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Recently a linearized perturbation theory has been formulated for soliton sectors of quantum field
theories. While it is more economical than alternative formalisms, such as collective coordinates, it is
currently limited to solitons which stay close to a base point about which the theory is linearized. As a
result, so far this formalism has only been applied to stationary solitons. In spite of this limitation, we
construct kink states with fixed nonzero momenta and also moving, normalizable kink wave packets. The
former are non-normalizable coherent superpositions of kinks at all spatial positions and are simultaneous
eigenstates of the Hamiltonian and the momentum operator. The latter are localized about a single, moving
classical solution. To understand the wave packets we calculate several simple matrix elements.
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I. INTRODUCTION
A. Motivation

Linearized soliton perturbation theory [1] allows the
efficient calculation of states [3], masses, [4] and instanta-
neous accelerations [5] of solitons in nontrivial back-
grounds. However, so far it has one major limitation; the
solitons cannot move. As a result, the trajectory of a soliton
in a nontrivial background cannot be found as once it
begins to move the corresponding state is no longer known.
Also form factors cannot be calculated, as these involve
states with nonvanishing momentum. Finally, in models
without Poincaré invariance, such as those with impurities
[6], it has not yet been possible to include quantum
corrections into Hamiltonians for moduli space truncated
models [7,8] because the energy dependence on the soliton
velocity is not known.

This limitation may seem inevitable as the method
begins with a unitary transformation of the Hilbert space
which is determined by the choice of a single point in the
soliton’s moduli space. In this note we provide two distinct
solutions to this problem. More precisely, we present two
constructions of states corresponding to solitons with
nonzero momentum. The first construction is simply a
boost of the construction of a stationary soliton. Although

"The leading quantum corrections can be computed efficiently
in great generality using spectral methods, recently reviewed in
Ref. [2].
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the boosted soliton has momentum, it iS a momentum
eigenstate and so is translation invariant up to a phase. This
implies that the kink state includes a uniform superposition
of kink positions over the entire space. Therefore it does not
move and there is no contradiction with the above intuition.
The second construction uses a normalizable wave packet
of solitons localized about some point in moduli space.
This is not an exact eigenstate of the momentum nor of the
Hamiltonian, and so it does move. The wave packet
construction described below is applied to the physical
problem of computing quantum corrections to spectral
walls in the companion paper Ref. [5].

These two constructions correspond to two distinct
physical configurations, both of which are realized in
nature. In QCD, in the large N approximation, baryons
are described by skyrmions [9-11]. Baryon scattering is
described by the scattering of solitons in wave packets
which are nearly momentum eigenstates, and so are well
described by plane waves. In particular, their wave packet
size is much large than their Fermi-scale radius. This
corresponds to our first construction. On the other hand,
often a soliton position is constrained to greater precision
than the soliton size itself. Such semiclassical solitons have
a quantum profile that resembles the corresponding
classical field theory solution. This second case includes
solitonic dark matter [12,13] as well as many examples in
condensed matter physics, beginning historically with
Abrikosov vortices [14] on an observed lattice and also
many solitons in quantum optics, such as [15].

B. Background

A quantum theory is defined by a Hamiltonian operator
H and a Hilbert space on which it acts. The stationary states
are eigenvectors of H. Let us consider a Schrodinger
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picture quantum field theory of a single scalar field ¢(x),
where x is a point in space. In this case, the operators ¢(x)
at each x and their conjugate momenta z(x) are a basis of
the space of all operators in the theory. In particular, the
Hamiltonian is constructed from these operators.

In the quantum field theory, the operators satisfy
the canonical commutation relations [¢(x),z(x)]=iAd(x).
We will generally set 7= 1. However, setting 2 =20
one arrives at the corresponding classical field theory.
If the classical equations of motion derived from this
Hamiltonian have a nontrivial, stable, stationary solution
¢(x,1) = f(x), then one may ask what state |K) in the
quantum theory corresponds to this classical configuration.
More generally, one may consider small perturbations
about this classical solution and wonder to which quantum
states they correspond. We will refer to such states as the
f(x) sector.

Old fashioned perturbation theory expands the field ¢ (x)
about zero and so does not yield states in the f(x) sector if
f(x) is not identically zero. Therefore the usual approach
[16] to studying the f(x) sector is to decompose the field
into a classical part and a quantum part ¢p(x) — f(x), rewrite
the defining Hamiltonian as a kink Hamiltonian for this
quantum part and try to diagonalize the kink Hamiltonian.
The potential problem with this approach is that quantum
field theories generally have divergences that require
regularization, and simple regularization schemes such as
an energy cutoff do not commute with the transition from
the defining to the kink Hamiltonian [17].

Recently this problem has been solved in Ref. [18] in a
rederivation of the manifestly finite kink Hamiltonian of
Ref. [19]. The regularized defining Hamiltonian H defines
the theory, and so the regularized kink Hamiltonian H’ is
defined to be similar; in fact, unitarily equivalent to the
regularized defining Hamiltonian. This guarantees that they
will have the same spectrum and so one may first
perturbatively solve the H' eigenvalue problem and then
use the unitary map to create H eigenvectors from H’
eigenvectors.

Concretely,

operator
D; =exp (—i/dxf(x)ﬂ(x)>,

which commutes with z(x) but shifts ¢(x)

one defines the unitary displacement

(1.1)

$(x)Dy = Dy(g(x) + f(x)). (1.2)
Then the kink Hamiltonian A’ and even the kink momen-
tum P’ are defined by

H' =D}HD;, P =D,PDy, (1.3)
where P is the momentum operator. Intuitively, this unitary
equivalence reexpresses the operators in terms of the

quantum field ¢(x) — f(x) as in the traditional approach,
but unlike the traditional approach it never changes the
spectrum as H' and H are related by a similarity trans-
formation (1.3). We remind the reader that H is already
regularized, and so H' will be automatically regularized.
The strategy then is to use perturbation theory to obtain
the desired eigenstate [y) of H' and then to act on it with D
to obtain to corresponding eigenstate D|y) of H. In other

words, one first performs D} on the original Hilbert space

yielding the kink Hilbert space. Next, one diagonalizes the
kink Hamiltonian perturbatively in the kink Hilbert space.
Finally one performs Dy to return to the original defining
Hilbert space.

This application of perturbation theory is somewhat
complicated in a Poincaré-invariant theory because trans-
lation invariance leads to an infinity of soliton solutions,
and therefore a gapless spectrum, leading to the usual
infrared divergences in the perturbative expansion. These
divergences are usually eliminated using the collective
coordinate approach [20], which consists of a nonlinear
canonical transformation which disentangles the problem-
atic zero mode.

Recently, a much more economical approach has been
proposed [1] in which one instead first solves the P’
eigenvalue equation in perturbation theory. Once this is
done, the problematic degeneracy is removed and one then
imposes the H' eigenvalue equation. This avoids nonlinear
transformations and in fact simplifies the problem, as P’ is
simpler than H’ and its form is independent of the
interactions.

