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In this article, we develop the formalism for singular hypersurfaces and junction conditions in
generalized coupling theories using a variational approach. We then employ this formalism to examine the
behavior of sharp matter density gradients in generalized coupling theories. We find that such gradients do
not necessarily lead to the pathologies present in other theories of gravity with auxiliary fields. A detailed
example, based on a simple instance of a generalized coupling theory called the MEMe model, is also
provided. In the static case, we show that sharp boundaries do not generate singularities in the dynamical
frame despite the presence of an auxiliary field. Instead, in the case of a collapsing spherical density
distribution with a general profile an additional force compresses over-densities and expands under-
densities. These results can also be used to deduce additional constraints on the parameter of this model.
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I. INTRODUCTION

Generalized coupling theories (GCTs) are modified
gravity theories characterized by a nontrivial coupling
between matter fields and the spacetime metric gμν medi-
ated by a coupling tensor [1,2]. If this tensor is non-
degenerate, one can construct a class of theories in which
matter couples with an effective metric gμν while the
coupling tensor is an auxiliary field satisfying a nontrivial
algebraic field equation. In this way, one naturally distin-
guishes two frames, an “Einstein frame” in which the basic
variables are the spacetime metric and the coupling tensors,
and a “Jordan frame” in which gμν is the key variable.
A particularly simple, yet interesting, example of a GCT

is the so-called minimal exponential measure (MEMe)
model, which was proposed in [2], and can be recognized,
together with a large class of GCTs, as a Type I minimally
modified gravity (MMG) theory according to the classi-
fication scheme of [3–5].
A relevant feature of the MEMe model is that near a

certain critical density, the gravitational field equations
simplify to the vacuum Einstein equation with a large
cosmological constant. This feature is of particular interest
in early universe cosmology and for compact objects.
Regarding the former, one qualitatively has inflationary
behavior in the early universe with a graceful exit (a feature
shared with Eddington-Inspired Born-Infeld theories [6,7]).
Regarding compact objects, the MEMe model may admit

solutions describing gravastars [8–10] without the need
for a false vacuum. Finally, in a recent paper [11], the
parametrized Post-Newtonian (PPN) limit of the MEMe
model was also studied, showing that GCT theories, like
all the type-I MMG theories, require a special extension
of the PPN formalism to be analyzed in the weak field
approximation.
It has been known from some time [12] that auxiliary

field theories coupled to gravity generally become patho-
logical in the presence of sharp gradients of the energy-
momentum tensor, which may occur e.g., at the surfaces of
compact objects. In particular, it was argued that since
auxiliary field theories generally contain derivatives of the
energy-momentum tensor (more generally, sources of
curvature), sharp gradients in the energy-momentum tensor
can generate curvature singularities. Of course, this is not
necessarily a fundamental problem, as argued in [7]; the
microscopic description of matter and radiation is provided
by quantum fields, the expectation values of which are
smooth. On the other hand, large gradients can potentially
produce large effects—such effects can be exploited to
place potentially strong constraints on model parameters
and be useful for determining the phenomenological
viability of the theory.
In this article, we develop the formalism of junction

conditions and singular hypersurfaces in generalized cou-
pling theories. In doing so, we establish a correspondence
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between the Einstein and Jordan frame expressions for the
junction conditions and argue that the junction conditions
do not lead to any obvious pathology so long as the
derivatives are well behaved on each side of the junction
surface. We then explore the problem in further detail in
the MEMe model examining, in particular, fluid profiles
containing sharp gradients (as one might expect at the
boundaries of horizonless ultracompact objects) in spheri-
cal symmetry. Both static and dynamical situations are
examined; in the static case, we numerically solve the
Tolman-Oppenheimer-Volkoff equation, studying the
behavior of Jordan frame geodesics, and in the dynamical
case we investigate pressureless collapse.
The rest of the present paper is organized as follows. In

Sec. II we review and generalize the construction of
generalized coupling theories. The formalism of singular
hypersurfaces and junction conditions in generalized cou-
pling theories is developed in Sec. III. In Sec. IV, we
introduce the MEMe model and discuss the junction
conditions. The problem of sharp gradients is explored
in Sec. V, and we summarize and discuss our results
in Sec. VI.
We employ the usual ð−;þ;þ;þÞ signature throughout.

Subscripts and superscripts displayed as lowercase Greek
letters denote coordinate basis indices, and those displayed
as lowercase italic Latin denote field indices. We employ
the convention that indices are raised and lowered exclu-
sively with the Einstein frame metric gμν. Gothic letters and
hats indicate quantities defined with respect to the Jordan
frame (for instance the metric gμν and its derivative ∇̂).
Barred quantities indicate matrix inverses or in the case of
Gothic letters, quantities with indices raised with the
inverse Jordan frame metric ḡμν.

II. GENERALIZED COUPLING THEORIES

In this section we briefly review generalized coupling
theories and generalize slightly the action and formalism
presented in [2,11].

A. Action and field equations

The action for a generalized coupling theory has the form

Stot ¼ Sg½g··� þ Sm½φ; ḡ··� þ SA½g··; A·
·�; ð1Þ

where Sg is the gravitational action, which is a functional of
the inverse “Einstein frame”metric gμν, and Sm is the matter
action, which may be written as a functional of the matter
fields φ ¼ fφag and the inverse “Jordan frame” metric ḡμν.
We assume that ḡμν itself is a functional of gμν and a rank-2
tensor (termed the coupling tensor) Aα

β,

ḡμν ¼ ḡμν½g··; A·
·�: ð2Þ

The variation takes the form

δḡμν ¼
Z

d4y½J μν
αβðx; yÞδgαβðyÞ þ Bμνα

βðx; yÞδAα
βðyÞ�

ð3Þ

where the tensor densities are the functional derivatives of
gμν and Aα

β

J μν
αβðx; yÞ ≔

δḡμνðxÞ
δgαβðyÞ

����
Aα

β

;

Bμνα
βðx; yÞ ≔

δḡμνðxÞ
δAα

βðyÞ
����
gαβ
: ð4Þ

For later convenience, we introduce the following notation
for the variations of Sg, Sm, and SA (neglecting boundary
terms)

δSg ¼ −
1

2

Z
d4x

ffiffiffiffiffi
jgj

p
Gμνδgμν;

δSm ¼ 1

2

Z
d4x

ffiffiffiffiffi
jgj

p
ðTμνδḡμν þ Eaδφa þ Cα

βδAα
βÞ;

δSA ¼ 1

2

Z
d4x

ffiffiffiffiffi
jgj

p
ðtμνδgμν þ C̃α

βδAα
βÞ: ð5Þ

The following quantities are defined

Gμν ≔ −
2ffiffiffiffiffijgjp δSg

δgμν
; Tμν ≔

2ffiffiffiffiffijgjp δSm
δḡμν

����
φ

;

Ea ≔
2ffiffiffiffiffijgjp δSm

δφa

����
ḡμν
; tμν ≔

2ffiffiffiffiffijgjp δSA
δgμν

����
φ

;

Cα
β ≔

2ffiffiffiffiffijgjp δSm
δAα

β

����
ḡμν
; C̃α

β ≔
2ffiffiffiffiffijgjp δSA

δAα
β

����
ḡμν
: ð6Þ

Upon substituting (3) into (5), the variation of SM ≔ Sm þ
SA takes the form

δSM ¼ 1

2

Z
d4x

ffiffiffiffiffi
jgj

p
ðTμνδgμν þ Eα

βδAα
β þ Eaδφa

ffiffiffiffiffiffiffiffi
g=g

p
Þ;

ð7Þ

where

Tμν ¼ tμν þ
1ffiffiffiffiffijgjp

Z
d4y

ffiffiffiffiffiffiffiffiffiffiffi
jgðyÞj

p
½TστðyÞJ στ

μνðy; xÞ�;

Eα
β ¼ C̃α

β þ
1ffiffiffiffiffijgjp

Z
d4y

ffiffiffiffiffiffiffiffiffiffiffi
jgðyÞj

p
½TστðyÞBστα

βðy; xÞ�: ð8Þ

The complete set of equations has the form
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Gμν ¼ Tμν; Eα
β ¼ 0; Ea ¼ 0: ð9Þ

If no derivatives of Aμ
α are present in the action, then the

field equation Eα
β ¼ 0 is an algebraic equation relating Aμ

α

and the energy-momentum tensor Tμν.

