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General Relativity predicts only two tensor polarization modes for gravitational waves while at most six
possible polarization modes are allowed in the general metric theory of gravity. The number of polarization
modes is determined by the specific modified theory of gravity. Therefore, the determination of polarization
modes can be used to test gravitational theory. We introduce a concrete data analysis pipeline for a space-
based detector such as LISA to detect the polarization modes of gravitational waves. This method can be
used for monochromatic gravitational waves emitted from any compact binary system with a known sky
position and frequency to detect mixtures of tensor and extra polarization modes. We use the source
J0806.3þ 1527 with one year of simulation data as an example to show that this approach is capable of
probing pure and mixed polarizations without knowing the exact polarization modes. We also find that the
ability of detection of extra polarization depends on the gravitational-wave source location and the
amplitude of nontensorial components.
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I. INTRODUCTION

So far there have been multiple confirmed gravitational
wave (GW) detections [1–14] since the first GW event
GW150914 observed by the Laser Interferometer
Gravitational-Wave Observatory (LIGO) scientific
Collaboration, and the Virgo Collaboration [1,2].
Distinguishing GW polarizations is extremely useful to
perform tests about the validity of General Relativity
(GR). The transient GWs detected by ground-based GW
detectors are the merging signals with the duration of
seconds to minutes in the frequency band around several
hundred hertz, so it is impossible to measure the signals’
polarization contents with advanced LIGO alone because
the two detectors are nearly co-oriented [15,16] and the
observed signals are so short that we can ignore the
motion of the detector around the Sun. However, some
preliminary results on the signals’ polarization contents
were obtained with the LIGO-Virgo network [5,8,13,17].
In general metric theory of gravity, GWs can have up to
six polarization modes [18,19]: two transverse-traceless
tensor modes (þ and ×), two vector modes (x and y), a
scalar breathing mode (b), and a scalar longitudinal mode
(l). The specific modified theory of gravity uniquely
determines the polarization modes. For example, in

Brans-Dicke theory [20] there exists one extra breathing
mode beyond the two transverse-traceless tensor modes of
GR. The scalar polarization mode is a mixture of breath-
ing mode and longitudinal mode if the scalar field is
massive in the generic scalar-tensor theory of gravity [21–
24]. Einstein-Æther theory [25] predicts the existence of
scalar and vector polarization modes [24,26,27] while
generalized tensor-vector-scalar theories, such as TeVeS
theory [28], predict the existence of all six polarization
modes [24]. Therefore, the detection of extra polarization
modes allows us to falsify GR. To separate the polariza-
tion modes of GWs, in principle, the number of ground-
based GW detectors oriented differently should be equal
to or larger than the number of the polarization modes.
The network of ground-based GW detectors including
advanced LIGO [15,16], advanced Virgo [29], KAGRA
[30,31], and LIGO India has the ability of probing extra
polarization modes [32–34]. In past years, different
methods were developed to probe nontensorial polar-
izations in stochastic GW backgrounds [35–38], continu-
ous GWs [39–42], GW bursts [43,44], and GWs from
compact binary coalescences [45,46]. In particular, the
Fisher information matrix approximation was usually
used to estimate the parameters of the source and to
discuss the measurement of polarization modes [46–62].
For stellar or intermediate black hole binaries with the

mass range 1004 M⊙ − 104 M⊙, in the early inspiral phase
the GW frequency is in the mHz range and its evolution can
be neglected during the mission of the space-based GW
detector. The proposed space-based GW observatories
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including LISA [63,64], TianQin [65], and Taiji [66] can
detect the monochromatic GW signals emitted by these
wealthy sources. Due to the orbital motion of the detector in
space, along its trajectory the single detector can be
effectively regarded as a set of virtual detectors and
therefore form a virtual network to measure the polarization
contents of the monochromatic GW signals. By taking a
specific linear combination of the outputs in the network of
detectors it is possible to remove any tensorial signal
present in the data [67,68]. A particular χ2 distribution is
followed by the null energy constructed with this method
[68] when the null energy is calculated at the true sky
position. If nontensorial polarization exists in the data, then
the null energy evaluated at the true sky position no longer
follows the particular χ2 distribution [34]. Based on these
results, we introduce one concrete data-analysis pipeline to
check for the existence of extra polarization for a single
space-based GW detector. Apart from being able to detect
mixtures of tensor polarization modes and alternative
polarization modes, this method has the added advantage
that no waveform model is needed, and monochromatic
GWs from any kind of compact binary systems with known
sky positions and frequencies can be used.
The paper is organized as follows. In Sec. II, we describe

the basics of the GW signal registered in the space-based
GW detector. In Sec. III, we present general monochro-
matic waveforms including extra polarization modes and
construct the method to discover alternative polarization
modes. We then apply the method on the source J0806.3þ
1527 with one year of simulation data for LISA, Taiji, and
TianQin. Our conclusion and discussion are presented
in Sec. IV.

