made to coincide
at a given time. The quantized energy-momentum tensor
is obtained by inserting the field expansion in the
definition (5):

i T
Tﬂy = EZ / d3p / d3q{A;,/1Aq,/l’Lﬂl/(up,/1’ uq,ﬂ’) +Ap,lBT—q,/l’LﬂU(upq/1’ qui/)

AN

+ B—p,ﬂAq,/l’Lﬂu(vp./lv uq./l’) + B—p,ﬂBT_q’;/L;w(vp,ﬂ’ Uq,/i’)}’ (21)

where we have used the definition (17) of L,,. The
Hamiltonian density, defined with respect to 0, corre-
sponds to the component 7% of the above equation. It
follows immediately that the vacuum is not an eigenstate
of the Hamiltonian unless LI(v,,.u,,) =0, due to the

Ay B,
the creation of particle-antiparticle pairs with opposite
momenta, a result known from the previous analyses. This
is a reflection of the noninvariance under time translations.
On the other hand, from the relation L;(u,;,v,,) =0,
derived in Appendix C [cf. Eq. (C14)], it is clear that the
vacuum respects the residual translational symmetry in the
spatial coordinates, i.e., P|0) = 0.

term. In particular, the vacuum is unstable under

B. The flavor fields

Up to now, our considerations have been restricted to a
single Dirac field of definite mass. To introduce the flavor
fields, we follow [48] and start by introducing two Dirac
fields with distinct masses m;, m,. We consider two flavors
for simplicity but the analysis can easily be generalized
to three flavors. The theory of two free massive Dirac
fields is just the product of two copies of the theory for a
single Dirac field. All the relations discussed above remain
valid, provided we assign a new index j = 1, 2 to all the
quantities involved, y;, m;, A, ;.i, 4, 5.;, and so on. All the
previous relations are index-wise valid for j=1, 2.
The mass vacuum that we now denote explicitly as |0,,)
is annihilated by all the annihilators for each index j. The
total energy-momentum tensor is simply the sum of two
copies of Eq. (21), one for each j. We also require that each
mode of field 1 is related to the corresponding mode of
field 2, with the same labels p, 4 by the substitution
m; — m,, and vice versa.

The flavor fields are then introduced via the rotation

|
(@}

0s(0)y1 (x) + sin(@)y(x),
cos(@)y (x) — sin(O)y; (x), (22)

We(x)
W (x)

where 0 is the two-flavor mixing angle. At the quantum
level, the rotation is employed by the mixing generator

[
Zo(z) = exp{O[(w1.y2), — (W2, 1) ]} (23)

Here (y,,y ), stands for the scalar product at the 7
hypersurface (recall that for fields of distinct masses the
product does depend on 7). The flavor fields are then

We(x) - Igll//l ()C)Ig,
w,(x) = T3 o (x)Zy. (24)

The action of the generator also defines the flavor anni-
hilators (A4, )., = IglAp. 1129 and similar) and the flavor
vacuum as

0F) = Z5"0y)- (25)

Notice that, contrary to the mass vacuum, the flavor
vacuum has an explicit 7 dependence. The terminology
“flavor vacuum” is justified in that this state is annihilated
by all the flavor annihilators.

IV. VACUUM EXPECTATION VALUE OF THE
ENERGY-MOMENTUM
TENSOR ON THE FLAVOR VACUUM

We are specifically interested in the contributions that
flavor mixing induces on the energy-momentum tensor.
More precisely, we ask what is the expectation value of the
energy-momentum tensor on the state corresponding to
the absence of flavor neutrinos at a given time |Or(7g)).
We stress that in this calculation, we assume a fixed but
arbitrary expansion of the mass fields, and therefore a fixed
but arbitrary choice of the mass vacuum. The effect of a
change in the mass representation on the flavor fields is
known [48], and once the result is computed for a given
representation, one can implement the adequate trans-
formations to get the result in other mass representations.
Likewise, we keep the time 7, arbitrary and distinct from
the time argument 7 of the energy-momentum tensor. The
quantity we wish to compute is then

—I]—m/ = <0F(TO>|T/41/|0F(TO)>’ (26)
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where T, is given by Eq. (21). We remark that the only sensible definition for the energy-momentum tensor is the one (21)
in terms of the fields with definite mass. Let us analyze the typical term in Eq. (26). It has the form

(05 (z0) |4, pu q,/l’;l|0F(TO)>' (27)
Using the definition of the flavor vacuum, this equals
(0u|To(z0)A) 11 Ag.1Z5" (70)[0n1) = (Ou|To(70)A; 11 Z5" (70)To(70)Ag.r1 T5" (70)|0ur)
P. D
= <OM|I:é(To)Apz 1Z-0(70)Z=4(70)Agira Z-9(0)|Op), (28)

where we have used that [Eq. (23)] Z,' =Z_,. Now the operator Z=j(z()A, ;1Z_(70) is just the mass annihilator
transformed according to a mixing transformation with angle —6. Knowing the transformation rule in terms of 8 [48], we
can easily write down the transformed operators:

T24(20)Ap 11T _o(70

21 ( cos(0)Ap 1 —sin(H)(A (70)A p.A2 +Ep(fo) p,n)

Z=4(70)Ap 12T —o(7o ( E, (79) B!
Z74(70)B_p 11T -o(79
(

Z=5(70)B_p12Z—o(70

()
cos(0)Ap 1 + sin(0) (A (70)Ap 11 — Ep(70)BL, 11)

cos(0)B_, ;.1 — sin(0)(A;(z9)B_p 10 — E, (TO)AI;M),

cos(0)B_p . + sin(0) (A, (79) B_p 11 + Ep(TO)A;,m)v (29)

)
)
)
)

while the transformation rule for the adjoint operators can be obtained by considering the adjoint equations. The
Bogoliubov coefficients are defined as the inner products