B. Energy-momentum conservation

Here we derive the conservation of the energy-momentum
tensor in both the Einstein and Jordan frames.1 We now
assume that the actions Sg and SM ¼ Sm þ SA are inde-
pendently invariant under the infinitesimal diffeomorphism

xμ → xμ þ ξμ; ð10Þ

where the generating vector field ξ is assumed to have
compact support (in particular, we require it to vanish at the
boundary of the integration domain). The infinitesimal
changes in the fields may be written in terms of the Lie
derivatives (δ → £ξ)

δφa ¼ £ξφa;

δgμν ¼ −2∇ðμξνÞ;

δAα
β ¼ ξσ∇σAα

β − Aα
σ∇σξ

β þ Aσ
β∇αξ

σ: ð11Þ

The change in the gravitational action Sg½g··� due to an
arbitrary ξμ of compact support has the form

δSg ¼
Z

d4x
ffiffiffiffiffi
jgj

p
ξν∇μGμν; ð12Þ

and requiring δSg ¼ 0 we recover the result∇μGμλ ¼ 0. The
change in the action SM ≔ Sm þ SA due to the infinitesimal
diffeomorphism has the form (after performing an integra-
tion by parts)

δSM¼1

2

Z
d4x

ffiffiffiffiffi
jgj

p
ξλ½2∇μTμλþEα

β∇λAα
β

þ∇σðEα
λAα

σÞ−∇αðEα
βAλ

βÞ−D�
aλðφ;∇ÞEa�; ð13Þ

where we have defined the quantity

Ea ≔
ffiffiffiffiffiffiffiffi
g=g

p
Ea: ð14Þ

Here, we define the linear differential operatorD�
aλðφ;∇Þ for

some field φa and connection∇ by the following expression

£ξφa ¼ Daλðφ;∇Þξλ; ð15Þ

and its Hermitian conjugate (which is also a linear differ-
ential operator)

Z
d4x

ffiffiffiffiffi
jgj

p
faDaλðφ;∇Þξλ ¼

Z
d4x

ffiffiffiffiffi
jgj

p
ξλD�

aλðφ;∇Þfa;
ð16Þ

with fa being smooth test functions of compact support. For
a scalar field ϕ, one has

Dλð·Þλ ¼ ð·Þλ∂λϕ;

D�
λð·Þ ¼ ð·Þ∂λϕ; ð17Þ

and for a one-form ωμ, one has

Dμλð·Þλ ¼ ð·Þλ∇λωμ þ ωλ∇μð·Þλ;
D�

μλð·Þμ ¼ ð·Þμ∇λωμ − ð·Þμ∇μωλ − ωλ∇μð·Þμ: ð18Þ

We note that sinceD�
μλ is a linear operator,D

�
μλf

μ vanishes if
the test function fμ vanishes everywhere. Requiring that
δSm ¼ 0 for an arbitrary ξμ of compact support, we find

2∇μTμλ ¼ −Eα
β∇λAα

β −∇σðEα
λAα

σÞ
þ∇αðEα

βAλ
βÞ þD�

aλðφ;∇ÞEa: ð19Þ

On solutions of the field equations Eα
β ¼ 0 and Ea ¼ 0, we

recover the conservation of the Einstein frame energy-
momentum tensor ∇μTμλ ¼ 0.
So far we have obtained these results for Einstein frame

variables. However, matter is assumed to be minimally
coupled to the Jordan frame metric gμν and its inverse ḡμν,
so one might expect similar results to hold with respect
to Jordan frame variables. The infinitesimal change with
respect to the Jordan frame variables may be written as

δḡμν ¼ −2∇̂ðμξνÞ;

δAα
β ¼ ξσ∇̂σAα

β − Aα
σ∇̂σξ

β þ Aσ
β∇̂αξ

σ; ð20Þ

where the Jordan frame Levi-Civita connection ∇̂ is
defined by ∇̂σgμν ¼ 0. After an integration by parts, the
variation of the matter action Sm has the form (where
T̄αβ ¼ ḡμαḡνβTμν)

δSm ¼ 1

2

Z
d4x

ffiffiffiffiffi
jgj

p
ξλð2gλβ∇̂αT̄αβ −D�

aλðφ; ∇̂ÞEaÞ; ð21Þ

and upon requiring δSm ¼ 0 for an arbitrary ξμ of compact
support, we obtain the expression

∇̂αT̄αβ ¼ 1

2
ḡλβD�

aλðφ; ∇̂ÞEa: ð22Þ

On solutions to the field equations Ea ¼ 0, one recovers the
conservation law in the Jordan frame, ∇̂αT̄αβ ¼ 0.

1A standard derivation for ordinary general relativity may be
found in Appendix E of [13].
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C. Integrating out nondynamical coupling tensors

If the coupling tensor Aα
β is nondynamical (in the sense

that it satisfies algebraic, rather than differential equations
of motion), one can integrate it out of the equations of
motion. In particular, we consider the case where Eα

β ¼ 0

is an algebraic equation for Aα
β with a unique solution of

the form

Aα
β ¼ Aα

β½φ; g··�: ð23Þ

Since the equation of motion is algebraic, one can substitute
the above solution in the action S ¼ S½g··; A·

·;φ� to obtain

S½g··;φ� ¼ S½g··; A·
·½φ; g··�;φ�; ð24Þ

Upon performing the variation of the above action S½g··;φ�,
one finds that the equations of motion have the form

Gμν ¼ TμνjAα
β¼Aα

β ; Ea ¼ 0jAα
β¼Aα

β : ð25Þ

where we have used the fact that Eγ
δjAα

β¼Aα
β ¼ 0.

The action (24) and the corresponding equations of
motion (25) do not contain Aβ

α and are equivalent to those in
the original theory. To be more precise, the set of all
solutions of (25) supplemented by (23) is the same as the
set of all solutions of (9).

D. Ricci curvature in the Jordan frame

We now consider a case in which Gμν can be written in
terms of the Ricci curvature tensor, and in which Einstein
and Jordan frame metrics are related by the following
expression

gμν ¼ ΨAα
μAβ

νḡαβ; ð26Þ

gμν ¼ Ψ−1Āα
μĀβ

νgαβ; ð27Þ

where Ψ ¼ ΨðA·
·Þ is a scalar made of Aα

μ and the non-
degenerate tensors Aα

μ and Āα
μ are inverses of each other.

Here, we follow the convention that indices are raised and
lowered exclusively with the Einstein frame metric.
A relationship between the connections may be estab-

lished by the following relationship between the connection
coefficients

Γσ
μν ¼ Γ̂σ

μν þWσ
μν; ð28Þ

where Γ̂σ
μν are the Levi-Civita connection coefficients

associated with the connection ∇̂, and the contorsion tensor
Wσ

μν takes the form

Wσ
μν ¼

1

2
gστð∇̂μgντ þ ∇̂νgμτ − ∇̂τgμνÞ

¼ Qσ
μν

τβ
α∇̂τĀα

β þQσ
μν

τ∇̂τΨ; ð29Þ

where the coefficients are given by

Qσ
μν

τβ
α ¼ Aα

σδμ
ðτδνβÞ þ 2Aα

ρgρðμδνÞ½τgβ�σ;

Qσ
μν

τ ¼ 1

2Ψ
ðδατgμν − 2δ½μτgν�αÞgσα: ð30Þ

The Ricci tensor takes the form

Rμν ¼ R̂μν þ ∇̂σWσ
μν − ∇̂μWσ

σν

þWσ
μνWτ

τσ −Wσ
μ
τWτσν: ð31Þ

Explicitly, one may rewrite the Ricci tensor as

Rμν ¼ R̂μν þ ðQσ
μν

τ − δμ
σQρ

ρν
τÞ∇̂σ∇̂τΨ

þ ðQσ
μν

τδ
γ − δμ

σQρ
ρν

τδ
γÞ∇̂σ∇̂τĀγ

δ

þMμν
δζ

ϵ
λχ

κ∇̂λĀκ
χ∇̂δĀϵ

ζ

þ Nμν
σλχ

κ∇̂λĀκ
χ∇̂σΨþ Pμν

στ∇̂τΨ∇̂σΨ; ð32Þ

with the following expressions for the coefficients (pre-
sented here for completeness)

Mμν
δζ

ϵ
λχ

κ ¼ AϵρAκτ½2δμðδδνζÞgλðχgτÞρ þ gρτδμλδνδgζχ − 2δμ
λδν

δgρðχgτÞζ þ 4δσ
τδðμρδνÞ½δgζ�ðσgχÞλ

þ gρτð2δμðχδν½ζÞgδ�λ − δμ
δδν

ðζgχÞλÞ� þ 2Qα
μ½νjλχκQ

β jβ�αδζϵ;

Nμν
σλχ

κ ¼
1

Ψ
fAκ

αδðμχgνÞαgλσ − gμνAκ
ðσgλÞχg þ 2Qα

β½ασQβ
ν�μλχκ þ 2Qα

μ½νσQβ
β�αλχκ;

Pμν
στ ¼ 1

2Ψ2
f2ðδμ½σδντ� − δμ

τδν
σÞ − gμνgτσg þ 2Qα

μ½ντQβ
β�ασ: ð33Þ

If Gμν depends exclusively on the Ricci tensor constructed
from the Einstein frame metric gμν, one can in principle use
the expression in Eq. (32) to rewrite the gravitational field
equations in terms of the metric gμν, the coupling tensor

Aα
μ, and the factor Ψ. Of course, we must point out that to

simplify the coefficients, we have lowered the second index
of the coupling tensors Aμ

α in the expression forMμν
δζ

ϵ
λχ

κ;
to rewrite the Ricci tensor in terms of Jordan frame
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quantities, one should take care to restore the indices to
their proper positions and replace gμν and gμν according to
Eqs. (26) and (27).
This expression for the Ricci curvature illustrates the

concerns brought up in [12,14]. Sharp gradients in the
energy-momentum tensor Tμν will generally induce sharp
gradients in the coupling tensor Aμ

α and its inverse Āα
μ.