II. GRAVITATIONAL-WAVE SIGNAL

It is convenient to describe GWs and the motion of
space-based GW detectors like LISA, TianQin, and Taiji in
the heliocentric coordinate system with the constant basis
vectors fêx; êy; êzg [69]. For GWs propagating in the
direction ω̂, we introduce a set of unit vectors fθ̂; ϕ̂; ω̂g
which are perpendicular to each other,

θ̂ ¼ cosðθÞ cosðϕÞêx þ cosðθÞ sinðϕÞêy − sinðθÞêz;
ϕ̂ ¼ − sinðϕÞêx þ cosðϕÞêy;
ω̂ ¼ − sinðθÞ cosðϕÞêx − sinðθÞ sinðϕÞêy − cosðθÞêz; ð1Þ

where the angles ðθ;ϕÞ are the angular coordinates of the
source. To describe the six possible polarization modes of
GWs in general metric theory of gravity, the polarization
angle ψ is introduced to form polarization axes of the
gravitational radiation,

p̂ ¼ cosψθ̂ þ sinψϕ̂; q̂ ¼ − sinψθ̂ þ cosψϕ̂: ð2Þ

The polarization tensors are

eþij ¼ p̂ip̂j − q̂iq̂j; e×ij ¼ p̂iq̂j þ q̂ip̂j;

exij ¼ −p̂iω̂j − ω̂ip̂j; eyij ¼ −q̂iω̂j − ω̂iq̂j;

elij ¼
ffiffiffi
2

p
ω̂iω̂j; ebij ¼ p̂ip̂j þ q̂iq̂j; ð3Þ

where þ and × denote two transverse-traceless tensor
modes, x and y denote two vector modes, b denotes the
scalar breathing mode, and l denotes the scalar longitudinal
mode. In terms of the six polarization tensors eAij, GWs in
general metric theory of gravity have the form

hijðtÞ ¼
X
A

eAijhAðtÞ; ð4Þ

where A ¼ þ;×; x; y; l; b.
For a monochromatic GW with the frequency f propa-

gating along the direction ω̂, arriving at the Sun at a time t,
the output in an equal-arm space-based interferometric
detector such as LISA, TianQin and Taiji with a single
round-trip of light travel is

sðtÞ ¼
X
A

FAhAðtÞeiϕDðtÞ; ð5Þ

ϕDðtÞ ¼
2πfR
c

sin θ cos

�
2πt
P

þ ϕα − ϕ

�
; ð6Þ

FA ¼
X
i;j

DijeAij; ð7Þ

where FA is the pattern function for the polarization mode
A, ϕDðtÞ is the Doppler phase, ϕα is the ecliptic longitude
of the detector α at t ¼ 0, the rotational period P is 1 yr and
the radius R of the orbit is 1 A.U. The detector tensorDij is

Dij ¼ 1

2
½ûiûjTðf; û · ω̂Þ − v̂iv̂jTðf; v̂ · ω̂Þ�; ð8Þ

where û and v̂ are the unit vectors along the arms of the
detector. The detailed orbit equations are presented in
Appendix A. Additionally, Tðf; û · ω̂Þ is [70,71]

Tðf; xÞ ¼ 1

2

�
sinc

�
fð1 − xÞ
2f�

�
exp

�
fð3þ xÞ
2if�

�

þ sinc

�
fð1þ xÞ

2f�

�
exp

�
fð1þ xÞ
2if�

��
; ð9Þ

where sincðxÞ ¼ sin x=x, f� ¼ c=ð2πLÞ is the transfer
frequency of the detector, c is the speed of light and L
is the arm length of the detector. Note that in the long-
wavelength approximation f≪f�, we have Tðf;û·ω̂Þ→1
in Eq. (9). The triangle configuration of the proposed
space-based GW detector such as LISA, TianQin, and Taiji
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can be regarded as two L-shaped detectors effectively. In
this paper we only consider the Michelson interferometer
consisting of two equal arms with the unit vectors û and v̂
for simplicity. To significantly reduce the laser frequency
noise due to unequal arm lengths, time-delay interferom-
etry (TDI) [72,73] is needed. We discuss the GW response
for the TDI Michelson variable X in Appendix B. The
averaged response function jFAj2 including different TDI
combinations for different polarization mode A was dis-
cussed in [74–80].