However, the price of solving the P’ eigenvalue equation
only perturbatively is that one is effectively expanding
about a base point in the moduli space, and so the series
found does not converge, even in the sense of an asymptotic
series, far from this base point. To be able to construct states
near that base point one may conclude that the kink cannot
move, and so all previous studies of this formalism have
restricted attention to stationary kinks.

C. Outline

In Sec. III, we will find that one can nonetheless
construct a kink state with nonvanishing momentum, an
eigenvector of the momentum operator. This is reasonable
as such kink plane waves are, up to a phase, time
independent. This is because although they have nonzero
velocity they are everywhere, and so they do not move.

This is potentially useful for calculating energy spectra
but still not sufficient for problems such as scattering, for
which one wants a localized soliton corresponding to a
normalizable state with finite matrix elements. Such local-
ized, normalizable states have not yet been constructed
even for solitons with vanishing momentum. In Sec. IV we
construct such normalizable kink wave packets. They
indeed do move, and so they are not exact Hamiltonian
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eigenstates, which are necessarily time independent.
However, as they are normalizable, they allow us to
compute matrix elements for the first time using linearized
perturbation theory.

II. THE KINK HAMILTONIAN EIGENVALUE
PROBLEM

In this section we review the solution of the
eigenvalue problem for the kink Hamiltonian in the case
of a Schrodinger-picture scalar field theory in (1 + 1)
dimensions.

A. The plane wave decomposition

Small perturbations about the vacuum of the free
classical field theory are plane waves. Correspondingly,
the Hamiltonian of the free quantum free theory of a scalar
field of mass m is diagonalized by a decomposition of the
Schrodinger field ¢(x) and its conjugate momentum 7(x)
in the plane wave basis

¢, = /dxqﬁ(x)ei”x, T, = /dxﬂ(x)eif’x, (2.1)

which can be arranged into a basis of annihilation and
creation operators

V4 A_ V3
ﬁ__[’ p:ﬂ+l_p7

20, 2 2w
w, = \/m2+p2,

2w
where the Hermitian conjugate of A, is Za)pAI,.

One can define a plane wave normal ordering : :, which
places all A on the right of A. We remind the reader that in
(1 + 1)-dimensional scalar field theories, normal ordering
is sufficient to remove all ultraviolet divergences. In the
Schrodinger picture, as fields are independent of time, such
a decomposition makes no reference to the Hamiltonian
and so may be performed even in an interacting theory,
although it will no longer diagonalize the Hamiltonian.

P p

(2.2)

B. The kink Hamiltonian

If the defining Hamiltonian is

Hin(x). $(x)] = / dx:H(z(x). ().

(2.3)

for a coupling constant g, then the kink Hamiltonian is

Hn(x). ()] = / dx M (2(x), () 0.

H (7(x), p(x)) = H(z(x), ¢(x) + f(x)). (2.4)
We decompose the kink Hamiltonian into terms H, =
JdxH, with n factors of the fields when plane wave
normal ordered and >, H, =:"H':,. In particular

Hy = Qo (2.5)

is the mass of the classical kink configuration Q,, H;
vanishes by the classical equations of motion, and the free
Hamiltonian density is

Hax) =5 [0 + (b))

+ VO (gf (x)): 4 (x) 1] (2.6)
where
VO (g () = Vb 2T)
A(gp(x))
The higher-order terms are simply
gn—2
Hs2(¥) = ==V (gf () 14" (x) 20 (28)
C. The normal mode decomposition
Substituting the constant-frequency ansatz
p(x.1) = e7"g(x), (2.9)

into the classical equations of motion derived from H,
yields the wave equation

V@ (gf(x))g(x) = o?g(x) +¢"(x).  (2.10)
for the normal modes g(x).

There are three kinds of solutions. First, there is always a
zero mode gg(x) with wg = 0. Second, for all real k there

are continuum solutions g; (x) with @, = vVm? + k* where

m= \/ V@ (gf(x))(£o0). We note that if these two limits

do not agree, then the kink will accelerate [21,22] due to a
difference in the one-loop energies of the vacua on the two
sides [23], and so it will not correspond to any Hamiltonian
eigenstate. Finally, there may also be discrete solutions,
called shape modes, gg(x) with 0 < wg < m.

For the continuum modes, we impose ¢_;(x) = g;(x)
and we impose that the discrete modes are real. We impose
that all modes are orthonormal
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/lhmg@n2=1,L/dnkxmg;oo=zmxm—w»,

/a’xgs1 (x)gs, (x) =4bs,s,- (2.11)

Then, as Eq. (2.10) is a Sturm-Liouville equation, the
normal modes are complete

%umaw+j¥%%m@@ww@—w, (2.12)

2w

where the condensed notation Y is an integral over
continuum modes plus the sum over discrete nonzero

normal modes
dk dk

As a result of this completeness, any operator in the
theory may be expanded in the normal mode basis

(2.13)

= /dxqﬁ(x)gi(x), T = /dxzr(x)gi(x), (2.14)

where & runs over all normal modes. In the case of the zero
mode, instead of ¢p and 7y we write ¢, and z,. The
nonzero modes, continuous and discrete, may alternately be
reexpressed in terms of Heisenberg creation and annihila-
tion operators

B_
gt m o B b me

; , 2.15
2 2C()k Za)k 2 Zwk ( )

where the adjoint of By is ZkaZ. Thus any operator may be

expanded in the normal mode basis ¢, 7y, B; and B,L One
can define normal mode normal ordering : :;, by expanding
any operator in this basis and then placing all z, and B on
the right.

We will assume that f(x) is a Bogomol’nyi-Prasad-
Sommerfield soliton, so that

/w@mw—%—%/wmw. (2.16)

The zero mode gz(x) is proportional to 9,f(x) and so,
fixing the sign of gz(x), we conclude that

0,f(x) = v/ Qo5 (x). (2.17)

D. Changing bases

We have seen that any Schrodinger picture operator can
be decomposed in two bases. The first is a plane wave basis
defined by

A, A} =275(p - q). (2.18)
The second is a normal-mode basis defined by
By, ,BZZ] =2n6(ky —ky), [BSng] =1, [po.7mo] =1,
(2.19)

where for simplicity we have considered a single
shape mode.

As these bases are complete, and linear in the fields, they
are related by linear Bogoliubov transformations [24]. The
defining Hamiltonian is plane wave normal ordered, as is
the expression for the kink Hamiltonian in (2.4). Thus it is
defined in terms of A, and A_,. However, it will be
convenient to first transform it into the ¢, 7y, B, and B
basis using the Bogoliubov transform, and then normal
mode normal order it.

Normal mode normal ordering the free
Hamiltonian, one finds [18,19]

kink

2
%o

H:
2 Q1+2

+ wgBiBs + Ij—ika,tBk, (2.20)
where the scalar Q; is the one-loop correction to the kink
mass. Thus we find that at one loop the center-of-mass
motion is described by a free quantum-mechanical particle
with momentum (more precisely, momentum divided by
the square root of the mass 1/Qy), 7y, and position (more
precisely, position times /Qg) ¢y, whereas the normal
modes k are described by quantum harmonic oscillators
with creation and annihilation operators BZ and By. The
ground state |0), of this free Hamiltonian is the solution of

70|0)o = Bi|0)o = Bs|0)y = 0, (2.21)
while normal modes can be excited using B'. Higher-order
corrections to stationary states can be found [1] by first
imposing that states are annihilated by P’ and then using

old fashioned perturbation theory with the interacting part
of the kink Hamiltonian (2.8).

