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Recently, the large-order behavior of correlation functions of the OðNÞ-anharmonic oscillator has been
analyzed by us [L. T. Giorgini et al., Phys. Rev. D 101, 125001 (2020)]. Two-loop corrections about the
instanton configurations were obtained for the partition function, the two-point and four-point functions,
and the derivative of the two-point function at zero momentum transfer. Here, we attempt to verify the
obtained analytic results against numerical calculations of higher-order coefficients for theOð1Þ,Oð2Þ, and
Oð3Þ oscillators, and we demonstrate the drastic improvement of the agreement of the large-order
asymptotic estimates and perturbation theory upon the inclusion of the two-loop corrections to the large-
order behavior.

DOI: 10.1103/PhysRevD.105.105012

I. INTRODUCTION

For a long time, it has been a dream of physics research
to overcome the predictive limits of perturbative quantum
field theory. Typically, Feynman diagram calculations
become more computationally expensive in large loop
orders, to the point where diminishing returns [1] upon
the addition of yet another loop limit the predictive power

of perturbation theory and of Feynman diagram calcula-
tions. In order to overcome these limits, analytic techniques
have been developed over the past decades to analyze the
large-order behavior from the complementary limit of
“infinite-loop-order” Feynman diagrams [2,3]. These tech-
niques are based on various nontrivial observations. The
first is that, upon an analytic continuation of the coupling
constant of a theory into a physically “unstable” domain [4]
where partition functions acquire an imaginary part, one
can write dispersion relations that relate the behavior of the
theory for a coupling constant small in absolute magnitude,
within in the unstable domain, to the large-order behavior
of perturbation theory (equivalent to the “infinite-order
Feynman diagrams”). The imaginary part of the partition
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functions, and of the correlation functions, is related to
so-called instanton configurations [5–7]. The second obser-
vation is that perturbations about the instanton configura-
tions can be mapped onto corrections to the large-order
behavior of perturbation theory, thus making the theory
amenable to a more accurate analysis in the domain of
large loop orders. The latter perturbative calculations in the
instanton sector are related to an expansion of perturbative
coefficients in powers of inverse loop orders 1=K, where K
denotes the loop order. The leading term, of course, as is
well known, describes the factorial divergence of pertur-
bation theory in large orders of the coupling constant
[2,8–12].
Previously, the calculation of corrections about the large-

order behavior was reported for the partition function of
anharmonic oscillators [13,14]. Recently [15], corrections
to the large-order behavior of perturbation theory have been
obtained for the two-point and four-point functions of the
OðNÞ quartic anharmonic oscillator. Also, the partition
function of the OðNÞ oscillator was studied, and results
were obtained for the derivative of the two-point function at
zero momentum transfer [15]. These results, however, have
not been compared yet to an explicit calculation of
perturbative coefficients for the respective functions in
large orders. In this work, in order to make the comparison
possible, we derive general expressions for the perturbative
coefficients of the correlation functions at zero momentum
transfer of the one-, two-, and three-dimensional isotropic
anharmonic oscillator.
In this context, it is extremely interesting to investigate

the “rate of convergence of the expansion about infinite
loop order,” i.e., to investigate to which extent the calcu-
lation of the corrections of order 1=K to the leading
factorial asymptotics improves the agreement of low-order
perturbation theory (corresponding to the successive per-
turbative evaluation of loops). In this paper, we thus
analyze the perturbation series of the one-dimensional
OðNÞ isotropic quantum harmonic oscillator with a quartic
perturbation, which is otherwise referred to as the N-vector
model. Higher orders of perturbation theory are calculated
for the two-point function, the four-point function, and the
correlator with a wigglet insertion, and compared to the
results recently reported in Ref. [15]. Our Hamiltonian is
therefore

H ¼ −
1

2

∂2

∂q⃗2 þ
1

2
q⃗2 þ g

4
q⃗4; q⃗≡XN

i¼1

qiêi; ð1Þ

where g is the coupling constant. The rest of the paper is
organized as follows. In Sec. II, we start by analyzing the
simple N ¼ 1 case, whereas in Sec. III, we discuss the
general N-dimensional case. Our results are compared with
those of Ref. [15] and Sec. IV. Conclusions are reserved
for Sec. V.

II. ONE-DIMENSIONAL QUANTUM
ANHARMONIC OSCILLATOR

We start with a discussion of the method of calculation
for the perturbative corrections to the correlation functions
exposed in the previous section. The case with a trivial
internal symmetry group is the easiest (N ¼ 1). Since when
N ¼ 1 the unperturbed Hamiltonian is nondegenerate, we
can use standard nondegenerate Rayleigh-Schrödinger
perturbative theory techniques. We can write the perturba-
tive expansions as follows:

Hð0Þ ¼ −
1

2

∂2

∂q2 þ
1

2
q2; δH ¼ g

4
q4; ð2aÞ

jEni ¼ jEð0Þ
n i þ jEð1Þ

n i þ jEð2Þ
n i þ � � � ; ð2bÞ

jψni ¼ jψ ð0Þ
n i þ jψ ð1Þ

n i þ jψ ð2Þ
n i þ � � � : ð2cÞ

The unperturbed problem, with the unperturbed
Hamiltonian Hð0Þ, is solved by the unperturbed states

jψ ð0Þ
n i,

Hð0Þjψ ð0Þ
n i ¼ Eð0Þ

n jψ ð0Þ
n i; ð3Þ

leading to the unperturbed energy eigenvalues Eð0Þ
n . The

perturbative corrections EðK¼1;2;3;…Þ
n are each proportional

to gK and describe a perturbation series in g. On the basis of
a well-known recursive scheme, we can calculate higher-
order (inK) perturbations to the wave functions, as follows:

g0∶ ðHð0Þ − Eð0Þ
n Þjψ ð0Þ

n i ¼ 0; ð4aÞ

g1∶ ðHð0Þ − Eð0Þ
n Þjψ ð1Þ

n i ¼ ðEð1Þ
n − δHÞjψ ð0Þ

n i ¼ 0; ð4bÞ

g2∶ ðHð0Þ − Eð0Þ
n Þjψ ð2Þ

n i ¼ ðEð1Þ
n − δHÞjψ ð1Þ

n i þ Eð2Þ
n jψ ð0Þ

n i;
ð4cÞ

g3∶ ðHð0Þ − Eð0Þ
n Þjψ ð3Þ

n i ¼ ðEð1Þ
n − δHÞjψ ð2Þ

n i
þ Eð2Þ

n jψ ð1Þ
n i þ Eð3Þ

n jψ ð0Þ
n i; ð4dÞ

gK∶ ðHð0Þ − Eð0Þ
n Þjψ ðKÞ

n i ¼ ðEð1Þ
n − δHÞjψ ðK−1Þ

n i
þ Eð2Þ

n jψ ðK−2Þ
n i þ Eð3Þ

n jψ ðK−3Þ
n i

þ � � � þ EðKÞ
n jψ ð0

n i: ð4eÞ

This recursive algorithm allows us to calculate the Kth-

order perturbation jψ ðKÞ
n i to the wave function. Note that the

calculation of the Kth-order energy perturbation EðKÞ
n only

requires the wave function to order K − 1,
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EðKÞ
n ¼ hψ ð0Þ

n jδHjψ ðK−1Þ
n i: ð5Þ

The wave function perturbations jψ ðKÞ
n i are orthogonal to

the unperturbed state jψ ð0Þ
n i,

hψ ð0Þ
n jψ ð1Þ

n i ¼ hψ ð0Þ
n jψ ð2Þ

n i ¼ hψ ð0Þ
n jψ ð3Þ

n i ¼ � � � ¼ 0: ð6Þ

In order to solve the recursive scheme given by Eq. (4),

for a given unperturbed reference state jψ ð0Þ
n i, we can define

the reduced Green function of the unperturbed problem,

T̂ ¼
�

1

Hð0Þ − Eð0Þ
n

�0
; ð7Þ

where the inverse is taken over the Hilbert space of
unperturbed states orthogonal to the reference state

jψ ð0Þ
n i. The reduced Green function is sometimes denoted

as G0 in the literature, but we avoid the notation here
because the symbol G is already used extensively in other
parts of our considerations, in order to denote perturbative
coefficients. T̂ has the following matrix elements in the
basis of unperturbed eigenstates,

T̂m;m0 ¼ hψ ð0Þ
m j

�
1

Hð0Þ − Eð0Þ
n

�0
jψ ð0Þ

m0 i ¼ δm;m0

Eð0Þ
m − Eð0Þ

n

; ð8Þ

assuming that m ≠ n and m0 ≠ n. Furthermore, we have
T̂n;n ¼ 0 for m ¼ m0 ¼ n. We can write the perturbation
δH ¼ gq4=4 in the unperturbed basis simply by using
the representation of the position operator in terms of the
creation and annihilation operators a† and a of the
unperturbed Hamiltonian,

q ¼ 1ffiffiffi
2

p ðaþ a†Þ: ð9Þ

We recall that the lowering and raising operators a and a†

act on the unperturbed state jψ ð0Þ
n i as follows:

ajψ ð0Þ
n i ¼ ffiffiffi

n
p jψ ð0Þ

n−1i; ð10aÞ

a†jψ ð0Þ
n i ¼ ffiffiffiffiffiffiffiffiffiffiffi

nþ 1
p jψ ð0Þ

nþ1i: ð10bÞ

From now on, we will switch to a notation where

jni≡ jψni ð11Þ
denotes the (perturbed) eigenstate of the full problem,
which includes the quartic term. Averages of a one-dimen-
sional scalar theory can be interpreted as path-integral
expressions which in turn can be written as summations
over eigenvalues of the corresponding quantum
Hamiltonian. The two-point function has the translational
invariance property