III. METHODOLOGY

Now we consider the strain output dðtÞ produced
by a monochromatic GW for a space-based GW
detector in the heliocentric coordinate system. A
monochromatic GW assumed to be emitted from a source
with the sky location −ω̂ðθ;ϕÞ, arrives at the Sun at the
time t. If only the tensor-polarization modes are present,
we have

dwðtÞ¼Fþ
w ðω̂;f;tÞhþðtÞeiϕDðtÞ

þF×
wðω̂;f;tÞh×ðtÞeiϕDðtÞ þnwðtÞ; ð10Þ

where Fþ
w and F×

w are the noise-weighted beam pattern
functions and nwðtÞ is the whitened noise. The noise-
weighted beam pattern functions and noise-weighted data
are [81]

FA
w ¼

FAffiffiffiffiffiffiffiffiffiffiffi
SnðfÞ

p ; dw¼
dffiffiffiffiffiffiffiffiffiffiffi
SnðfÞ

p : ð11Þ

In the following we always use the noise-weighted
beam pattern functions and noise-weighted data, so we
ignore the label w for simplicity. For space-based inter-
ferometers, the noise power spectral density SnðfÞ is
[64,65,82,83]

SnðfÞ¼
Sx
L2

þ2Sað1þ cos2ðf=f�ÞÞ
ð2πfÞ4L2

�
1þ

�
0.4mHz

f

�
2
�
:

ð12Þ

For LISA, the acceleration noise is
ffiffiffiffiffi
Sa

p ¼ 3×
10−15 ms−2=Hz1=2, the displacement noise is

ffiffiffiffiffi
Sx

p ¼
15pm=Hz1=2, the arm length is L ¼ 2.5 × 106 km, and
its transfer frequency is f� ¼ 0.02 Hz [64]. Similarly, for
TianQin

ffiffiffiffiffi
Sa

p ¼ 10−15 ms−2=Hz1=2,
ffiffiffiffiffi
Sx

p ¼ 1 pm=Hz1=2,
L ¼ ffiffiffi

3
p

× 105 km, and f� ¼ 0.28 Hz [65]. For Taijiffiffiffiffiffi
Sa

p ¼ 3 × 10−15 ms−2=Hz1=2,
ffiffiffiffiffi
Sx

p ¼ 8 pm=Hz1=2,
L ¼ 3 × 106 km, and f� ¼ 0.016 Hz [84].
Taking the source J0806.3þ 1527 located at (θ ¼ 94.7°,

ϕ ¼ 120.5°) as an example, we simulate the strain output in

a space-based GW detector. In GR the quadrupole formula
provides the lowest-order post-Newtonian GW waveform
for a binary system as1

hþ ¼ A½1þ cos2ðιÞ� expð2πif0tþ iϕ0Þ;
h× ¼ 2iA cosðιÞ expð2πif0tþ iϕ0Þ; ð13Þ

where A ¼ 2ðGM=c2Þ5=3ðπf=cÞ2=3=DL is the GWoverall
amplitude, M ¼ 0.3 M⊙ (we take the component masses
0.5 M⊙ and 0.25 M⊙) is the chirp mass, DL ¼ 0.5 kpc is
the luminosity distance, ι ¼ π=6 is the inclination angle
between the line of sight and the binary orbital axis, ϕ0 is
the initial GW phase at the start of observation, and f0 ¼
6.22 mHz is the emitted GW frequency of the source
J0806.3þ 1527 [85–89]. The signal in Eq. (10) can be
rewritten in another form

dðtÞ ¼ h̄þFþðω̂; f0; tÞe2πif0tþiϕDðtÞ

þ h̄×F×ðω̂; f0; tÞe2πif0tþiϕDðtÞ þ nðtÞ; ð14Þ

where

h̄þ ¼ A½1þ cos2ðιÞ� expðiϕ0Þ;
h̄× ¼ 2iA cosðιÞ expðiϕ0Þ:

We denoteN number of the observational data d½k� ¼ dðtkÞ
at discrete times in a more compact matrix form

d½k� ¼ Fh½k� þ n½k�; ð15Þ

where

d¼

0
BB@
d½0�
..
.

d½k�

1
CCA; h¼

�
h̄þ
h̄×

�
; n¼

0
BB@
n½0�
..
.

n½k�

1
CCA; ð16Þ

F ¼ ðFþ F× Þ

¼

0
BB@

Fþðt0Þe2πif0t0þiϕDðt0Þ F×ðt0Þe2πif0t0þiϕDðt0Þ

..

. ..
.

FþðtnÞe2πif0tnþiϕDðtnÞ F×ðtnÞe2πif0tnþiϕDðtnÞ

1
CCA;

ð17Þ

k ¼ 0; 1; 2;…; N − 1 labels the data observed by the
detector at the time tk ¼ k � Δt and 1=Δt is the sampling
rate. The GW signal s ¼ Fh spanned by Fþ and F× can be
viewed as being in a subspace of the space of detector

1In Eq. (13), f0 should be the observed frequency which is
related with the emitted frequency fe as f0 ¼ fe=ð1þ zÞ and the
chirp mass M in the source frame should be ð1þ zÞM in the
detector frame.
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output. We can construct the null projector Pnullðω̂; f0Þ [90]
to project away the signal if the projector is constructed
with the source’s sky location and GW frequency [34]. The
null projector is given by