III. BOOSTING A STATIONARY KINK

A. Copies of the Poincaré algebra

The (1 + 1)-dimensional Poincaré algebra is generated
by the Hamiltonian

Hh@%ﬂw%=/dﬂHM@%ﬂ@%m (3.1)

where the momentum operator is

PW@@&H=—/dﬂMM&M@¢, (3.2)
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and the boost generator is

Alz(x), ¢ (x)] = —tPz(x), ¢ (x)] +/dxx:H(ﬂ(X),¢(X)) far

(3.3)
These generators satisfy the Poincaré algebra

[H,P] =0, [A,H] = iP, [A,P]=iH. (3.4)

Although we are in the Schrodinger picture, so that the
fields do not depend on time, the boost operator has explicit
time dependence when acting on a state which is not
annihilated by the momentum operator P. However, we will
work at time f =0 and we will consider active trans-
formations of the field so that + = 0, even after a time
translation or boost. As a result, the —¢P term in (3.3) will
always vanish.

Consider a state

E.0) such that

H|E,0) = E|E,0), P|E,0) = 0. (3.5)

Then a boosted state
|E, ) = e"ME,0) (3.6)

is also an eigenvector
H|E,a) = Ecosha|E,a), P|E,a)=Esinha|E,a), (3.7)

identifying a as the rapidity of |E, a). In particular, for a
nonrelativistic «, the momentum of the boosted state is Ea.
In the defining Hilbert space, the time-independent states
are eigenstates of H and those that have fixed momentum
are also eigenstates of P. We have seen that these states are
constructed as D|y) where |y) is an eigenstate of H" and
P’'. Here |y) is found in perturbation theory. In particular,
eigenstates of P with nonzero momentum are constructed
by acting D on eigenstates of P’ with nonzero eigenvalues.
These in turn can always be constructed from eigenstates
of P’ with zero eigenvalues by acting with a boost A’
defined by
N =DiADy, (3.8)
as the kink operators satisfy another copy of the Poincaré
algebra
[H',P'|=0, [N ,H]|=iP,

IN.P)=iH. (3.9)

If

H'|E,0) = E

E.0),  P|E.0)=0, (3.10)

then

H/eiaA/|E, 0> = Ecosh aei“A/IE, 0>,

P'e“N|E,0) = E sinh e |E, 0), (3.11)
and so e boosts a state annihilated by P’ to one with
eigenvalue Ea if a < 1.

Therefore, our strategy will be as follows. We begin with
an eigenstate |¥) of H’ which is annihilated by P/,
constructed as described in Sec. II. This corresponds, in
the defining Hilbert space to a state D,|¥) which is
annihilated by P, a stationary kink. Then

e ND|W) = Dye N |P) (3.12)
is our desired eigenstate of H with rapidity a. Thus, we will
have constructed a kink state with nonzero momentum. The
right-hand side of Eq. (3.12) is our first construction of a
boosted-kink state. We will spend the rest of this section
trying to understand it.

B. The kink boost operator

In this subsection we will calculate A’, and expand it
order by order in our semiclassical expansion.

For any functional :F|z(x),¢(x)]: with any normal-
ordering prescription [18]
Fla(x),¢(x)]: Dy = Dy Flr(x), p(x) + f(x)]:.  (3.13)

Therefore the kink momentum 1is

Pz (x), ¢(x)]

Plr(x).¢(x) + 1 (x)]
—/dx:ﬂ(x)axqﬁ(x):a—/dxﬂ(x)axf(x)
Plx(x),¢(x)] =/ Qo7o,

(3.14)

where in the last step we have used Eq. (2.17). Similarly the
kink boost operator is

N[z(x).p(x)] = D}Alr(x).p(x)] Dy = Alz(x).p(x) + £ (x)]
_ / doex: H((x), (x) + (1)) 24
:/dxx:H’(n(x),d)(x)):a
- dxxE(:nz(x):ﬁ (D)

+f(x)))22a)+%3v(g¢(x)+9f(x)):a :
(3.15)

Let us expand this order by order in the fields ¢(x)
and 7(x)

105001-5
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(3.16)

N =) A,

At zeroth order, for symmetric solutions |f(x)| = |f(—x)],
one obtains

M= [ a0+ Sviaren| =0 619

which vanishes as x is odd and the term in parenthesis is
even. Here, we ignore the linear divergence at large
which can be eliminated by shifting the potential by a
constant so that V vanishes at the vacua gf(£o0). This is
anyway achieved by the infrared counterterms included in
this approach [25].

At first order

N = [ e @) @) + 2 vgr(a)|
= [ s |-0.50,10) + 2V a1 0)
—— [ dxp)0.f ==/, (3.18)

where, going from the second to the third line, we used the
classical equations of motion satisfied by f(x) and on the
last line we used (2.17). The classical kink mass Q is of

order m/g* and so the coefficient \/Qy is of order \/m/g.
The quadratic terms are

K= [ @200+ @)+ POV (0 ),
_ /dx% 72 (2) + () (=0
1 . .

=5 [ a0

R (x)+ VO (gf (x))p(x)]:

(3.19)

where the last term is a total derivative which vanishes if
¢*(c0) = ¢p*(—o0) which we will impose, thus dropping
the boundary terms from our boost operator. Using the

decompositions
I Prgi(x)

I_”kgk

and (2.10) one can simplify the term in parenthesis

A’Zz/dx— [ x)+¢(x IZ roig(x } e (3.21)

In terms of A symbols, defined in (A1), this is

#(x) = dogp(x

7(x) = mogp(x (3.20)

AL = I dzk A}‘?I(C)z
2 (2r)? 2
dk w?
+ Y2 ae: (o + Lo )

Pk AW 2
:I@W@TQN%%+%%%M

dk
s

where we used the fact that for a symmetric kink ALY
vanishes and (A4). To simplify things later, we will change
plane wave normal ordering to normal mode normal
ordering. This shifts A} by a real number, and so it shifts
the translation operator e A" by a phase. As the total phase
of the state is not measurable, we simply drop this constant,
leaving

d2k Agoll
M=) S5 5 + w? :
? I (27)? wkz - w%] (i, m, wk1¢k1¢k2) b

dk 2
AOO] )
+ IZH Bk <_‘0i Tomy + ¢o¢k>

Note that no normal ordering is needed on the last term as
¢o and 7, both commute with B and B, so the normal
mode normal ordering does nothing.

The higher-order terms are

(g, 7y, + w%1¢k,¢k2) ‘a

2
<—2 oy + ¢0¢k> Yas (3.22)
Wi

(3.23)

n—2

g () -
A, = - /dxx.¢ (x): V!

Ngf(x).  (3.24)

Again these may be expanded into ¢y, 7y, ¢, and 7y
using (3.20).