Cð2Þðt1; t2Þ ¼ Cð2Þð0; t2 − t1Þ≡ Cð2Þðt2 − t1Þ; ð12Þ

where the latter expression defines the correlation function
Cð2Þðt2 − t1Þ of a single argument. The correlation function
can be expressed as follows:

Cð2ÞðtÞ≡ hqð0ÞqðtÞi ¼
X
n>0

jh0jqjnij2e−ðEn−E0Þjtj; ð13Þ

where E0 is the perturbed energy of the ground state (the
“vacuum”) and En is the perturbed energy of the state jni.
We have for its integralsZ þ∞

−∞
dt Cð2ÞðtÞ ¼ 2

X
n>0

jh0jqjnij2
En − E0

∼
X∞
K¼0

½Gð2Þð1; 1Þ�KgK;

ð14ÞZ þ∞

−∞
dtt2Cð2ÞðtÞ¼4

X
n>0

jh0jqjnij2
ðEn−E0Þ3

∼
X∞
K¼0

½Gð∂pÞð1;1Þ�KgK:

ð15Þ

Here, the perturbative coefficients ½Gð2ÞðN ¼ 1; D ¼ 1Þ�K
and Gð2ÞðN ¼ 1; D ¼ 1Þ define an asymptotic series in the
coupling g which exhibits well-known factorial growth for
higher order in K. We denote an asymptotic relationship by
the symbol ∼. In the notation, we follow the conventions of
Ref. [15]; some low-order coefficients ½Gð2Þð1; 1Þ�K and
½Gð∂pÞð1; 1Þ�K are summarized in Table I. A remark is in
order. The expression for the integral

Rþ∞
−∞ Cð2ÞðtÞdt decep-

tively looks like the second-order expression for the energy
shift due to a perturbative Hamiltonian proportional to q.
We should recall, though, that the virtual-state eigenfunc-
tion jni and the ground-state eigenfunction j0i, as well as
the energies En and E0, are the exact eigenfunctions and
eigenenergies of the perturbed anharmonic oscillator and
thus contain contributions of arbitrarily higher orders of
perturbations proportional to gK.

TABLE I. Sample values are collected for low-order perturba-
tive coefficients of correlation function for the scalar theory
(N ¼ 1). Results are given as rational numbers when expressible
in compact form.

K ½Gð2Þð1; 1Þ�K ½Gð∂pÞð1; 1Þ�K ½Gð4Þð1; 1Þ�K ½Gð2;1Þð1; 1Þ�K
0 1 2 0 0
1 − 3

2
−6 −6 − 3

2

2 31
8

181
9

99
2

11
3 − 1683

128
− 7397

96
− 663

2
− 8805

128

4 13825
256

9641561
28800

277245
128

55183
128

5 −258.264 −1635.174 − 466581
32

−2829.612
� � �
10 3.540 × 106 2.115 × 107 5.003 × 108 9.473 × 107
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As a side remark, let us briefly consider the limit g → 0,
which describes the transition to the unperturbed harmonic
oscillator. In this limit, one has

Cð2ÞðtÞ ¼
X
n>0

jh0jqjnij2e−ðEn−E0Þjtj

→ Cð2ÞðtÞ ¼
X
n>0

jhψ ð0Þ
0 jqjψ ð0Þ

n ij2e−ðEð0Þ
n −Eð0Þ

0
Þjtj

¼ jhψ ð0Þ
0 jqjψ ð0Þ

1 ij2e−jtj ¼ 1

2
e−jtj; ð16Þ

which is the well-known two-point correlation function for
the unperturbed one-dimensional theory [16].
The connected four-point function is defined as

Cðt1; t2; t3; t4Þ≡ hqðt1Þqðt2Þqðt3Þqðt4Þi
− Cð2Þðt1 − t2ÞCð2Þðt3 − t4Þ
− Cð2Þðt3 − t2ÞCð2Þðt1 − t4Þ
− Cð2Þðt1 − t3ÞCð2Þðt2 − t4Þ: ð17Þ

For 0 ¼ t1 < t2 < t3 < t4, we can write

Cð4Þðt2; t2; t4Þ≡ hqð0Þqðt2Þqðt3Þqðt4Þi
¼ h0jqe−ðH−E0ÞΔ3qe−ðH−E0ÞΔ2qe−ðH−E0ÞΔ1qj0i
− Cð2ÞðΔ1ÞCð2ÞðΔ3Þ
− Cð2ÞðΔ1 þ Δ2 þ Δ3ÞCð2ÞðΔ2Þ
− Cð2ÞðΔ1 þ Δ2ÞCð2ÞðΔ2 þ Δ3Þ; ð18Þ

where Δi ≡ tiþ1 − ti. We have chosen t1 ¼ 0. For t2, we
have two equivalent regions (t2 can be either positive or
negative), while for t3, we have three equivalent regions.
Finally, for t4, one encounters four equivalent regions,
bringing the number of equivalent integration regions to
4 × 3 × 2 ¼ 24. The selected integration region 0 ¼ t1 <
t2 < t3 < t4 gives rise to the integration measure

Z
∞

0

dt2

Z
∞

t2

dt3

Z
∞

t3

dt4 ¼
Z

∞

0

dΔ1

Z
∞

0

dΔ2

Z
∞

0

dΔ3:

ð19Þ

The final result is

Z þ∞

−∞
dt2

Z þ∞

−∞
dt3

Z þ∞

−∞
dt4Cð4Þðt2; t3; t4Þ

¼ 24
X

n;n0;n00>0

h0jqjnihnjqjn0ihn0jqjn00ihn00jqj0i
ðEn − E0ÞðEn0 − E0ÞðEn00 − E0Þ

− 24
X
n;n0>0

jh0jqjnij2jh0jqjn0ij2ðEn þ En0 − 2E0Þ
2ðEn0 − E0Þ2ðEn − E0Þ2

¼ 24
X

n;n0;n00>0

h0jqjnihnjqjn0ihn0jqjn00ihn00jqj0i
ðEn − E0ÞðEn0 − E0ÞðEn00 − E0Þ

− 24
X
n;n0>0

jh0jqjnij2jh0jqjn0ij2
ðEn0 − E0Þ2ðEn − E0Þ

: ð20Þ

A remark is in order here. The sums over intermediate
states in Eq. (20) exclude the ground state (which has
n ¼ 0). One might wonder, for example, why the presence
of the term −Cð2ÞðΔ1ÞCð2ÞðΔ3Þ in Eq. (18) does not
lead to divergences, when the connected four-point func-
tion is integrated over Δ2. The term cancels, though,
against the term derived from the expression
h0jqe−ðH−E0ÞΔ3qe−ðH−E0ÞΔ2qe−ðH−E0ÞΔ1qj0i upon insertion
of the ground state as the intermediate state in the
exponential e−ðH−E0ÞΔ2 . The term with the virtual ground
state is thus excluded from the sums over intermediate
states in the representation (20).
Results for the perturbative coefficients obtained from

the four-point integralZ þ∞

−∞
dt2

Z þ∞

−∞
dt3

Z þ∞

−∞
dt4Cð4Þðt2; t3; t4Þ

∼
X∞
K¼0

½Gð4Þð1; 1Þ�KgK ð21Þ

are summarized in Table I.
The last correlation function studied here concerns the

two-point function with a wigglet insertion (see Ref. [15]).
We have

Cð1;2Þðt2; t3Þ ¼ hqð0Þqðt2Þq2ðt3Þi − hqð0Þqðt2Þihq2ðt3Þi
− 2hqð0Þqðt3Þihqðt2Þqðt3ÞÞi; ð22Þ

with the integral finding the perturbative expansion (for
some concrete sample values, see Table I)Z þ∞

−∞
dt2

Z þ∞

−∞
dt3Cð1;2Þðt2;t3Þ∼

X∞
K¼0

½Gð1;2Þð1;1Þ�KgK: ð23Þ

We obtain in terms of the perturbed oscillator eigenstates
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Z þ∞

−∞
dt2

Z þ∞

−∞
dt3Cð1;2Þðt2; t3Þ ¼ 4

X
n;n0>0

h0jq2jnihnjqjn0ihn0jqj0i
ðEn −E0ÞðEn0 −E0Þ

þ 2
X
n;n0>0

h0jqjnihnjq2jn0ihn0jqj0i
ðEn −E0ÞðEn0 −E0Þ

− 2
X
n>0

jh0jqjnij2h0jq2j0i
ðEn −E0Þ2

− 8
X
n;n0>0

jh0jqjnij2jh0jqjn0ij2
ðEn0 −E0ÞðEn0 þEn − 2E0Þ

− 4

�X
n>0

jh0jqjnij2
En −E0

�
2

:

The structures encountered for higher-dimensional internal
symmetry groups are more complicated and will be
discussed in the following section.