8 (O)Ap (T) = (up,ﬂ;Zv Mp./l;l)T = (Up,i;lv Up./l;Z)T*
F(0)E,(7) = (Upi1. Vpia). = —(Up 12, Vpi1)» (30)

where the notation anticipates that they do not depend on 4 (we will see that they actually depend only on the modulus of the
momentum p). The 5*(0) factor is a reminiscence of the more general expressions involving distinct momenta A, ,
53 (p — q) [48]. The delta factor is absorbed by a corresponding momentum integration in Egs. (29), leaving only the finite
coefficients defined via Eq. (30). These coefficients satisfy |A,[* + |E,|* = 1 for all p, z. With the aid of Egs. (29), we can
evaluate all the expectation values appearing in Eq. (26):

sin*0|2, (7)) [*6,0 8 (P —q), ¥ J,
sin*6|Z, () |*6,28° (P —q), Y J,
Sin0=5 () A, (70)8,:8 (p — q),
—sin?08, (z0) Ay (70)8,28° (p — q).
sin*0E, (70) Ay (70)8,:8° (p = q).
= —sin’0%, (20) A, (0)5:6°(p — q). (31)

<0F(To)| p.Aj q~/1'~'|0F(To>
<0F(TO)|B—p/1J —q:13j 107 (7o)
<OF(TO)|ApMB g 1107 (7o)
)

)

)

0r (70 | .22 q;/l’;2|0F(TO

)=
)
)
(0F (7o) )
(0r(70)|B_p.1:1A 4110 (70))
(07 (70)|Bp.12A 2|0 (70))
It is convenient to give the result by splitting out the pure mixing component:

T =T + T, (32)

MIX)
T ——Sm 92/d3p{|~ 20) Y (L (i 4y 1) = Ly (0 s p i)

=12
+ B (70) Ap (70) Ly (thp 11 Vp 2:1) + Ep (70) Ap (70) Ly (Up 11 Up 1:1)
- E‘; (TO)A; (TO)Luv(up,l;Z’ vp,/l;Z) - E‘p (TO)Ap (TO)Lyv(vp./l;Zﬂ up,/l;Z)}’ (33)
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N i
—l]—;(w):_ /dlew Up.azj» p/lj) (34)
j=1.2

The last term comes from applying the anticommutator
relation {BT_M;]., B_y .} = 8,78 (p —gq) to the BB term.

While the remaining terms, regrouped under the symbol

TT,(,[,‘,/HX), show an explicit dependence on sin’#, and are

therefore zero in the absence of mixing, the last term is
present independently of mixing. Indeed, it is easy to check

that '[Fw) represents the expectation value of the energy-
momentum tensor on the mass vacuum:

N
T = (Ou|7,u101)- (35)
The origin of this term is an ordering ambiguity in the

energy-momentum tensor of the quantized fields. To
understand its significance, let us consider the flat space

=./P? —i—m2 The

= Ayﬂal,B +Ayy({)ﬂB - G”AyDB - 8DA7/MB, (36)

limit, where v " with w,

P
auxiliary tensor becomes

io
A‘/Cxe P

L, (A B)

where both the Dirac matrices and the derivatives are the
ordinary flat space ones. In particular, one has

L()O(Up.ﬂ;jvvp,ﬂ;j) :2( p/lja Upaij — avp/ljvpﬂj)
diw,.;, (37)

_ i _
= 4iw,;v, ). Vp 1ij =

where we have made use of the normalization
= 1. Then

= _22 > /d3pwp;,

j=1.2

B
vp,/l;j Up.asj

(<0). (38

We can see that '[Fgg) corresponds to the diverging negative

energy that is removed by the normal ordering prescription
in flat space. In order that the energy-momentum tensor 7',
approaches the normal-ordered flat-space expression in the
limit, one must subtract T,(,I,Y). Then we define a renormal-
ized energy-momentum tensor by

- N
T;w =T uv —[l—/(w)7 (39)
whose expectation value is

(0 (20) | T5 |05 (7)) = T ™. (40)

We now derive the general properties of the Bogoliubov

coefficients, we show that Wf’x) behaves as a perfect fluid,

and we determine the functional expression of T, and T},.

A. General properties of the Bogoliubov coefficients

Much can still be said without specifying the precise
metric, i.e., without providing an explicit form for the scale
factor C. Plugging the solutions (8) into the definition (30),
we have

Ap (T) = (2”C)3(f;;2fp;l + g;;2gp;l >’ (41)

where we have switched to the notation A, to highlight that
it depends only upon the modulus p. In a similar way

E,y(7)

From Egs. (41) and (42) we can verify that

= (Z”C)3(f;;lg;;2 - g;;]f};ﬂ)' (42)

A, @)+ 5, (@) =1, (43)

where in the last step we have made use of the normali-
zation condition (A3). We conclude this subsection by
expressing the Bogoliubov coefficients in terms of the
reduced functions ¢, 7 ,:

Ap(T) = (2”)3(¢;;2¢p;1 + 7;;2}/17;1)’
EP(T) = (2”)3( ;;ly;;Z - y;;l¢;;2)‘ (44)

B. Diagonality of the energy-momentum tensor

Using the result [Eq. (44)], we can prove that T,, is
nonzero only when yu = v. This result has the important
consequence that T, can be interpreted as the energy-
momentum tensor of a perfect fluid.

We start by proving that T,; = 0 for i = 1, 2, 3. Since we
can always write L (a,b) = p;h,,(p) (see Appendix C
for details), each of the terms in the integrand of Eq. (32) is
of the form p;F(p), with F(p) a function of p only. We
therefore have an odd function of p; integrated over an even
domain p; € (-0, +00) and the integral vanishes:

T, =0. (45)

The situation is similar for T;; with i # j and i, j = 1, 2, 3.

In this case [see Eq. (C15) of Appendix C], namely
L;j(a,b) = p;p;l,,(p) implies that each term under the
integral sign is of the form p;p;G(p) with G(p) a function of
p alone. It is clear that also in this case, the integral over the
even domain (p;, p;) € (=00, 4+00) x (=00, +00) vanishes,
yielding T;; = 0 for i # j. Notice that the same conclusion
does not apply to T;;, since in this case the integrand is an
even function p?A(p) of p;. Itis easy to verify that T;; is the
same for each i = 1, 2, 3, consistently with the isotropy of
the underlying metric. Because of the manifest diagonality
and isotropy of the energy-momentum tensor, there are

really only two independent components of T, i.e., T,, and
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T,; for a given i. Alternatively one can consider the T,
component and the trace T4, as by definition

where no sum is intended over the index i and we have used
the isotropy of T,
It is worth stressing that, as evident from the definition

