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Exact model for evaporating primordial black holes
in a cosmological spacetime
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Primordial black holes (PBHs) in the mass range 10'7—10?* gm are considered as possible dark matter
candidates as they are not subject to big-bang nucleosynthesis constraints and behave like cold dark matter.
If PBHs are indeed dark matter, they cannot be treated as isolated objects in asymptotic flat space-time.
Furthermore, when compared to stellar-mass black holes, the rate at which the Hawking particles radiate
out from PBHs is significantly faster. In this work, we obtain an exact time-dependent solution that models
evaporating black holes in the cosmological background. As a result, the solution considers all three aspects
of PBHs—mass-loss due to Hawking radiation, black hole surrounded by mass distribution, and
cosmological background. Furthermore, our model predicts that the decay of PBHs occurs faster for
larger masses; however, the decay rate reduces for lower mass. Finally, we discuss the implications of

theoretical constraints on PBHs as dark matter.
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I. INTRODUCTION

Black holes began as solely a mathematical concept.
However, they are currently at the heart of much of high-
energy astrophysics, gravitational-wave astronomy, and
dark matter research [1-5]. Naturally, black holes have
been studied extensively in both classical and quantum
frameworks [6—13]. However, the majority of these studies
have concentrated on isolated black holes with two essen-
tial properties: the presence of a timelike Killing vector and
asymptotic flatness [13-16].

The realistic black holes are embedded in an expanding
universe rather than an asymptotically flat (or de Sitter)
space-time and are surrounded by local mass distributions
rather than being in a vacuum [17]. Thus, while there are
uniqueness theorems for stationary black holes, there are no
uniqueness theorems for realistic black holes [18]. This is
especially pertinent for two physically important situations
—black holes evaporating via Hawking radiation and
primordial black holes (PBHs).

Hawking predicted that when quantum matter effects are
taken into account, a stationary black hole emits thermal
radiation with the Planckian power spectrum characteristic
of a perfect black-body at a fixed temperature. However, a
radiating black hole is nonstationary as it loses energy and
the horizon continuously shrinks. Attempts have been
made to model this process using a Vaidya-type metric
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[19-28]. Metrics of this kind have the advantage of
allowing a study of the dynamical evolution of the
(apparent) horizons associated with a radiating black hole.
However, these models break down at late times because
the Hawking temperature increase with loss of mass. In
other words, the rate at which the energy is radiated from
the black hole also increases.

PBHs are hypothetical black holes that could have
formed in the early Universe before the big-bang nucleo-
synthesis [5,29-31]. Hence, PBHs are not subject to the
well-known big bang nucleosynthesis (BBN) constraint of
baryons and can be classified as nonbaryonic and behave
like any other form of cold dark matter [32]. Furthermore,
unlike stellar black holes formed from the collapse of a
massive star, PBHs could be produced in the mass range
105-10%° gm. Interest in PBH as a dark matter over
particle dark matter candidates is because its existence
rests on known physics—general relativity and the pres-
ence of primordial fluctuations—and is independent of the
mechanism that generates them [5,34,35].

Current constraints suggest the PBHs in mass windows
10'7-10% gm are potential dark matter candidates [4,5]. As
mentioned earlier, compared to stellar-mass black holes, the
rate at which (Hawking) particles are radiated from PBHs is
substantially higher. These have potential observational
signatures in gravitational waves and electromagnetic
wavebands [36]. It is then imperative to have a model that
describes the evolution of PBHs in the cosmological
background and surrounded by mass distributions. To
our knowledge, no exact time-dependent solution has been
found in the literature.

© 2022 American Physical Society
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Sultana-Dyer obtained an exact spherically symmetric
black hole solution in expanding cosmological space-time
[37], sourced by noninteracting null dust and normal dust. In
this work, we obtain an exact dynamical black-hole space-
time in general relativity, which models the evaporation
process of such black-holes. We show that the dynamical
black-hole has two apparent horizons—cosmological and
dynamical (black hole) horizon. Furthermore, we show that
the decay rate of black holes in the cosmological background
is opposite compared to the black holes in asymptotically flat
space-time. Also, the decay of cosmological black holes is
faster compared to the Schwarzschild black hole. We discuss
the implications of the results for the PBH as dark matter
candidates.

We use a (4, —, —, —) signature for the 4-D space-time
metric. Greek alphabets denote the 4-D space-time coor-
dinates and lower case Latin for radial-temporal plane.
We set 87G = c¢ = 1. Prime denotes derivative with
respect to 7.

II. MODEL AND EXACT SOLUTION

We consider the following action:

S = / d*x\/=g [g + Lﬂuids} , (1)

where Lyy;qs refers to the Lagrangian density of the non-
interacting perfect fluids [38,39]. We consider the follow-
ing general form to obtain an exact time-dependent
spherically symmetric black-hole space-time that models
black hole evaporation in cosmological space-time:

ds2 = gaﬂdx“dxﬂ = yijdxidxj - ,02 (xi)d927 (2)

where x' refers to the radial-temporal plane (i = 1, 2), p(x)
is the areal radius of the spherical geometry, and dQ?
represents the metric on the unit 2-sphere.