Pnull ¼ I − FðF†FÞ−1F†; ð18Þ

where † denotes the Hermitian conjugation. Applying the
null projector on the strain data d in Eq. (15), we obtain

z ¼ Pnullðω̂; f0Þd
¼ Pnullðω̂; f0ÞFðω̂; f0Þhþ Pnullðω̂; f0Þn
¼ Pnullðω̂; f0Þn; ð19Þ

where z is the null stream which only consists of the noise
living in a subspace that is orthogonal to the one spanned
by Fþ and F×.
To consider the effect of polarization modes other than

tensor modes, we parameterize the extra polarization modes
in the tensor-scalar, tensor-vector and tensor-vector-scalar
models with different strengths of nontensorial compo-
nents. Following [91], we take the waveforms of the extra
polarization modes in the tensor-scalar model as

hb ¼ BA sin2ðιÞ exp ð2πif0tþ iϕ0Þ;
hl ¼

ffiffiffi
2

p
BA sin2ðιÞ exp ð2πif0tþ iϕ0Þ; ð20Þ

where B denotes the relative amplitude of the scalar modes
to the tensor modes. The waveforms of the extra polari-
zation modes in the tensor-vector model are [91]

hx ¼ BA sin ð2ιÞ exp ð2πif0tþ iϕ0Þ;
hy ¼ 2BA sinðιÞ exp ð2πif0tþ iϕ0Þ; ð21Þ

where B denotes the relative amplitude of the vector modes
to the tensor modes. The waveforms of the extra polari-
zation modes in the tensor-vector-scalar model are [91]

hx ¼ BA sin ð2ιÞ exp ð2πif0tþ iϕ0Þ;
hy ¼ 2BA sinðιÞ exp ð2πif0tþ iϕ0Þ;
hb ¼ BA sin2ðιÞ exp ð2πif0tþ iϕ0Þ;
hl ¼

ffiffiffi
2

p
BA sin2ðιÞ exp ð2πif0tþ iϕ0Þ; ð22Þ

where B denotes the relative amplitude of the nontensorial
modes to the tensor modes. Including the polarization
contents beyond tensor polarizations, the signal can be
written in the form

dðtÞ ¼
X
A

h̄AFAðω̂; f0; tÞe2πif0tþiϕDðtÞ þ nðtÞ: ð23Þ

The observational data matrix (15) becomes

d½k� ¼ Ftðω̂; f0Þht½k� þ Feðω̂; f0Þhe½k� þ n½k�; ð24Þ

where the superscript tmeans summing overþ and ×, while
the superscript e means summing over whatever additional
polarizations present. For example, the observational data
matrix (15) in the tensor-scalar model becomes

d½k� ¼ Fþðω̂; f0Þh̄þ½k� þ F×ðω̂; f0Þh̄×½k�
þ Fbðω̂; f0Þh̄b½k� þ Flðω̂; f0Þh̄l½k� þ n½k�: ð25Þ

The null stream obtained from the null projector with pure-
tensor beam pattern matrix is given by

z½k� ¼ Pnullðω̂; f0Þd½k�
¼ Pnullðω̂; f0Þn½k� þ PnullFeðω̂; f0Þhe½k�: ð26Þ

The last term signifies the presence of extra polarizations
other than tensor modes. If there are additional polarization
modes in GWs, then the data z̃½k� which is the discrete
Fourier transformation of z½k� [90] has a discrete component
at f0 in the frequency domain.

A. Simulation result

For the reference source J0806.3þ 1527 and the total
observation time of one year, we choose the sampling rate as
0.02 Hz, so N ¼ 365 × 24 × 3600 × 0.02 ¼ 630720. We
inject a set of mock waveforms with B ¼ f0; 0.4; 0.8g in
addition to simulated signals from GR. The results for the
tensor-scalar, tensor-vector and tensor-vector-scalar models
with LISA, TianQin, and Taiji are shown in Figs. 1, 2, and 3,
respectively. The figures with B ¼ 0 show that this method
can eliminate the tensor polarization if there is no extra
polarizationmode. From figures withB ¼ f0.4; 0.8gwe see
that extra polarizationmodes in the tensor-vector and tensor-
vector-scalar models can be detected by LISA and Taiji. For
the tensor-scalar model, extra polarization modes with B ¼
0.8 can be detected by Taiji. The reason is that extra
polarization signals should be loud enough for the detection.
The figures also show that extra polarization components
with larger relative amplitudeB can be detected more easily.
From Fig. 2, we see that it is impossible to detect any extra
polarization with TianQin for any model and any value of B
using this method. To quantify the detection of extra
polarization, we use the signal-to-noise (SNR) ρ [92],

ρ2 ¼
Z

∞

0

df
4jh̃ðfÞj2
SnðfÞ

¼ 4jz̃j2f¼f0

Sz̃
; ð27Þ

where jz̃jf¼f0 represents the amplitude of z̃ at frequency f0
and Sz̃ represents the noise power spectrum of z̃, shown in
Fig. 4. With B ¼ f0.4; 0.8g and one-year observation time,
we get fρ < 7; ρ < 7g for LISA and fρ < 7; ρ ¼ 11.6g for
Taiji in the tensor-scalar model, ρ ¼ f57.4; 113.3g for LISA
and ρ ¼ f77.5; 157.1g for Taiji in the tensor-vector model,
ρ ¼ f57.3; 113.9g for LISA and ρ ¼ f77.6; 154.9g for Taiji
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FIG. 1. The results of the null stream jz̃j for the source J0806.3þ 1527 with LISA in the tensor-scalar (left panel), tensor-vector
(middle panel), and tensor-vector-scalar (right panel) models.