C. The moduli space coordinate

Recall that a rapidity @ boost is achieved with the
operator e~**N". For concreteness, let us consider the kink
ground state |0) written, in the kink Hilbert space, as an
eigenvector of H' with H’|0) = Q|0). Then the correspond—
ing boosted state, still working in the kink Hilbert space, ?is

la) = e |0). (3.25)

In the rest of this section we will evaluate (3.25) one
order at a time. In Sec. Il D we will truncate the kink
ground state |0) to the one-loop kink ground state |0),
which satisfies (2.21).

Our first task is to write this state in a convenient basis.
Recall from (2.19) that our operator algebra is the product

“Recall that the action of Dy takes this state to the defining
Hilbert space.
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of a commuting quantum mechanical canonical algebra
generated by 7 and ¢, with an infinite set of Heisenberg
algebras B; and B}, with k running over all real numbers
and possibly some discrete values corresponding to shape
modes. Therefore the Hilbert space factorizes into the
product of the Harmonic oscillator Fock spaces for each
k with the space of quantum mechanical wave functions
which form a representation of 7z, and ¢,. These wave
functions are defined by

w) = / dw()ly).

wly) =i [y ),

dol) = / By ()ly).

(3.26)

So to describe a state, for each element of the harmonic
oscillator Fock space, one needs a complex wave func-
tion y(y).

The one-loop ground state, which solves (2.21), is easy
to write in this basis. Let |y), be the Fock space element
annihilated by all operators By

Bily)o=0.  doly)o = yl¥)o: (3.27)
and choose the function w(y) to be a constant
0 = [ sl (3.28)

The choice of constant is just a normalization convention,
although these states are non-normalizable.

We will systematically investigate all of the perturbative
expansions involved in our construction. Let us begin with
the unboosted one-loop ground state |0) itself. This is
found using perturbation theory, which produces correc-
tions of the form mgg3 in the semiclassical expansion.
Acting on our basis, the semiclassical expansion is
therefore a series in mgy?. Therefore the one-loop ground
state |0),, itself is only a good approximation to the ground
state at

1
YL ——. (3.29)

g

Of course since w(y) is a constant, the wave function is
supported at all values of y, including those not satisfying
(3.29). Thus one should not trust the perturbative expansion
on that part of the wave function.

The situation is similar to solving for a bound wave
function in quantum mechanics as a power series in the
space coordinate x. The wave function in that case is
reliable only for small x.

What is y physically? Let us compute the scalar field
profile corresponding to the state |y),, shifted back to the
defining Hilbert space using Dy

oIDISED )0 4 Ol(x) + £y
oY DI Dsly)o o1y

o 1 001085l
=f0)+ o<Y|J’>o

= f(x X) = f(x) + 2=, f(x
= f(x) + yap(x) f()+@axf()

= f(x +\/LQ_0> + 0(y?).

Recall that there is a moduli space of kink solutions f(x —
xo) related by a spatial translation x,. The parameter y is a
coordinate on this moduli space, and

xoz—y/\/Qio

is the translation. It is thus reasonable that a zero-momen-
tum kink has a wave function y(y) which is independent of
y, as it is translation invariant.

Now we may interpret the expansion in mgy”. As Q, ~
m/g* and y is proportional to the kink position x, times
/o, this is an expansion in mgQyx3 ~ m*x3/g. So this is
an expansion in the distance x to the center of mass of the
kink, with convergence in the sense of an asymptotic series
when the kink position x, varies by less than ,/g/m. Here
1/m is the size of the classical kink solution itself. This
condition is physically reasonable, the semiclassical
approximation implies that the kink is, by at least a factor
of /g, more localized than the size of the solution itself, so
that the solution is not too smeared by quantum effects.

(3.30)

(3.31)

D. Boosting the one-loop kink

In this subsection we will boost the one-loop kink
ground state, evaluating
e ™N0), (3.32)

in perturbation theory. We start with the leading-order
contribution

|a)y = e ™M1]0), = e~1V@to|0) = /dye_i‘/Q_‘)ayb’)o-

(3.33)
Alternately this state may be defined by
Byla)y =0, mola)y = —v/ Qoala). (3.34)

Using (3.31), the phase in the wave function (3.33) may
be written

e~V — piQuao (3.35)
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This phase is of the usual plane wave form e'”* where the
momentum p is identified with Qya. At low rapidity, « is
simply the velocity » and at leading order in the semi-
classical expansion, Q is the mass M and so this is just the
Newtonian formula p = Mv for the momentum.

Now let us try to include the next order correction to the
boost operator A. Consider

eit(N+AY)

Jo = elVOhERII0),  (3.36)
where A is given in (3.23). The exponential consists of
quadratic and linear terms in the fields, and so it acts as a
Bogoliubov transformation. Physically, it ensures that the
boosted state at this order, is annihilated not by the normal
mode annihilation operators By, but rather by the annihi-
lation operators corresponding to boosted normal modes.
|

dk 2

exp(i < \/mébo*”o _A(l];(])cl k>)|0>0
oy

In practice, finding these boosted normal modes suffices
for calculating the action of various operators on the
boosted state.

On the other hand, expressing this state in terms of
|0), is quite complicated. The problem is that A} and A,
do not commute, and their commutator does not com-
mute with A}. This series of commutators does not
truncate.

The first term in the series consists of terms in which A},
does not appear. This is the state |a), given in (3.33). We
will now calculate the subleading correction, in which A},
appears once in the exponential. First, note that the only
term in A5 which does not commute with A} is
moy & A% (32 7. So first let us include only that term,

using the Baker—Campbell—Hausdorff formula

= exp(—iar/Qoeo) exp(zanoi— A ﬂ'k) exp(—— |:—la\/7¢0,laﬂoi—Aomiz ]>|O>0
o

dk 1
= exp(—iay/ Qo) exp <— [—la\/ oo, iam o AR — o2 ”k] ) [ON
i

dk AOOI
= exp(—ia/ Qo) exp(—zazx/ I ik@)
dkAOOl
_exp< z\/*i: Agi BT) )y

dkAOOl 4
- (e evayyiatalsof3) o

This is an expansion in a?/g, and so it is expected to
converge when @ < ¢. This means for example that the
kink kinetic energy, which nonrelativistically is of order
Qa? ~ ma’?/g*, should be less than Qg ~ m/g. The kink
kinetic energy may be much larger than the meson mass m,

kAOO]
[14—(12\/ Z:d —Bk Bl +ia

Lk A

kyky .
(Im)fw@ ol

(T[k]ﬂ'kz +

0

(3.37)

but still this expansion is only valid in the deep non-
relativistic regime. Similarly the kink momentum Qa ~
ma/g* should be less than m/g*/>.

Including the other terms in (3.23), again at linear order
in A}, the boosted state (3.36) becomes

o, + o; dk

? ¢kl¢k2> b 00]¢0¢k>] la)o

dkA°01 . Pk AP @, —
[1+a2\/_I_ Bk B'—za(I( kiky Pk, — Dp,

21)? 2 a)k]—f—a)kz

The additional terms are the first terms in a series in «,
which is convergent whenever o < 1. Thus this requires
the kink to be nonrelativistic. As g < 1, this bound is
weaker than the bound required for the convergence of the
series in Eq. (3.37), and so it does not represent a new
constraint on the validity of our approximation.