Like Sultana-Dyer [37], we will focus on modeling
evaporating black hole in the Einstein-de Sitter universe,
which is a flat, matter-only Universe:

2
ds* = a*(n)[dn? — dr* — r*dQ?], where a(n) = <£> (3)
Mo
n is the conformal time, and 7, is an arbitrary constant. To
model evaporating black-holes in cosmological space-time,

we consider the following time-dependent metric in
Schwarzschild coordinates (7, 7):

- —2M_G) ] di* — a*(1) [71 d;zm)) + deQZ] (4)

7

ds* = {1

r

where M (7) is an unknown function of time and a(7) is the
scale factor. Following Sultana and Dyer, applying the
following transformations [40]:

dt = di + <2M(2>> aldr g (5)

- 1 _2M(t)’

7

to the line element (4) and rescaling df = a(n)dn, leads to
the following line element:

ds® = a(n) [(1 _2M ('7)) a2 4y

r

- (1 + ZM—r(”)> dr? - rzdgz] . (6)

By solving Einstein’s field equations under the following
physical conditions, we obtain the exact form of M(n):
First, in the limit of M(n) = M, the time-dependent
solution should reduce to Sultana-Dyer black-hole solution
[37]. Hence, we assume a(n) corresponds to flat, matter-
only Universe as defined in (3). Second, since M, is
positive, we demand that M(n) > 0. Third, the matter
source (Lp,qs) for the above line element is also a
combination of two noninteracting perfect fluids—null
dust and a massive dust [37,41]. However, unlike
Sultana-Dyer, the energy density of the fluids changes
with time. Lastly, the time-dependent matter sources do not
contribute to the stress-tensor along the axial (7%,) and
polar (7?%) directions, i.e., T = T?, = 0. This is con-
sistent with the findings of Candelas [42] who showed that
renormalized stress-tensor of the quantum field in the
Unruh vacuum vanishes along polar and axial.

Varying the action (1) with respect to the metric leads to
the following Einstein’s equation:

% =T% = (up + p)uus — pés + uykks  (7)

where p and pp, are the pressure and density of the perfect
fluid and py is the density of the null-fluid. #* and k* are
the four velocity and null vector, respectively. Imposing the
above conditions imply that p = 0. Note that the four-
velocity of the dust is given by u® = (u°, u',0,0) and for
the null fluid k% = (k% k', 0,0). The 4-velocity of the dust
and null-fluid satisfies the following normalization con-
ditions:
Goptt®uP =1, Jaupk®? =0 and g u’kP =1. (8)

Solving the Einstein’s equations (7), we obtain the
following two branches of exact solutions:
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7

ds = <i>4 [(1 - ZM—;(”)) dp =0 (1 + ZM—I(”)) dr? - erQZ} where M;(n) = m [’ﬂ—y - 1] 9)

1o r

dsy? = <1)4K1 —2M‘—‘('7)>dn2—wdqdr— <1 +

Ho r r

where 74ecqy 18 @ positive constant, which sets the decay rate
of the black hole. This is the first key result of this work
regarding which we want to the discuss the following
points: First, as mentioned above M() > 0 implies that
1 < Ndecay for branch I(9), and n > 74ecqy for branch 1T (10).
Hence, branch I is physically relevant for PBH. Second, the
branch II solution (10) approaches Sultana-Dyer solution in
the limit 7 — oo. In the case of branch I,  is bounded from
above by 7gecay- At 1 = Haecay> M1(n) — 0 and the metric
corresponds to an exact Einstein-de Sitter Universe. We
will discuss more in Sec. I'V. Third, the above line elements
9), (10) are explicitly time-dependent. A fundamental
feature of the time-dependent space-times, like (9), (10),
is the lack of any (asymptotically timelike) Killing vector
field. In Sec. III, we discuss the properties of branch I in
detail.

Fourth, we have evaluated various Ricci and Riemann
invariants, like RZR{,} — R?*/2,R,5,;R*"°. All these quan-
tities have a singularity at r = 0. Thus, both the branches
have space-time singularities. Fifth, since the two branches
are explicitly time-dependent, unlike event-horizon, it is
not possible to define the horizon in the space-times
globally [43]. Apparent horizons are defined quasilocally
and are independent of the global causal structure of space-
time. The apparent horizon is a codimension two spatial
surface (hence local in time) that contains sufficient
information regarding the possible formation of an event
horizon in the future. We will discuss in Sec. III.

Lastly, to physically understand the relation between
M (n) and the stress-tensor components (4, 4y ), We rewrite
the Einstein’s equations in the following form:

G = upu®ug + pykkq (11)
G = upu®uy + pykk, (12)
Go = ppu'ug + pyk' ko (13)
Gl = ppu'uy + pyk'ky, (14)

We use the normalization conditions (8) of the 4-velocity of
the dust and null-fluid, and from these equations, we obtain
the following relations:

pup = Gy + Gi, (15)

r

r

n

2M 7CC21
H(’?))drz _ rzdgz} where My () = m [1 e y} (10)

,77

iy = (GYGh — G3GY) /up. (16)

Equation (15) leads to the energy density of the dust, while
Eq. (16) leads to a definite expression for the null-fluid. The
above expression is more simplified compared to Ref. [37].
For more details, see Appendix A.

III. GEOMETRICAL PROPERTIES AND
INVARIANT QUANTITIES

The line elements (9), (10) are explicitly time-dependent
and hence do not posses any asymptotically time-like
Killing vector to define a preferred time coordinate.
Thus, the definition of the surface gravity of the apparent
horizon is also ambiguous. However, Kodama proved the
existence of a divergence-free vector field for any time-
dependent spherically symmetric metric of the form (6)
[44,45]. Interestingly, one can use the Kodama vector to
obtain an invariant definition of the surface gravity of the
apparent horizon [46,47].

Another invariant quantity that is useful to locate the
apparent horizon is the Misner-Sharp-Hernandez energy
(Ensnu) [43,48,49]. For the general spherically symmetric
line element (2), Misner-Sharp-Hernandez energy satisfies
the scalar equation p,y = 2E(pay) at the apparent horizon
(AH). Interestingly, Misner-Sharp-Hernandez energy is the
conserved Noether charge corresponding to the conserva-
tion of the Kodama current [49]. In the rest of this section,
we obtain the following invariant quantities that describe
the properties of the line element (9): Apparent horizon,
Misner-Sharp energy, Kodama vector, and the associated
current. Since these quantities are invariant, we obtain them
with respect to the conformal time (7). We also obtain the
conditions on the energy density. For branch II, see
Appendix B.