FIG. 2. The results of the null stream jz̃j for the source J0806.3þ 1527 with TianQin in the tensor-scalar (left panel), tensor-vector
(middle panel), and tensor-vector-scalar (right panel) models.
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in the tensor-vector-scalar model. For TianQin we get ρ < 7
in the tensor-scalar, tensor-vector and tensor-vector-scalar
modelswithB ¼ f0.4; 0.8g and a oneyear observation time.
To get ρ > 7 with one year observation time, we find LISA
requires B > 3.3, B > 5 × 10−2, and B > 5 × 10−2 in the
tensor-scalar, tensor-vector and tensor-vector-scalarmodels,
respectively; Taiji requires B > 0.49, B > 3.8 × 10−2, and
B > 3.8 × 10−2 in the tensor-scalar, tensor-vector and
tensor-vector-scalar models, respectively. In order to avoid
the limitation of the conclusion because it was drawn from
one particular rather than a global representation of the
performance of the detector, we choose several representa-
tive locations for the J0806.3þ 1527-like source and the
results with LISA and Taiji are shown in Table I. Except the
location ðθ;ϕÞ, all other parameters for the sources are the
same as J0806.3þ 1527. For all the sources andmodels, we
get ρ < 7 with TianQin. These results show that the
conclusion that the method can be used by LISA and
Taiji to detect extra polarizations is robust. Due to the
orbital motion of the detector in space, along its trajectory, a
detector like LISA and Taiji can be effectively regarded as a
set of virtual detectors at different positions and therefore
form a network with N number of virtual detectors to
measure the polarization contents of monochromatic GW
signals. However, TianQin always points to the reference
source J0806.3þ 1527 without changing the orientation of
its detector plane, so TianQin cannot use this method to
detect the polarization contents of monochromatic GWs.

Accurately localizing GW sources is very important
for measuring extra polarizations. To show this point,
we construct the null projector with a sky position
different from the source’s true location to project the
signal and the results are shown in Fig. 5. From Fig. 5, we
see that when the sky position for constructing the null
projector is away from the source’s true location, the null
projector can not eliminate the tensor polarizations.
Therefore, we can not distinguish extra polarizations from
tensor polarizations if the sky location is not accurately
known. Fortunately, for space-based GW detectors, the
accuracy of sky localizations is enough for constructing
the null projector.

FIG. 3. The results of the null stream jz̃j for the source J0806.3þ 1527with Taiji in the tensor-scalar (left panel), tensor-vector (middle
panel), and tensor-vector-scalar (right panel) models.

FIG. 4. The noise power spectrum Sz̃ðfÞ. The red line is the
average value of Sz̃.
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B. Improved methodology

The original methodology is based on the assumption
that detectors like LISA and Taiji can be effectively
regarded as a set of virtual detectors at different position
and therefore, form a network with N number of virtual
detectors to measure the polarization contents of mono-
chromatic GW signals. However, it is well known that
instead of N number of detectors, three detectors with
different orientations are enough to discriminate extra
polarization mode from the tensor modes. Based on this
fact, we split the data of one year observation into three
identical lengthy segments with four months data in each
and regard them as three independent detectors’ data. This
improved method decreases the number of virtual detectors
but increases the effective observation time for each
detector. It reduces computational memory and time
because we only need to handle a 3-dimensional matrix
rather than an N-dimensional matrix each time. The
observation time T for each virtual detector becomes four
months, and the three data segments are