Discontinuities in the coupling tensor Aμ
α will in general

lead to curvature singularities in either the Jordan or Einstein
frame Ricci tensor. In the Einstein frame, the field equa-
tions (9) contain no derivatives of Tμν, so even if there are
discontinuities in Tμν, the Einstein frame Ricci tensor does
not necessarily become singular at the surfaces of disconti-
nuity; in this way, generalized coupling theories evade the
pathologies indicated in [12,14]. On the other hand, if one
rewrites the Einstein frame equations (9) in terms of Jordan
frame variables, the equations contain singular terms; the
Jordan frame Ricci curvature R̂μν, for instance, will contain
singularities in the presence of discontinuities in Tμν, and it
is not apparent that the Einstein frame metric gμν, as
constructed from gμν and Aμ

α, yields well-behaved curvature
tensors. For this reason, it is convenient to regard the primary
gravitational degrees of freedom as being contained in the
Einstein frame metric gμν.

III. SINGULAR HYPERSURFACES AND
JUNCTION CONDITIONS

In this section we develop the formalism of singular
hypersurfaces and junction conditions for generalized cou-
pling theories. However, before jumping into the formalism
straight away, it is appropriate to first establish a physical
understanding of singular hypersurfaces and discuss our
strategy for developing the formalism. To simplify the
discussion and the formalism, we restrict our considerations
to a class of generalized coupling theories which admits an
Einstein frame, assuming that Sg½g··� is the Einstein-Hilbert
action; in this case, the theory is equivalent to general
relativity with a modified matter action.We also suppose that
Eα

β ¼ 0 is an algebraic equation for Aα
β and admits a unique

solution of the form (23).
In general relativity, singular hypersurfaces and junction

conditions are described by the Israel formalism [15,16], so
we first consider a singular hypersurface in the Einstein
frame (which is also appropriate in light of the discussion at
the end of the preceding section). Needless to say, the
hypersurface is not literally singular. Instead, we consider a
thin layer with a thickness that is sufficiently larger than the
cutoff length scale of the theory and that is sufficiently
smaller than length scales of physical interest. For any
such choices of thickness, the system can be described by
general relativity with a modified matter action. The Israel
junction condition in general relativity then implies that
the induced metric computed from the Einstein-frame
metric gμν should be continuous across the hypersurface.

On the other hand, Aβ
α given by (23) does not have to be

continuous, meaning that the induced metric in the Jordan
frame can be discontinuous. This is because the Jordan-
frame metric is an effective metric that is dressed by the
stress-energy tensor of matter fields and the stress-energy
tensor can be discontinuous across the singular hypersur-
face.2 Despite the discontinuity of the Jordan-frame metric,
the matter dynamics can be solved consistently since the
matter equations of motion can be rewritten in terms of
the continuous Einstein-frame metric [see (25)]. With this
perspective in mind, it is appropriate to first develop the
formalism for singular hypersurfaces and junctions in the
Einstein frame.

A. Variation in the Einstein frame

Upon splitting the manifold U ¼ U− ∪ Uþ into two
regions U− and Uþ separated by a codimension one
junction surface Σ, we introduce in each region the metric
g�μν (and its inverse gμν� ), the Ricci scalar R�, the cosmo-
logical constant Λ� and the unit vector nμ� normal to Σ. We
then obtain the following action,

Sg½g··� ¼
1

2κ

�Z
U−

d4x
ffiffiffiffiffiffiffiffi
jg−j

p
ðR− − 2Λ−Þ

þ
Z
Uþ

d4x
ffiffiffiffiffiffiffiffi
jgþj

p
ðRþ − 2ΛþÞ

þ ϵ

Z
Σ
d3yf2⟦

ffiffiffiffiffiffi
jqj

p
K⟧þ λμν⟦qμν⟧g

�
; ð34Þ

where λμν are Lagrange multipliers enforcing the continuity
of the induced metric [17] and the double-struck brackets
⟦⟧ indicate differences in some quantity on each side of the
junction surface Σ (for instance ⟦Q⟧ ≔ Qþ −Q−). Here,
q�μν ¼ g�μν − εn�μ n�ν and K� ¼ ∇�

α nα� are respectively the
induced metric and the trace of the extrinsic curvature on Σ
computed from each side, ∇�α is the covariant derivative
compatible with g�μν, and ε ¼ �1 is positive if the unit
normal is spacelike and negative if the unit normal is
timelike.
The action SM ¼ Sm þ SA splits in the following manner,

SM½φ; g··; A·
·� ¼

Z
U−

d4x
ffiffiffiffiffiffiffiffi
jg−j

p
LM−½φ−; g··−; A−·

· �

þ
Z
Uþ

d4x
ffiffiffiffiffiffiffiffi
jgþj

p
LMþ½φþ; g··þ; Aþ·

· �

þ
Z
Σ
d3yðL̂M;0½φ�; q··�; A

�·
· �Þ: ð35Þ

2For example, for a canonical scalar field, the stress-energy
tensor contains first derivatives of the scalar field and can be
discontinuous if there is a nontrivial potential for the scalar field
localized on the hypersurface.
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The total variation of the action S ≔ Sg þ SM, making use of Weiss variation methods [see Appendix (A19) and [17–19] for
details], has the following form,

δS ¼
Z
U−

d4x
ffiffiffiffiffiffiffiffi
jg−j

p �
Ea
−δφ

−
a þ Eμ

−νδA−ν
μ þ 1

2κ
ðG−

μν þ Λ−g−μν − κT−
μνÞδgμν−

�

þ
Z
Uþ

d4x
ffiffiffiffiffiffiffiffi
jgþj

p �
Eaþδφþ

a þ Eμ
þνδA

þν
μ þ 1

2κ
ðGþ

μν þ Λþgþμν − κTþ
μνÞδgμνþ

�

þ
Z
Σ
d3y⟦

ffiffiffiffiffiffi
jqj

p
fnμPa

μ − sagδφa −
ffiffiffiffiffiffi
jqj

p
sμνδAμ

ν þ κ−1
ffiffiffiffiffiffi
jqj

p
fGμ

ν þ Λδμν − κT̄μ
νgnμδZν

þ ϵ

2κ
f

ffiffiffiffiffiffi
jqj

p
ðKμν − Kqμν − κϵSμνÞ þ λμνgδqμν⟧þ

ϵ

2κ

Z
Σ
d3yδλμν⟦qμν⟧; ð36Þ

where we have defined the functional derivativesffiffiffiffiffiffiffiffi
jg�j

p
Ea
� ≔ δSM=δφ�

a and
ffiffiffiffiffiffiffiffi
jg�j

p
Eμ
�ν ≔ δS=δA�ν

μ , and
the energy-momentum tensor has the usual definitionffiffiffiffiffiffiffiffi
jg�j

p
T�
μν ≔ −2δSM=δg

μν
� . The following surface func-

tional derivatives have also been defined,

ffiffiffiffiffiffi
jqj

p
S�μν ≔ −2

δ

δqμν�

Z
Σ
d3yðL̂M;0½φ�; q··�; A

�·
· �Þ;

ffiffiffiffiffiffi
jqj

p
sa� ≔

δ

δφ�
a

Z
Σ
d3yðL̂M;0½φ�; q··�; A

�·
· �Þ;

ffiffiffiffiffiffi
jqj

p
sμ�ν ≔

δ

δA�ν
μ

Z
Σ
d3yðL̂M;0½φ�; q··�; A

�·
· �Þ: ð37Þ

The bulk field equations takes the form

Ea
� ¼ 0;

Eμ
�ν ¼ 0;

G�
μν þ Λ�g�μν ¼ κT�

μν: ð38Þ

The variation with respect to the Lagrange multipliers λμν
yield the Israel junction condition

⟦qμν⟧ ¼ 0: ð39Þ

If the Einstein frame boundary metric variations are
assumed to be continuous, one has the boundary field
equation (assuming ⟦λμν⟧ ¼ 0),

κ⟦
ffiffiffiffiffiffi
jqj

p
Sμν⟧ ¼ ε⟦

ffiffiffiffiffiffi
jqj

p
ðKμν − KqμνÞ⟧; ð40Þ

which may, with the help of (39), be rewritten in the trace-
reversed form

⟦Kμν⟧ ¼ κ

ε
⟦Sμν − 1

2
Sqμν⟧: ð41Þ

If the fields φa and Aμ
ν are not assumed to be continuous at

the boundary surface, in particular, if δφþ, δφ−, Aþν
μ , and

A−ν
μ are all assumed to be independent of each other, one

has the following field equations

nμ�P
a
�μ ¼ sa�;

sμ�ν ¼ 0: ð42Þ

On the other hand, if δφ and δAμ
ν are assumed to be

continuous, one has instead the surface field equations
⟦nμPa

μ − sa⟧ ¼ 0 and ⟦sμν⟧ ¼ 0.