A. Apparent horizon

For the line element (2), we can define the following
scalar quantity [43,49,50]:

x(x) =y (x)0ip0p. (17)
The following conditions give the apparent horizon:

X(X)|an = 0; i (x)|an # 0. (18)
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For the line element (9), y(n, r) is given by:

x(m.r)=(rH-1) HI—ZL;(”)} + {1+2M7;<11)} rH} (19)

where H = H(n) = d'(n)/a(n) = 2/n. Using the condi-
tions (18), the horizons are at:

re =1/H (20)

B 1 8HM (n)
= <M1(”> +ﬁ> {\/ Y amm e @Y

Note that the apparent horizon (20) is due to cosmological
expansion [51] and is also present in the case of Sultana-
Dyer [37]. In the limit of M;(y) - M,, the apparent
horizon (21) corresponds to the particles closest to the
event horizon crossing the superluminal barrier (cf. Eq. (26)
in [37]). Thus, the above apparent horizon reduces to the
event-horizon for constant mass. At#7 — #gecay> 'y Vanishes
indicating that the apparent horizon ceases to exist.

The dynamic surface gravity associated with the appar-
ent horizon of the line element (2) is given by [50]:

1 .
Kag = =——=0;(\/=yr"0ip 22
W= ST )

Since it is a scalar quantity it is also an invariant quantity.
For the line element (9) and apparent horizon (20), we have:

_ 1 (H_ 2
= 5 (2 3My(n)H ) (23)

In the limit of # — #gecay>» M;(17) — 0, and the line element
(9) corresponds to that of a pure Einstein-de Sitter, i.e.,:
H

Kc=——F""<.
4a (ndecay)

For the line element (9) and apparent horizon (21), we have:

== o (i) ) + (M)

a(n) [ru H H
a"(n)
2a(n)

(ru+ 2M1(77))] . (24)

As noted earlier, in the limit 7 — 74ecqy, the line element
(9) becomes Einstein-de Sitter and ry; vanishes. Hence, in this
limit xp is not defined. In the limit # — 0, xy is ill-defined as
the metric diverges. At the limit 7ge,y — O we have:

(25)

( 1 ) 28m — 4+ /16m* — 24mny + i
Ky = .
T Nam)) [am -+ /16m% — 24my + )

B. Misner-Sharp-Hernandez energy

In terms of y(x) and areal radius p, the Misner-Sharp-
Hernandez energy is [43]:

Busn() = (1= 1) (26)

Substituting y from Eq. (19), we have:
Busn(ron) = 3|1+ (1 = i) |1 -
+ [1 " WW} H>] 27)

)

r

The above expression provides some crucial features about
the physically realizable values # can take for the energy to
be non-negative. First, substituting H = 2/7 in the above
expression, we see that the Misner-Sharp-Hernandez energy
is positive-definite only if #—2r > 0. In the case of
n—2r <0, the second term in the right hand side (rhs)
will be negative, and Eygy(7,#) is not always positive
definite. Second, in the limit 7 = 7gecay, the Misner-Sharp-
Hernandez energy reduces to

Ewisit (7 Hoecey) =r( o )2[1—2 - } (28)

Mdecay ndecay

Here again we notice that, Eygy is positive only if
Ndecay > V2r. Third, in the limit of #geay — 0, the
Misner-Sharp-Hernandez energy (27) reduces to:

r 2m
Eyisu(r.n) = 5“(’7) [2 - r’H* - —

(rH — 1)2]. (29)

r

This again gives a condition on 7 for which energy is positive
definite.

To further investigate this, we now look at the energy
density of the dust given in Eq. (15). It is important to note
that while the Misner-Sharp-Hernandez energy is a scalar
quantity, the energy density of the dust is not scalar.
However, it provides crucial insights into the energy
conditions of the matter fields. Substituting Einstein tensor
in Eq. (15), we have:

H?> .
Hp = ——~6p(r.n) +y(r.n)(n—r)] (30
a(n)
where
~ 7m’7;CCa ~ m ”;CC&
UD(VJ']):3— r7]7 yv UN(n’r):’g{ }77y+6:| (31)

represent the flow of energy along the radial direction and
the null direction, respectively. At 7 — #gecay, When My — 0
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the flow of energy along the radial direction is constant while
the flow of energy along the null decays:

- Tm - Tm
GD(r7 77decay) —-3- 5 O-N(ndecay) - 7 . (32)

This implies the following: As the mass of the black hole
decreases, the massless radiated (Hawking) particles that
emit decrease. Since the metric asymptotes to Einstein-de
Sitter, the stress-tensor of the matter asymptotes to a constant
value. Rewriting Eq. (30), we have:

4t 8] a
:“D:rz—??oé [3r2— [%4—6] mr+ [6—!—%] mﬂ]- (33)

The positivity of the energy condition implies
814 n;
372 — [%w%m {6+%}mn >0. (34)

Treating this as a quadratic equation in r, and using the fact
that the above condition corresponds to a parabola that does
not intersect the horizontal axis leads to the following
condition:

8 7 2 7
( L 6) - 12<6 + "de?y) Tco. (39
n n m

It is interesting to note that the above condition is independent
of the value of r, implying that the condition is valid for all
values of r > ry. Thus, for example, in the limit, #7gecay > 77,
the condition (35) reduces to:

(161’)’!7736%),/3)1/8 <1 < Mdecay- (36)
In the limit of # — #gecay> the condition (35) implies:
m < 3’7decay/7- (37)

This condition also implies at as 77gecqy — 0, m — 0 for the
energy-density to be positive.

C. Kodama vector and current
For line element (2), the Kodama vector is [44,49,52]:

K' = €70;p(x) (38)

where €/ is the volume form associated with ;;. Note that
the Kodama vector lies in the plane orthogonal to the sphere
of symmetry; hence, the Kodama vector along 6 and ¢ is
zero [44]. For the line element (9), the Kodama vector is

1 o TH
K'(x) ok (39)

From Eq. (27), it is easy to see that the above Kodama
vector satisfies the following relation:

g2 = 2Bwsn (40)
P

Since the Kodama vector is conserved (V;K' = 0), we can
construct an associated current

Ji = GiK/, (41)

that is also conserved. For the line element (9), the
associated current is

. H AMi) [ _ 1
7 = 0 <3-+ e [ 11}) (42)
5 =2 ) = ) ot = 1) @)

To obtain the conserved charges, we need to fix the 3-space
at a fixed time 7.