s0ðtÞ ¼ ðFþðtÞhþðtÞ þ F×ðtÞh×ðtÞÞeiϕDðtÞ; ð28Þ

s1ðtÞ ¼ Fþðtþ TÞhþðtþ TÞeiϕDðtþTÞ

þ F×ðtþ TÞh×ðtþ TÞeiϕDðtþTÞ; ð29Þ

s2ðtÞ ¼ Fþðtþ 2TÞhþðtþ 2TÞeiϕDðtþ2TÞ

þ F×ðtþ 2TÞh×ðtþ 2TÞeiϕDðtþ2TÞ: ð30Þ

We rewrite the three detectors’ observation data in matrix
form

dðtÞ ¼ FðtÞhþ nðtÞ; ð31Þ

where

dðtÞ¼

0
BB@
d0ðtÞ
d1ðtÞ
d2ðtÞ

1
CCA; h¼

�
h̄þ
h̄×

�
; nðtÞ¼

0
BB@

nðtÞ
nðtþTÞ
nðtþ2TÞ

1
CCA;

and

FðtÞ ¼

0
BB@

FþðtÞe2πiftþiϕDðtÞ F×ðtÞe2πif0tþiϕDðtÞ

Fþðtþ TÞe2πif0ðtþTÞþiϕDðtþTÞ F×ðtþ TÞe2πif0ðtþTÞþiϕDðtþTÞ

Fþðtþ 2TÞe2πif0ðtþ2TÞþiϕDðtþ2TÞ F×ðtþ 2TÞe2πif0ðtþ2TÞþiϕDðtþ2TÞ

1
CCA: ð32Þ

TABLE I. SNRs in LISA and Taiji for the tensor-scalar, tensor-vector, and tensor-vector-scalar models with B ¼ f0.4; 0.8g. In
addition to the locations ðθ;ϕÞ listed in the table, the other parameters are (M ¼ 0.3 M⊙, DL ¼ 0.5 kpc, ι ¼ π=6, ϕ0 ¼ 0,
f0 ¼ 6.22 mHz).

Location Tensor-scalar model Tensor-vector model Tensor-vector-scalar model

ðθ;ϕÞ LISA Taiji LISA Taiji LISA Taiji

(0.3, 5.0) f< 7; 8.1g f8.4; 13.5g f64.4; 126.7g f93.0; 188.3g f62.8; 125.3g f98.2; 191.4g
(0.3, 1.0) f< 7; < 7g f8.3; 15.6g f57.3; 105.4g f133.3; 263.0g f54.4; 107.5g f126.0; 257.4g
ð−0.3; 5.0Þ f< 7; 9.4g f7.4; 11.7g f64.0; 125.0g f90.7; 181.7g f68.6; 132.3g f87.4; 174.1g
ð−0.3; 1.0Þ f< 7; 7.6g f< 7; 18.0g f55.7; 111.7g f131.7; 265.1g f51.6; 109.5g f136.8; 274.2g
(1.0, 5.0) f< 7; < 7g f< 7; 9.9g f49.1; 94.1g f79.7; 159.5g f47.0; 95.2g f81.4; 166.4g

FIG. 5. The results of the null stream jz̃j with the null projector constructed by a sky position different from the true source for LISA.
The sky position is at ðθ ¼ 94.7°þ 0.06°;ϕ ¼ 120.5°þ 0.06°Þ in the left panel, ðθ ¼ 94.7°þ 0.3°;ϕ ¼ 120.5°þ 0.3°Þ in the middle
panel, and ðθ ¼ 94.7°þ 0.6°;ϕ ¼ 120.5°þ 0.6°Þ in the right panel.
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FIG. 6. The results of the null stream jz̃j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jz̃0j2 þ jz̃1j2 þ jz̃2j2

p
for the source J0806.3þ 1527 with LISA in the tensor-scalar (left

panel), tensor-vector (middle panel), and tensor-vector-scalar (right panel) models.

FIG. 7. The results of the null stream jz̃j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jz̃0j2 þ jz̃1j2 þ jz̃2j2

p
for the source J0806.3þ 1527with TianQin in the tensor-scalar (left

panel), tensor-vector (middle panel), and tensor-vector-scalar (right panel) models.
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The signal can be seen as the data observed at a given
time t by three different detectors at the same time. Within
the observation period of four months, there are many
observation points. For any given time, we get

zðtÞ ¼ PnullðtÞdðtÞ
¼ Pnullnþ PnullFeðtÞhe; ð33Þ

where zðtÞ ¼ ðz0ðtÞ; z1ðtÞ; z2ðtÞÞT . For three virtual detec-
tors, the total SNR is

ρ2 ¼ ρ2z̃0 þ ρ2z̃1 þ ρ2z̃2 : ð34Þ
We apply the method (33) to detect extra polarizations in
the tensor-scalar, tensor-vector, and tensor-vector-scalar
models. For the reference source J0806.3þ 1527 and the
total observation time of one year, we choose the sampling
rate as 0.02 Hz. The results are shown in Figs. 6, 7, and 8

for LISA, TianQin, and Taiji respectively. For LISA and
B ¼ f0.4; 0.8g, we get ρ ¼ f148; 294g in the tensor-vector
model and ρ ¼ f146; 292g in the tensor-vector-scalar
model. For Taiji and B ¼ f0.4; 0.8g, we get ρ ¼
f19; 34g in the tensor-scalar model, ρ ¼ f258; 517g in
the tensor-vector model and ρ ¼ f256; 513g in the tensor-
vector-scalar model. To get ρ > 7 with a one year obser-
vation time, we find that LISA requires B > 3.1,
B > 1.9 × 10−2, and B > 1.9 × 10−2 in the tensor-scalar,
tensor-vector, and tensor-vector-scalar models, respec-
tively; Taiji requires B > 0.2, B > 1.5 × 10−2, and B >
1.5 × 10−2 in the tensor-scalar, tensor-vector, and tensor-
vector-scalar models, respectively.
We also simulate 2500 sources uniformly distributed in

the sky with −π=2 < θ < π=2 and −π < ϕ < π. Except for
the locations, the other parameters of the sources are the
same as for the source J0806.3þ 1527. Simulating the data
in the detector with the waveforms (22) for the tensor-

FIG. 8. The results of the null stream jz̃j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jz̃0j2 þ jz̃1j2 þ jz̃2j2

p
for the source J0806.3þ 1527 with Taiji in the tensor-scalar (left

panel), tensor-vector (middle panel), and tensor-vector-scalar (right panel) models.