Ty = ¢*T,, = C*T,, —3C°T, and the expression of the auxiliary tensor, T,, depends only
on the time coordinate 7 and parametrically on the arbitrary
and then fixed time 7.
- We conclude the section by giving the explicit functional
T, — —3C T ’ (46) form of T, and T). From Egs. (32) and (44) we have
|
Tn’[¢}7;j’ }/}7;]] = 2ic_2 Sill2 ez / d3p{|E‘p(TO)|2 Z( T¢}7] + }’pj Typ] 8 ¢p j¢p] Typ;jyp;j)
7 =12
23 (E5 (1) A (20) (104 s — 7 Detbpn) — B (20) A3 (00) (Ba0et s = V5aDrbin )]}

-iey > [ 013000+ 13,0005~ 0y s = 017 (47)
J
and
Thly 1) = 4C 50 [ {2 P S = 1)
J
+ 2i3[imyE), (10) A (7o) PpaV o — IMIE (To)Ap(To)fﬁ;;]Y;;l]}
- 2C_3Z > m / & p(psl* = 7 piil?). (48)

j=12

Note that both the 7z component (47) and the trace (48) can
also be seen as functionals of {¢,,0.¢,}. In fact, from
Egs. (15) we have

v () = §<a,7¢p<n> + imCn)p, (n)).

;(3547,7('7) + im0, C(n),(n)
+imC(n)0,¢,(n)).

which can be substituted in the expressions above for T
From the diagonality of the expectation value it is also
straightforward to prove its covariant conservation
V, " =0 (see Appendix E for the details).

Oprp(n) =
(49)

V. APPLICATIONS: EXPONENTIAL EXPANSION

We have shown that independent of the specific scale

factor C, the energy-momentum tensor associated with

the flavor vacuum T%IX) satisfies a number of important

properties: (i) it is diagonal, (ii) it is covariantly conserved,
and (iii) it depends only on time 7. Then v}ff”‘) for the
metric (1) corresponds to the energy-momentum tensor of a

perfect fluid with time-dependent energy density and

|
pressure. In this section, in order to better understand

the properties of 'I]'f,lym, we assume a specific evolution of
the scale factor C and compute the corresponding expect-
ation value of the energy-momentum tensor on the flavor
vacuum. In doing so, we are neglecting the backreaction
due to the flavor fields, i.e., the modifications induced on
the metric by the energy-momentum tensor of Eq. (26).
The computation based on a fixed background metric is
undoubtedly an approximation, but it is useful to get an
insight into the kind of contribution that emerges from the
flavor vacuum. The self-consistent way to deal with T, is
to insert Eq. (26), together with all the relevant matter
terms, on the right-hand side of the Einstein equations and
then solve simultaneously for the scale factor C and the
Dirac modes. This kind of calculation will be performed
elsewhere.

A. Positive energy solutions

Here, in particular, we study the energy-momentum
tensor corresponding to an exponential evolution of the
scale factor C(t) = eflo, with Hj, a constant with dimen-
sions of mass. The great advantage of the so-picked scale
factor is that the corresponding Dirac equation can be
solved analytically without resorting to any approximation,
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(MIX)

allowing for an in-depth analysis of T,, "’. Transforming
to conformal time we have
1 1
7=———¢ C=—-——. (50)
H 0 H o7

Notice that the conformal time 7z is always negative.
Inserting Eq. (50) into Eq. (16) we obtain

0, + < +—+ )qﬁp 0, (51)
or, introducing the positive variable s = —pr,

5203, + (s +?0+ )d)p = (52)

This is a Bessel-like equation, whose general solution can
be written as

3y(5) =)+ Ca ). v=y (157) (59

with J,(s) denoting the Bessel function of order v and Cj,
C, arbitrary complex constants. In order to specify the
solution we need to impose some kind of boundary
conditions, which in turn determine the positive energy
solutions. We require that the modes of Eq. (53) be positive
energy with respect to 0, at early times, i.e., for 7 - —oc0
(where C — 0). With this choice the mass vacuum corre-
sponds to the absence of massive neutrinos at early times.
As 7 — —oo the mass terms can be neglected, and Eq. (51)
becomes

5‘%(15,, + p2¢p = (54)
The positive energy solution with respect to 9, is evidently
¢} x e”'P* or, in terms of the s variable, ¢} (s) o €.
We then impose the requirement limg_ . ¢,(s) x €.
Recalling that s is a positive real variable, we can
employ the large argument expansion of the Bessel
functions [59]

2 177/ 2 4
Jy(s)z\/gcos <s—7—z> for s > +o0. (55)

In this way, we show that the combination satisfying the
requirement is given by

Bp(s) = Nyt (1, (s) = iefhs_y(s))

2 an .
~ Np\/:(—iez”()) cosh <7[r_l_m> e, (56)
n 0

where N, is a normalization constant and the last equiv-

alence holds in the limit s — +oco. Inserting Eq. (56) in the
first of Egs. (49), we deduce

7p(8) = Npst (=idus () + a1 (5)). (57)

where we have made use of the differential relations
satisfied by the Bessel functions [59]. In order to fix N,
we impose the normalization condition (15) in the s — 400
limit. Using the large argument expansion once again, we

obtain [N ,|* = ¢ " Finally, choosing N » real,

1
3277 cosh? (z—’g)
we can write the positive energy solutions as

byls) = P (05) = i)
§)=——"—"<1/% s) —1efo s
P T dcosh(ge) \ 2\ T )
Ll [y g 58
= —| — 0
1) = G o) S(als) + () (58)
with v = 1(1 —21;—':) and s = —pr.