TR v )p o

The interaction terms A/_, all commute with A} but not
with A5, and so they can also be pulled out of the
expression (3.33) for . The plane wave normal ordering
of these terms is easily converted to normal mode normal
ordering using the Wick’s theorem of Ref. [26]. They
therefore simply add terms to the left hand side of (3.38)
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that are cubic and higher in ¢, and B'. For example, the
cubic term yields a factor of

i%/dxxV(n)(gf(X))(:¢3(x):b—|—6I(x)¢(x)), (3.38)

where Z(x) is

3 agY o ([ v ar )z sl Y

plus terms where each subset of the k is replaced by zero
modes, so that the corresponding g, all become g and B,
become .

E. Boosting the next-order kink
At next order in g, the vacuum |0), consists of four terms,
proportional to ‘/’(Z)BL 10)0, (/)OB,T([Bl2 10)0, B,t] |0)o, and
B,tlB,LB,t3 |0)o. The first two are universal in the sense that

they are entirely fixed by the translation invariance of
Dy|0). The other two depend on the precise form of the
potential V. Let us consider here only the universal terms

o' f~dky :
0), = ) 2_wk1A2?113¢(2)Bk1|0>0
- d’k
+ 00 Y o On ARk BB B0 (341)

The leading-order boost is

o o7 <f~dk .
e™hi]0), = =3 i‘% « AB03BL, / dyy*eVOmy),

d’*k
ey S8,

x / dyye Vem|y) .

i Q—l /2
(3.42)
Including the one-loop ground state this is

o Q61/2 k, )
ezaA1(|0>o+|0>1):/dy<1+yZTId2_ klemB

Pk oo gt gt
(271’)260/‘1 AklszlekZ
x e~ VO |y (3.43)

n Q—1/2

We cannot yet calculate form factors, because our states
are non-normalizable, being momentum eigenstates. In

&k
27)?

|2—1

dk |g;(x
I(x):/ﬂ|k a)

(3.39)

lgs(x
Z 2(1)k

Acting on |a), one may drop the annihilation operators,
leaving the contribution

</dxxv (gf( ))gkl (x)gkz(x)gk3(x)>BZIBZZB;|a>O’
(3.40)

Sec. IV we will introduce wave packets states, whose
form factors will be calculated in a companion paper.
However, ignoring this problem for a moment, one leading
contribution to the naive form factor <O|Dj;(/)(x)Df|a>, after
the classical contribution equal to f(x) times the normali-

zation of the state, arises from 0<O\D;-¢(x)Df acting on the
last term in (3.43)

eia(A’1+A’2)|()> D iaN,e iah |0>1
DiaN, Y — AOO S d 0
Bk' (Y24 Y¢0Q0

ko W, — Wy, ,
% I(zﬂ)z 1 5 2 AQOéZBT BT —i/Qoay |y>0

d2k AR,
001 pT
I —o) "t ALB

2

I d2" — )AL, AW B a),.
2 / ky ky ) = B—ky =k ky
(3.44)

The other contributions, arising from (0D (x)Dyla),

and from the A} term in 0(0|D}¢(X)Df|a>0, can be

computed similarly.

IV. A NORMALIZABLE WAVE PACKET

A. Two kinds of wave packets

Section III describes momentum eigenstates. These are
solitons whose wave packets are very delocalized with
respect to their size and so are effectively plane waves. In
this section we turn our attention to soliton wave packets
that are narrower than the soliton size, so that the quantum
profile is well approximated by the classical profile. In
particular, since the solitons are spatially limited, the
soliton states themselves will be normalizable. This will
allow us to define and to calculate, for the first time using
linearized-soliton perturbation theory, matrix elements of
soliton states.
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B. The simplest wave packet

Unlike the momentum eigenstates of Sec. III, localized
wave packets are not unique, not even after specifying a
finite number of quantum numbers. Also, unlike those, they
will be neither Hamiltonian nor momentum eigenstates.
Thus this construction is somewhat arbitrary. One may try
to make the states as close to Hamiltonian eigenstates as
possible, but whether that corresponds to the physical state
describing some specific soliton depends on its history.

We will therefore choose two somewhat arbitrary criteria
for our states. First, they should be as simple as possible.
Second, they should be sufficiently localized that our
perturbation theory converges in the sense of an asymptotic
series. In other words, the eigenvalue y of ¢, should be
supported in a region satisfying (3.29), which implies in
particular that the wave packet width should be smaller than
the inverse-meson width, which itself is roughly the size of
the classical soliton solution.

This motivates the following choice

L4
G

Of course, one may replace |a), by a better approximation
to |a) to obtain something closer to a momentum or
Hamiltonian eigenstate. For example one could include
more quantum corrections but we will not do this here.
Intuitively, the fact that we use |0), and drop |0), in our
construction, implies that the kink center of mass has
momentum but it is not correlated to that of its normal
mode cloud.

Here we are, as always, working in the kink Hilbert space
obtained by acting on the defining Hilbert space with D}.
Thus, in the defining Hilbert space, our wave packet is

) (4.1)

Dyla; o). (4.2)
We will fix our normalization using the convention
o1ly2)e = 6(y1 = y2). (4.3)

Inserting (3.33) into (4.1) one finds
650) = iz [ dvenp( =2 = iv/@oar )
A, 0) = ——7— xpl ——=—1i a
(211_)]/4\/5 Yy exp 402 0y |1¥)o
(4.4)
In particular, the wave packet is normalized to unity
(a;a|D;Df|a; o) =

(a; o|l|a; o)

dyexp< j):l. (4.5)

m/_

C. Matrix elements

The main result of the present note is that matrix
elements of kink wave packets are easy to compute using
our formalism. Such matrix elements have applications to
many physical processes of interest, such as calculating the
probability to excite a shape mode during kink-meson
scattering, the calculation of form factors, kink-impurity
scattering, etc. In the present note we will calculate only
those matrix elements which are necessary to understand
the wave packet itself and to show which range of ¢ and a is
simultaneously compatible with the perturbative expansion
(3.29) and also allows the kink rapidity to be localized near
a. We will not consider applications to specific physical
processes.

1. The kink position

First, let us try to understand the meaning of o by
computing matrix elements of ¢,. Note that

(@ o|¢hoat; o) \/_/dyexp<——>y =0, (4.6

and so this wave packet is centered at y = 0. Recalling
(3.31), this implies that the kink is centered at the base point
xo = 0. To evaluate its smearing, one calculates

\/_/dyexp<——)y — 2 (47)

Thus one sees that y has a variance of ¢> and a standard
deviation of ¢. Using (3.31) one sees that x, has a standard
deviation of

(a U|¢0

(4.8)

Thus o characterizes the coherent spatial smearing of the
kink wave packet. Recalling that the classical solution has a
width of 1/m, the semiclassical condition ¢, < 1/m that
the quantum smearing is smaller than the classical length
scale is equivalent to

(4.9)

Note that this is weaker than the condition (3.29) that our
perturbation series converges. The perturbation series is an
expansion in, among other things, mg¢3 and so it converges
when

(4.10)
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2. The kink momentum

Let us begin with

—7 2
(asolmaio) = [avewn <_2y> (;g)
=—/Qa. (4.11)

Thus the expected momentum contained in the kink center
of mass is

v Qomola; o)

This is just the leading order product of the mass times the
velocity, as expected for the nonrelativistic momentum.