B. Relating surface Einstein and Jordan frame
quantities

Since we have effectively two geometries on the space-
time manifold, one given by the metric gμν and the other by
gμν, it is perhaps appropriate to define the hypersurface in a
manner that is independent of the metric geometry. In
particular, one may imagine a manifold endowed with a
coordinate chart xμ, then define a hypersurface as a level
surface of some scalar function ΦðxÞ of the coordinates.
The gradient is defined as follows:

Φμ ≔ ∇μΦ: ð43Þ

The quantity Φμ is defined purely in terms of the coor-
dinates. Given a metric, one finds that Φμ (assuming it is
non-null) is dual to a normal vector in both the Jordan and
Einstein frames, providing a starting point for establishing
relationships for hypersurface geometry between the
frames.
The unit normal vector in the Einstein frame may be

defined as

nμ ≔ εαΦμ; ð44Þ

where ε ¼ �1 is positive if the unit normal is spacelike and
negative if the unit normal is timelike. The normalization
factor [equivalent to the lapse function in the (3þ 1)
formalism] is defined
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α ≔
1

ðεgστΦσΦτÞ1=2
: ð45Þ

In principle, one can choose the foliation so that α ¼ 1 in
the neighborhood of a surface. However, the choice of
foliation can be made only once; one may either choose the
foliation to set the normalization factor to unity in the
Einstein frame (α ¼ 1) or the Jordan frame (α̂ ¼ 1, where α̂
is the Jordan frame counterpart). Setting α ¼ 1 in the
Einstein frame effectively fixes the normalization factor in
the Jordan frame and vice versa.
In the Jordan frame, the lowered index normal vector

may be written as

nμ ≔ ε̂ α̂Φμ ¼ ℵnμ: ð46Þ

The quantities ε̂ and α̂ are the Jordan frame counterparts to
the quantities ε and α, and

ℵ ≔
ε̂

ε

α̂

α
¼ jεgμνnμnνj1=2 ¼ jε̂ḡμνnμnνj−1=2; ð47Þ

where the last two equalities are obtained by con-
tracting (46).
In the Jordan frame, one must distinguish between the

lowered index normal vector nν and the raised index
normal vector n̄μ, which we write as

n̄μ ≔ ḡμνnν

¼ Ψ−1gστĀμ
σĀν

τnν; ð48Þ

again following the convention that indices are raised and
lowered exclusively with the Einstein frame metric gμν.
The induced metric in the Einstein frame may be

rewritten in terms of the Jordan frame quantities as

qμν ¼ gμν − εnμnν

¼ Ψ−1Āσ
ρĀτ

λ½δρμδλνqστ þ Δρλ
μνnσnτ�; ð49Þ

where qμν ≔ gμν − ε̂nμnν, and

Δρλ
στ ≔ ε̂δρσδ

λ
τ − εℵ−2ΨAσ

ρAτ
λ: ð50Þ

Similarly, the inverse induced metric may be written as

qμν ¼ gμν − εnμnν

¼ ΨAσ
ρAτ

λ½δρμδλνq̄στ − Δρλ
μνn̄σn̄τ�; ð51Þ

and the projection operator as

qμν ¼ δν
μ − εnμnν

¼ pμν þ Aτ
σĀμ

λΔρ
ρλ

σn̄
τnν; ð52Þ

where pμν ≔ δν
μ − ε̂n̄μnν.

The Jordan frame extrinsic curvatureKμν is given by the
expression

Kμν ¼ ∇̂μnν − ε̂nμaν; ð53Þ

where the Jordan frame acceleration vector aμ is related to
the Einstein frame acceleration vector aμ according to
(noting that the Jordan frame lapse function satisfies
jα̂j ¼ jℵαj)

aμ ¼ −ε̂pνμ∇ν lnðℵαÞ
¼ ε̂εaμ þ ε̂Aτ

σĀν
λΔρ

ρλ
σn̄

τnμ∇να − ε̂pνμ∇ν lnℵ: ð54Þ

The extrinsic curvature tensors in the Einstein and Jordan
frames may be related by the following expression

ℵKμν ¼ εKμν − εWσ
μνnσ − εðnνδμ

τ − nμpτνÞ∇τ lnℵ

þ εε̂nμnνAα
σĀτ

λΔρ
ρλ

σn̄
α∇τα: ð55Þ

One may choose a gauge such that the Einstein frame
metric has the Gaussian normal form, in which the lapse
function is unity (α ¼ 1). The extrinsic curvature then
simplifies to

ℵKμν ¼ ε½Kμν −Wσ
μνnσ − ðnνδμ

τ − nμpτνÞ∇τ lnℵ�: ð56Þ

One can use Eqs. (46), (49), (52), and (56) to rewrite
Einstein frame surface quantities in terms of Jordan frame
quantities.

C. Junction conditions in the Jordan frame

Recalling that the junction condition (39) implies con-
tinuity of the Einstein frame induced metric ⟦qμν⟧ ¼ 0, one
obtains the condition [making use of Eq. (51)]

⟦ΨAσ
ρAτ

λðδρμδλνq̄στ − Δρλ
μνn̄σn̄τÞ⟧ ¼ 0: ð57Þ

The difference in the extrinsic curvature across the surface
may be written as

⟦Kμν⟧ ¼ ⟦εℵ−1Kμν − nσWσ
μν − 2nðμ∇νÞ lnℵ

− ε̂nμnνn̄τ∇τℵ⟧; ð58Þ

which may be used in conjunction with ⟦qμν⟧ ¼ 0 and
Eq. (41) to obtain the junction conditions in the Jordan
frame. Though Eq. (58) contains derivatives of the Jordan
frame metric and ℵ, it remains well defined for disconti-
nuities in these quantities so long as the derivatives of the
metric have a well-defined limit on each side of the junction
surface. One expects this to be the case as far as the
geometry in each side of the junction surface is regular.
In an appropriate gauge, the junction conditions on the

coupling tensor Aμ
α and the factor Ψ simplify. Given the
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junction condition (39), one may choose a gauge in which
the Einstein frame metric gμν and its inverse gμν are
continuous across the junction surface. The junction con-
ditions for the Jordan frame metric and inverse are given by

⟦gμν⟧ ¼ ⟦ΨAμ
αAν

β⟧gαβ;

⟦ḡμν⟧ ¼ ⟦Ψ−1Āμ
αĀν

β⟧gαβ; ð59Þ

with the differences in the coupling tensor Aμ
α and its

inverse Āμ
α across the junction surface being determined by

differences in the energy-momentum tensor Tμν by way of
the field equations Eμ

�ν ¼ 0 (38).

IV. THE MEMe MODEL

A. Action and field equations

We now consider a specific instance of a generalized
coupling theory, termed the MEMemodel, which is defined
by the action

S½φ; g··; A·
·� ¼

Z
d4x

�
½R − 2Λ̃� ffiffiffiffiffiffi

−g
p

þ 2κ

�
Lm½φ; ḡ··� −

λ

κ

� ffiffiffiffiffi
jgj

p 	
; ð60Þ

where the Jordan frame metric gαβ is defined as (with
A ≔ Aσ

σ)

gμν ¼ eð4−AÞ=2Aμ
αAν

βgαβ; ð61Þ

and Λ̃ ¼ Λ − λ. Unless stated otherwise, indices are raised
and lowered using the metric gμν and gμν. Defining the
parameter

q ≔
κ

λ
; ð62Þ

the equation of “motion” for Aμ
α takes the following form

Aβ
α − δβ

α ¼ q½ð1=4ÞTAβ
α −Tβνḡαν�; ð63Þ

where Tμν is the energy-momentum tensor defined by

the functional derivative of
R
Lm½φ; ḡ··�

ffiffiffiffiffijgjp
d4x, and

T ≔ ḡμνTμν. The trace of Eq. (63) implies A ¼ Aσ
σ ¼ 4.

The gravitational equations are (setting A ¼ 4)

Gμν þ ½Λ − λð1 − jAjÞ�gμν ¼ κjAjĀα
μĀβ

νTαβ; ð64Þ

where jAj ¼ detðA·
·Þ.

As discussed in [2], we note that if jAj vanishes, the
gravitational equation becomes

Gμν ≈ ðλ − ΛÞgμν: ð65Þ

If q < 0, then one effectively has a de Sitter vacuum and
requiring that κjqj ≪ 1, λ dominates and one has a large
cosmological constant. Such behavior is of astrophysical
interest since it may permit the existence of gravastarlike
black hole mimickers [8,10] without requiring a false
vacuum—as we shall see shortly, a sufficiently high density
is all that is required.

