PHYSICAL REVIEW D 105, 104036 (2022)

Junction conditions and sharp gradients in generalized coupling theories

Justin C. Feng ! Shinji Mukohyama®,

2 4

3 and Sante Carloni

1CENTRA, Departamento de Fisica, Instituto Superior Técnico (IST), Universidade de Lisboa (UL),
Avenida Rovisco Pais 1, 1049 Lisboa, Portugal

*Center for Gravitational Physics and Quantum Information, Yukawa Institute for Theoretical Physics,
Kyoto University, Kyoto 606-8502, Japan

SKavli Institute for the Physics and Mathematics of the Universe (WPI), The University of Tokyo Institutes

for Advanced Study, The University of Tokyo, Kashiwa, Chiba 277-8583, Japan
*DIME Sezione Metodi e Modelli Matematici, Universita di Genova,

Via All’Opera Pia 15, 16145 Genoa, Italy

® (Received 5 March 2022; accepted 20 April 2022; published 17 May 2022)

In this article, we develop the formalism for singular hypersurfaces and junction conditions in
generalized coupling theories using a variational approach. We then employ this formalism to examine the
behavior of sharp matter density gradients in generalized coupling theories. We find that such gradients do
not necessarily lead to the pathologies present in other theories of gravity with auxiliary fields. A detailed
example, based on a simple instance of a generalized coupling theory called the MEMe model, is also
provided. In the static case, we show that sharp boundaries do not generate singularities in the dynamical
frame despite the presence of an auxiliary field. Instead, in the case of a collapsing spherical density
distribution with a general profile an additional force compresses over-densities and expands under-
densities. These results can also be used to deduce additional constraints on the parameter of this model.
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I. INTRODUCTION

Generalized coupling theories (GCTs) are modified
gravity theories characterized by a nontrivial coupling
between matter fields and the spacetime metric g,, medi-
ated by a coupling tensor [1,2]. If this tensor is non-
degenerate, one can construct a class of theories in which
matter couples with an effective metric g,, while the
coupling tensor is an auxiliary field satisfying a nontrivial
algebraic field equation. In this way, one naturally distin-
guishes two frames, an “Einstein frame” in which the basic
variables are the spacetime metric and the coupling tensors,
and a “Jordan frame” in which g, is the key variable.

A particularly simple, yet interesting, example of a GCT
is the so-called minimal exponential measure (MEMe)
model, which was proposed in [2], and can be recognized,
together with a large class of GCTs, as a Type I minimally
modified gravity (MMG) theory according to the classi-
fication scheme of [3-5].

A relevant feature of the MEMe model is that near a
certain critical density, the gravitational field equations
simplify to the vacuum FEinstein equation with a large
cosmological constant. This feature is of particular interest
in early universe cosmology and for compact objects.
Regarding the former, one qualitatively has inflationary
behavior in the early universe with a graceful exit (a feature
shared with Eddington-Inspired Born-Infeld theories [6,7]).
Regarding compact objects, the MEMe model may admit
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solutions describing gravastars [8§—10] without the need
for a false vacuum. Finally, in a recent paper [11], the
parametrized Post-Newtonian (PPN) limit of the MEMe
model was also studied, showing that GCT theories, like
all the type- MMG theories, require a special extension
of the PPN formalism to be analyzed in the weak field
approximation.

It has been known from some time [12] that auxiliary
field theories coupled to gravity generally become patho-
logical in the presence of sharp gradients of the energy-
momentum tensor, which may occur e.g., at the surfaces of
compact objects. In particular, it was argued that since
auxiliary field theories generally contain derivatives of the
energy-momentum tensor (more generally, sources of
curvature), sharp gradients in the energy-momentum tensor
can generate curvature singularities. Of course, this is not
necessarily a fundamental problem, as argued in [7]; the
microscopic description of matter and radiation is provided
by quantum fields, the expectation values of which are
smooth. On the other hand, large gradients can potentially
produce large effects—such effects can be exploited to
place potentially strong constraints on model parameters
and be useful for determining the phenomenological
viability of the theory.

In this article, we develop the formalism of junction
conditions and singular hypersurfaces in generalized cou-
pling theories. In doing so, we establish a correspondence

© 2022 American Physical Society
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between the Einstein and Jordan frame expressions for the
junction conditions and argue that the junction conditions
do not lead to any obvious pathology so long as the
derivatives are well behaved on each side of the junction
surface. We then explore the problem in further detail in
the MEMe model examining, in particular, fluid profiles
containing sharp gradients (as one might expect at the
boundaries of horizonless ultracompact objects) in spheri-
cal symmetry. Both static and dynamical situations are
examined; in the static case, we numerically solve the
Tolman-Oppenheimer-Volkoff equation, studying the
behavior of Jordan frame geodesics, and in the dynamical
case we investigate pressureless collapse.

The rest of the present paper is organized as follows. In
Sec. II we review and generalize the construction of
generalized coupling theories. The formalism of singular
hypersurfaces and junction conditions in generalized cou-
pling theories is developed in Sec. IIl. In Sec. IV, we
introduce the MEMe model and discuss the junction
conditions. The problem of sharp gradients is explored
in Sec. V, and we summarize and discuss our results
in Sec. VL.