IV. COMPARISON WITH SCHWARZSCHILD

As mentioned in the Introduction, the original derivation
of Hawking assumed that the space-time is static or sta-
tionary. This assumption is valid only when the radiated
energy is negligibly small compared with the mass-energy
of the black hole. However, when the radiation becomes
sufficiently large, backreaction effects will modify via the
semiclassical Einstein equation [53]. However, this is highly
nontrivial for the four-dimensional space-time [42]. As
shown by Page [54], if we only include massless fields,
the Schwarzschild black-hole mass (M) decays as:

dM(1) 1 1
=—_——— -
dt 3 tgecayM5

Ms(z) = (1=7)'/7  (44)

where 7 = t/t4ec,y and M is the (dimensionless) rescaled
mass. Attempts are made to model the decay using Vaidya-
type metric [19-28]. However, all these analyses are
restricted to asymptotically flat space-times in a nonexpand-
ing space-time.

Equation (30) implies that the space-time asymptotes to
Einstein-de Sitter, the stress-tensor of the matter asymptotes
to a constant value while the flow of null particles decays.
Thus, the line element (9) models an evaporating black-
hole in an expanding FRW background with a matter
surrounding it. Thus, the mass of the black-hole in the line
element (9) decays as:

Mp(z) = [z77 1] (45)
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=== Schwarzschild black hole

mes Cosmological black hole

02 03 04 05 06 07 08 09 10

M

FIG. 1.
Schwarzschild (44) and cosmological black hole (46).

where we have relation between the conformal time (#7) and
cosmic time (7), i.e., t = °/(373) and M, = M;/m. From
the above expression, we obtain the following decay rate
for the black-hole in cosmological space-times:

dMD(T) - _z 10/7
. =3 (Mp + 1)1977, (46)

This is another key result of this work regarding which we
want to discuss the following points: First, comparing
Egs. (44) and (46), in the case of Schwarzschild black
holes, we see that the decay rate of smaller black-holes is
larger compared to solar mass black holes. However, in
the case of black holes in cosmological background, it is
the opposite; the decay of larger black holes is faster. The
same can be seen in the left panel of Fig. 1. Second,
comparing Eqgs. (44) and (45), we see that the decay of a
cosmological black hole is faster compared to the
Schwarzschild black hole at the initial phase. However,
when the mass is smaller, the Schwarzschild black hole
decays faster. See the right panel of Fig. 1. Third, since
the decay for the smaller black hole is slow in the
cosmological background, it is possible to study the
end stages of black hole evaporation in a controlled
manner.

These two results have potentially important implica-
tions for the primordial black holes as a dark matter
candidate. Irrespective of the PBH mass, our model
suggests that decay of the primordial black holes occurs
faster; however, for lower masses, the decay rate falls. More
importantly, it has been argued that the primordial black
holes less than 10" gm must have evaporated by now
[5,34,35]. These analyses assume the evolution of an
isolated, asymptotically flat space-time. However, this
assumption may not be valid for realistic black holes in
cosmological space-time and must be reconsidered. In

4.0 === Schwarzschild black hole
=== Cosmological black hole
3.5
3.0
2.5
= 2.04
1.5

1.0

0.5-
0.0- \
0.5 0.6 0.7 0.8 0.9 10
T

Left: plot of rate of change of mass with time versus M. Right: plot of M as a function of 7 for Schwarzschild for

other words, it is not possible to completely rule out
primordial black holes less than 105 gm.

V. DISCUSSIONS AND CONCLUSIONS

This work obtains an exact time-dependent black hole
solution that models evaporating black holes in the cos-
mological background. Thus, the solution considers all
three aspects of PBHs—Hawking radiation, black hole
surrounded by mass distribution, and cosmological back-
ground. We have shown that as the mass of the black hole
decreases, the massless radiated (Hawking) particles that
emit decrease. Since the metric asymptotes to Einstein-de
Sitter, the stress-tensor of the matter asymptotes to a
constant value. Our model predicts that decay of the
PBHSs occurs faster; however, as the mass is reduced, the
decay rate reduces. We have also discussed the implications
of our work regarding the theoretical constraints on
primordial dark matter.

The above result brings attention to the following
interesting questions:

(1) To exactly quantify the spectrum of Hawking
radiation, we need to extend the analysis for the
dynamical horizon. This has been discussed in the
literature [52], however, in our case, we do not have
well-defined asymptotic vacuum states.

(2) Since the decay rate is slow for smaller black holes,
it is possible to study the end stages of black hole
evaporation in a controlled manner than in the case
of asymptotically flat space-times. This is currently
under investigation.

(3) The analysis rests on spherical symmetry. We need
to extend the analysis to axially symmetric space-
time. This is currently under investigation.

(4) The constraints on PBHs as dark matter candidates
are based on the black-holes in asymptotically flat
space-time. Thus, the constraints need to be reworked
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based on the exact model proposed here with two
arbitrary parameters m and Zgecqy-

ACKNOWLEDGMENTS

The authors thank Susmita Jana, Ashu Kushwaha, and
S. Mahesh Chandran for discussions. S. X. is financially
supported by the MHRD fellowship at IIT Bombay. This
work is supported by a SERB-MATRICS grant.

APPENDIX A: OBTAINING py AND g,

In this Appendix, we show that the solutions (9), (10) are
indeed unique solutions to Einstein’s field equations with
time-dependent matter consisting of null and massive dust.

For the line element (6), we have:

oM (m)n + 8M ()]

Demanding that the fluids are null and massive dust leads to
the condition GZ = Gg =0

n§[M(n)n + 8M(n))]

~0.
r

(A2)

Thus, we have:

&

M(n):C1+”—7, (A3)

where C; = +m and C, =F mnziecay are constants. The
positive sign in C| corresponds to branch I (9) and negative
sign in C; corresponds to branch II (10).