The momentum contained in the normal modes is
described by the momentum operator [1]

P—- / dx:2(x)0.P(x):

&’k 001
= 2 )2 Y, Ty, AP k2+”o ¢kAk3
_ ¢Oi_ﬂkA001

As a result of the normal mode normal ordering in the last
expression,

= Qya. (4.12)

(0| —

(4.13)

0<y1 |P|y2>0 =0, (4'14)

and so

(a; 0|P|a;0) = 0. (4.15)

Physically, this means that the normal modes do not carry
any momentum in the state |o). Similarly, as a result of the
B and B' in each term in Eq. (4.13),

(a;0|Prgla; 0) = (a; 0|mgPlaso) = 0. (4.16)

The total momentum carried by the wave packet is

(@ 0](P — /Qomo)|a: 0) = Qoar

(4.17)
|

(a; G|D;PDf|a; o) =

d*k
(a;0|P*|as o) = I 5 AUL AW (s o] by 7y 2 i, ol 0) + I

(27)

d’k
- Y e AR (e ol

d*k
+ Y s ATHAR (ol ).

;6) + (a; ol ooy, Pr,

which again agrees with the nonrelativistic expression. So
the wave packet state D;|a; o) indeed has its momentum
peaked about the desired value.

3. The kink momentum spread

The variance of the momentum is

(a; 6|DTP2Df|a' 6> - (( ;

. >)2
Q2. (4.18)

To claim that Dy|a; o) is a good approximation to a
momentum eigenstate, at least for some range of « and o,
the standard deviation of the momentum should be less than
its expectation value. Let us next check this. First, note that

(a; ;0)

y? y 21
=—Q0V2x dyexp<—2—62>[<—g_l Q005> _2_02]

4Q°2+Q

(4.19)

The last term cancels the last term in (4.18), leaving a
contribution to the variance of Qy/(40?).

Let us check this result against the uncertainty principle.
The kink center of mass has been localized to a spatial
distance of ¢/+/Qy, leading to a momentum standard
deviation of order O(1/Qy/o). This indeed is the square
root of the above contribution to the variance.

When the semiclassical approximation (4.9) holds, the
corresponding momentum uncertainty is

_ /L m
)= 40272

In other words, the kink center-of-mass momentum spread
is at least the meson mass. This means that our wave packet
will only be useful for processes involving relativistic
mesons.

There is one more contribution to the momentum spread,
arising from the kink’s normal mode cloud

(o (4.20)

&k
(2z)?

WpALL (s ol pgmy, 7y, s 0)

;0))

(4.21)
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Note that

i+ {(a; o|moeo|a; o)

= (a ;0)

—i /d . y? y ) i
= xp| —— - al =-.
oV 21 yexp 262 26 0 2

(4.22)
Therefore the matrix elements are
(a5 0] i, iy 21yt iy 7k, 2|t 0)
B
_kl —k pt Tl
B B ;
<a O-| 2(Ukl 2 k3wk4 k4|a G>
(0]
= (2m) 8k + k3)8(ks + k)
40)/(1
+ 0(ky + ky)o(ky + k3)). (4.23)

and

()% .
(0|3, 7, | 0) 272<a;6|¢33—k13122|0520>

:wkzﬁzﬂé(kl +k2)
1
’ >_20) < ’

;0)
ky

| 78(ky +ky)
<4 2+Q() ) wkl )

(a;

—k

(4.24)

and finally

ia)kz l

2 2wy,
7(ky + ks)

(0: 0|Blek |a; o)

k)

(a; o|pomopy, 7y, | 6) =

(a; ol mopomy, Pr, s o) (%) <7> a; 0|Ble |a; o)

_ =k + (4.25)

Inserting these back into (4.21), one finds

(a; 6| P?|a; o)

- li d’k A1 2% T Py
4 (277.') k ks a)k|
1 1 Q0a2
- AOOI 2 2 1
+2$ | | (G Cl)k+ +46260k+ W
= 1I &k A 2 (4, — @y, )?
8 (271')2 k & C()k] a)kz

1
+§I A1 [(6\/aTk+ 5

The symbol A is independent of g and . Therefore the first
term is of order m2. This means that this term, like
the kink center of mass, yields a contribution to the
momentum smearing of order the meson mass m. But are
these integrals finite? For a gapped model, gz (x) falls to zero
exponentially, and so the integrals with A% converge. In
general, A} contains a (ky — k;)8(k; + ky) term arising
from the high |x| tail of g (x), where it becomes a plane wave.
The 6 function in each A is canceled by a factor of wy, — @y,
in (4.26). In the ¢* [25] and Sine-Gordon models [1], A

also contains a term of the form (k, — k;)? CSCh(JT(k1+
ky)/m)/(wy, oy,). The second-order pole at k; = —k;, is
removed by the second-order zero in (wy, — @y, )? in (4.26).
A? falls exponentially as |k; + k,| increases, and so any
divergence must occur along the strip at finite k; + k, as |k, |
goes to oo. However here there are four powers of w;, in the
denominator, and also @y, — @y, shrinks, and so this con-
tribution to the integral is also quite convergent. Thus we
conclude that, at least in the Sine-Gordon and ¢4 models,
these integrals are convergent and so can, up to a constant of
order unity, be estimated by the corresponding power of m
obtained from dimensional analysis.

What about the last line of (4.26)? As ¢ has dimensions
of mass™!/2, the terms are of order m>c?, m/c?, and m>.
The bound (4.9) implies that the first is less than mQ, ~
m?/g* while the second is greater than m”g*. Thus, the
standard deviation of the momentum is bounded from
below by mg for wave packets of the form (4.1).

The total variance is

2
+

Qoa2]

(4.26)

(a;a|D}P2Df|a; o) — Q3a?

= (a;0|(P — /Qomp) 2|a;6> -

& + li d’k A001 |2 (wkz — a)kl)z
8

- 462 (2 )2 k 1ky a)kla)kz

Lk o 1 0
+2Z:2ﬂ |[<6\/“Tk+2a\/—> - ]

~ 0<#> +0(m?) + O(m3c?) + (%

(4.27)
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The O(m?) term never dominates and, as g < 1, there is no
range of parameters for which the O(m/c?) term domi-
nates. The minimum of the variance is O(m?/g) which
occurs when ¢~ 1/,/mg corresponding to o, ~ /g/m.
This corresponds to a spatial smearing which is smaller
than the classical solution by of order ,/g. It is just at the
edge of the regime of validity (4.10) of our perturbative
expansion in g¢3, but well within the semiclassical
regime (4.9).