B. Bogoliubov coefficients

We have two sets of solutions ¢, ;,7, ;, one for each
value of the mass m;, with j =1, 2 from Egs. (58). The
compatibility requlrement then implies that each of the
®p.j» ¥ p,j has the same form for j = 1, 2, except that one has

m; wherever the mass appears, including the function index
vi=1%(1- 2""/) We can compute the Bogoliubov coef-

ficients [A (7 ) »(7)] straight away from Eqs. (44):

05—
W ]
0.04f i} 1
iy ]
H ,"\
R
0.03F:1 %Y . 1
o T bl LT
= [N et Tl ]
& o Y R i
T \‘ g ]
— 0.02F:1 CURY ,° 4
SN R ]
e
E,' “, N
0.01 41 N X 1
o ,,{ s\\ ]
'l ‘,. ~~..~_.:~ ~~~~~ /:
[y e bl LTI i S rEE LT T TS ATS ]
0.00 f s T R P R e R e i ey
0 5 10 15 20
s
FIG. 1. Squared modulus of the Bogoliubov coefficient |Z,|* as

a function of s for sample values of the masses (all in units of Hy):
(black dotted line) m; = 0.7, m, = 1.4; (red dashed line)
m; =1, my =2; (blue dot-dashed line) m; = 10, m, = 20;
and (dark orange solid line), m; = 100, m, = 300. The momen-
tum dependence is implicit in s = —pz.
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s e zyo(ml+m2) am

() = 7 o) cosh () {95, 05)00,(5) + T 1 (51,1 5) + €T U7,y (50104, () = T, (5104, (5)]
(

my

+iefo [J*

2]

10 (5) = Ty (W ()] ()4, () + T, ()10, ()]

1S e TgUmitm) amy

=0 (0) = o ) conhE) U Wi () = iy O O]+ L (611, 6) 4 75 (02,

am

= €, (15, () T, ()T, )] + e T, (), () = T3, ()77, (5)] (59)

To give a flavor of the behavior of the Bogoliubov coefficients we have plotted |2, (s)|* as a function of s for sample values
of my, m, in Fig. 1.

We shall be particularly interested in the late time expression of the Bogoliubov coefficients, namely for
s — 0" (the corresponding limit is 7 — 07, or ¢ = +o0). For its determination we make use of the small argument

expansion of the Bessel functions J,(s) = (5)* 1"(11+y) with I" denoting the Euler gamma function. From Egs. (59), it is easy to

find that at the leading order for s — 0" one has

A oz oo mm) e,(’"z—ml)log(%) N (g my) e—t("’z-ml)log(g)
N et ,
) cosh(%) cosh(F72) [T (1) (1)) (1 —w)l'(1 =)
_ Jrs e 2H0(ml+mz) e%e l(mz_ln])l g( ) e”[;”ﬂl el(mzH_(;WI)lOg( ) 60
Zpls) = ZCosh(’""l) cosh(772) |T*(v)I*(1 = 1,) (1= (1) | (60)

C. Explicit form of the energy-momentum tensor

For the explicit calculation it is convenient to refer to the splitting of Eq. (32) and compute T,%HX) and T,(f;/) separately.

Moreover, keeping in mind the results of the previous sections, it is sufficient to compute the 7z component and the trace in
order to fully determine T, . Inserting the solutions (58) in Eq. (47) we find, after a lengthy but straightforward calculation,

m;
J

2.3 “Ha * X
TMx) Pt e § . Vi—v
(T - 15m26§ /d3p|_. ) |2( 10671' ) E : cos hz(mn ) { |:2(ij‘]1/./—1 - Jyj—l‘]z/) +- s ’ |ij|2

=12

yj _yj 2 . IZJ * * * * I/j B I/;f *
+ T |‘]1//-—1| + e 2("1//-‘]1—1//- + J—ujJuj—l + Jyj—l‘]—l//- + ‘]l—uj‘]b./) + TJDIJ_”/

* 2zm i

V;f J * l// * yj - yj * e * *
+ s J—v]‘l vj + J 1J1—1/j + S Jl—yj']zx,-—l +efo 2(Jl—ij—vj - J—yj-ll—z/j)

Ut
+
N

Ty Y fm%@}
J s J

i, . Hzpzrze_% . . 2y —-1
+251n29;/d3p{dp(70)/\p(7 )(8ncoshz(ﬂml)) [(—l(lul) —i(Jy ) i 1S Jyllyl_1>

21/1

my

e Tk * x Tx 1 21/1 * *
+em |\ 200305, =Ty i) F——— JDIJI O et A S

N

27m

2
+ jefo <(J*v1)2 Ji y)z—l— yls Ji, T_yl>] —c.c.}

H2p2T3€ Ho e 8 * -21/;_1 E £
——smzé’Z/ch{ (z0)A (To)(gﬂ Coshz(ﬂmz))[(—z(hz) i) +i - J,,ZJM_I>

21/2 J* * + 1 _21/2 * *
Y 1-v, S 1Y -1

— T Tl +

—vy

+ e (2(1;;1*

2oy * * 2 2U2_1 * *
tiefo (J2,)2 4+ (I, + p T, i, )| —ec . (61)
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In the above equation we have left the Bogoliubov coefficients implicit and the argument of the Bessel functions s = —pzt
has been omitted for a better visualization. We recall that the helicity sum is over 4 = 41 and that in general 7 # 7;. An
analogous calculation can be performed for the trace:

—m;

(MIX) iH}Ts m;e
T lSln2HZ/d PIE, (70 |2( 0 ) > <m> {|Jy,-|2 =yl
H,

j=12
m; 27rm

e (2 Ty = 5T+ iy dy =T Ti) e (0, P - |J1_yj|2)}

i, . imysHyr’e ™ - -
+§Sln29;/d3p{dp(To)Ap(To) (W) |:lJ”lJl/1—1 —|—€ 0] Jl -,
0

amy 27rm1
—emJr, Ji | +ie' JL I } —cC.C.

Yy 1-v,

my

. 3 3 H
Lo 3 = * lmZSHO 0 O £ }Zl * Ik
a Esm 02/1: / ¢ p{HP(TO>AP(TO) <47T Coshz(%2)> { J”z‘]vz—l +efo J”? l-u,

my 2zm
— M, I _, F+ie OZJ_DZJ* }—C.C.}. (62)

Y vy 1 %}

We are particularly interested in the late time (z — 07) expression of the above equations. According to the definition (26),
these represent the contribution of the flavor vacuum state, defined at an earlier time 7y < 7, to the energy-momentum tensor
at late times. We then perform the small argument expansion J,(—pz) ~ (=57)* for all the Bessel functions appearing

F(1+v
in Egs. (61) and (62), and keep only the terms of lowest order in the variable z. At order z, the 7z component is found to be

M) ~zs1n292/d3p|_ 70)| <l )Zm tanh( >

j=12

+%sin292 / &Bp {5;;(10)/\1,( )<2ﬂ_’:’;§°f})> —c.c.]
——smzﬁz / &p {"* 70) A5 (7o) <2ﬂ"c’ziﬁg;)) c.c.} (63)