III. TWO- AND THREE-DIMENSIONAL
QUANTUM ANHARMONIC OSCILLATOR

A. Overview

When N > 1, since both the unperturbed Hamiltonian
and the perturbation term are radially symmetric, we can
use hyperspherical coordinates in order to describe the
internal OðNÞ space of the theory. The Hamiltonian is
therefore

H ¼ −
1

2

� ∂2

∂r2 þ
N − 1

r
∂
∂r −

L⃗2

r2

�
þ r2

2
þ g
4
r4; ð24Þ

where L⃗2 is the angular momentum in N dimensions. The
eigenfunctions of the Hamiltonian can be written in terms
of radial and angular parts, as follows:

ψðr⃗Þ ¼ RnlðrÞYl1;…;lN−2
l ðθ1;…; θN−1Þ; ð25Þ

where Yl1;…;lN−2
l ðθ1;…; θN−1Þ are the generalization of the

spherical harmonics in N dimensions and the eigenfunc-
tions of the angular momentum operator

L⃗2Yl1;…;lN−2
l ðθ1;…; θN−1Þ

¼ lðlþ N − 2ÞYl1;…;lN−2
l ðθ1;…; θN−1Þ; ð26Þ

with the quantum numbers l1;…;lN−2 satisfying
jl1j ≤ jl2j ≤ … ≤ jlN−2j ≤ l. Here, the angles θ1, …,
θN−2 range over ½0; π�, whereas θN−1 ranges over ½0; 2πÞ
(for a more thorough discussion, see Ref. [17]). In N ¼ 2
dimensions, the unperturbed normalized radial functions

Rð0Þ
nl ðrÞ and Yl1;…;lN−2

l ðθ1;…; θN−1Þ are defined as [18]

Ylðθ1Þ ¼
1ffiffiffiffiffiffi
2π

p eilθ1 ; ð27Þ

Rð0Þ
nl ðrÞ ¼ N ðN¼2Þ

nl exp

�
−
r2

2

�
rjljLjlj

1
2
ðn−jljÞðr2Þ; ð28Þ

while in three dimensions, the expressions are as follows
(l1 ¼ m takes the role of the magnetic projection):

Ym
l ðθ1; θ2Þ ¼ Ylmðθ ¼ θ1;φ ¼ θ2Þ

¼ ð−1Þm
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

4π

ðl −mÞ!
ðlþmÞ!

s
eimθ2Pm

l ðcos θ1Þ; ð29aÞ

Rð0Þ
nl ðrÞ ¼ N ðN¼3Þ

nl rl exp
�
−
r2

2

�
L
ðlþ1

2
Þ

1
2
ðn−lÞðr2Þ: ð29bÞ

Here, the LðαÞ
k ðr2Þ are the generalized Laguerre polyno-

mials of order k, and the Pm
l are the associated Legendre

polynomials. For three dimensions (N ¼ 3), we indicate
the relation of the Ym

l ðθ1; θ2Þ to the more common notation
Ylmðθ ¼ θ1;φ ¼ θ2Þ of the spherical harmonics [19],
where θ is the polar angle and φ is the azimuth angle.
The normalization factors are obtained as follows:

N ðN¼2Þ
nl ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2½ðn − jljÞ=2�!p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi½ðnþ jljÞ=2�!p ;

N ðN¼3Þ
nl ¼

�
2nþlþ2ffiffiffi

π
p

�
1=2

�
Γðn−l

2
þ 1ÞΓðnþl

2
þ 1Þ

Γðnþ lþ 2Þ
�
1=2

: ð30Þ

Note that the generalized Laguerre polynomials satisfy the
following orthogonality relation [20]:Z

∞

0

xαe−xLðαÞ
n ðxÞLðαÞ

m ðxÞdx ¼ ðnþ αÞ!
n!

δnm: ð31Þ

It follows that the eigenfunctions are orthogonal,

Z
∞

0

dr rN−1Rð0Þ
nl ðrÞRð0Þ

sl ðrÞ ¼
ðN ðNÞ

nl Þ2ΓðnþlþN
2

Þ
2Γðn−l

2
þ 1Þ δns; ð32Þ

withN ¼ 2, 3. The perturbed Schrödinger equation reduces
to an equation for the radial part which reads�
d2

dr2
þ N − 1

r
d
dr

−
lðlþ N − 2Þ

r2
þ r2 þ g

2
r4
�
RnlðrÞ

¼ −2EnRnlðrÞ: ð33Þ

The matrix elements of the perturbation δH ¼ gr4=4 can be
written in the unperturbed basis evaluating the following
integral:
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hRð0Þ
nl jr4jRð0Þ

sr i ¼ δlr

Z
∞

0

dr rNþ3Rð0Þ
nl ðrÞRð0Þ

sl ðrÞ: ð34Þ

To evaluate analytically the integral of two Laguerre
polynomials which appears in Eq. (34), we derived the
following relation:Z

∞

0

dr e−srrγLμ
nðbrÞLρ

mðcrÞ

¼ s−ðγþ1Þ Γðγ þ 1ÞΓðnþ μþ 1ÞΓðmþ ρþ 1Þ
Γðmþ 1ÞΓðnþ 1ÞΓðμþ 1ÞΓðρþ 1Þ

× F2

�
γ þ 1;−n;−m; μþ 1; ρþ 1;

b
s
;
c
s

�
; ð35Þ

where ℜðγÞ ≥ 0 ∧ ℜðsÞ > 0 ∧ n ∈ N ∧ m ∈ N and F2 is
the Appell F2 function [see Eq. (16.13.2) on page 413 of
Ref. [21] ]

F2ða; b1; b2; c1; c2; x; yÞ ¼
X∞
m;n¼0

ðaÞmþnðb1Þmðb2Þn
m!n!ðc1Þmðc2Þn

xmyn;

ð36Þ

where ðaÞn ¼ Γðaþ nÞ=ΓðaÞ is the Pochhammer symbol.
Using Eq. (35), we can write the nonzero matrix elements
from Eq. (34) as

hnljr4jnli ¼ 1

2
ð4 − l2 þ 3nðnþ 2ÞÞ; ð37aÞ

hðnþ 2Þljr4jnli ¼ −ðnþ 2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn − lþ 2Þðnþ lþ 2Þ

p
;

ð37bÞ

hðnþ 4Þljr4jnli

¼ 1

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn − lþ 4Þðn − lþ 2Þðnþ lþ 2Þðnþ lþ 4Þ

p
;

ð37cÞ

for the case N ¼ 2. For N ¼ 3 they are

hnljr4jnli ¼ 1

4
ð15 − 2lðlþ 1Þ þ 6nðnþ 3ÞÞ; ð38aÞ

hðnþ 2Þljr4jnli ¼ −
1

2
ð2nþ 5Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn− lþ 2Þðnþ lþ 3Þ

p
;

ð38bÞ

hðnþ 4Þljr4jnli

¼ 1

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn − lþ 4Þðn − lþ 2Þðnþ lþ 3Þðnþ lþ 5Þ

p
:

ð38cÞ

The results for N ¼ 3 agree with those given in Ref. [22],
while the ones for N ¼ 2 have not appeared in the literature
up to this point, to the best of our knowledge.
The eigenvalue relation given in Eq. (33) can be written

in the space of radial functions only,

ðH0 þ δHÞðRð0Þ
nl þ δRnlÞ ¼ ðEð0Þ

n þ δEnlÞðRð0Þ
nl þ δRnlÞ:

ð39Þ

The perturbation does not change the angular part, but only
the radial one. So, if we know the unperturbed radial part

Rð0Þ
nl ðrÞ, then we can compute the perturbation to the energy

δEnl and to the eigenfunction δRnl, for a fixed value of l.
In fact, for fixed l, the spectrum is not degenerate, and we
can apply standard perturbation theory, as we did in the
previous section for the case N ¼ 1.
A number of useful formulas for the treatment of the

OðNÞ problem, in terms of both the angular algebra as well
as the perturbative treatment of the radial part, are given in
the Appendixes A and B.
From the knowledge of the eigenfunctions and eigen-

values of the Hamiltonian, we can determine the M-point
correlation functions of our theory given by [23]

Ci1i2���iMðt1; t2;…; tMÞ≡ hϕi1ðt1Þϕi2ðt2Þ � � �ϕiMðtMÞiC
≡ Ti1i2���iMC

ðMÞðt2 − t1;…; tM − t1Þ;
ð40Þ

where in the latter form, the expression CðMÞðt2 −
t1;…; tM − t1Þ has M − 1 arguments and is defined in
analogy to the four-point correlation function from
Eq. (18). For example, we have M ¼ 2 for the two-point
function and one argument in Cð2Þðt2 − t1Þ, while, of
course, we have M ¼ 4 for the four-point function
and three arguments in Cð4Þðt2 − t1; t3 − t1; t4 − t1Þ.
Furthermore, the indices ij with j ¼ 1;…;M can obtain
values 1 ≤ ij ≤ N, consistent with the structure of the
internal symmetry group. The designation C indicates that
we are considering the connected part of the correlation
function, and Ti1;i2;…;iM is the average value of the product
of unit vector components ui1 , ui2 , and so on, taken over the
N-dimensional unit sphere,

Ti1i2���iM ¼ hui1ui2 � � � uiMiSN−1
; ð41Þ

with SN−1 being the N − 1-dimensional unit sphere
embedded in N dimensions; so, SN−1 has a (generalized)
surface volume ΩN ¼ 2πN=2=ΓðN=2Þ. We can write an
M-point correlation function with arbitrary indices
i1; i2;…; iM in terms of the same correlation function with
fixed indices {̂1; {̂2;…; {̂M by multiplying and dividing the
previous expression by T{̂1;{̂2;…;{̂M,
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Ci1i2���iMðt1; t2;…; tMÞ≡ Ti1i2���iM
T{̂1 {̂2;…;{̂M

C{̂1 {̂2���{̂Mðt1; t2;…; tMÞ:

ð42Þ

Here, we write the indices of the fixed element
C{̂1;{̂2;…;{̂Mðt1; t2;…; tMÞ with a hat. Our convention is that
indices with hats are not being summed over, even when
they are repeated (in other words, we use the convention
that the Einstein summation convention does not apply on
indices with hats).
Comparing Eq. (40) to Eq. (42), we can write

CðMÞðt2 − t1;…; tM − t1Þ ¼
C{̂1 {̂2…{̂Mðt1; t2;…; tMÞ

T{̂1;{̂2;…;{̂M

: ð43Þ

This formula allows us to pick one single nonvanishing
element of the correlation function, say, one where all
indices are equal,

{̂1 ¼ {̂2 ¼ � � � {̂M; ð44Þ

and to derive a valid expression for any combination of the
{̂j, with j ¼ 1;…;M. It is useful to recall the well-known
results [23]

Ti1i2 ¼ hui1ui2iSN−1
¼ δi1i2

N
ð45Þ

and

Ti1i2i3i4 ¼ hui1ui2ui3ui4iSN−1

¼ δi1i2δi3i4 þ δi1i3δi2i4 þ δi1i4δi2i3
NðN þ 2Þ : ð46Þ

In this way, the four-point function written only in terms of
the element with all indices fixed to {̂1 becomes