B. Perfect fluid solution

Equation (63) can be solved exactly for a single perfect
fluid. The fluid four-velocities uμ are constructed from the
gradients of the potentials, so it is appropriate to regard uμ
to be the metric-independent fluid variables; the energy-
momentum tensor for the fluid takes the form

Tμν ¼ ðρ̂þ p̂Þuμuν þ p̂gμν; ð66Þ

where T ≔ ḡμνTμν ¼ 3p̂ − ρ̂. Note that while
ḡμνuμuν ¼ −1, gμνuμuν ≠ −1 in general. Defining
z ≔ −uσuσ , one can rescale the four-velocity

Uμ ≔ uμ=
ffiffiffi
z

p
; ð67Þ

and it follows that uμuν ¼ zUμUν.
One can show that for a perfect fluid, the following is a

solution for (63)

Aμ
α ¼ Yδμα − 4ð1 − YÞUμUα; ð68Þ

Y ¼ 4ð1 − p̂qÞ
4 − qð3p̂ − ρ̂Þ : ð69Þ

The determinant of Aμ
α may be written as

jAj ¼ Y3ð4 − 3YÞ ¼ 256ð1 − p̂qÞ3ðqρ̂þ 1Þ
½4 − qð3p̂ − ρ̂Þ�4 : ð70Þ

Note that for q < 0, jAj vanishes at a critical density
jqjρ̂ ¼ 1, and that for q > 0, jAj vanishes at a critical
pressure qp̂ ¼ 1. The Jordan metric takes the form

gμν ¼ Y2gμν − 8ðY − 2ÞðY − 1ÞUμUν: ð71Þ

From Eqs. (69) and (71), one can see explicitly that
discontinuities in the fluid density ρ̂ and/or pressure p̂
will generally produce discontinuities in Y and the metric
(though we will discuss one exception below).
The gravitational equation (64) can be written in the form

Gμν ¼ κTμν; ð72Þ

where Tμν is the effective energy-momentum tensor
defined by
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Tμν ¼ ðρþ pÞUμUν þ pgμν; ð73Þ

and the effective density ρ and pressure p have the form

ρ ¼ jAjðp̂þ ρ̂Þ − p;

p ¼ jAjðp̂q − 1Þ þ 1

q
−
Λ
κ
: ð74Þ

In terms of ρ and p, one may write

Y ¼ 4ðϑ0 − pqÞ
4ϑ0 − qð3p − ρÞ : ð75Þ

where ϑ0 is the following constant

ϑ0 ¼ 1 − Λ=λ: ð76Þ

More generally, one can show that for a transformation
of the form (with Φ being an arbitrary factor),

ρ0 ¼
�
Φð1þ qρÞ − 1

q

�
þ Ξ;

p0 ¼
�
Φðpq − 1Þ þ 1

q

�
− Ξ;

ϑ0 ¼ Φðϑ − 1Þ þ 1 − qΞ; ð77Þ

the functional form of the following quantity is preserved

Y ¼ 4ðϑ − qpÞ
4ϑ − qð3p − ρÞ ¼

4ðϑ0 − qp0Þ
4ϑ0 − qð3p0 − ρ0Þ ¼ Y 0: ð78Þ

One recovers the transformation (74) by

Φ ¼ jAj; Ξ ¼ Λ
qλ

; ϑ ¼ 1: ð79Þ

C. Jordan frame dust

For later use, we obtain the equation of state for an
effective fluid in the Einstein frame for a Jordan frame dust
fluid. For simplicity, consider the case where Λ ¼ 0.
For the Jordan frame dust fluid, one has ρ̂ ¼ 0 so that
under the transformations (74) and (76), one has in the
Einstein frame

ρ ¼ jAjð1þ qρ̂Þ − 1

q
; p ¼ 1 − jAj

q
; ϑ0 ¼ 1: ð80Þ

The second expression yields jAj ¼ 1 − qp. One uses these
expressions and (75) to relate jAj and Y

Y ¼ 4jAj
1þ 3jAj þ qρ

; qρ ¼ jAj2
Y4

− 1; ð81Þ

where we have used jAj ¼ Y3ð4 − 3YÞ [see Eq. (70)] to
derive the second relation from the first one. The above
may be rewritten

16
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ qρ

p
¼ ð1þ 3jAj þ qρÞ2

jAj ; ð82Þ

which may be solved for jAj to obtain

jAj ¼ X
9
½8þ 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 3X

p
− 3X�; ð83Þ

where X ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ qρ

p
. Combined with the expression

jAj ¼ 1 − qp, Eq. (83) yields an equation of state pðρÞ

p ¼ 1

q
þ X
9q

½3X − 8 − 4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 3X

p
�: ð84Þ

For qρ ≪ 1, the effective sound speed is given by

v2e ≔
∂p
∂ρ ¼ 3

4
qρþOð½qρ�2Þ: ð85Þ

D. Singular hypersurfaces and junctions in the
MEMe model

In the MEMemodel, the junction conditions of Sec. III C
may be written in a simplified form for a single fluid under
a slight (but physically reasonable) restriction. Here, we
assume also the Gaussian normal gauge in the Einstein
frame, as well as the continuity of the Einstein frame metric
gμν and fluid four-velocity Uμ. The lapse ratio ℵ may be
written as

ℵ2 ¼ ε̂ð4 − 3YÞ2Y2

εð4 − 3YÞ2 þ 8U2⊥ðY − 2ÞðY − 1Þ ; ð86Þ

and the raised Jordan frame normal vector takes the form

n̄μ ¼ ℵðð4 − 3YÞ2nμ þ 8U⊥ðY − 2ÞðY − 1ÞUμÞ
ϵð4 − 3YÞ2Y2

; ð87Þ

where

U⊥ ≔ nμUμ: ð88Þ

The quantity U⊥ vanishes when the fluid four-velocity is
tangent to the junction hypersurface. This latter condition is
equivalent to its counterpart in the Jordan frame; it is
straightforward to show that U⊥ ¼ 0 if ḡμνnμuν ¼ 0.
Physically, this corresponds to the condition that no fluid
passes into or out of the hypersurface.
In the limit U⊥ ¼ 0, and assuming ε ¼ ε̂ ¼ 1 (which

specifies no signature change of the normal vector between
spacelike Einstein and Jordan frame normal vectors), one
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has ℵ2 ¼ Y2. In this same limit, we note that the raised
index Jordan frame normal vector simplifies to n̄μ ¼
Y−1nμ. When U⊥ ¼ 0, the Jordan frame projection tensor
coincides with the Einstein frame projection tensor

pμν ¼ qμν: ð89Þ

The induced metric for U⊥ ¼ 0 has the form

qμν ¼ ð2Y − 1Þqμν þ 8ðY − 1ÞUμUν; ð90Þ

and the inverse induced metric becomes

qμν ¼ qμν

Y2
þ 8ϵUμUνðY − 2ÞðY − 1Þ

Y2ð4 − 3YÞ2 : ð91Þ

The junction condition (39) implies continuity of qμν and
qμν, which leads to the Jordan frame expressions

⟦Y2qμν⟧ ¼ ⟦ 8ϵðY − 2ÞðY − 1Þ
ð4 − 3YÞ2 ⟧UμUν;

⟦ qμν
ð2Y − 1Þ ⟧ ¼ ⟦ 8ðY − 1Þ

ð2Y − 1Þ ⟧UμUν: ð92Þ

Note that we have adopted the Gaussian normal gauge in
the Einstein frame and assumed that gμν and Uμ are
continuous across the junction hypersurface. We therefore
find that the discontinuity in the induced metric is propor-
tional to the outer product of the fluid-four velocity.
The extrinsic curvature relation (56) in this limit

becomes,

Y2Kμν ¼ YKμν − 16ðY − 2ÞðY − 1ÞnσUðμ∇½νÞUσ�
− ðYqμν þ 4ð3 − 2YÞUμUνÞnσ∇σY: ð93Þ

One may then rewrite the junction condition (41) as the
following,

⟦Kμν

Y
⟧ ¼ Ŝ1nαUðμ∇½νÞUα� þ Ŝ2UμUν þ Ŝ3qμν

þ κ⟦Sμν −
1

2
Sqμν⟧; ð94Þ

where the following scalar quantities are defined as

Ŝ1 ≔ ⟦ 16ðY − 2ÞðY − 1Þ
Y2

⟧;

Ŝ2 ≔ ⟦ 4ð3 − 2YÞnσ∇σY
Y2

⟧;

Ŝ3 ≔ ⟦ n
σ∇σY
Y2

⟧: ð95Þ

Equations (94) and (95) establish the junction conditions
for the MEMe model in the Jordan frame, under the

assumption that the fluid does not cross the junction
hypersurface and that the hypersurface is timelike in both
the Einstein and Jordan frames. We note that the term
containing the factor Ŝ1 vanishes in the absence of vorticity
inUμ. The respective quantities Ŝ2 − Ŝ3 and Ŝ3 may then be
thought of as surface energy and stresses, which are both
dependent on the normal derivative of Y. As we remarked
in the general case, the derivatives of discontinuous
quantities (in this case, the normal derivative of Y) may
be of concern. However, if nσ∇σY has a well-defined limit
on each side of the junction hypersurface, the quantities Ŝ2
and Ŝ3 remain well defined, and (assuming that no addi-
tional constraints are introduced at the surface) there is
nothing particularly pathological about Eqs. (94) and (95);
they provide a rather straightforward correspondence
between the Einstein and Jordan frame junction conditions
in the MEMe model (keeping in mind the aforementioned
assumptions).
In general, discontinuities in the fluid density and

the pressure will induce discontinuities in Y, so that the
quantities Ŝ1, Ŝ1, and Ŝ1 contribute nontrivially to the
junction condition (94). However, we wish to point out
here one exception. Recall the transformation (74), setting
Ξ ¼ 1 − ϑ ¼ 0 [corresponding to Λ ¼ 0 and thus ϑ0 ¼ 1 in
(74) and (76)] for simplicity. Now consider a surface
located at some coordinate value r ¼ r0, and assume a
uniform density ρ̂0 and pressure p̂0 for r < r0. A general
Y-preserving transformation of the density and pressure of
the form in (77) (applied to the Jordan frame quantities)
may be written as