4. When is the smearing less than the momentum?

This limits the kink rapidities to which our wave packets
may be applied. Clearly the rapidity must be much less than
unity for the nonrelativistic approximation, which is
implied by the semiclassical expansion, to apply.
However in the nonrelativistic regime the momentum is
Qoa ~ma/g*. The condition Qya>>m/./g, that the
momentum exceeds the momentum spread, then yields

1> a> g2 (4.28)

Had this interval been empty, our choice of wave packet
|o; 6) would have needed to be revisited. In particular, the
momentum and kinetic energy satisfy

2

m m m a
? > Qoo > —, ? > 0, > > mg. (4.29)

V9

Note that this lower bound on the energy from smearing is
smaller than the one-loop contribution to the energy O,
which is of order m, but it is larger than the two-loop
contribution mg?. Thus, for a wave packet of the form
(4.27), it is not useful to consider two-loop corrections to
energies, as these are subdominant to the smearing caused
by the wave packet.

For smaller rapidities the momentum width will exceed
its central value for any semiclassical kink wave packet.
Note that there is no such lower bound on a using the
nonnormalizable construction of Sec. III, where semi-
classical expansion converges, in the usual sense, to
momentum eigenstates.

It is plausible that if we improved the wave packet |@; o)
definition in (4.1), for example by using a higher-order
approximation to |a) than |a),, the (P?) term in (4.27)
would not be present or would be smaller. This may allow
us to extend the wave packet approach down to lower
rapidities nearing the bound of a ~ ¢g* from (4.20) where
the kink momentum is of order the meson mass. In this case
the contribution of the wave packet smearing to the energy
would be of the same order mg> as the two-loop
corrections.

V. REMARKS

Linearized soliton perturbation theory allows for
fast and reliable calculations of quantities in soliton
sectors of quantum field theories. The limitation is that
it is obtained via a linear expansion about a single base
point in moduli space. A Hamiltonian eigenstate is a
superposition of solitons over the entire moduli space,
and so this state necessarily extends beyond the validity
of the expansion. As a result, the applications of this
method have been limited to expansions of states near
the base point and quantities, like the energy spectrum,
that are uniquely determined by the solution in any
small region.

In this paper we extended linearized soliton perturba-
tion theory to soliton states with momentum. We did this
both for Hamiltonian eigenstates, which are spread over
the entire moduli space, and also for localized wave
packets. Our wave packets are normalizable, which means
that, for a sufficiently small size, the linearized perturba-
tion theory converges in the sense of an asymptotic series.
Furthermore, for the first time it allows us to compute
matrix elements.

Now that we have both finite momentum and also
normalizable states, our next task will be to compute form
factors. These will be unrelated to the form factors that are
well known in the Sine-Gordon model [27-29], which
apply to Hamiltonian eigenstates. Instead they will be form
factors for solitons whose smearing is smaller than their
classical size, which is arguably a more common situation
in Nature than infinitely-extended Hamiltonian eigenstates.
It will, to our knowledge, be the first time that soliton form
factors have been calculated in this strongly semiclassical
regime.

Beyond form factors, this formalism allows for a fast
calculation of various matrix elements of interest. For
example, by including a B on one side of a form factor,
one arrives at a matrix element for the excitation of a
normal mode during meson-kink scattering. One can
similarly calculate all of the matrix elements necessary
to describe a number of aspects of meson-kink scattering,
kink excitation, kink deexcitation, or even the effects of
quantum quenches on kinks. However, the intrinsic smear-
ing of our wave packets (4.1) implies that we will only be
able to treat the scattering of nonrelativistic kinks
with ultrarelativistic mesons. In contrast, progress towards
form factors of relativistic kinks has recently appeared
in Ref. [30].

Another application is the construction of an effective
moduli space Hamiltonians in models without Poincaré
invariance, such as kinks in backgrounds with impurities
[7]. These depend on both the position and also the velocity
in moduli space, and so can be derived by calculating the
energies of moving kinks.

The extension of linearized soliton perturbation theory to
states with momentum is a necessary step on the road to a
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treatment of explicitly time-dependent solitons. A first
quantum treatment of such solutions has recently been
presented in Ref. [31]. Similarly, one could attempt to apply
this formalism to theories with noncanonical kinetic terms.
Here the form of H’, may differ. Quantum corrections to
kinks in such theories have recently been considered in
Ref. [32] with normal modes systematically investigated in
Refs. [33,34].
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APPENDIX: DELTA SYMBOLS

We will introduce some notation

sy = [awopgwarg 0. (AD

Not all of these are independent. For example, integrating
by parts

AQ! = —A! (A2)

Ju

and one easily sees that all A”" are symmetric, and
that the symbol is symmetric under the interchange of
{m, i} with {n, j}. Using the wave equation (2.10) one can
show

8x(gi(x)axgj(x) - gj(x)axgi<x))
= gi(x)a,zrgj(x) - Qj(xw;zcgi(x)

= (0} — })8;(x)8;(x). (A3)

and so, integrating by parts3

Allj(_)‘):/dxxgi(x)gj(x)

——/d ( l( ) ng(‘x) 9'(x)axgi(x)): ZAzO/OI
(@F = @7}) (@ —w})
(A4)

Using the completeness (2.12) of the normal modes, one
can prove a number of identities for bilinears of A symbols

such as
Yo amat=3.
A};%OAOO‘ Z:ik (AE%QAOOI
AIOO AOOI

k/
B(k; k2)3+i§ Aél?()k’AOOI

where we remind the reader that I includes a sum over all
shape modes and the parenthesis on indices represent
symmetrization with a factor of 1 /2. Similarly one can show

k/An;AO(n/:%
Sg BKRB-K T Ty

Allgll,}AOOI _|_ng (AIISIIC}AOOII(_’_AIIIAOOI ) A(l)?lkl’
Alll AOOl

K AL
111 001 _ 1K2
Bk, kz>B+Z:d2 Ak Aly-v =5

*In the case in which J is a zero mode, this is Eq. (4.6) of
Ref. [35].

100 A 001 'y —
Ak’k A—k’B) =0,

= md(k; +ky),

(AS)

(A6)

[1] J. Evslin and H. Guo, Two-loop scalar kinks, Phys. Rev. D
103, 125011 (2021).

[2] N. Graham and H. Weigel, Quantum corrections to soliton
energies, arXiv:2201.12131.

[3] J. Evslin, The ground state of the Sine-Gordon soliton, J.
High Energy Phys. 07 (2020) 099.

[4] J. Evslin, Well-defined quantum soliton masses without
supersymmetry, Phys. Rev. D 101, 065005 (2020).

[5] J. Evslin, C. Halcrow, T. Romanczukiewicz, and A.
Wereszczynski, Spectral walls at one loop, arXiv:2202
.08249.

[6] C. Adam, T. Romanczukiewicz, and A. Wereszczynski, The
¢* model with the BPS preserving defect, J. High Energy
Phys. 03 (2019) 131.

[7] C. Adam, K. Oles, T. Romanczukiewicz, and A. Were-
szczynski, Spectral Walls in Soliton Collisions, Phys. Rev.
Lett. 122, 241601 (2019).

[8] N.S. Manton, K. Oles, T. Romanczukiewicz, and A.
Wereszczyfiski, Kink moduli spaces: Collective coordinates
reconsidered, Phys. Rev. D 103, 025024 (2021).