Ci1;i2;i3;i4ðt1; t2; t3; t4Þ≡
δi1i2δi3i4 þ δi1i3δi2;i4 þ δi1i4δi2i3

3
C{̂1 {̂1 {̂1 {̂1ðt1; t2; t3; t4Þ

≡ δi1i2δi3i4 þ δi1i3δi2i4 þ δi1i4δi2i3
NðN þ 2Þ

�
NðN þ 2Þ

3
C{̂1 {̂1 {̂1 {̂1ðt1; t2; t3; t4Þ

�
≡ δi1i2δi3i4 þ δi1i3δi2i4 þ δi1i4δi2i3

NðN þ 2Þ Cð4Þðt2 − t1; t3 − t1; t4 − t1Þ: ð47Þ

So, we have

Cð4Þðt2 − t1; t3 − t1; t4 − t1Þ ¼
NðN þ 2Þ

3
C{̂1 {̂1 {̂1 {̂1ðt1; t2; t3; t4Þ

≡ NðN þ 2Þ
3

C̃ð4Þðt2 − t1; t3 − t1; t4 − t1Þ; ð48Þ

where the latter expression defines the quantity
C̃ð4Þðt2 − t1; t3 − t1; t4 − t1Þ ¼ C{̂1 {̂1 {̂1 {̂1ðt1; t2; t3; t4Þ.

B. Two-point correlator and second derivative

We start the discussion from the two-point correlation
function and its second derivative with respect to the
momenta. Changing coordinates and picking up one of
the possible components (because they all give the same
contribution) we get

Ci1i2ðtÞ ¼
δi1i2
N

Cð2ÞðtÞ; ð49Þ

with

Cð2ÞðtÞ≡ Nhq{̂1ð0Þq{̂1ðtÞi ¼ NC{̂1 {̂1ðtÞ ¼ NC̃ð2ÞðtÞ; ð50Þ

where C̃ð2ÞðtÞ ¼ Cð2Þ
{̂1 {̂1

ðtÞ is equal to any nonvanishing
element within the internal group structure.

So, {̂1 can assume one of the N possible values. We can
therefore choose, for example, {̂1 ¼ 1 and write

hq{̂1¼1ð0Þq{̂1¼1ðtÞi¼h0jrcosθ1e−ðH−E0Þjtjrcosθ1j0i
¼
X
η⃗

jh0jrcosθ1jn; η⃗ij2e−ðEn−E0Þjtj: ð51Þ

We have defined jη⃗i ¼ jl;l1;…;lN−2i as a vector repre-
senting all the angular quantum numbers of the state. The
state jn; η⃗i is characterized by the principal quantum
number n, and the set of angular quantum numbers η⃗.
For the cases N ¼ 2 and N ¼ 3 under investigation here,
the angular integrations lead to the following picture. First,
one observes that the summation over all possible quantum
numbers summarized in η⃗ selects those states that are
coupled to the ground state by a dipole transition. We
define the coordinate system so that (in N ¼ 3) the
quantization axis is aligned with the coordinate i1 ¼ 1,
so that r cos θ1 is the coordinate along the quantization axis.
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In N ¼ 2, there exists no quantum number l1; we only
have one angular momentum quantum number, l, which
can take either positive or negative integer values. By
contrast, for N ¼ 3, one has two quantum numbers,
namely, the angular momentum l and the magnetic
projection l1 ¼ m.
For N ¼ 2, there are two nonvanishing contributions to

the sum over intermediate states in Eq. (51), namely, those
with l ¼ �1. The contributions from l ¼ −1 and l ¼ þ1
are equal to each other and can be taken into account on the
basis of an additional multiplicity factor. For N ¼ 3,
instead, the only nonvanishing contribution to the sum
over intermediate states in Eq. (51) is given by states with
l ¼ 1. States with l ¼ 1 are commonly referred to as P
states in atomic physics [24], and these can have three
angular momentum projections, namely l1 ¼ m ¼ −1, 0,
1. Of these, under an appropriate identification of the
quantization axis, only the state with l1 ¼ m ¼ 0 contrib-
utes, being coupled by the operator r cos θ1. However, as is
well known from atomic physics [24], the final result is
independent of the choice of the quantization axis, provided
one sums over m, viz., sums over η⃗.
The two-point correlation function at zero momentum

transfer is obtained by integrating Eq. (50) with respect to
time,

Z þ∞

−∞
C̃ð2ÞðtÞ dt ¼ 2

X
n;η⃗

jh0jr cos θ1jn; η⃗ij2
En − E0

: ð52Þ

Similarly, we get its second derivative at zero momentum
transfer asZ þ∞

−∞
t2C̃ð2ÞðtÞ dt ¼ 4

X
n;η⃗

jh0jr cos θ1jη⃗ij2
ðEn − E0Þ3

: ð53Þ

As discussed, each matrix element h0jr cosðθÞjn; η⃗i
can be computed using Eq. (A1), in terms of a radial
transition matrix element S00;nl, and an angular element

αðNÞ
0;l , which depends on the dimension N. After the

summation over the angular quantum numbers, one obtains
the resultX

η⃗

jh0jr cosðθ1Þjn; η⃗ij2 ¼
X̃
l

ðS00;nlÞ2ðαðNÞ
0;l Þ2; ð54Þ

where gPl is a sum over a single term l ¼ 1 for N ¼ 3 and
over l ¼ �1 for N ¼ 2.
It is convenient to define the quantity

α̃ðNÞ
0 ¼

(
4ðαð2Þ0;1Þ4 for N ¼ 2;

ðαð3Þ0;1Þ4 for N ¼ 3:
ð55Þ

Calculating the square root of α̃ðNÞ
0 , the previously men-

tioned multiplicity factor two forN ¼ 2 is obtained; it takes
care of the two equivalent contributions from l ¼ �1. We
therefore have for the two-point correlation function
computed at zero momentum

Z þ∞

−∞
C̃ð2ÞðtÞ dt ¼ 2

ffiffiffiffiffiffiffiffi
α̃ðNÞ
0

q X
n

S200;n1
En − E0

∼
1

N

X
K

½Gð2ÞðN; 1Þ�KgK: ð56Þ

Perturbative coefficients ½Gð2ÞðN; 1Þ�K for N ¼ 2 and
N ¼ 3 are given in Tables II and III, respectively. The
second derivative of the two-point correlator is given as
follows:

Z þ∞

−∞
t2C̃ð2ÞðtÞ dt ¼ 4

ffiffiffiffiffiffiffiffi
α̃ðNÞ
0

q X
n

S200;n1
ðEn − E0Þ3

∼
1

N

X
K

½Gð∂pÞðN; 1Þ�KgK: ð57Þ

Again, low-order perturbative coefficients ½Gð∂pÞðN; 1Þ�K
for N ¼ 2 and N ¼ 3 are given in Tables II and III,
respectively. At this point, all matrix elements have
been reduced to radial integrals of unperturbed OðNÞ

TABLE II. Same as Table I, but for the N ¼ 2 theory.

K ½Gð2Þð2; 1Þ�K ½Gð∂pÞð2; 1Þ�K ½Gð4Þð2; 1Þ�K ½Gð2;1Þð2; 1Þ�K
0 1 2 0 0
1 −2 −8 −6 − 3

2

2 20
3

940
27

63 503
36

3 − 2041
72

− 9113
54

− 3151
6

−108.435
4 142.078 904.550 4179.733 824.861
5 −809.263 −5318.618 −33562.531 −6433.962
� � �
10 1.993 × 107 1.267 × 108 2.114 × 109 3.906 × 108

TABLE III. Same as Tables I and II, but for the N ¼ 3 theory in
D ¼ 1 spatial dimensions.

K ½Gð2Þð3; 1Þ�K ½Gð∂pÞð3; 1Þ�K ½Gð4Þð3; 1Þ�K ½Gð2;1Þð3; 1Þ�K
0 1 2 0 0
1 − 5

2
−10 −6 − 3

2

2 245
24

1445
27

153
2

305
18

3 − 60175
1152

− 271385
864

− 4583
6

−157.199
4 309.971 2007.796 7184.900 1409.880
5 −2058.802 −13870.761 −67294.482 −12793.097
� � �
10 8.948 × 107 5.986 × 108 7.588 × 109 1.374 × 109
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oscillator eigenstates. In the evaluation of perturbative
coefficients of the energy levels of a number of anharmonic
oscillators, recursion relations have been found [25,26].
For the quartic OðNÞ oscillator, we refer to Eqs. (22) and
(23) of Ref. [25], for the double-well potential to Eqs. (69)
and (70) of Ref. [25], and for more general potentials
to Eqs. (12)–(25) of Ref. [26]. We do not attempt to
generalize the treatment outlined in Refs. [25,26] to the
correlation functions investigated here, because the number
of higher-order perturbative coefficients obtained using
the methods delineated here is fully sufficient for detec-
ting the two-loop corrections to the large-order behavior
of the perturbative coefficients [15]. For possible future
investigations, we note that it would be interesting to

explore recursion relations for the perturbative correlation
functions.