ρ̂0 ¼ ρ̂0 þ ð1þ qρ̂0Þc;
p̂0 ¼ p̂0 − ð1 − qp̂0Þc; ð96Þ

where c ¼ ðΦ − 1Þ=q is an arbitrary factor. Considering
ρ̂0 and p̂0 as the Jordan frame energy density and
pressure in the region r > r0 or inside the thin layer
corresponding to the junction hypersurface, this trans-
formation provides a condition for both the Einstein and
Jordan frame metrics to be continuous. As for the jumps, ρ̂
and p̂ satisfying the following expression are permitted by
this condition

⟦p̂⟧
⟦ρ̂⟧

¼ −
1 − qp̂0

1þ qρ̂0
: ð97Þ

As for singular hypersurfaces in the absence of
other matter (assuming Uμ∇μr ¼ uμ∇μr ¼ 0), both
metrics are continuous when the comoving surface
energy density ρ̂s and isotropic surface stress σ̂s satisfy
ρ̂s ¼ −σ̂s.
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V. SHARP GRADIENTS

A. Static case

In general, we have seen that in the MEMe model, the
Jordan frame metric tensor is not continuous in the
presence of sharp boundaries and/or singular hypersurfaces
unless the pressure and density satisfy certain constraints a
t the surface. However, the junction conditions seem to
indicate that no pathologies appear so long as the deriv-
atives of the discontinuous quantities have well-defined
limits on each side of the hypersurface.
One might wonder whether the formalism developed

thus far suffices. In particular, discontinuities in the metric
components may be regarded as approximating sharp
gradients. One might wonder if the backreaction from
sharp gradients in the metric contribute significantly to the
behavior of the fluid.
To examine this question, we consider a fluid with a given

density profile containing a sharp gradient and solve the
Tolman-Oppenheimer-Volkoff (TOV) equation in the
Einstein frame. By way of the transformations presented
earlier, one may obtain the corresponding profiles in the
Jordan frame. We consider here a static, spherically sym-
metric geometry, described by a line element of the form,

ds2 ¼ −fðrÞdt2 þ hðrÞdr2 þ r2dΩ2; ð98Þ

where dΩ2 ¼ dθ2 þ sin2ðθÞdϕ2 is the line element for the
2-sphere. Since the metric is diagonal, and the system is
static, then from Eq. (71) it follows that if the four-velocity
Uμ is proportional to ∂=∂t (as one requires from staticity),
then the spatial part of the metric is rescaled by a factor of
Y2. The areal radius r in the Einstein frame is then related to
the areal radius r in the Jordan frame by

r ¼ Yr: ð99Þ

We consider a spherically symmetric density profile of the
following form in the Einstein frame (with r being the areal
radius)

ρ ¼ 1

2
ρ0

�
1 − erf

�ðr − R0ÞðR0 þ rÞ
rσ

��
; ð100Þ

which is mostly constant for r < R0 and mostly zero for
r > R0, with r being areal radius, and ρ0 ¼ 4πm0=R3

0. The
density profile nearR0 is plotted in Fig. 1. The derivative of ρ
is controlled by the boundary thickness parameter σ,

dρ
dr

����
r¼R0

¼ −
2ρ0ffiffiffi
π

p
σ
: ð101Þ

To obtain the corresponding pressure profile in the
Einstein frame, one may solve the (TOV) equation

dp
dr

¼ −ðρþ pÞ
�
mðrÞ þ 4πr3p
ðr − 2mðrÞÞr

�
; ð102Þ

where mðrÞ is given by

mðrÞ ¼
Z

r

0

ρðr̃Þr̃2dr̃: ð103Þ

Since the density in (100) is approximately uniform, the
central pressure is given by

pc ≈ ρ0

�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2m0=R0

p
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2m0=R0

p
− 1

�
: ð104Þ

We solve Eqs. (102) and (103) for the pressure and
mass profiles numerically, with the parameters R0 ¼ 10,
σ ¼ 1=10, and m0 ¼ 1, with the density ρ0 ¼ 4πm0=R3

0.
The results are presented in Figs. 2 and 3.
Of course, ρ and p are Einstein frame quantities. The

corresponding Jordan frame quantities may be obtained
from Eqs. (69), (70), (74), and the areal radius r in the
Jordan frame is given by Eq. (99). For small q, r ≈ r. We
choose q ¼ −2π=3 ≈ −2.094, which corresponds to setting
qρ̂0 ¼ −5 × 10−4, and plot the differences between Jordan
frame and Einstein frame profiles in Figs. 4 and 5 with
respect to the Jordan frame areal radius r. We find that the
difference profiles for the density and pressure in Figs. 4
and 5 are flipped with respect to each other, and have steep
(but smooth) gradients near r ≈ 10. Here, we see that the
differences between the Jordan frame densities and pres-
sures are small compared to their Einstein frame counter-
parts (note also that the Jordan frame pressure is higher than
the Einstein frame pressure), so the Jordan frame does not
introduce a violation of energy conditions. We also find that
the differences in Einstein and Jordan frame density and

5 10 15 20
r

0.2

0.4

0.6

0.8

1.0

FIG. 1. Density profile given by Eq. (100) for the parameters
R0 ¼ 10, σ ¼ 1=10, and m0 ¼ 1, with ρ0 ¼ 4πm0=R3

0. The
region near R0 ¼ 10 is plotted here, since away from R0, ρ is
approximately constant.
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pressure profiles are roughly on the order of qρ̂, as one
might expect.
Finally, we plot the quantity Y in Fig. 6, which para-

metrizes the differences between the Einstein and Jordan
frame metrics. The results obtained here are solutions to the
gravitational equation (64) and its divergence in the Einstein
frame, which supplies the continuity equation used to derive
the TOV equation. In the Einstein frame, there is nothing
particularly pathological about the solution; dynamically, our
result may be thought of as a solution to the Einstein
equation for a fluid with a modified equation of state. On the
other hand, the results here illustrate the earlier observation
that discontinuities in the matter density profile lead to
discontinuities in the Jordan frame metric. Though one
might expect sharp gradients to generate a strong back-
reaction effect on the matter, any backreaction has already
been accounted for since we have obtained a solution to the
full set of nonlinear equations.
On the other hand, one might expect geodesics in the

Jordan frame metric to experience large accelerations in the
presence of large gradients in the matter distribution.
However, large accelerations do not necessarily lead to

strong effects since such accelerations occur only in a very
narrow region and all relevant physical quantities integrated
over the thin layer are finite. To see this, we consider the
behavior of geodesics in the line element (98), which are
characterized by the invariants

l ¼ gμ3
dxμ

dτ
¼ r2 _ϕ;

e ¼ gμ0
dxμ

dτ
¼ f_t; ð105Þ

where l corresponds to an angular Killing vector, and e
corresponds to a timelike Killing vector. The overdot
denotes the derivative with respect to the proper time τ.
One may rewrite the equation for e as (assuming geodesics
in the equatorial plane)

1

2
_r2 þ VðrðrÞÞ ¼ 0; ð106Þ

VðrÞ≔ 1

2

�
1−

e2fðrÞ
16− ½24− ðfðrÞ2þ8ÞY�Yþ l2

Y2r2

	
; ð107Þ
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FIG. 3. Pressure for the parameters R0 ¼ 10, σ ¼ 1=10, and
m0 ¼ 1. (a) is the profile in the domain [0, 20] and (b) is the
profile in the domain [9.5, 10.5].
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FIG. 2. Mass function for the parameters R0 ¼ 10, σ ¼ 1=10,
and m0 ¼ 1. (a) is the profile in the domain [0, 20] and (b) is the
profile in the domain [9.5, 10.5].
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where _r ¼ Y
ffiffiffiffiffiffiffiffiffi
hðrÞp