G% =G? b= (A1) The energy-momentum tensor components for the two
rr branches are
J
4'73(—0Nr—r221'\7/161(i1)'7+3r2) 203(2M; (:12)’7—;(3—00)) 0 0
. _ 200(12rM; (n)=r(3—op) +2M(n)) - _ 4ig(4M, (ntr(B=op)lr=n])
Tb(I) = r2n° rn® (A4)
0 0 0 0
0 0 0 0
iy By r—2My (n)1+3r7) 25 ((Bp=3)r+2M,;(n)) 0 0
r216 rZ’,IS
_ 2my(12M () r+@p=3)rm+2Mp (m)n) - 4nd(4Mp (m)n=r(5p=3)(r—n))
TZ(H) = 20 2 0 0 (AS)
0 0 0 0
0 0 0 0
[
where Equations (11), (12), (13), and (14) can be written in the
i i 7mngecay (A6) following matrix form:
D — 7
m
ngecay G} -GY 0 —H u® 0
oy =m(—=>+6 (A7) 0 0 N
d 0 —up Gy Gl u' 0 (A10)
; -Gl GY  —uy O K0 0
7
By = 3 m777decay (AS) —ip 0 G8 G(l) k! 0
n'r
~ ndecay7 . .. . .
6y =m| 6+ 7o) (A9)  Using the Gauss elimination method, the above matrix can

be written as
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We obtain nontrivial solutions for the massive dust

(u®, u

three

@

an

1) and the null dust (k° k'), using the following

steps:

To obtain py and pup. One possible choice is to set
GIGY - GGL = jomy. (A12)

The above condition leads to the fact that k' is

arbitrary and nonvanishing. Using Eq. (15) which

gives up, we can determine py from the above

expression. Note that the above conditions are also

satisfied for the Sultana-Dyer metric [37].

The third row of the matrix (Al1) is

10 _ _ 1
(GOGl ”D”N> (ko g; 1) —0. (A13)
0

In order for k' to be unique (apart from the normal-
izing condition g,,k*k? = 0), k° and k' must satisfy
the following condition:

)0

1
(05
In the case of the Sultana-Dyer metric, since k' = —k°
and G| # G|, the above condition is automatically
satisfied for Sultana-Dyer metric. In this step, we have
obtained explicit expressions for uy and up and
condition on k° and k'.
To obtain explicit relations for (u°, u') in-terms of
(K%, k). To go about this, we consider the first and
second rows of Eq. (A10):

GiGo
KD

(A14)

Gyu® — Gu' = uyk! (A15)
GYk® + Glk' = ppu'. (A16)
Rewriting these expressions, we have:
GO
Gou® —Lupu' = uyk' (A7)
KD
GO
= Gy’ — =2 (GYK® + Glk') = uyk'  (A1B)
D

Gy -GS 0 —Un 0 0
0 ) G(1> G% 1 0
u
0 0 (Gr])G?_GE;;}_”D”N) G| (G(])G?;fcg;j);}—ﬂnﬂN) X0 = 0 (Al 1)
0 0 0 (GéG?_GE? ) k! 0

(IID)

6]

2

(€))
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using the relation uyup = GG} — GG}, we get:

Gl G!
1 ~0 kO 1 kl (A19)

HD HD

GY GY
ud = =Lt 4 =00 (A20)

HD HD

To obtain explicit expressions for k° and k'. To do
that, we use the normalization conditions for the
4-velocity vectors (u#, k*).

Using the condition g,,k*u® = 1, we have:

(900GH+ 901G) (K°)* + (900G + 901 G} + 901 G}
+gl 1 G(l))klko + (g()]G(l) +911G8)(k1 )2 =Up (A21)

Using the normalization condition for g, k*k* = 0,
we get:

g1
2901

9oo

kKO =
2901

(k')? === (k). (A22)

Substituting the above expression in Eq. (A21),
we get:

(k)P + (K')*Q = pp (A23)
where
P =(g00G)+ go1G})
g
2900 (900G} + 901G +901G)+911G))  (A24)
0= (901G} +911G})
g
2911 (900G + 901G} + 901G + 911 GY).  (A25)
Using the normalization condition g,,u’u’ =1,

we get:
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GY GY \? GY G) P,
900 <—1k1 +—0k0> +Zg()1 <—1k1 +—0k0>
HD HD Hp HD
Gl Gl Gl Gl 2

X <—°k0+—‘k1> +gn<—0k0+—'k1> =1 F

HD HD HD HD
(A26)
0

Substituting Eq. (A22) in the above expression,
we have:

(K2R + (k'S = 4 (A27)

where

R
S = [900(GY)? + 2901 GG} + g11(G})?]

g
- gloll (2900GHGY + 2901 (GyGY + GiG1)
+2911GyGY) (A28)

R = [g00(G))? + 2901GyGY) + 911(G})?]

9
- goool (2900G0GY + 2901 (Gy G + GyGY)
+2911GyGY). (A29)

We thus have two equations (A23), (A27) in two unknown
variables £° and k!, i.e.,

(K°)*P + (K')*Q = pup (A30)
(K2R + (K')2S = 1, (A31)
From these we have:

(k0)2(PS - QR) = MD(S - MDQ)
KO =+ M (A32)

(kl)z(QR —SP) = up(R — upP)

1 _ HD(R — upP)

k' ==+ W (A33)

Since we now know k° and k!, we can obtain #° and u!

from Egs. (A19) and (A20). Note that if we choose k° to be

positive, k! can be negative satisfying the condition (A12).
For the metric

o (B

- (1 + 2M—('7)> dr? - rzdszﬂ ,
r

2M 4aM
r(n)>d7]2 _ r(r]) d}’]dr

(A34)
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G (ﬂB‘W (m)n +2M(n)]

M(n) = MI/H(’Y) and M(’?) =

0O, R and S are given by:
_ M (n) +2(6r +n)M (n)
a r*M () )

M (n)

n’r*M(n) )
X (24M(n)(r —n) + 1212 +4qM(n)(2r —n)) (A37)
_ (né‘) [M (n)n* +2M () (6r + ﬂ)])
n*r*M (i)
X (24M(n)(r —n) + 1212 +4nM(n)(2r — 7)) (A38)

dM(n)
dn

APPENDIX B: PROPERTIES OF LINE
ELEMENT (10)

In this Appendix, we list the key properties of the line

element (10).