C. Four-point correlation function

Similar to the previous subsection, we apply the same
ideas to the connected four-point function,

Ci1i2i3i4ðt1; t2; t3; t4Þ ¼
1

NðN þ 2Þ
× ðδi1i2δi3i4 þ δi1i3δi2i4 þ δi1i4δi2i3Þ
× Cð4Þðt2 − t1; t3 − t1; t4 − t1Þ; ð58Þ

where, according to Eq. (48),

Cð4Þðt2; t3; t4Þ ¼
NðN þ 2Þ

3
C̃ð4Þðt2; t3; t4Þ

≡ NðN þ 2Þ
3

½hq{̂1ð0Þq{̂1ðt2Þq{̂1ðt3Þq{̂1ðt4Þi − C̃ð2Þð−t2ÞC̃ð2Þðt3 − t4Þ − C̃ð2Þðt3 − t2ÞC̃ð2Þð−t4Þ
− C̃ð2Þð−t3ÞC̃ð2Þðt2 − t4Þ�: ð59Þ

In our derivation leading to Eq. (48), we had stressed that the formula is valid for every value that {̂1 can assume. We now
select, for convenience, one particular component with {̂1 ¼ 1, which, as we assume, is aligned with the quantization axis
for the states in the internal OðNÞ symmetry group. Hence, we write the relation

hq{̂1¼1ð0Þq{̂1¼1ðt2Þq{̂1¼1ðt3Þq{̂1¼1ðt4Þi ¼h0jr cos θ1e−ðH−E0ÞΔ3r cos θ1e−ðH−E0ÞΔ2r cos θ1e−ðH−E0ÞΔ1r cos θ1j0i
− C̃ð2ÞðΔ1ÞC̃ð2ÞðΔ3Þ − C̃ð2ÞðΔ1 þ Δ2ÞC̃ð2ÞðΔ2 þ Δ3Þ
− C̃ð2ÞðΔ1 þ Δ2 þ Δ3ÞC̃ð2ÞðΔ2Þ;

where Δi ≡ tiþ1 − ti. We then have, with x1 ¼ r cos θ1,

Z þ∞

−∞
dt2

Z þ∞

−∞
dt3

Z þ∞

−∞
dt4C̃

ð4Þðt2; t3; t4Þ

¼ 24
X
η⃗;η⃗0;η⃗00

h0jx1jη⃗ihη⃗jx1jη⃗0ihη⃗0jx1jη⃗00ihη⃗00jx1j0i
ðEn − E0ÞðEn0 − E0ÞðEn00 − E0Þ

− 24
X
η⃗;η⃗0

jh0jx1jη⃗ij2jh0jx1jη⃗0ij2ðEn þ En0 − 2E0Þ
2ðEn0 − E0Þ2ðEn − E0Þ2

:

Using Eq. (A1), we have

Z þ∞

−∞
dt2

Z þ∞

−∞
dt3

Z þ∞

−∞
dt4C̃

ð4Þðt2; t3; t4Þ

¼ 24
X

n;l;n0;l0

1

En0 − E0

�
αðNÞ
0;l α

ðNÞ
l;l0

S00;nlSnl;n0l0

En − E0

�
2

− 24
X

n;l;n0;l0

ðαðNÞ
0;l0 Þ2S200;nlS200;n0l0

ðEn0 − E0Þ2ðEn − E0Þ
: ð61Þ

The multiplicities are different if we choose N ¼ 2
or N ¼ 3. We can insert them in the definition of the
quantity

α̃ðNÞ
l ¼

(
4ðαð2Þ0;1Þ4δl;0þ2ðαð2Þ0;1α

ð2Þ
1;2Þ2δl;2 forN¼2;

ðαð3Þ0;1Þ4δl;0þðαð3Þ0;1α
ð3Þ
1;2Þ2δl;2 forN¼3;

ð62Þ
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which depend on the factors given in Eqs. (A2) and (A3).
Using the angular selection rules, we finally obtainZ þ∞

−∞
dt2

Z þ∞

−∞
dt3

Z þ∞

−∞
dt4C̃

ð4Þðt2; t3; t4Þ

¼ 24
X
n0

X
l0¼0;2

α̃ðNÞ
l0

En0 − E0

�X
n

S00;n1Sn1;n0l0

En − E0

�
2

− 24α̃ðNÞ
0

X
n;n0

S200;n1S
2
00;n01ðEn þ En0 − 2E0Þ

2ðEn0 − E0Þ2ðEn − E0Þ2

∼
3

NðN þ 2Þ
X
K

½Gð4ÞðN; 1Þ�KgK: ð63Þ

Results for low-order perturbative coefficients for the four-
point correlation function (N ¼ 2 and N ¼ 3) are given in
Tables II and III.

D. Correlation function with a wigglet insertion

The last quantity we want to look at, within the context
of the OðNÞ theory, is the two-point correlation function
with a wigglet insertion,

Cð1;2Þ
i1;i2

ðt2; t3Þ ¼
δi1i2
N

Cð1;2Þðt2; t3Þ; ð64Þ

where we have defined

Cð1;2Þðt2; t3Þ≡ NCð1;2Þ
{̂1 {̂1

ðt2; t3Þ ¼ NC̃ð1;2Þðt2; t3Þ: ð65Þ

Here, C̃ð1;2Þðt2; t3Þ ¼ Cð1;2Þ
{̂1 {̂1

ðt2; t3Þ is equal to any non-
vanishing element within the internal group structure;
nonvanishing elements have their first index equal to their
second index. One finds

C̃ð1;2Þðt2; t3Þ ¼ hq{̂1ð0Þq{̂1ðt2Þq2{̂1ðt3Þi − hq{̂1ð0Þq{̂1ðt2Þihq2{̂1ðt3Þi − 2hq{̂1ð0Þq{̂1ðt3Þihq{̂1ðt2Þq{̂1ðt3ÞÞi: ð66Þ

Setting {̂1 ¼ 1 for simplicity and introducing the quantity x1 ¼ r cos θ1, for the coordinate along the quantization axis, as
before, we can perform the integrals with respect to the time variables, obtainingZ þ∞

−∞
dt2

Z þ∞

−∞
dt3C̃

ð1;2Þðt2; t3Þ ¼ 4
X

n;η⃗;n0;η⃗0

h0jðx1Þ2jn; η⃗ihn; η⃗jx1jn0; η⃗0ihn0; η⃗0jx1jn; 0i
ðEn − E0ÞðEn0 − E0Þ

þ 2
X

n;η⃗;n0;η⃗0

h0jx1jn; η⃗ihn; η⃗jðx1Þ2jn0; η⃗0ihn0; η⃗0jx1j0i
ðEn − E0ÞðEn0 − E0Þ

− 2
X
n;η⃗

jh0jx1jn; η⃗ij2h0jðx1Þ2j0i
ðEn − E0Þ2

− 4

�X
n;η⃗

jh0jx1jn; η⃗ij2
ðEn − E0Þ

�
2

− 8
X

n;η⃗;n0;η⃗0

jh0jx1jn; η⃗ij2jh0jr cos θ1jn0; η⃗0ij2
ðEn0 − E0ÞðEn0 þ En − 2E0Þ

: ð67Þ

Using the radial S matrix elements defined in Eq. (A1) and the radial Q matrix elements defined in Eq. (A5), we obtain

Z þ∞

−∞
dt2

Z þ∞

−∞
dt3C̃

ð1;2Þðt2;t3Þ¼4ð2−δN3Þ
X
n;n0

X
l¼0;2

βðNÞ
0;l α

ðNÞ
l;1 α

ðNÞ
1;0 Q00;nlSnl;n01Sn01;00

ðEn−E0ÞðEn0 −E0Þ

þ2ð3−2δN3Þ
X
n;n0

βðNÞ
1;1 ðαðNÞ

1;0 Þ2S00;n1Qn1;n01Sn01;00
ðEn−E0ÞðEn0 −E0Þ

−2ð2−δN3Þ
X
n

ðαðNÞ
0;1 Þ2βðNÞ

0;0

S200;n1Q00;00

ðEn−E0Þ2

−8ð2−δN3Þ2
X
n;n0

ðαðNÞ
0;1 Þ2ðαðNÞ

0;1 Þ2S200;n1S200;n01
ðEn0 −E0ÞðEn0 þEn−2E0Þ

−4ð2−δN3Þ2
�X

n
ðαðNÞ

0;1 Þ2
S200;n1
En−E0

�2
: ð68Þ

We define the angular factors

β̃ðNÞ
l ≡

(
2βð2Þ0;lα

ð2Þ
l;1α

ð2Þ
1;0 ðN ¼ 2Þ;

βð3Þ0;lα
ð3Þ
l;1α

ð3Þ
1;0 ðN ¼ 3Þ;

ð69Þ
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γ̃ðNÞ ≡
(
3βð2Þ1;1ðαð2Þ1;0Þ2 ðN ¼ 2Þ;
βð3Þ1;1ðαð3Þ1;0Þ2 ðN ¼ 3Þ:

ð70Þ

Using the expressions given in Eqs. (A2), (A3), (A6), and (A7) for the angular factors, we finally get

Z þ∞

−∞
dt2

Z þ∞

−∞
dt3C̃

ð1;2Þðt2; t3Þ ¼ 4
X
n;n0

X
l¼0;2

β̃ðNÞ
l

Q00;nlSnl;n01Sn01;00
ðEn −E0ÞðEn0 −E0Þ

þ 2γ̃ðNÞX
n;n0

S00;n1Qn1;n01Sn01;00
ðEn −E0ÞðEn0 −E0Þ

− 2β̃ðNÞ
0

X
n

Q00;00S200;n1
ðEn −E0Þ2

− 4α̃ðNÞ
0

�X
n

S200;n1
En −E0

�2
− 8α̃ðNÞ

0

X
n;n0

S200;n1S
2
00;n01

ðEn0 −E0ÞðEn0 þEn − 2E0Þ

∼
1

N

X
K

½Gð1;2ÞðN;1Þ�KgK: ð71Þ

Results for perturbative coefficients ½Gð1;2ÞðN; 1Þ�K for the
cases N ¼ 2 and N ¼ 3, for low orders of perturbation
theory, are given in Tables II and III, respectively. This
concludes our discussion of the formalism used for
obtaining higher orders of perturbation theory for the
correlation functions discussed in this article. We can
now proceed to the comparison with the analytic large-
order estimates and the subleading corrections, evaluated in
Ref. [15].