The corresponding lowest order in the trace is o 7°. To see why this is the case, recall that by definition

3 3
Ti=C?2T,—C2) Ty =HiT, - Hi? Y Ty, (64)
=1 =1

so that in correspondence with T, o 7 one has T/, o z°. To this order the trace is

H3
‘l]'ﬂ(MIX)( ) ~ lSln292/d p|._‘ TO |2 <l ()T > Zm tanh( )

j=12

-5y | "3PF7’<“>A7’< >(2m—f<>> -ee] a

MIX)(1)

Inserting Eqgs. (63) and (65) in Eq. (46), we can deduce the important result T( =0, V i. In other words,
at first order in 7, the spatial components of the energy-momentum tensor vanish. Then the equation of state reads, at lowest
order in 7,
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o T
W= T MIX)) =0, (66)

i.e., the energy-momentum tensor associated with the
flavor vacuum satisfies, at late times (t — 07), the equation
of state of a pressureless perfect fluid. It is important to
stress that this result does not depend on the value of the
momentum integrals, and therefore is independent of any
regularization. Moreover, as it is evident from (66), it holds
for any choice of the reference time 7.

D. Regularization

All the momentum integrals in the expression for the
energy-momentum tensor, both for the general case and the
for the late time approximation, are to be performed over
the whole of R? and are formally divergent. To extract a
finite result, we need some form of regularization. The most
immediate way to regularize the momentum integrations is
to introduce an ultraviolet momentum cutoff . Usually,
the cutoff is chosen in correspondence with a “new
physics” energy scale, beyond which the “low energy”
quantum field theory description breaks down. In our case,
K ought to be related to the scale at which the semiclassical
approximation breaks down, i.e., at the quantum gravity
scale K~ M, which is of the order of the Planck mass
M ;. However, we can expect the cutoff to be at a much

lower scale for what concerns the proper mixing term.
Indeed, at very high energies, the mass difference between
the neutrino states becomes negligible, and the oscillation
frequency ocﬁ approaches zero, implying that there is no

oscillation. The same result also holds in quantum field
theory, where the mixing Bogoliubov coefficient =, gen-
erally approaches zero at high energies (therefore yielding
no contribution to the energy-momentum tensor). The
heuristic argument above provides a physical reason to
adopt the cutoff regularization and also justifies the
adoption of a cutoff scale K < M ,;, at least for what
concerns the mixing.

Before proceeding we need to clarify that the cutoff must
be imposed upon the comoving momentum ppyys =
rather than the mode label p.

The imposition of a cutoff Ky on ppyys then translates
into a sort of “comoving” cutoff for the mode label p

pl>

P
C

_]CO
HoT

pcutorr = KoC = = K(7), (67)
which is strictly positive (recall that 7 < 0). For the late
time energy-momentum tensor, in the approximation in
which 75 < 7 is also at late times 7z, — 07, we can give a
simple analytical form of the regularized integrals.
Performing the integrals in Eqgs. (63) and (65), with the
comoving cutoff of Eq. (67), we obtain

x(mpy—my) a(my—m))
P 3 z Z
mix)(1) _ —SIn“OHo K (z) [e ™ + e ™ m; amy
—l]—TT - tanh t. h
372 cosh(%+) cosh(%72) A ‘H, o+ my tan H,
m tanh(”mz) m, tanh (%

cosh? () B cosh? (2)

a ] + sin20H, k3 (1) [(

* (F(Vl);*(VZ))2<3 +2:m2 ml) <_K( )TO> E

m tanh(7t) + m; tanh(572)
cosh? () cosh? (72) )
2i(my-m))

+ c.c.]

. —im{Hyte Mo 2 _K(T>TO Zi(m’z’gm”
sin20)C° S
- isin <T){ {<2cosh3(”m‘)cosh2 Hi I(vy) F* (v2) 3+ 2’ = 2

( - im1 HoTeTO > <
2cosh? (”H—”;‘) cosh? (m)

2 IC —”!(’"2 -my)
i) (3 »m> )]

—imyHyre Ty
i 20K3 Imy Il
s (T){ [(ZCOSh3 (F2)cosh ()

1 —K(7)zg s
3+2i m2 i 2

( —imzHore 0

2cosh’ (72)cosh? (%‘)) <F* (v )F(Vz)> (

The trace can be deduced immediately from Eq. (68) by simply multiplying by the factor C2,

the late time energy-momentum tensor [see Eq. (66)].

A visual indication of the physical content of Eq. (68) is provided in Fig. 2, where the mixing energy density T,

1 —K(7)7 —_2'(';/20%] )
32 21,,[2;”1) < 5 —c.C. . (68)
0

since the pressure is zero for

T(MIX) from

Eq. (68) is plotted against conformal time 7 for sample values of the parameters. We notice that p,,;y, for the parameters and
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FIG. 2. Logarithmic scale plot of the energy density p;;xy =
ﬁ(MIX) from Eq. (68) as a function of conformal time 7 for
sample values of the parameters. The corresponding coordinate
time ¢ is reported above. We have used a cutoff Ky = 246 GeV
of the order of the electroweak scale, neutrino masses m; =

15.25H,, m, = 22.25H,, and the expansion rate H, = 1073 eV.

the range considered in Fig. 2, is nearly constant, except for
tiny oscillations of relative magnitude 8py;y/pax = 107°.
The oscillations come from the imaginary exponentials in
Eq. (68). Such a simple evolution pattern can be expected to
disappear when other time ranges are considered, and the full
expression from Eq. (61) is employed, entailing a much
more intricate time evolution. The results obtained in this
work indicate that the vacuum energy associates with
neutrino mixing in curved space and might represent a dark
matter component. Notice that for a momentum cutoff of the
order of the electroweak scale Ky = 246 GeV, for neutrino

masses m,, m, such that Am?, ~ 10~ eV? and for a value

of Hy~1073 eV, we obtain an energy density ﬂ(MIX>

which is compatible with the upper bound on the dark
matter content of the universe. A value of H,~ 1073 eV
might have been reached during the very early phases of the
universe, i.e., during the first second after the big bang.