[9] T. H.R. Skyrme, A nonlinear field theory, Proc. R. Soc. A
260, 127 (1961).

105001-14


https://doi.org/10.1103/PhysRevD.103.125011
https://doi.org/10.1103/PhysRevD.103.125011
https://arXiv.org/abs/2201.12131
https://doi.org/10.1007/JHEP07(2020)099
https://doi.org/10.1007/JHEP07(2020)099
https://doi.org/10.1103/PhysRevD.101.065005
https://arXiv.org/abs/2202.08249
https://arXiv.org/abs/2202.08249
https://doi.org/10.1007/JHEP03(2019)131
https://doi.org/10.1007/JHEP03(2019)131
https://doi.org/10.1103/PhysRevLett.122.241601
https://doi.org/10.1103/PhysRevLett.122.241601
https://doi.org/10.1103/PhysRevD.103.025024
https://doi.org/10.1098/rspa.1961.0018
https://doi.org/10.1098/rspa.1961.0018

MOVING KINKS AND THEIR WAVE PACKETS

PHYS. REV. D 105, 105001 (2022)

[10] E. Witten, Current algebra, baryons, and quark confinement,
Nucl. Phys. B223, 433 (1983).

[11] S.B. Gudnason and C. Halcrow, A smorgasbord of sky-
rmions, arXiv:2202.01792.

[12] J. Evslin and S. B. Gudnason, Dwarf galaxy sized monop-
oles as dark matter?, arXiv:1202.0560.

[13] H. Y. Schive, T. Chiueh, and T. Broadhurst, Cosmic struc-
ture as the quantum interference of a coherent dark wave,
Nat. Phys. 10, 496 (2014).

[14] A. A. Abrikosov, The magnetic properties of superconduct-
ing alloys, J. Phys. Chem. Solids 2, 199 (1957).

[15] J.E. Bjorkholm and A. A. Ashkin, Self-Focusing and Self-
Trapping of Light in Sodium Vapor, Phys. Rev. Lett. 32, 129
(1974).

[16] R. F. Dashen, B. Hasslacher, and A. Neveu, Nonperturbative
methods and extended hadron models in field theory 2.
Two-dimensional models and extended hadrons, Phys. Rev.
D 10, 4130 (1974).

[17] A. Rebhan and P. van Nieuwenhuizen, No saturation of the
quantum Bogomolnyi bound by two-dimensional super-
symmetric solitons, Nucl. Phys. 508B, 449 (1997).

[18] J. Evslin, Manifestly finite derivation of the quantum kink
mass, J. High Energy Phys. 11 (2019) 161.

[19] K. E. Cahill, A. Comtet, and R. J. Glauber, Mass formulas
for static solitons, Phys. Lett. 64B, 283 (1976).

[20] J. L. Gervais, A. Jevicki, and B. Sakita, Collective coor-
dinate method for quantization of extended systems, Phys.
Rep. 23, 281 (1976).

[21] T. Romanczukiewicz, Could the primordial radiation be
responsible for vanishing of topological impuritys?, Phys.
Lett. B 773, 295 (2017).

[22] H. Weigel, Quantum instabilities of solitons, AIP Conf.
Proc. 2116, 170002 (2019).

[23] H. Weigel, Vacuum polarization energy for general back-
grounds in one space dimension, Phys. Lett. B 766, 65
(2017).

[24] G. Wentzel, Zur Paartheorie der Kernkrifte, Helv. Phys.
Acta 15, 111 (1942).

[25] J. Evslin, ¢4 kink mass at two loops, Phys. Rev. D 104,
085013 (2021).

[26] J. Evslin, Normal ordering normal modes, Eur. Phys. J. C
81, 92 (2021).

[27] P.H. Weisz, Exact quantum Sine-Gordon soliton form-
factors, Phys. Lett. 67B, 179 (1977).

[28] F. A. Smirnov, Form-factors in completely integrable mod-
els of quantum field theory, Adv. Ser. Math. Phys. 14, 1
(1992).

[29] H. Babujian and M. Karowski, Exact form-factors in
integrable quantum field theories: The sine-Gordon model.
2., Nucl. Phys. B620, 407 (2002).

[30] I. V. Melnikov, C. Papageorgakis, and A.B. Royston,
Forced Soliton Equation and Semiclassical Soliton Form
Factors, Phys. Rev. Lett. 125, 231601 (2020).

[31] A. Kovtun, Analytical computation of quantum corrections
to non-topological soliton (bright soliton) within the saddle-
point approximation, Phys. Rev. D 105, 036011 (2022).

[32] Y. Zhong, F. Y. Li, and X.D. Liu, K-field kinks in two-
dimensional dilaton gravity, Phys. Lett. B 822, 136716
(2021).

[33] Y. Zhong, Normal modes for two-dimensional gravitating
kinks, Phys. Lett. B 827, 136947 (2022).

[34] J. Feng and Y. Zhong, Scalar perturbation of gravitating
double-kink solutions, arXiv:2202.02946.

[35] J.L. Gervais, A. Jevicki, and B. Sakita, Perturbation
expansion around extended particle states in quantum field
theory. 1., Phys. Rev. D 12, 1038 (1975).

105001-15


https://doi.org/10.1016/0550-3213(83)90064-0
https://arXiv.org/abs/2202.01792
https://arXiv.org/abs/1202.0560
https://doi.org/10.1038/nphys2996
https://doi.org/10.1016/0022-3697(57)90083-5
https://doi.org/10.1103/PhysRevLett.32.129
https://doi.org/10.1103/PhysRevLett.32.129
https://doi.org/10.1103/PhysRevD.10.4130
https://doi.org/10.1103/PhysRevD.10.4130
https://doi.org/10.1016/S0550-3213(97)80021-1
https://doi.org/10.1007/JHEP11(2019)161
https://doi.org/10.1016/0370-2693(76)90202-1
https://doi.org/10.1016/0370-1573(76)90049-1
https://doi.org/10.1016/0370-1573(76)90049-1
https://doi.org/10.1016/j.physletb.2017.08.045
https://doi.org/10.1016/j.physletb.2017.08.045
https://doi.org/10.1063/1.5114153
https://doi.org/10.1063/1.5114153
https://doi.org/10.1016/j.physletb.2016.12.055
https://doi.org/10.1016/j.physletb.2016.12.055
https://doi.org/10.1103/PhysRevD.104.085013
https://doi.org/10.1103/PhysRevD.104.085013
https://doi.org/10.1140/epjc/s10052-021-08890-7
https://doi.org/10.1140/epjc/s10052-021-08890-7
https://doi.org/10.1016/0370-2693(77)90097-1
https://doi.org/10.1016/S0550-3213(01)00551-X
https://doi.org/10.1103/PhysRevLett.125.231601
https://doi.org/10.1103/PhysRevD.105.036011
https://doi.org/10.1016/j.physletb.2021.136716
https://doi.org/10.1016/j.physletb.2021.136716
https://doi.org/10.1016/j.physletb.2022.136947
https://arXiv.org/abs/2202.02946
https://doi.org/10.1103/PhysRevD.12.1038