IV. COMPARISON WITH TWO-LOOP
CORRECTIONS FOR LARGE ORDER

A. Analytic formulas

In this section, we briefly review the results obtained in
[15] concerning the large-order behavior of the ground-
state energy and of an M-point correlation function G for a
D-dimensional field theory with N components, which can
be traced to the two-loop corrections to the instanton
configurations that describe the leading factorial growth
of the perturbative coefficients.. We refer to the perturbative

coefficient of order K as GðMÞ
K . When K is large, we can

express GðMÞ
K to order 1=K as

GðMÞ
K ¼ cðN;DÞ

π
ΓðK þ bÞ

�
1

A

�
b
�
−
1

A

�
K

×

�
1 −

AdðN;DÞ
K þ b − 1

þOðK−2Þ
�
;

b ¼ M þ N þD − 1

2
; ð72Þ

where A ¼ 4=3 is the action of the ϕ4 theory evaluated on
the instanton saddle point multiplied by the coupling
constant and with an inverted sign. For large K, we can
replace K − 1þ b → K in the denominator of the second
term and identify the 1=K correction.

We start with the ground-state energy obtained using the
relation in Eq. (52) computing the bracket of the perturba-
tive Hamiltonian with the unperturbed and perturbed
ground-state eigenfunctions. Specifically, one needs to
examine the relation

Z þ∞

−∞
Cð0ÞðtÞdt ∼

X
K

½Gð0ÞðN; 1Þ�KgK: ð73Þ

Here, ½Gð0Þ
N;1�K is the specialization of the general asymptotic

perturbative coefficient GK of order K given in Eq. (72) to
the ground-state energy function (M ¼ 0) in one spatial
dimension (D ¼ 1) and for an internal OðNÞ symmetry
group,

½Gð0ÞðN; 1Þ�K ¼ cð0ÞðN; 1Þ
π

ΓðK þ bÞ
�
1

A

�
b
�
−
1

A

�
K

×

�
1 −

Adð0ÞðN; 1Þ
K þ b − 1

þOðK−2Þ
�
;

b ¼ N
2
; ð74Þ

where we defined

cð0ÞðN; 1Þ ¼ 2π2
8N=2

ΓðN=2Þ ; ð75aÞ

dð0ÞðN; 1Þ ¼ 5

24
þ 5

2π2
−
7ζð3Þ
4π2

þ
�
9

16
−

1

2π2
þ 7ζð3Þ

4π2

�
N þ 7

32
N2: ð75bÞ

For the two-point correlation function given in Eq. (52)
one needs to examine the relation
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Z þ∞

−∞
Cð2ÞðtÞdt ∼

X
K

½Gð2ÞðN; 1Þ�KgK: ð76Þ

Here, ½Gð2Þ
N;1�K is the specialization of the general asymptotic

perturbative coefficient GK of order K given in Eq. (72) to
the two-point correlation function (M ¼ 2) in one spatial
dimension (D ¼ 1) and for an internal OðNÞ symmetry
group,

½Gð2ÞðN; 1Þ�K ¼ cð2ÞðN; 1Þ
π

ΓðK þ bÞ
�
1

A

�
b
�
−
1

A

�
K

×

�
1 −

Adð2ÞðN; 1Þ
K þ b − 1

þOðK−2Þ
�
;

b ¼ 1þ N
2
; ð77Þ

where we defined

cð2ÞðN; 1Þ ¼ 2π2
8N=2

ΓðN=2Þ ; ð78aÞ

dð2ÞðN; 1Þ ¼ 5

24
þ 5

2π2
−
7ζð3Þ
4π2

þ
�
9

16
−

1

2π2
þ 7ζð3Þ

4π2

�
N þ 7

32
N2: ð78bÞ

For the second derivative of the two-point correlation
function at zero momentum, the asymptotic relationship is
given in Eqs. (53),Z þ∞

−∞
t2Cð2ÞðtÞdt ∼

X
K

½Gð∂pÞðN; 1Þ�KgK; ð79Þ

where

½Gð∂pÞðN;1Þ�K ¼ cð∂pÞðN;1Þ
π

ΓðKþ bÞ
�
1

A

�
b

×

�
−
1

A

�
K
�
1−

Adð∂pÞðN;1Þ
Kþ b− 1

þOðK−2Þ
�
;

b¼ 1þN
2
; ð80Þ

with

cð∂pÞðN; 1Þ ¼ −π4
8N=2

ΓðN=2Þ ; ð81aÞ

dð∂pÞðN; 1Þ ¼ 5

24
þ 4

π4
−
21ζð3Þ
π4

−
93ζð5Þ
2π4

þ
�
−

3

16
−

6

π4
þ 93ζð5Þ

2π4

�
N þ 7

32
N2: ð81bÞ

For the four-point correlation function, the relationship
is, from Eqs. (63),

Z þ∞

−∞
dt2

Z þ∞

−∞
dt3

Z þ∞

−∞
dt4Cð4Þðt2; t3; t4Þ

∼
X
K

½Gð4ÞðN; 1Þ�KgK; ð82Þ

where

½Gð4ÞðN; 1Þ�K ¼ cð4ÞðN; 1Þ
π

ΓðK þ bÞ
�
1

A

�
b
�
−
1

A

�
K

×

�
1 −

Adð4ÞðN; 1Þ
K þ b − 1

þOðK−2Þ
�
;

b ¼ 2þ N
2
; ð83Þ

with

cð4ÞðN; 1Þ ¼ 4π4
8N=2

ΓðN=2Þ ; ð84aÞ

dð4ÞðN; 1Þ ¼ 5

24
þ 13

π2
−
7ζð3Þ
2π2

þ
�
9

16
−

1

π2
þ 7ζð3Þ

2π2

�
N þ 7

32
N2: ð84bÞ

For the two-point correlation function with a wigglet
insertion, the relationship is, from Eqs. (71),

Z þ∞

−∞
dt2

Z þ∞

−∞
dt3Cð1;2Þðt2; t3Þ ∼

X
K

½Gð1;2ÞðN; 1Þ�KgK;

ð85Þ

where

Gð1;2Þ
K ¼ cð1;2ÞðN; 1Þ

π
ΓðK þ bÞ

�
1

A

�
b
�
−
1

A

�
K

×

�
1 −

Adð1;2ÞðN; 1Þ
K þ b − 1

þOðK−2Þ
�
;

b ¼ 2þ N
2
; ð86Þ

with

cð1;2ÞðN; 1Þ ¼ 8π2
8N=2

ΓðN=2Þ ; ð87aÞ
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dð1;2ÞðN; 1Þ ¼ 35

24
þ 5

2π2
−
7ζð3Þ
4π2

þ
�
15

16
−

1

2π2
þ 7ζð3Þ

4π2

�
N þ 7

32
N2: ð87bÞ

For reference, the first few perturbative coefficients
½Gð2ÞðN; 1Þ�K , ½Gð∂pÞðN; 1Þ�K , ½Gð4ÞðN; 1Þ�K , and
½Gð1;2ÞðN; 1Þ�K , for K ¼ 0, 1, 2, 3, 4, 5, and 10, for the
internal OðNÞ symmetry groups with N ¼ 1, 2, 3, are also
given in Tables I–III.

B. Significance of the two-loop correction

In Figs. 1–4, we plot the asymptotic expression of the
coefficients of the perturbative expansion of the ground-
state energy and of the correlation functions as a function
of the inverse of the order of perturbation K. These
coefficients have been divided by their leading order
expression reported in Eq. (72), that is, the expression
proportional to

½QðMÞ�K ¼ cðN; 1Þ
π

ΓðK þ bÞ
�
1

A

�ðMþNÞ=2�
−
1

A

�
K
; ð88Þ

and they read

½ΞðMÞ�K ¼ ½GðMÞ�K
½QðMÞ�K

: ð89Þ

These coefficients have been compared with their next-to-
leading order estimate, i.e., with the multiplicative term

½ΞðMÞ�K ≈ μðMÞ
K ¼ 1 − A

dðM;NÞ
K

; ð90Þ

and with

½ΞðMÞ�K ≈ νðMÞ
K ¼ 1 − A

dðM;NÞ
K þ b − 1

¼ 1 − A
dðM;NÞ

K
þ A

ðb − 1ÞdðM;NÞ
K2

þO

�
1

K

�
3

;

ð91Þ

which carries a (part of the) next-to-next-to-leading 1=K2

correction term.
In Figs. 1–4, we observe a good agreement between the

asymptotic estimate of the perturbative coefficients of
the correlation functions obtained in Ref. [15] with the
explicit higher-order calculations reported here. Indeed,
the improvement of the agreement upon the inclusion of the
next-to-leading order correction is quite remarkable. The
calculation of the large-order behavior of the perturbative
expansion of the correlation functions for N > 1 was much

more computationally expensive than for the case N ¼ 1,
restricting the highest order of perturbation theory that was
computationally accessible.

FIG. 1. Coefficients of the perturbative expansion of the ground
state of the energy for N ¼ 1, 2, 3 are displayed as a function of
the inverse of the order of perturbation (blue dots). These
coefficients have been divided by their leading asymptotic
estimate, given in Eq. (89), and have been compared with their
subleading order estimate. Dashed black lines have been obtained
while including the b − 1 term in the denominator of the 1=ðK þ
b − 1Þ term in Eq. (91), while solid black lines exclude this term
and follow only the 1=K term given in Eq. (90). The first
150 perturbative coefficients have been obtained for N ¼ 1, 2, 3.
(a) Ground-state energy for N ¼ 1. (b) Ground-state energy for
N ¼ 2. (c) Ground-state energy for N ¼ 3.
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We have extrapolated the asymptotic behavior of the
perturbative coefficients of the four-point correlation func-
tion. The highest-order perturbative coefficients for N ¼ 1,
2, 3 are observed to be approximately aligned along a
straight line (as a function of the variable 1=K). That is a
strong indication that, despite the relatively small number
of perturbative coefficients available, we have already
reached the asymptotic behavior which is mathematically
represented by the first term of order 1=K, and additions
from the 1=K2 and 1=K3 terms, in the expansion in
Eq. (91). We have used an extrapolation scheme based
on a cubic polynomial in 1=K, and the corresponding
results have been plotted together with the predictions from
the two-loop calculation in Fig. 5. As can be seen from the
figure, the extrapolations show an excellent agreement with
the analytical predictions. For the four-point correlation
function under investigation, the extrapolated 1=K coef-
ficient reproduces the predicted one with an error of
0.020% for N ¼ 1, of 0.75% for N ¼ 2, and of 0.76%
for N ¼ 3.