Two important points need to be noted. First, the results
obtained do provide only an indication of the possible role
of the flavor vacuum as a dark matter component. By no
means do they suffice to identify a dark matter component
with the flavor vacuum. Such a claim obviously requires
that the analysis be conducted on other metrics. Second,
the contribution to the energy density of Eq. (68) is due to
the flavor vacuum of neutrinos. Such a vacuum has the
structure of a condensate of particle-antiparticle pairs of
neutrinos with definite masses. Therefore this state has the
same number of leptons and antileptons, and no lepton
asymmetry is involved in this state.

The contribution due to the flavor vacuum is clearly
distinct from the one that neutrinos themselves bring along,
which certainly corresponds to states with a finite number
of particles, and not to the vacuum.

We remark, in addition, that we have computed the
expectation value of the energy-momentum tensor on the

flavor vacuum state. Such a contribution, being associated
with the vacuum state, is independent of the annihilation
of fermion-antifermion pairs with definite flavor
(v, — U,y —17,,), since the flavor vacuum is in itself a
condensate of particle-antiparticle pairs with definite
masses (vq,V;,0,,05). Note also that the rate of the
fermion-antifermion annihilation f + f — 2y is extremely
suppressed for flavor neutrinos (see, e.g., [60]), which are
to date the only elementary fermions known to oscillate.

Moreover, as the energy density (68) is associated with
the vacuum state, it represents an additional contribution to
the energy density of any neutrino state, for any distribution
of neutrinos and antineutrinos with definite flavor.
Therefore this additional contribution is present regardless
of the thermodynamics of neutrinos, and in particular, is
independent of the chemical potential u.

VI. CONCLUSIONS

In this paper we have considered the quantum field

theory of fermion mixing on curved spacetime, and we

have computed the expectation value Tfj,‘,’”x) of the energy-

momentum tensor of fermion fields on the flavor vacuum in

a flat FLRW background. '[F,%HX) behaves as an effective
energy-momentum tensor that satisfies the Bianchi iden-
tities (i.e., its divergence with respect to one of the two
indices vanishes) and therefore can be employed as a

regular source for the Einstein equations. In particular, it

turns out that '[nylx) can be interpreted as the energy-

momentum tensor of a barotropic fluid.

In this picture, therefore, quantum effects of the fermion
fields can be associated, at classical level, with additional
barotropic fluids whose thermodynamical properties depend
on the geometry of the spacetime other than the specific
features of the fermion field itself. In light of the matter field
interpretation of the dark components of the universe this
result seems quite encouraging, as it links directly quantum
effects to effective classical fluids. Thus our results show
explicitly that there can be a bridge between quantum
properties of matter and dark matter/energy. However, the
presence of a connection between classical fluids and
quantum effect is not automatically sufficient alone to
conclude that quantum effects are the prime cause of dark
matter/energy. In any case, our findings provide an indica-
tion that the vacuum energy associated with neutrino mixing
can represent a component of dark matter.

Here we are specifically interested in determining the
form that the energy-momentum tensor, associated with
flavor vacuum, assumes in cosmological FLRW metrics. In
order to grasp the behavior of the energy-momentum tensor
of the flavor vacuum, we have then assumed a specific form
of the metric. In doing so, we have clearly considered that the
term due to the flavor vacuum is not the dominant source of
the Einstein equations, which are instead determined by
some other source that forces the specific form of the metric.
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In particular, considering a de Sitter underlying metric, we

have derived the components of T%IX) exactly using Bessel
functions. It turns out that at first order in the time parameter

only Tﬁi“’” is different from zero. Hence, in this case the
mixing of fermion fields can be associated with a zero
pressure (dust or cold dark matter) fluid. We remark that the
choice of the de Sitter metric is dictated, primarily, by the
fact that exact analytical solutions of the Dirac equation can
be found in this context. The actual identification of such a
contribution as a dark matter component requires that the
study be conducted on metrics that are adequate to the
description of galaxies. Such an analysis will be performed
in a forthcoming paper, where we will also consider the
contribution due to the flavor vacuum as the dominant
source in the Einstein equations. Nevertheless, the results
presented here clearly hint at a dark-matter-like behavior of
the flavor vacuum in a curved background.
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APPENDIX A: ORTHONORMALITY AND
COMPLETENESS OF THE SOLUTION
OF DIRAC EQUATION

Knowing that the determinant is g = —C®, we can easily
compute the scalar product between the solutions (8):

(up./l’uq,ﬂ’)r_/ BxC3u) L aUg
21’

- L PxCOe0-0%E £, (£1F+ AN ghg,)
= 20RO P -0)3,y (1, + 19, )-

In the last step we have used the definition of the Dirac
delta function and the orthonormality of the helicity
bispinors. In a similar way it is easy to show that
(tp1s Vg)e = 0, (Vpss tgrr), = 0, and

= 2n)’C&(p = )8, (If I + |9, ).

Equations (Al) and (A2) suggest that we adopt the
following normalization:

(A1)

(Dp.ﬂv Uq,i’)r (A2)

|fp|2 + |gp|2 = (A3)

1
(2zC)?

in order that the orthonormality of the solutions is satisfied.
The set of solutions (8) is complete:

i) + (77 ) (oel =1l

o)
ol + g,

9;5/1
—fpAEa

(A4)

In the last step we have used the completeness of the helicity basis >, & 15} =1, with I the 2 x 2 identity matrix, and the

normalization condition (A3).

APPENDIX B: PROPERTIES OF HELICITY EIGENBISPINORS

We prove that for each 4 = +1 the quantity 5/1( )o;&,(p) is an odd function of p;, for i =1, 2, 3. In particular,

3 /1( P)oiE;(p) changes sign when the momentum is reversed p — —p.
Proof: The statement can be proven by direct calculation. For the 4 = +1 case, we have

+ a 0 _ir .
SLGIQ = (e’z cos({) e s1n(

9 9 i —igp P
= COS( 2) sm<2>( V1 + %) = sin(0,) cos(¢,) = ’

_id’_l’ Hp
e,,>)<0 1) et cos(%)
7 Pp

10 % sin(")

5

l L2
e 2 )

(B1)
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and similarly, for the 1 = —1 case we have
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e sin (0”>
dp 4p 0 —i 2
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0 0 : : -
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2 2 p
l¢ 4
4y 1 o\[€¢* sm <7)
gm@:@nwg.{%m@»Q)l) 9
- —e'2  cos ({)
= —cos’ <7”> + sin? <?p> = —cos(f,) = o (B6)
This result can be summarized in the equation
p
Gt =" (B7)