FIG. 9. The sky map of SNRs in LISA (left panel) and Taiji (right panel) for the tensor-vector-scalar model with B ¼ 0.8. The
parameters for the sources are M ¼ 0.3 M⊙, DL ¼ 0.5 kpc, ι ¼ π=6, ϕ0 ¼ 0, and f0 ¼ 6.22 mHz.
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vector-scalar model with B ¼ 0.8, we then apply method
(33) to calculate the total SNR. The sky map and the
histogram of the SNR for Taiji and LISA are shown in
Figs. 9 and 10, respectively. The mean value of SNR is 571
with LISA and 1215 with Taiji for the tensor-vector-scalar
model with B ¼ 0.8. The results show that LISA and Taiji
can detect extra polarization modes with relative large B for
sources from all directions.

IV. CONCLUSION

We introduce a concrete data analysis pipeline to test
extra polarization modes of monochromatic GWs for
space-based GW detectors. This null-stream method is
applicable to LISA and Taiji because of their changing
orientation of the detector plane. We first take the single
detector asN virtual detectors by dividing the observational
data into N segments and use the source J0806.3þ 1527 as
an example to simulate GW signals in the detector. For a
one year observation with the signal-to-noise of ρ > 7, we
find that LISA can detect extra polarizations with the
relative amplitude B > 3.3, B > 5 × 10−2, and B > 5 ×
10−2 in the tensor-scalar, tensor-vector, and tensor-vector-
scalar models, respectively; Taiji can detect extra polar-
izations with B > 0.49, B > 3.8 × 10−2, and B > 3.8 ×
10−2 in the tensor-scalar, tensor-vector, and tensor-vector-
scalar models, respectively. We also analyzed the impact of
the number of virtual detectors on the detection of extra
polarization modes and we find that three virtual detectors
with more observational time for each virtual detector can
better detect extra polarization modes.
We then divide the one-year observational data into three

identical segments to effectively form three virtual detec-
tors. With this method, the computational cost is much less.
For ρ > 7, LISA can detect extra polarizations with the
relative amplitude B > 3.1, B > 1.9 × 10−2, and B > 1.9 ×
10−2 in the tensor-scalar, tensor-vector, and tensor-vector-
scalar models, respectively, and Taiji can detect extra
polarizations with B > 0.2, B > 1.5 × 10−2, and B > 1.5 ×
10−2 in the tensor-scalar, tensor-vector, and tensor-vector-
scalar models, respectively. The results show that the ability
of detecting extra polarizations is almost the same in the
tensor-vector and tensor-vector-scalar models, but the

method is less effective in detecting extra scalar modes.
To discuss the dependence on the source location, we
simulate 2500 signals from the tensor-vector-scalar model
with B ¼ 0.8 by distributing the sources uniformly in the
sky, the mean value of SNR is 571 for LISA and it is 1215
for Taiji. If the sky location of the source is not accurately
known, then the method can not be applied to measure the
polarizations. Therefore, this method can not be used to
detect the polarization modes of stochastic background
GWs. To detect the polarization modes of stochastic GW
backgrounds, we need to combine multiple correlation
signals as discussed in [38]. Similar to the idea of a virtual
detector network considered in this paper, the cross-
correlation measured at different times can be regarded
as an independent set of signals with different location and
separation, these signals form a virtual network and help to
improve the detection sensitivity [38]. By combining the
technique of cross-correlation with our method, space-
based GW detectors such LISA, TianQin, and Taiji can
detect polarization modes of stochastic GW backgrounds.
In conclusion, the method of the null stream can be

applied to LISA and Taiji to detect extra polarization modes
of monochromatic GWs.
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APPENDIX A: DETECTOR’S ORBITS

1. TianQin’s orbits

In the heliocentric coordinate system, the normal vector
of TianQin’s detector plane points to the direction of RX
J0806.3þ 1527 with the latitude β ¼ 94.7° and the longi-
tude α ¼ 120.5°. The orbits of the unit vectors of detector
arms (two arms only) for TianQin are [83]

ûx ¼ cosðωstÞcosðαÞcosðβÞ− sinðωstÞsinðαÞ;
ûy ¼ cosðαÞsinðωstÞþ cosðωstÞcosðβÞsinðαÞ;
ûz¼−cosðωstÞsinðβÞ;

v̂x ¼ cos

�
ωstþ

π

3

�
cosðαÞcosðβÞ− sin

�
ωstþ

π

3

�
sinðαÞ;

v̂y ¼ cosðαÞsin
�
ωstþ

π

3

�
þ cos

�
ωstþ

π

3

�
cosðβÞsinðαÞ;

v̂z¼−cos

�
ωstþ

π

3

�
sinðβÞ;

where the rotation frequency ωs ¼ 2π=ð3.65 daysÞ.