Our fitting and extrapolation procedure is a two-step
process. First, we equate groups of three consecutive
perturbative coefficients, starting at order K ¼ Ka þ i
and ending at order K ¼ Ka þ iþ 2, with the following
third-order polynomial in 1=K:

ΞðMÞ
ðiÞ ðKÞ ¼ 1þ ai

K
þ bi
K2

þ ci
K3

;

K ¼ Ka þ i; Ka þ iþ 1; Ka þ iþ 2;

i ¼ 0;…; imax: ð92Þ

Here, K ¼ Ka is chosen as the index of the first perturba-
tive coefficient where a visual inspection of the trend in the

perturbative coefficients shows a linear behavior of ΞðMÞ
K in

1=K. To be specific, the system of equations, consisting of
the relations (in the case of i ¼ 0)

ΞðMÞ
ði¼0ÞðKaÞ ¼ ΞðMÞ

Ka
; ð93aÞ

FIG. 2. Same as Fig. 1, but data are plotted for the correlation functions in N ¼ 1. The first 63 perturbative coefficients have been
obtained for each correlation function. (a) Two-point correlation function (N ¼ 1). (b) Derivative of two-point correlator (N ¼ 1).
(c) Four-point correlation function (N ¼ 1). (d) Correlator with wigglet insertion N ¼ 1).
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ΞðMÞ
ði¼0ÞðKa þ 1Þ ¼ ΞðMÞ

Kaþ1; ð93bÞ

ΞðMÞ
ði¼0ÞðKa þ 2Þ ¼ ΞðMÞ

Kaþ2; ð93cÞ

leads to coefficients ai¼0, bi¼0, and ci¼0. The system of
equations

ΞðMÞ
ði¼1ÞðKa þ 1Þ ¼ ΞðMÞ

Kaþ1; ð94aÞ

ΞðMÞ
ði¼1ÞðKa þ 2Þ ¼ ΞðMÞ

Kaþ2; ð94bÞ

ΞðMÞ
ði¼1ÞðKa þ 3Þ ¼ ΞðMÞ

Kaþ3 ð94cÞ

leads to coefficients ai¼1, bi¼1, and ci¼1. This process
is repeated for i ¼ 2, i ¼ 3, up to i ¼ imax, where
Kb ¼ Ka þ imax þ 2 is the highest perturbative order cal-
culated. The asymptotic behavior of the coefficients ai, bi,
and ci has then been obtained through a least-squares fit
with fit function

fðxÞ ¼ 1þ α1
x
þ α2

x2
þ α3

x3
; ð95Þ

where x≡ i is the initial index of the system of equations
discussed above, suitably generalized to a continuous real
rather than integer argument. This leads to the best fit
parameters a ¼ hα1i, b̄ ¼ hα2i, and c̄ ¼ hα3i, where h·i
indicates the result of the best least-squares fit. The fitted
(red) curve in Fig. 5 is then obtained as

Ξ̄ðMÞðKÞ ¼ 1þ ā
K
þ b̄
K2

þ c̄
K3

: ð96Þ

For other correlation functions, we found that the deviation
of the 1=K coefficient obtained from the extrapolation of
the exact analytic result varies and depends on the
correlation function studied as well as the number of
perturbative coefficients available. In particular, the
deviation depends on how close the highest-order pertur-
bative coefficients reproduce the asymptotic behavior. In all
cases of correlation functions studied, the deviation of the
best fit for the 1=K coefficient from the analytic calculation
is less than 15%. A potential improvement based on a

FIG. 3. Same as Fig. 2, but for N ¼ 2. We numerically compute the first 16, 18, 13, 14 perturbative coefficients, respectively, for
panels (a), (b), (c), and (d).
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higher number of perturbative coefficients is left for future
investigations. In the current paper, our goal is to verify the
leading (two-loop) correction to the large-order perturba-
tive expansion about the instantons, not to computationally
drive the perturbative higher-order calculations expansions
to their limits.

V. CONCLUSIONS

In this article, we have discussed the explicit higher-
order calculation of the perturbative expansions of corre-
lation functions for theOðNÞ quartic anharmonic oscillator.
We discussed the N ¼ 1 quantum anharmonic oscillator in
Sec. II. In Sec. III, we discussed the formulation of the
perturbative expansion of the correlation functions of the
OðNÞ quantum anharmonic oscillator, where the internal
symmetry group is assumed to be Oð2Þ or Oð3Þ, and
general formulas are given which allow us to enter a unified
evaluation of the perturbative expansions. Specifically, we
considered the two-point correlation function in Sec. III B,
the four-point correlator in Sec. III C, and the correlation
function with a wigglet insertion in Sec. III D. The
comparison with analytic results together with a review

of the previously (Ref. [15]) obtained results for the large-
order behavior of the correlation functions was carried out
in Sec. IV. The data in Figs. 1–3 underline the importance
of the next-to-leading order correction to the large-order
factorial growth of the perturbative coefficients for the
demonstration of the agreement of asymptotic estimates
and explicit perturbative calculations.
Let us take, as an example, the coefficient of order g8 (the

“eight-loop coefficient”) for the two-point correlation
function in the Oð3Þ model. The explicit result is

½Gð4Þ
N¼3�K¼8 ≃ 3.03 × 106: ð97Þ

The leading asymptotic term is

½Gð4Þ
N¼3;1�K¼8 ≈ 8.87 × 106: ð98Þ

With the inclusion of the two-loop (order 1=K) correction,
we find the (much better) estimate

½Gð4Þ
N¼3;1�K¼8 ≈ 2.38 × 106; ð99Þ

FIG. 4. Same as Fig. 2, but for correlation functions in a theory with an internal symmetry group OðN ¼ 3Þ. Correspondingly, we
numerically compute the first 16, 18, 15, 14 perturbative coefficients, respectively, for panels (a), (b), (c), and (d).
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which differs from the exact perturbative coefficient by
roughly 20 percent. At order K ¼ 10, we already observe
93 percent agreement, whereas at order K ¼ 14, the

agreement is slightly better than 97 percent. In some other
cases, the agreement is surprisingly good even at very low
orders. For example, for N ¼ 2, the two-loop large-order
estimate of the coefficient of the four-point correlation
function agrees with the exact perturbative coefficient at the
level of 98 percent, in eight-loop order (K ¼ 8).
The tests presented here are essential to have a good

starting point from which to extend the calculations to field
theory, i.e., to the case D > 1, where this type of checks is
not possible anymore. Specifically, the agreement between
these two different approaches ensures the correctness of
the method described in [15], which can then be general-
ized to obtain the perturbative expression of the correlation
functions for two- and three-dimensional N-vector models
where it is not possible to use the conventional techniques
of perturbation theory. We recall that, irrespective of the
dimensionD, the same dispersion relation relates the large-
order growth of the coefficients of a correlation function
with the behavior at small orders of perturbation of its
imaginary part for negative coupling.
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APPENDIX A: SOME USEFUL DEFINITIONS
AND IDENTITIES

1. Matrix elements

In this section, we will derive the expression for the
various angular matrix elements denoted as α and β, which
appear in the main text. We start by considering the matrix
element hn; η⃗jr cos θ1jn0; η⃗0i. If the coordinate r cos θ1 is
aligned with the quantization axis, then the only
nonvanishing transition matrix element will be obtained
for all magnetic projections equal to zero. We can there-
fore assume that jn; η⃗i≡ jn;l; 0;…; 0i and jn0; η⃗0i≡
jn0;l0; 0;…; 0i. Under these assumptions, we can write
the matrix element as

hn; η⃗jr cos θ1jn0; η⃗0i ¼ Snl;n0l0α
ðNÞ
l;l0 ; ðA1aÞ

where the radial part is given as follows:

Snl;n0l0 ≡
Z

dr rNRnlðrÞRn0l0 ðrÞ; ðA1bÞ

αðNÞ
l;l0 ≡

Z
dθ1 � � � dθN−1 cosðθ1ÞJðθ1;…; θN−1Þ

× Y0���0�
l ðθ1;…; θN−1ÞY0���0

l0 ðθ1;…; θN−1Þ; ðA1cÞ

FIG. 5. Comparison between the extrapolated (red curves) and
predicted (black curves) asymptotic behavior of the perturbative
coefficients of the four-point correlation functions for N ¼ 1, 2,
3. (a) Four-point correlation function N ¼ 1. (b) Four-point
correlation function N ¼ 2. (c) Four-point correlation function
N ¼ 3.
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and Jðθ1;…; θN−1Þ is the Jacobian due to the hyper-
spherical change of coordinates.
Due to the orthogonality relations between the hyper-

spherical harmonics, only a few of the αðNÞ
l;l0 terms are

nonzero. For example, if l ¼ 0, then we have for N ¼ 2
and N ¼ 3, respectively,

αð2Þ
0;l0 ¼

1

2
ðδl0;1 þ δl0;−1Þ; ðA2aÞ

αð3Þ
0;l0 ¼

1ffiffiffi
3

p δl0;1: ðA2bÞ

When l ¼ 1, one instead obtains

αð2Þ
1;l0 ¼

1

2
ðδl0;0 þ δl0;2Þ; ðA3aÞ

αð3Þ
1;l0 ¼

1ffiffiffi
3

p δl0;0 þ
2ffiffiffiffiffi
15

p δl0;2: ðA3bÞ

In general, one has

αð2Þl;l0 ¼
1

2
ðδl0;lþ1 þ δl0;l−1Þ: ðA4Þ

For the two-point function with a wigglet insertion,
we also have to consider the matrix element
hn; η⃗jðr cos θ1Þ2jn0; η⃗0i where jn; η⃗i≡ jn;l; 0;…; 0i and
jn0; η⃗0i≡ jn0;l0; 0;…; 0i. It can be written as

hn; η⃗jðr cos θ1Þ2jn0; η⃗0i ¼ Qnl;n0l0β
ðNÞ
l;l0 ; ðA5aÞ

where

Qnl;n0l0 ≡
Z

dr rNþ1RnlðrÞRn0l0 ðrÞ; ðA5bÞ

βðNÞ
l;l0≡

Z
dθ1 � � � dθN−1ðcosðθ1ÞÞ2Jðθ1;…; θN−1Þ

× Y0���0�
l ðθ1;…; θN−1ÞY0���0

l0 ðθ1;…; θN−1Þ: ðA5cÞ

Also in this case, because of the orthogonality relations
between the hyperspherical harmonics, only a few of the