(1) Apparent horizons Like line element (9), the line
element (10) has two dynamical trapping horizons:

_n
rcz—i

n V16M (1) +24M ()0 +n*
4 4

VH2:—M11(’7>_

(B1)
(2) Misner-Sharp-Hernandez energy is given by:

2t

r

st () ()

—877Mu(n)—f72<1—2M'7r’(’7)>>]- (B2)

Surface gravity: The dynamical surface gravity for
the cosmological horizon is

3

>
n
KAH = 2—;;)4 (=12My(n) +n). (B3)

The dynamical surface gravity at r = ry, 1is

: > [(M;(1n) = m)(5Sn = 12rp) T

a? (m)rip

=My (n)n* = 2mryy(n — ruy) + rip).

Ko =

(B4)
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(4) Energy density of the dust is given by:

4

#o = g5 lon(rmr +on()(r=m]  (BS)
! m 7
GD(”W) —34 ’7de7cay : GN(’I) —m |:6 +’7de;ay:|
nr n
(B6)

where oy (1) and op(r,n) represent the flow of
energy along the radial direction and the null
direction respectively.

(5) Kodama Vector is the same as in Eq. (39).

(6) It is possible to transform the solution (10) to the
branch I solution by setting m — —m. To see this,
we first rewrite the branch II (10) line element as:

4 7
n 2(—m) N4
a1 (2 o

Mo

7
_em) WMaccay 11 g
r n’
2(- 7eca
—<1+—< ™) {—"d = y—1]>dr2—r2d9} (B7)
r n
Setting m = —M in the above line element corre-
sponds to the branch I metric with a negative mass
M = —m. Thus, by reversing the mass, the two

branches are transformed into each other. We do not
consider the second branch (10) because it is related
to the first branch (9) with a negative mass. As we
show below, this transformation is unphysical.

(7) Branch I represents the evolution 0 < 17 < fgecqy- At
1 = MNgecay the metric becomes conformally Einstein-
de-Sitter universe. Further evolution is captured (i.e.,
Ndecay < 1 < 00) by the branch II (10) with negative
mass —m. The branch II solution converges to
Sultana-Dyer metric in the limit of # — co. Physi-
cally, atn = ngecay. When the Einstein-de-Sitter space
is formed, we have no further information about the
formation of the black hole solution in branch II
because the black hole is completely evaporated

atn = Ndecay+

APPENDIX C: CONTINUITY OF THE TWO
BRANCHES (9) AND (10)

As mentioned in the previous Appendix, setting
m = —M in the branch II line element corresponds to
the Branch I metric with a negative mass M = —m. In this
Appendix, we look at the continuity of the two branches
(9) and (10).

To go about that, first, we plot the Ricci scalars of the two
branches for different mass ranges. Rewriting 7 = 1/7gecay>

the line element and the Ricci scalar of the Branch I
solution is

4 4

n T 2 1

ds? = deciy [(1 _am {—7 - 1} )nﬁecaydrz
Moy T

4m |1
- |:—7 - l:| ndecayd’rdr
r |t

—(1 42 {%—1])&2—#6&]
r |7

4ng(6ndecaym18 —6mrt’ +3r%7" + Ndecay™T — 8mr)

6 13.2
rldecayT r

(C1)

R]Z

(€2)

Similarly, the line element and the Ricci scalar of the
branch II solution is:

4 4
Mdecay 2(—m 1
ds} = Y [(1 - (=m) {7 — 1} >n§ecayd72

]
Moy r

4(-m) [ 1
- . |:7 - 1:| ndecaydrdr

_ (1 + 2(;’") L% - 1] ) dr? — rde]

415 (61 decayme® — 6mrt’ —3r°t" 4 ngecayme — 8mr)

6 13,2
”decayr r

(C3)

Ry =
(C4)

Note that in the case of branch I, 7 is in the range [0, 1]. In
the case of branch II, 7 is in the range [1, oo]. The left
panel of Fig. 2 is the plot of Ricci scalar in both the
branches for 0 < 7 < 3. Ricci scalar of both the branches
is continuous at z =1, only for negative masses for
branch II. If the mass is positive for both the branches, as
shown in the right panel of Fig. 2, the Ricci scalar is
discontinuous.

To understand that the negative mass (—m) corresponds
to an unphysical transformation from the Schwarzchild
metric, let us repeat the analysis of Sultana and Dyer [37].

The Sultana-Dyer metric [37] is obtained by conformally
transforming Schwarzchild metric. Let us consider the seed
metric—the Schwarzschild vacuum metric with coordi-
nates 7, 7, 0, and ¢:

27 dr
ds? = (1-2)ae - 240> (C5)
)4 -
which is invariant under the simultaneous transformations of
m = —m and 7 = —r. Using the following transformation:
F=—r (C6)
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1.00 4 mmm= Branch |
e Branch |1

1.0 15 2.0 25 3.0

=== Branch |
4 mes Branch ||
24
S0
~
—2
—44
1.0 15 2.0 2.5 3.0
T

FIG. 2. Left: plot of the Ricci scalar (R(z)) vs 7 for the branch I (Cl)for 0.95 <7< 1,m = M, and for the branch II (C3)
1.0 < 7 < 3,m = —M,. Right: plot of the Ricci scalar (R(7)) vs 7 for the branch I (C1)for 0.85 < 7 < 1, m = M) and for the branch II

(C3)1.0<7<L3,m=M,.

~ r
t=t+2mln{—+1 C7
+mn<2m+> (C7)

leads to:

r

2ii 43 2
ds® = (1 +—’"> i + 2 drdr — (1 ——m>dr2 — RdQ2.
r r

(C8)

Multiplying (C8) with the conformal factor * gives the
following metric:

2 47
ds? = Kl +—m) A2+ didr
r r

o
- <1 __m) dr?— r2ds22] :
.