_r is the time derivative with respect to
proper radius r in the Jordan frame [with rðrÞ defined
implicitly by the differential expression dr ¼ Y

ffiffiffiffiffiffiffiffiffi
hðrÞp

dr].
From the above, one can obtain an effective radial force per
unit mass F ¼ −Y−1hðrÞ−1=2∂rVðrÞ. While the large gra-
dients in YðrÞ generate spikes in the profile for the effective
force per unit mass F, the jump in the effective potential is
proportional to the jump in Y; this indicates that for
particles crossing the strong gradient region, a small jump
in Y will correspond to a small change in energy, despite the
large forces involved. This behavior is illustrated in Fig. 7
for radial geodesics in our numerical solution of the TOV
equation. In the plots, we see that for negative q, we see an
increase in magnitude for the effective force (for positive q,
the magnitude decreases for a range of values for the
gradients), and is directed toward r ¼ 0. However, the
effective potential only exhibits a modest jump near r ¼ 10.
It is perhaps appropriate to consider more realistic

parameter choices. One can expand the Jordan frame
metric [given by Eqs. (69) and (71)] to leading order in qρ̂0,

gμν ¼ gμν − qρ̂0
ðρ̂þ p̂Þ

ρ̂0

�
1

2
gμν þ 2uμuν

�
þOð½qρ̂0�2Þ:

ð108Þ

The highest-energy densities probed to date in particle
accelerators are 1–2 orders of magnitude higher than those
in neutron stars; a density scale 1=jqj two orders of
magnitude higher than the neutron star density
(∼0.4 GeV=fm3) is consistent with collider data [20,21].
If this is the case, then a neutron star with a sharp boundary
will contribute a rather large discontinuity of order jqðρ̂þ
p̂Þj ∼ 10−2 in the metric, which would lead to observable
effects—one might, for instance, expect an additional
heating (assuming q < 0) of neutron star crusts from
particles which pass through the crust on the order of
10−2 times the particle rest mass. For such large values of q,
one might expect such effects to be observable in
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0.00000

(b)

FIG. 4. Differences between Jordan and Einstein frame density
profiles for the parameters R0 ¼ 10, σ ¼ 1=10, m0 ¼ 1, and
q ¼ −2π=3, plotted with respect to the Jordan frame areal radius
r. (a) is the profile in the domain [0, 20] and (b) is the profile in
the domain [9.5, 10.5].
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FIG. 5. Differences between Jordan and Einstein frame pres-
sure profiles for the parameters R0 ¼ 10, σ ¼ 1=10, m0 ¼ 1, and
q ¼ −2π=3, plotted with respect to the Jordan frame areal radius
r. (a) is the profile in the domain [0, 20] and (b) is the profile in
the domain [9.5, 10.5].
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astrophysical phenomena, the neutrino cooling of neutron
stars, for instance [22,23]. The absence of such an effect
can place strong constraints on the parameter q.

B. Dynamical case

To understand the behavior of sharp density gradients in
a dynamical situation, we consider the problem of pressur-
eless collapse, like that of Oppenheimer-Snyder. It is
appropriate to consider the problem in Painlevé-
Gullstrand like coordinates, which are for the (exterior)
Schwarzschild metric adapted to a class of observers free
falling from rest at infinity. We consider a line element of
the form

ds2 ¼ −ðα2 − β2Þdt2 þ 2βdtdrþ dr2 þ r2dΩ2: ð109Þ

In the Einstein frame, the lowered index fluid four-velocity
is parametrized as

u· ¼ ðut; v; 0; 0Þ; ð110Þ

where ut is determined by uμuμ ¼ −1, and v ¼ vðt; rÞ
provides a measure of the radial velocity of the fluid
relative to the unit vector normal to constant t surfaces,

which in the original Painlevé-Gullstrand metric corre-
sponds to free-falling observers from rest at infinity (the
four-velocity which are recovered when v → 0). To sim-
plify the analysis, we consider a parametrization in which
the initial velocity profile vanishes; in particular, we set
vð0; rÞ ¼ 0. The Einstein equations then yield the follow-
ing constraint equations for the metric components at t ¼ 0

∂rα ¼ 0;

∂rβ ¼ −
β

2r
þ κr

α2ρ

2β
; ð111Þ

so that α becomes independent of r for the specified initial
data. The constraint equations provide an interpretation for
v ¼ vðt; rÞ. If ∂rα ¼ 0 and vð0; rÞ ¼ 0, the acceleration
vector aμ ¼ uσ∇σuμ takes the form

(a)

(b)

FIG. 6. Differences between Jordan and Einstein frame profiles
for the quantity Y in terms of the Einstein frame areal radius r.
(a) is the profile in the domain [0, 20] and (b) is the profile in the
domain [9.5, 10.5].

(a)

(b)

FIG. 7. In (a), the effective potential VðrÞ (107) for geodesics is
displayed, with the parameter choices R0 ¼ 10, σ ¼ 1=10,
m0 ¼ 1, and q ¼ −2π=3, with e ¼ 1 and l ¼ 0 for the respective
energy and angular momentum parameters. In (b), the effective
force per unit mass F is displayed. These plots are displayed in
terms of the Einstein frame areal radius r, since it differs mildly
from the proper radius r for our parameter choices (one can verify
that Y

ffiffiffiffiffiffiffiffiffi
hðrÞp

≈ 1), so these plots still capture the qualitative
behavior of the effective potential and force.
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a· ¼ ð0; _v=α; 0; 0Þ: ð112Þ

For the initial data choice vð0; rÞ ¼ 0, the time derivative of
the velocity _v determines the radial acceleration of the fluid.
The evolution equations take the form

_α ¼ α

2β
½2_β − κα2rðρþ pÞ�; ð113Þ

∂r
_β ¼

_β

4

�
2κα2rρ
β2

−
2

r

�
−
ðκα2r2p − β2Þðκα2r2ρ − 3β2Þ

4r2β2

þ β∂2
rβ: ð114Þ

Note that Eq. (114) does not determine _β directly, but is a
differential equation for _β dependent on boundary
conditions.
The conservation of the energy-momentum tensor

∇μTμν ¼ 0 yields the time derivative of the fluid density

∂tρ − β∂rρ ¼ ðρþ pÞðκr2α2ρþ 3β2Þ
2rβ

: ð115Þ

For the unit vector nμ normal to constant t surfaces, one can
construct the operator αnμ∂μ ¼ ∂t − β∂r; the left-hand side
of Eq. (115) is proportional to the derivative of ρ along nμ.
The conservation of the energy-momentum tensor∇μTμν¼0

also yields the time derivative of the radial velocity

_v ¼ −
α

ρþ p
∂rp: ð116Þ

We see here that the presence of a sharp density gradient in
the effective pressure generates large accelerations in the
radial velocity. FromEqs. (69), (70), and (74), one can obtain
the following expression in terms of the Jordan frame fluid
quantities ρ̂ and p̂

∂rp ¼ jAjY
�
3qðρ̂þ p̂Þ∂rρ̂

4ð1þ qρ̂Þ þ ð1þ qρ̂Þ∂rp̂
1 − qp̂

�
; ð117Þ

and it follows that for finite jqj and densities below the critical
density jqρ̂j ¼ 1, large gradients in the Jordan frame density
will generate large gradients in theEinstein frame pressurep.
Large gradients in the density and pressure then yield large
values for _v in the vicinity of the gradient. From Eq. (112), it
follows that large pressure and density gradients in the Jordan
frame generate large accelerations in the Einstein frame.
In the case of a pressureless dust fluid, one has

∂rp ¼ jAjY 3qρ̂∂rρ̂

4ð1þ qρ̂Þ : ð118Þ

If jAjYρ̂ > 0 (assuming jqρ̂j ≪ 1), the relative sign
between the density and pressure gradients, and conse-
quently the sign of _v, are determined by the sign of q. For

negative q, _v will have the same sign as the density
gradient, and for positive q, _v will have the opposite sign
as the density gradient. For a spherically symmetric
compact matter distribution with a monotonically decreas-
ing density, this suggests a compressive force for q < 0,
which becomes strong near sharp boundaries. If the matter
density is not monotonic in the radius, one can have
nontrivial behavior for q < 0. A thick shell of spherically
symmetric dust will, for instance, become compressed into
a thin shell, and dips in an otherwise uniform dust density
profile will widen. This behavior also applies near the
critical density for negative q, even when including
pressure in the Jordan frame; in the limit jqρj → 1, the
density gradient dominates in Eq. (117) (it is not divergent,
since jAj contributes a factor ð1þ qρ̂Þ). On the other hand,
for jqρ̂j ≪ 1, the pressure gradient in Eq. (117) dominates,
so for realistic matter models well below the critical
density, the aforementioned effects are overwhelmed by
pressure gradients.