APPENDIX C: THE AUXILIARY TENSOR

This appendix is devoted to exploring the properties of the auxiliary tensor
L,,(A,B) = Ay,(x)D,B + Ay,(x)D,B — D,A7,(x)B — D,A7,(x)B. (C1)

The first property is obvious from the definition L,, (A, B) = L,,(A, B) for any A, B. The second property can be seen at
once by comparing the definition (C1) with the form of the energy-momentum tensor (5). Since T, is real, we immediately
deduce that L,, (A, A) is pure imaginary for each solution A. The third property can easily be deduced by tracing the
definition

LY(A,B) = ¢*L,,(A, B) = 2(A#*(x)D,B — D,A,(x)B) = —4imAB, (C2)
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where we have used the Dirac equation and its adjoint in the last step. Next we give a more explicit form for L,,(A, B).
Given the expression of the 7, matrices, we have

L..(A,B) = 2(A7,(x)D.B — D, A7,(x)B) = 2C(Ay°0,B — 0,Ay°B) = 2C(AT0,B — 0,A'B). (C3)

In particular, we are interested in the auxiliary tensors L, (u(v),u(v)) and the traces Ly (u(v),u(v)) computed on the
solutions (8). For the traces we have

Ly (uy 4. 1y ) = —4imity ju, ; = —4imu;’/1y0up,,1
- - I 0 fpgﬂ
i ), ()
< P2 7oA 0 -I gp/lé/l
= —4im(|f,* = |g,|*) = —4imC(|¢,|* = |1, [*), (C4)
Li(uy 4, vp ;) = —4imity v, = —4imu;’/1yovp’,1
I o0 9péa
(e ) (o o) ()
P2 p7eA 0 —I _fp/lgl
= —8imfhg, = —8imC3¢ghys, (Cs5)
Ly(vp 10wy ;) = —4imTy ju, ; = —4imv;./1y0up,,1
- + I 0 fpé/l
==l - ) (o ) ()
< P> pPoA 0 -I gpﬂé/l
= _Simfpgp = _Simc_?’(ﬁpyp = _(Lz(up./l’ Up.ﬂ))*’ (C6)
Lyy(vp 1, vp,) = —4imT, v, ; = —4imv;!2y0vp,,1

. + il o 9
= —4lm<9pfﬂ _ff"@> <O —]I> <—f;;§z>

= —4im(|gp|2 - ‘fplz) = _4imc_3(|7’p|2 - |¢P|2)
= —Lu(up» ttp 1)- 7

We then compute the 7z components
_ T ¥
Ln(up,b up,ﬂ) = 2C[up,,larup,/l - arup,/lup,/l]

. N\ [ 9 pé N\ [ oS
wae(g ) (g ) = (05 2 ) (3]

= 2C[f;arfp - 8rfr7fp + g;)argp - a‘rg;gp]
= 2C_2 [¢;ar¢p - ar¢;¢p + }’zaﬂ/p - 87]/;717]’ (CS)

er(”p,/% Up./l) = 2C[u;,,1817}p,/1 - 8’:”;,,17}11,/1]

+ S S
wael(i o) (o)~ (o0 0 ) (75, )

= 4C72( 01y — 1005 (C9)

LTT(UI),/I’ up,ﬁ) = _(er(up.ﬂv Up,ﬂ))*’ (CIO)
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(C11)

er(vpjn Upi) = _er(up,b up,/l)'

Notice that as a consequence L. (1, ;, v ;) = 0 if and only
if y, « ¢,. This is the case, for instance, in Minkowski
spacetime, where ¢, xy, « e~»'. For a general C, the
proportionality does not hold, and this has dramatic

Lri(”p,ﬂn up,/l) = ﬁp A?TD'up A + ﬁp /177iD7

:Cu;/1 (ip,
—Cu;_/1 <—ip,-

8C 001'
2¢\s, 0))"7"

consequences on the vacuum of the theory (eventually
leading to particle creation).

In addition, one can show that L_;(u(v), u(v)) is an odd
function of the momentum p and that L;;(u(v), u(v)) is an
odd function with respect to both p; and p;. The proof
requires a lengthy but straightforward calculation:

Du AYTMpX_D up/l}/t DA

:Cu <8+ o’ [yA,}/B])up',l—Cu;_ﬂyOyi((),uM—C((’?,-u;ﬂo—u
+ 0 O;

_Cup,/l s, 0 8,141,.,1

3,C 0 O + 0 O;

2C <a4 o))””ﬁca’ul’-*(a- 0)”’”

: ¢ (0 0 i
:2lp,Cup/1 Uy, +C GTMN - 0 Up = Uy,

0
14
ga) [yA»YB]>7/ upﬂ+ca ,1}, }/ upﬂ

0 o
) o]
o

:lelc[|fp|2+ ‘gp|2] +C}“[arf}k7gp +arg;fp _f;aTgp _gzarfp]éjlgiél

i A . .
= pl{m—i_;[c(aff])g[) +a”[g]7f]) -

In the last step, we have made use of the normalization
condition (A3) and the property (B7). As it is evident from
Eq. (C12), each 7; factor and each spatial derivative 0; brings
along a factor p,. Then for each a,b = u, ;, v, , one has
L‘ri (a? b ) =

Pihas(P), (C13)

with %, ,(p) a function of the modulus p alone. In particular,

Lri(up,/% Up,ﬂ) = 0. (C14)

e}

(C12)

|
Similarly, for each a,b = u, ;,v,,

Lij(a’b) = pipjla,b(p)’ (C15)

with [, ,(p) a function of the modulus p alone.
APPENDIX D: CANONICAL
ANTICOMMUTATION RELATIONS

Demonstration of the canonical anticommutation rela-
tions (19):

{a(e,x), 7y(z.2)} = iC°Y / Pp / Pl AL Mgl )+ B Bog il ]

v

ey / & plliy (60! (2.5)) , + (1 (0,20, (5.2)) ]
A

— i’y / & pe? == (u, ,(z.0)u’ ,(z.0)), +
A

(0p.4(2.0)2; ,(7.0)), ]

. 1
_ 1C3W5A3/d3pelp x—x')

= i6A353 (x - x/).