This metric is identical to the Sultana-Dyer metric [37] only
if —m is negative. However, the transformation (C6) is not
physically realizable because r is negative definite in the
above metric. Hence, the negative mass Sultana-Dyer
solutions are not physically realizable. In other words, the
two branches correspond to two physically distinct
situations.

(C9)

[1] K. Akiyama et al. (Event Horizon Telescope Collaboration),
Astrophys. J. Lett. 875, L1 (2019).

[2] B.P. Abbott et al. (LIGO Scientific, Virgo Collaborations),
Phys. Rev. D 100, 104036 (2019).

[3] R. Abbott et al. (LIGO Scientific, VIRGO Collaborations),
arXiv:2108.01045.

[4] A.M. Green and B.J. Kavanagh, J. Phys. G 48, 043001
(2021).

[5] B. Carr and F. Kuhnel, SciPost Phys. Lect. Notes 48
(2022).

[6] V. Frolov and 1. Novikov, Black Hole Physics: Basic
Concepts and New Developments, Fundamental Theories
of Physics (Springer, Netherlands, 2012).

[7]1 X. Calmet, B. Carr, and E. Winstanley, Quantum Black
Holes, SpringerBriefs in Physics (Springer, Berlin, 2014).

[8] K. D. Kokkotas and B. G. Schmidt, Living Rev. Relativity 2,
2 (1999).

[9] D. Psaltis, Living Rev. Relativity 11, 9 (2008).

[10] B.S. Sathyaprakash and B. F. Schutz, Living Rev. Relativity
12, 2 (2009).

[11] C.M. Will, Living Rev. Relativity 17, 4 (2014).

[12] V. Cardoso and P. Pani, Living Rev. Relativity 22, 4
(2019).

[13] P. T. Chrusciel, J. Lopes Costa, and M. Heusler, Living Rev.
Relativity 15, 7 (2012).

[14] A. Ashtekar and B. Krishnan, Living Rev. Relativity 7, 10
(2004).

[15] R. Emparan and H. S. Reall, Living Rev. Relativity 11, 6
(2008).

[16] V. Frolov, P. Krtous, and D. Kubiznak, Living Rev.
Relativity 20, 6 (2017).

[17] K. R. Nayak, M. A. H. MacCallum, and C. V. Vishvesh-
wara, Phys. Rev. D 63, 024020 (2000).

[18] M. Heusler, Black Hole Uniqueness Theorems, Cambridge
Lecture Notes in Physics (Cambridge University Press,
Cambridge, England, 1996).

104038-11


https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.1103/PhysRevD.100.104036
https://arXiv.org/abs/2108.01045
https://doi.org/10.1088/1361-6471/abc534
https://doi.org/10.1088/1361-6471/abc534
https://doi.org/10.21468/SciPostPhysLectNotes.48
https://doi.org/10.21468/SciPostPhysLectNotes.48
https://doi.org/10.12942/lrr-1999-2
https://doi.org/10.12942/lrr-1999-2
https://doi.org/10.12942/lrr-2008-9
https://doi.org/10.12942/lrr-2009-2
https://doi.org/10.12942/lrr-2009-2
https://doi.org/10.12942/lrr-2014-4
https://doi.org/10.1007/s41114-019-0020-4
https://doi.org/10.1007/s41114-019-0020-4
https://doi.org/10.12942/lrr-2012-7
https://doi.org/10.12942/lrr-2012-7
https://doi.org/10.12942/lrr-2004-10
https://doi.org/10.12942/lrr-2004-10
https://doi.org/10.12942/lrr-2008-6
https://doi.org/10.12942/lrr-2008-6
https://doi.org/10.1007/s41114-017-0009-9
https://doi.org/10.1007/s41114-017-0009-9
https://doi.org/10.1103/PhysRevD.63.024020

XAVIER, SUNNY, and SHANKARANARAYANAN

PHYS. REV. D 105, 104038 (2022)

[19] P. Hajicek and W. Israel, Phys. Lett. 80A, 9 (1980).

[20] J. M. Bardeen, Phys. Rev. Lett. 46, 382 (1981).

[21] Quantum Theory of Gravity: Essays in Honor of the 60th
Birthday of Bryce S. Dewitt, edited by S. M. Christensen
(Adam Hilger Ltd., 1984), https://onlinelibrary.wiley.com/
doi/abs/10.1002/asna.2113060418.

[22] Y. Kuroda, Prog. Theor. Phys. 71, 1422 (1984).

[23] R. L. Mallett, Phys. Rev. D 31, 416 (1985).

[24] R. Balbinot, R. Bergamini, and B. Giorgini, Nuovo Cimento
Soc. Ital. Fis. 71B, 27 (1982).

[25] W. Biernacki, Phys. Rev. D 41, 1356 (1990).

[26] A.B. Nielsen and M. Visser, Classical Quantum Gravity 23,
4637 (20006).

[27] M. Visser, Phys. Rev. D 90, 127502 (2014).

[28] J. Piesnack and K. Kassner, Am. J. Phys. 90, 37
(2021).

[29] L. D. Novikov, A. G. Polnarev, A. A. Starobinskii, and 1. B.
Zeldovich, Astron. Astrophys. 80, 104 (1979), https://ui
.adsabs.harvard.edu/abs/1979A%?26A....80..104N/abstract.

[30] S. Hawking, Mon. Not. R. Astron. Soc. 152, 75 (1971).

[31] G.F. Chapline, Nature (London) 253, 251 (1975).

[32] PBH can also form during a matter-dominated epoch that
includes deviations from spherical configurations [33].

[33] T. Harada and S. Jhingan, Prog. Theor. Exp. Phys. 2016,
093E04 (2016).

[34] P. Villanueva-Domingo, O. Mena, and S. Palomares-Ruiz,
Front. Astron. Space Sci. 8, 87 (2021).

[35] M. Sasaki, T. Suyama, T. Tanaka, and S. Yokoyama,
Classical Quantum Gravity 35, 063001 (2018).