VI. FINAL REMARKS

In this paper, we have developed the formalism to treat
singular hypersurfaces and junction conditions in general-
ized coupling theories. In particular, junction conditions
were obtained with a variational approach. Such an
approach facilitates the derivation of the junction condi-
tions and clarifies the dependence of the junction con-
ditions on the assumed properties of the field at the junction
surface. We have argued that the Einstein frame is funda-
mental, and with that viewpoint in mind, we employed the
strategy of first deriving the junction conditions in the
Einstein frame, then translating them into Jordan frame
variables. A primary motivation for the development of the
formalism stems from the observation (which we pointed
out in [11]) that the mixing of the spacetime and matter
degrees of freedom in the Jordan frame can lead to spurious
discontinuities in the metric—in particular, discontinuities
in the energy-momentum tensor lead to discontinuities in
the Jordan frame metric in GCTs. Nevertheless, we found
that as long as the Einstein frame metric is continuous
(taking the view that the Einstein frame is fundamental), the
dynamics for the matter and auxiliary fields can be solved
consistently.
The formalism we developed for junctions has been

applied to the case of spherically symmetric matter dis-
tributions containing sharp gradients in the context of the
MEMe models. In particular, we solved the TOV equation
and, using Painlevé-Gullstrand like coordinates, we studied
Oppenheimer-Snyder collapse.
In the first case, we found that discontinuities in the

matter distribution only generate singularities in the Jordan
frame picture, whereas, in the Einstein frame one, all
equations are regular. Indeed in this case one can conclude
that in a neutron star, a sharp boundary would lead to
observable effects, e.g., expect an additional heating of
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neutron star crusts from incident particles on the order of
10−2 times the rest mass of the incident particles if the
absolute value of the parameter q is as large as the
maximum value allowed by the current experimental upper
bound. These effects are in principle measurable (in
observations of neutrino cooling of neutron stars, for
instance) and could lead to tighter constraints on the
parameter q.
In the dynamical case, instead, we find that during

the initial stages of Oppenheimer-Snyder collapse, the matter
distribution is subject to an effective force that depends on
the matter distribution other than the value of the parameter
q. This force tends to compress a matter distribution with a
monotonically decreasing density profile, particularly near
the boundary. This result suggests some possible interesting
differences in the dynamics of gravitational collapse.
If the density is not monotonic, the net effect is to

accentuate over-densities and under-densities in the matter
distribution when one is near the critical density. This result
has consequences at cosmological level. In particular, since
in the matter era the density of matter is far from the critical
density, cosmological structure formation in the context of
MEMe does not differ significantly from the one in GR.
This result, in turn, would imply that the MEMe model is
not able to account for cosmological dark matter. Further
analysis of this problem, and in particular a complete
analysis of the formation of structures in the context of the
MEMe model, will lead to further insight into the actual
mechanism of structure formation in this context.
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APPENDIX: VARIATION OF THE
GRAVITATIONAL ACTION

To obtain the variation of the gravitational action, one
should write it in the form,

SG½g··� ¼
1

2κ

�Z
U
d4x

ffiffiffiffiffi
jgj

p
ðR − 2ΛÞ þ 2ε

Z
Σ
d3y

ffiffiffiffiffiffi
jqj

p
K

�
;

ðA1Þ

where the surface Σ ¼ ∂U is a limiting surface of a
foliation, so that the vector field nμ can be defined in a
neighborhood of Σ. The full (Weiss [18,19]) variation of
Eq. (A1), including displacements of the boundary, takes
the form

δSG ¼ 1

2κ

�Z
U
d4x

ffiffiffiffiffi
jgj

p
fðGμν þ ΛgμνÞδgμν þ gμνδRμνg

þ ε

Z
Σ
d3y

ffiffiffiffiffiffi
jqj

p
fðR − 2ΛÞnμδZμ þ 2ΔK

− KqμνΔqμνg
�
; ðA2Þ

where δZμ is the variation of the embedding functions
ZμðyÞ of the junction hypersurface [17], Δ corresponds to
the change in the quantity accounting for boundary dis-
placements. It is not too difficult to show that (with the
understanding that the raising and lowering of indices on
the variation of connections occurs after the variation is
performed)

gμνδRμν ¼ ∇μðδμανσgσβδΓν
αβÞ

¼ ∇μðδΓμσ
σ − δΓσμ

σÞ; ðA3Þ

with

δμανσ ≔ δμνδ
α
σ − δμσδ

α
ν: ðA4Þ

The variation of the action becomes

δSG ¼ 1

2κ

�Z
U
d4x

ffiffiffiffiffi
jgj

p
ðGμν þ ΛgμνÞδgμν

þ ε

Z
Σ
d3y

ffiffiffiffiffiffi
jqj

p
fðδμανσgσβδΓν

αβÞnμ

þ ðR − 2ΛÞnμδZμ þ 2ΔK − KqμνΔqμνg
�
: ðA5Þ

The change in the connection, accounting for boundary
displacements, takes the form

ΔΓσ
μν ¼ δΓσ

μν þ £δZΓσ
μν: ðA6Þ

The Lie derivative of the connection takes the form

£δZΓσ
μν ¼ ∇μ∇νδZγ þ δZσRγ

νσμ; ðA7Þ

where

δμαστgτβ£ξΓσ
αβ ¼ 2Rμ

σδZσ − Jμ; ðA8Þ

with the current

Jμ ≔ ∇σð∇μδZσ −∇σδZμÞ: ðA9Þ
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The variation of the action takes the form

δSG ¼ 1

2κ

�Z
U
d4x

ffiffiffiffiffi
jgj

p
ðGμν þ ΛgμνÞδgμν

− ε

Z
Σ
d3y

ffiffiffiffiffiffi
jqj

p
nμf2ðGμ

ν þ ΛδμνÞδZν − Jμg

þ ε

Z
Σ
d3y

ffiffiffiffiffiffi
jqj

p
fðΔΓμσ

σ − ΔΓσμ
σÞnμ þ 2ΔK

− KqμνΔqμνg
�
: ðA10Þ

To deal with the last set of boundary terms, it is perhaps
appropriate to work out the variation of the extrinsic
curvature, which takes the form

Kμν ≔ qαμqβν∇αnβ

¼ qαμ∇αnν

¼ ∇μnν − εnμaν: ðA11Þ

The mean curvature is given by the trace
K ¼ gμνKμν ¼ ∇σnσ , where nσaσ ¼ 0. The variation of
the extrinsic curvature may be

δKμν ¼ δqαμ∇αnν þ qαμ∇αδnν − qαμδΓσ
ανnσ

¼ −εδnαnμ∇αnν − εδnμaν þ qαμ∇αδnν − qαμδΓσ
ανnσ:

ðA12Þ

The variation of the mean curvature may be written in three
different ways

ΔK ¼ ΔqμνKμν þ qμνΔKμν

¼ ΔqμνKμν þ qμνð∇μΔnν − εΔnμaν − nσΔΓσ
μνÞ

¼ ∇σΔnσ þ ΔΓτσ
τnσ: ðA13Þ

Now if nσΔnσ ¼ −Δnσnσ , one may write

DσΔnσ ¼ ∇σΔnσ − εnσnτ∇σΔnτ

¼ ∇σΔnσ þ εnτnσnνΔΓτ
σν; ðA14Þ

where the last line makes use of the variation of the
acceleration vector

Δaτ ¼ Δnσ∇σnτ þ nσ∇σΔnτ þ nσnνΔΓτ
σν: ðA15Þ

One may also note that

qμν∇μΔnν ¼ DμðgμνΔnνÞ: ðA16Þ

The variation of the mean curvature may then be written
[adding the second two lines of Eq. (A13)]

2ΔK ¼ ΔqμνKμν − εqμνΔnμaν þ qμν∇μΔnν
− qμνnσΔΓσ

μν þ∇σΔnσ þ ΔΓτσ
τnσ

¼ ΔqμνKμν − εΔnμaμ þDμðΔnμ þ gμνΔnνÞ
þ nσðΔΓτσ

τ − ΔΓστ
τÞ: ðA17Þ

From which one may obtain the expression

nσðΔΓστ
τ−ΔΓτσ

τÞ¼ΔqμνKμν− εΔnμaμ

þDμðΔnμþgμνΔnνÞ−2ΔK: ðA18Þ

The variation of the action becomes

δSG ¼ 1

2κ

�Z
U
d4x

ffiffiffiffiffi
jgj

p
ðGμν þ ΛgμνÞδgμν

− ε

Z
Σ
d3y

ffiffiffiffiffiffi
jqj

p
nμf2ðGμ

ν þ ΛδμνÞδZν − Jμg

þ ε

Z
Σ
d3y

ffiffiffiffiffiffi
jqj

p
fðKμν − KqμνÞΔqμν

þDμðΔnμ þ gμνΔnνÞ − εΔnμaμg
�
: ðA19Þ

One may choose the foliation such that aμ ¼ 0, and noting
that Δnμ þ gμνΔnν is a purely spatial vector under the
condition [ΔðnμnμÞ ¼ 0], the Dμ term becomes a surface
term which we may discard. For topologically simple
(contractible or star-shaped) domains, the term involving
Jμ can be converted into a bulk integral of the divergence
∇μJμ ¼ 0, which identically vanishes. The variation
reduces to

δSG ¼ 1

2κ

�Z
U
d4x

ffiffiffiffiffi
jgj

p
ðGμν þ ΛgμνÞδgμν

− 2ε

Z
Σ
d3y

ffiffiffiffiffiffi
jqj

p
ðGμ

ν þ ΛδμνÞnμδZν

þ ε

Z
Σ
d3y

ffiffiffiffiffiffi
jqj

p
ðKμν − KqμνÞΔqμν

�
: ðA20Þ
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