(D1)

In the fourth step we have made use of the completeness relation [Eq. (A4)], writing the 4 x 4 identity matrix explicitly

as 5AB'
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APPENDIX E: CONSERVATION OF THE
ENERGY-MOMENTUM TENSOR

In this appendix we prove explicitly the covariant
conservation of the energy-momentum tensor associated
with the flavor vacuum. We show that

V, T =0 (E1)

with V,, denoting the covariant derivative. There is no need

here to distinguish between '[FLIZHX) and 'I]',(,],Y), since both

satisfy Eq. (El), and so does the full energy-momentum
tensor. Preliminarily we derive the connection coefficients
for the metric of Eq. (1). It is easy to see from the definition
that the only nonvanishing coefficients are
e, =I%=rI. =T zg (E2)
T i Ti 147 C .
Here the dot denotes the derivative with respect to con-
formal time 7, and no sum is intended over repeated indices.
Notice that the coefficients depend only on 7. In terms of
the connection coefficients, the covariant divergence reads

V, T = 9, T + T T + %, TH. (E3)

(i) w=1i)Forv =i, withi =1,2,3, Eq. (E3) becomes
V, T# = 9, TH + T, T° + T}, T+, (E4)

From the diagonality of T#* proved above, we can
write

VT4 =0T+ T T+ > T, T, (ES)
)z JZ

where no sum is intended over repeated indices and
the summations are written out explicitly to avoid
confusion. The first term on the right-hand side of
Eq. (ES5) is zero, since T** depends only on 7.
Similarly, from Eq. (E2) we know that F,’jl- =0=
I, foreach y =0, 1,2,3,and each i = 1, 2, 3, s0
that also the second and the third terms on the right-
hand side of Eq. (ES) vanish. Then

VM =0 Vi (E6)

105013-18

(i1) (v = 7) Only a slightly longer calculation is needed

to prove the statement for v = 7. Starting from
Eq. (E3) we have

VT = 0, T + Tl + 17, TH

= 9.7 + (M5 + DT ) T 4+ T T

+ D 5T

= 0, T + 5TL, T + 3T, T, (E7)

where we have used the diagonality of T# and
Eqgs. (E2). For our purposes it is convenient to
rewrite Eq. (E7) in terms of T,, and the trace Tj.
To this end we employ Egs. (46) and (E2) and lower
the indices through the metric of Eq. (1), obtaining

V, T =9,(C*T,,) +6C>CT,—C3CT,. (E8)

From Eq. (32), we know that each of the terms above
is the integral of the auxiliary tensor components
L.., L, weighted by r-independent coefficients (re-
call that the Bogoliubov coefficients are evaluated at
a fixed time 7). It is therefore sufficient to prove that

9.(C*L,.(a,b)) +6C>CL,.(a,b)
—C3CLA(a,b) =0 (E9)

for each a,b = u, .;, v, ).;, to show that the diver-
gence (E8) vanishes. To this end we need the
second-order equations

8$¢p;j = —(iij +p* + mjz-cz)qﬁp;j’
0%y, = —(—iij +p*+ m?Cz)yp;j. (E10)

The first of these equations is simply Eq. (16),
and the second can likewise be deduced from the
system (15). For L, (uy, ;.. u, ;.;) we have, using the
properties of the auxiliary tensor,
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ar(c_4er(”p,/l;j’ ”p,/l;j)) + 6C_5Cer(up,/1;j’ ”p,/l;j) - C_3CLZ(up,/1;j’ up,/l;j)
= zar[c_6(¢;;jar¢p;j + yz;jar}/p;j)] + 12C_7C(¢;;jar¢p;j =+ }/;;jaryp;j) + 4iij_6C(|¢P;j|2 - |y17;]'|2)
= Zc_éar( ;;jaf¢p§j + 7;;jar7/p;j) + 4imjc_6C(|¢p;j|2 - |7p;j|2)
=2C75( ;;ja%(bp;j - flj’n;jazflﬁ;;j + }’Z;jag}’p;j - }’p;ja%y;;j) + 4iij_6C(|¢p;j|2 - |}/17;./'|2)
= 20 [ limyC 4 P+ mEC) = = (i, 4 P2+ mC)
+ 1 [=(=im;C + p? + m*CO)y i = i [=(im;C + p* + m2C)y i} + 4im;C=C (s> = |7 s )
= 20| (=2im;C) + |y [P (2im;C) YAim; CC(|p [P = 17 i)
= —4im;COC(|¢ ;> = |y pjl?) + 4im;C°C(|¢* = I1,,*) = 0.

In the fourth step we have used Egs. (E10) and their complex conjugates, and the 7 argument of the functions has

been suppressed for notational simplicity. Note that from the properties L. (vp ;. Up 1:j) = —L;(ttp 5., tp 5.;) and
Ly(vp :js Vp2ij) = —Lu(up 1.5,y ;.;) the same relation is satisfied by the components of L,, (v, ;.. vp ;). Similarly
one has

67(C_4er(up,i;j7 Up.xl;j)) + 6C_5 Cer(”p,/l;p Up,l;j) - C_3CLZ(”p,A;j7 ”p,/l;j)

_ —6*9* —7 7 —6*9* . —6
= 0,(4C0, D7) + 24CTTC(AC S D) + 8im ; COC,

= 4C00,(C™0¢%.;0.7%.) + 8im;C™OCH,
=4 ;;jazy;;j - 7;;./'834577;,/'] + 8iij‘6C¢’;,

= —8im;C~°C¢,

piilp T +8iij‘6C¢*

*
pii? pij

*
GV pi

= 4C-5{ g% [~ (im;C + p* + m>C?)]ys; — dh [~ (—im;C + p* + m>C?)ys.,; } + 8im;C0C¢p

* J—
piil pii =

*
Y pij

* *
piil pij

In the fourth step we have used the complex conjugates of Eqs. (E10). Finally, because of the properties
Loo(Vpajotty 1) = =Ltz (ty 4 Up 1) and Lis(vp 5.5ty 1) = —Lii (17, v, 1.;), the same relation is satisfied by the
components of L,, (v, ;.;. 4, ;.;). This is sufficient to prove the statement for v = 7.
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