[36] N. Aggarwal et al., Living Rev. Relativity 24, 4 (2021).

[37] J. Sultana and C. C. Dyer, Gen. Relativ. Gravit. 37, 1347
(2005).

[38] J. Bicak and K. V. Kuchar, Phys. Rev. D 56, 4878 (1997).

[39] J. Coté, M. Lapierre-Léonard, and V. Faraoni, Eur. Phys. J.
C179, 678 (2019).

[40] V. Faraoni, Phys. Rev. D 80, 044013 (2009).

[41] V. Faraoni, A. Giusti, and B. H. Fahim, Phys. Rep. 925, 1
(2021).

[42] P. Candelas, Phys. Rev. D 21, 2185 (1980).

[43] L. B. Szabados, Living Rev. Relativity 12, 4 (2009).

[44] H. Kodama, Prog. Theor. Phys. 63, 1217 (1980).

[45] 1. Racz, Classical Quantum Gravity 23, 115 (2006).

[46] R. Di Criscienzo, S. A. Hayward, M. Nadalini, L. Vanzo,
and S. Zerbini, Classical Quantum Gravity 27, 015006
(2010).

[47] V. Faraoni, G.F.R. Ellis, J. T. Firouzjaee, A. Helou, and
I. Musco, Phys. Rev. D 95, 024008 (2017).

[48] M. E. Cahill and G. C. McVittie, J. Math. Phys. (N.Y.) 11,
1382 (1970).

[49] S. A. Hayward, Phys. Rev. D 53, 1938 (1996).

[50] S. A. Hayward, R. Di Criscienzo, L. Vanzo, M. Nadalini,
and S. Zerbini, Classical Quantum Gravity 26, 062001
(2009).

[51] F. Melia, Am. J. Phys. 86, 585 (2018).

[52] L. Vanzo, G. Acquaviva, and R.D. Criscienzo, Classical
Quantum Gravity 28, 183001 (2011).

[53] R. M. Wald, Quantum Field Theory in Curved Spacetime
and Black Hole Thermodynamics (University of Chicago
Press, Chicago, 1994).

[54] D.N. Page, Phys. Rev. D 13, 198 (1976).

104038-12


https://doi.org/10.1016/0375-9601(80)90439-9
https://doi.org/10.1103/PhysRevLett.46.382
https://onlinelibrary.wiley.com/doi/abs/10.1002/asna.2113060418
https://onlinelibrary.wiley.com/doi/abs/10.1002/asna.2113060418
https://onlinelibrary.wiley.com/doi/abs/10.1002/asna.2113060418
https://onlinelibrary.wiley.com/doi/abs/10.1002/asna.2113060418
https://onlinelibrary.wiley.com/doi/abs/10.1002/asna.2113060418
https://onlinelibrary.wiley.com/doi/abs/10.1002/asna.2113060418
https://doi.org/10.1143/PTP.71.1422
https://doi.org/10.1103/PhysRevD.31.416
https://doi.org/10.1007/BF02721691
https://doi.org/10.1007/BF02721691
https://doi.org/10.1103/PhysRevD.41.1356
https://doi.org/10.1088/0264-9381/23/14/006
https://doi.org/10.1088/0264-9381/23/14/006
https://doi.org/10.1103/PhysRevD.90.127502
https://doi.org/10.1119/10.0006367
https://doi.org/10.1119/10.0006367
https://ui.adsabs.harvard.edu/abs/1979A%26A....80..104N/abstract
https://ui.adsabs.harvard.edu/abs/1979A%26A....80..104N/abstract
https://ui.adsabs.harvard.edu/abs/1979A%26A....80..104N/abstract
https://ui.adsabs.harvard.edu/abs/1979A%26A....80..104N/abstract
https://ui.adsabs.harvard.edu/abs/1979A%26A....80..104N/abstract
https://ui.adsabs.harvard.edu/abs/1979A%26A....80..104N/abstract
https://ui.adsabs.harvard.edu/abs/1979A%26A....80..104N/abstract
https://ui.adsabs.harvard.edu/abs/1979A%26A....80..104N/abstract
https://ui.adsabs.harvard.edu/abs/1979A%26A....80..104N/abstract
https://ui.adsabs.harvard.edu/abs/1979A%26A....80..104N/abstract
https://doi.org/10.1093/mnras/152.1.75
https://doi.org/10.1038/253251a0
https://doi.org/10.1093/ptep/ptw123
https://doi.org/10.1093/ptep/ptw123
https://doi.org/10.3389/fspas.2021.681084
https://doi.org/10.1088/1361-6382/aaa7b4
https://doi.org/10.1007/s41114-021-00032-5
https://doi.org/10.1007/s10714-005-0119-7
https://doi.org/10.1007/s10714-005-0119-7
https://doi.org/10.1103/PhysRevD.56.4878
https://doi.org/10.1140/epjc/s10052-019-7205-6
https://doi.org/10.1140/epjc/s10052-019-7205-6
https://doi.org/10.1103/PhysRevD.80.044013
https://doi.org/10.1016/j.physrep.2021.04.003
https://doi.org/10.1016/j.physrep.2021.04.003
https://doi.org/10.1103/PhysRevD.21.2185
https://doi.org/10.12942/lrr-2009-4
https://doi.org/10.1143/PTP.63.1217
https://doi.org/10.1088/0264-9381/23/1/006
https://doi.org/10.1088/0264-9381/27/1/015006
https://doi.org/10.1088/0264-9381/27/1/015006
https://doi.org/10.1103/PhysRevD.95.024008
https://doi.org/10.1063/1.1665273
https://doi.org/10.1063/1.1665273
https://doi.org/10.1103/PhysRevD.53.1938
https://doi.org/10.1088/0264-9381/26/6/062001
https://doi.org/10.1088/0264-9381/26/6/062001
https://doi.org/10.1119/1.5045333
https://doi.org/10.1088/0264-9381/28/18/183001
https://doi.org/10.1088/0264-9381/28/18/183001
https://doi.org/10.1103/PhysRevD.13.198