βðNÞ
l;l0 terms are nonzero. For example, if l ¼ 0, then we

have for N ¼ 2 and N ¼ 3, respectively,

βð2Þ
0;l0 ¼

1

4
ð2δl0;0 þ δl0;2 þ δl0;−2Þ; ðA6aÞ

βð3Þ
0;l0 ¼

1

3

�
δl0;0 þ

2ffiffiffi
5

p δl0;2

�
: ðA6bÞ

When l ¼ 1, instead, one has

βð2Þ
1;l0 ¼

1

4
ðδl0;−1 þ 2δl0;1 þ δl0;3Þ; ðA7aÞ

βð2Þ−1;l0 ¼
1

4
ð2δl0;−1 þ δl0;1 þ δl0;−3Þ; ðA7bÞ

βð3Þ
1;l0 ¼

1

5

�
3δl0;1 þ 2

ffiffiffi
3

7

r
δl0;3

�
: ðA7cÞ

The above formulas can be used to perform all required
angular integrals for the correlation functions considered in
our investigations.

2. Case N = 3

For N ¼ 3, the coefficients αðN¼3Þ
l;l0 and βðN¼3Þ

l;l0 can be
written in terms of the Gaunt coefficients Yll0l00

mm0m00 defined as
the integral over three spherical harmonics

Yll0l00
mm0m00 ¼

Z
2π

0

dφ
Z

π

0

dθ sinðθÞ

× Y�
lmðθ;φÞYl0m0 ðθ;φÞYl00m00 ðθ;φÞ: ðA8Þ

By writing cosðθÞ and cosðθÞ2 in terms of spherical
harmonics we get

αð3Þl;l0 ≡ 2

ffiffiffi
π

3

r
Yl1l0
000 ðA9Þ

and

βð3Þl;l0 ≡
1

3

�
4

ffiffiffi
π

5

r
Yl2l0
000 þ 2

ffiffiffi
2

p
Yl0l0
000

�
: ðA10Þ

Alternatively, the integral appearing in Eq. (A8) can be
interpreted using the Wigner-Eckart theorem and can be
written as the product of the Clebsch-Gordan coefficient
corresponding to the quantum numbers l, l0, l00, m, m0,
and m00, and the reduced matrix element of the spherical
harmonic tensor Ym

l ðθ;ϕÞ ¼ Ylmðθ;ϕÞ, asZ
2π

0

dφ
Z

π

0

dθ sinðθÞY�
lmðθ;φÞYl0m0 ðθ;φÞYl00m00 ðθ;φÞ

¼ ð−1Þl0−l00þl C
lm
l0m0l00m00ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p hljjY⃗l0 jjl00i; ðA11Þ

where the reduced matrix can be expressed using a 3j
symbol with three zero magnetic projections:

hljjY⃗l0 jjl00i ¼ ð−1Þl
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2lþ 1Þð2l0 þ 1Þð2l00 þ 1Þ

4π

r
×

�
l l0 l00

0 0 0

�
: ðA12Þ

Using this convention the coefficients αð3Þl;l0 and βð3Þl;l0 will
read
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αð3Þl;l0 ≡ ð−1Þ1−l0þl2

ffiffiffi
π

3

r
Clm
10l0m0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p hljjY⃗1jjl0i ðA13Þ

and

βð3Þl;l0 ≡
1

3

�
ð−1Þ2−l0þl4

ffiffiffi
π

5

r
Clm
20l0m0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p hljjY⃗2jjl0i

þ ð−1Þ−l0þl2
ffiffiffi
2

p Clm
00l0m0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p hljjY⃗0jjl0i
�
: ðA14Þ

These results are in agreement with the formulas obtained in
Appendix A 1.

APPENDIX B: ALTERNATIVE PROCEDURE

The perturbative treatment of the radial part can be
accomplished by a direct mapping of the procedure out-
lined in Eqs. (2)–(8) onto a computer algebra system.
However, it is useful to delineate an alternative procedure to
compute the eigenvalues and eigenfunctions of the per-
turbed three-dimensional harmonic oscillator.
We will deal with the N ¼ 3 case; the generalization to

N ¼ 2 is relatively straightforward. We adapt to our case
the results of Ref. [22], where the computation has
been carried out for a general central field perturbation.
The eigenvalues and eigenfunctions of our Schrödinger
equation �

−∇⃗2 þ r2 þ g
2
r4
�
Ψnlmðr; θ;φÞ

¼ αnlΨnlmðr; θ;φÞ; αnl ¼ 2Enl; ðB1Þ

where Enl can be written as a perturbative series in the
coupling parameter g,

αnl ¼
X∞
K¼0

αnl;KgK; ðB2aÞ

Ψnlmðr; θ;φÞ ¼ RnlðrÞYlmðθ;φÞ; ðB2bÞ

RnlðrÞ ¼ N nle−r
2=2rl

X∞
K¼0

uðKÞnl ðr2ÞgK; ðB2cÞ

where N nl ¼ N ðN¼3Þ
nl is defined in Eq. (30). Each coef-

ficient uinlðr2Þ can be expressed as a linear combination of
the eigenfunctions of the unperturbed case (it can be shown
that only 4K terms will contribute to the Kth-order
perturbation)

uðKÞnl ðr2Þ ¼
Xqnlþ2K

j¼maxðqnl−2K;0Þ
AKjL

lþ1
2

j ðr2Þ; ðB3aÞ

qnl ¼ αnl;0 − 3 − 2l ¼ 1

2
ðn − lÞ: ðB3bÞ

The coefficients αnl;K and AKj can be determined from

Eqs. (32) and (33) of Ref. [22] by setting Bj ¼ δ1j
2
. Special

cases are

A0;j ¼ δj;qnl ; AK;qnl ¼ 0 ∀ K > 0: ðB4Þ

However, there are some typos in the passages of the paper,
and we report here a corrected version of the main passages
needed to arrive to the result.
We use the following recursive relation of the general-

ized Laguerre polynomials:

rmL
lþ1

2

j ðr2Þ ¼
X2m
n¼0

aðm; n; jÞLlþ1
2

jþm−nðr2Þ; ðB5Þ

where

aðm; n; jÞ ¼ ð−1Þm−nðm!Þ2
Γðjþm − nþ lþ 3

2
Þ

Xminðjþm−n;jÞ

k¼maxð0;j−nÞ

ðjþm−n
k ÞΓðmþ kþ lþ 3

2
Þ

ðj − kÞ!ðn − jþ kÞ!ðm − jþ kÞ! : ðB6Þ

We can then rewrite Eq. (26) of [22] as

X∞
j¼0

ðqnl − jÞAKjL
lþ1

2

j ðr2Þ ¼ 1

8

XK−1
w¼0

δ1ðK−wÞ
X∞
j¼0

Awj

X2ðK−wþ1Þ

i¼0

aðK −wþ 1; i; jÞLlþ1
2

jþK−wþ1−iðr2Þ−
1

4

XK−1
w¼0

αðK−wÞnl

X∞
j¼0

AwjL
lþ1

2

j ðr2Þ

¼ 1

8

X∞
j¼0

AðK−1Þj
Xjþ2

i¼j−2
að2; jþ 2− i; jÞLlþ1

2

i ðr2Þ− 1

4

XK−1
w¼0

αðK−wÞ
nl

X∞
j¼0

AwjL
lþ1

2

j ðr2Þ: ðB7Þ

For a specific value of L
lþ1

2
s ðr2Þ, with the convention
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Θð0Þ ¼ 1 ðB8Þ

for the Heaviside step function Θ, we get

AKs ¼
1

8ðqnl − sÞ
X∞
j¼0

AðK−1Þjað2; jþ 2 − s; jÞΘð2 − js − jjÞ − 1

4ðqnl − sÞ
XK−1
w¼0

αðK−wÞnl Aw;s

¼ 1

8ðqnl − sÞ
Xqnlþ2ðK−1Þ

maxðj¼qnl−2ðK−1Þ;0Þ
AðK−1Þjað2; jþ 2 − s; jÞ − 1

4ðqnl − sÞ
XK−1
w¼0

αðK−wÞnl Aw;sαnl;K

¼ 1

2

Xqnlþ2ðK−1Þ

j¼maxðqnl−2ðK−1Þ;0Þ
AðK−1Þjað2; jþ 2 − qnl; jÞ: ðB9Þ

We can therefore write a recursive relation that will provide an expression for the perturbative coefficients of the eigenvalues
and eigenfunctions of the Schrödinger equation. The two-dimensional case can be derived from the three-dimensional one
using the expression for the eigenfunctions reported in Eq. (28).
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