FIG. 10. Histograms of SNRs in LISA and Taiji for the tensor-
vector-scalar model with B ¼ 0.8.
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2. The orbits for LISA and Taiji

In the heliocentric coordinate system, the detector’s
center-of-mass follows the trajectory

θ̄ðtÞ ¼ π=2; ϕ̄ðtÞ ¼ 2πt=T þ ϕα; ðA1Þ

where T equals one year and ϕα is just a constant that
specifies the detector’s location at the time t ¼ 0. We set the
initial phase ϕα ¼ −20° for LISA and ϕα ¼ 20° for Taiji.
The orbits of the unit vectors of detector arms (two arms
only) for LISA and Taiji are [93]

ûx ¼ − sinðϕ̄ðtÞÞ cosðα0ðtÞÞ þ cosðϕ̄ðtÞÞ sinðα0ðtÞÞ=2;
ûy ¼ cosðϕ̄ðtÞÞ cosðα0ðtÞÞ þ sinðϕ̄ðtÞÞ sinðα0ðtÞÞ=2;
ûz ¼ sinðπ=3Þ sinðα0ðtÞÞ;
v̂x ¼ − sinðϕ̄ðtÞÞ cosðα1ðtÞÞ þ cosðϕ̄ðtÞÞ sinðα1ðtÞÞ=2;
v̂y ¼ cosðϕ̄ðtÞÞ cosðα1ðtÞÞ þ sinðϕ̄ðtÞÞ sinðα1ðtÞÞ=2;
v̂z ¼ sinðπ=3Þ sinðα1ðtÞÞ; ðA2Þ

where αiðtÞ increases linearly with time,

αiðtÞ ¼ 2πt=T − π=12 − ði − 1Þπ=3: ðA3Þ

APPENDIX B: TDI FOR SPACE-BASED GW
ANTENNA

Following [79], we show the relative frequency fluctua-
tions time series yab measured from detector SCd to
detector SCb in Fig. 11. In the long-wavelength limit,
we get the GW response for the six TDI signal

yabðtÞ ¼ −
1

2

X
ij

n̂ian̂
j
aeAijhAðtÞ; ðB1Þ

where n̂a is the unit vector along the arm. The Michelson
variable X uses only four beams and two laser beams
exchanged between two of the SCs. The GW response for
X is

X ¼ y32;322 − y23;233 þ y31;22 − y21;33 þ y23;2 − y32;3

þ y21 − y31 þ nðtÞ; ðB2Þ

where the delayed data streams, e.g. y23;2 ¼ y23ðt − L2Þ,
y21;33 ¼ y21ðt − L3 − L3Þ. The noise in TDI combination X
is

Sn ¼ ½8 sin2ð4πfLÞ þ 32 sin2ð2πfLÞ�Sx=L2

þ 16 sin2ð2πfLÞSað2πfÞ−4=L2; ðB3Þ

The signal in Eq. (B2) can be rewritten as
FIG. 11. Six data beams yabðtÞ exchanged between the
spacecrafts.

FIG. 12. The TDI combination X results of the null stream jz̃j for the source J0806.3þ 1527 with LISA in the tensor-scalar (left
panel), tensor-vector (middle panel), and tensor-vector-scalar (right panel) models.
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dðtÞ ¼ h̄þFþðω̂; f0; tÞe2πif0tþiϕDðtÞ

þ h̄×F×ðω̂; f0; tÞe2πif0tþiϕDðtÞ þ nðtÞ; ðB4Þ

where

h̄þ ¼ A½1þ cos2ðιÞ�½eiϕ0 þ eiðϕ0−2πf0LÞ

− eiðϕ0−4πf0LÞ − eiðϕ0−6πf0LÞ�;
h̄× ¼ 2iA cosðιÞ½eiϕ0 þ eiðϕ0−2πf0LÞ

− eiðϕ0−4πf0LÞ − eiðϕ0−6πf0LÞ�:

Following the procedure discussed in Sec. III A, we inject a
set of mock waveforms with B ¼ f0; 0.4g in addition to
simulated signals from GR. The results for the tensor-
scalar, tensor-vector and tensor-vector-scalar models with
LISA are shown in Fig. 12. With B ¼ 0.4 and a one year
observation time, we get fρ < 7; ρ ¼ 31; ρ ¼ 32g for LISA
in the tensor-scalar, tensor-vector, and tensor-vector-scalar
models, respectively. These results are similar to those
found in Sec. III A.
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