We employ the usual (—, +, +, +) signature throughout.
Subscripts and superscripts displayed as lowercase Greek
letters denote coordinate basis indices, and those displayed
as lowercase italic Latin denote field indices. We employ
the convention that indices are raised and lowered exclu-
sively with the Einstein frame metric g,,. Gothic letters and
hats indicate quantities defined with respect to the Jordan

frame (for instance the metric g,, and its derivative @).
Barred quantities indicate matrix inverses or in the case of
Gothic letters, quantities with indices raised with the
inverse Jordan frame metric g*.

II. GENERALIZED COUPLING THEORIES

In this section we briefly review generalized coupling
theories and generalize slightly the action and formalism
presented in [2,11].

A. Action and field equations

The action for a generalized coupling theory has the form
St = Selg7] + Sule. 8] + Salg™. A, (1)

where S, is the gravitational action, which is a functional of
the inverse “Einstein frame” metric ¢*, and S, is the matter
action, which may be written as a functional of the matter
fields ¢ = {¢@,} and the inverse “Jordan frame” metric g**.
We assume that g** itself is a functional of ¢* and a rank-2
tensor (termed the coupling tensor) A,”

g =a"[g. Al (2)

The variation takes the form

5 = / YT 5 (2, )5gP () + B (x.)5AL (7))
(3)

where the tensor densities are the functional derivatives of
¢ and A/

8¢ (x)
T ap(X,y) = — ,
P ) = 5 5) s
5" (x)
B (x, 4
ﬂ('x y) 5Aaﬂ(y) g(x/i ( )

For later convenience, we introduce the following notation
for the variations of S, Sy,, and S, (neglecting boundary
terms)

1
35, = =5 [ dx/IdlGude",

1
! / 4/ [8l(Z 003" + E%5¢, + CH45A L),

oSy =
)

5S, = / & x\/9](,89" + C40AL). (5)

The following quantities are defined

g :=—L5Sg =L5Sm
g lg] 89" Ve[ 58"],
.2 688, 2 85y
V18] 0%al T e,
2 5S, 3 2 53
C% = —— @=L (6)
967 - 9] 0AL |

Upon substituting (3) into (5), the variation of Sy :== Sy, +
Sa takes the form

1
Su =5 / dx/|g|(T 69" + E%p0AL + E°6pa\/8/9),
(7)

where

T

V21728 tpw ! /
\/_
/‘14))\/ ~m— Bam y X)} (8)

d*y /18 [Zoe (V) T (v, X))

g(l/} — [} +

The complete set of equations has the form
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G =T  E%=0. &=0. (9

If no derivatives of A, are present in the action, then the
field equation £%5 = 0 is an algebraic equation relating A,
and the energy-momentum tensor ,,.

B. Energy-momentum conservation

Here we derive the conservation of the energy-momentum
tensor in both the Einstein and Jordan frames.! We now
assume that the actions S, and Sy = Sy, + S, are inde-
pendently invariant under the infinitesimal diffeomorphism

XM — xH 4 EF (10)

where the generating vector field £ is assumed to have
compact support (in particular, we require it to vanish at the
boundary of the integration domain). The infinitesimal
changes in the fields may be written in terms of the Lie
derivatives (6 — £;)

(S(pa = £5(paa
S = —2Vhgy),
5Aaﬂ = go‘ngaﬂ - Aagvﬂgﬁ + Ao‘ﬂvagg‘ (1 1)

The change in the gravitational action S,[g"] due to an
arbitrary & of compact support has the form

58, = / d*x\/|9|&'V*G,,, (12)

and requiring 6S, = 0 we recover the result V¥G,; = 0. The
change in the action Sy; := S, + Sa due to the infinitesimal
diffeomorphism has the form (after performing an integra-
tion by parts)

Sy :% / d*x\/|g|E 2VFT, + E4V,A P
+V,(E5A7) = Vo (€A ) =Dy (9. V)E.  (13)
where we have defined the quantity
&= \/g/gE". (14)

Here, we define the linear differential operator D}, (¢, V) for
some field ¢, and connection V by the following expression

£§(pa = Dal((p’ v)fl’ (15)

and its Hermitian conjugate (which is also a linear differ-
ential operator)

'A standard derivation for ordinary general relativity may be
found in Appendix E of [13].

/ /gD, V)& = / &3/ [GED (0. V) .
(16)

with f“ being smooth test functions of compact support. For
a scalar field ¢, one has

D/l(')'1 - (')la,@,
Di() = ()09 (17)

and for a one-form w,, one has

D/M(')/I = (')Avia)/l + wivy(')l’
Dy, () = (Vo = (Y, 0, =,V (). (18)

We note that since D, is a linear operator, Dy, f* vanishes if
the test function f* vanishes everywhere. Requiring that
0S,, = 0 for an arbitrary & of compact support, we find

ZV/‘TM - —5aﬁv,1Aaﬂ - Va(go’lAa")

+ Vo (EAP) + Dyl V)ES.  (19)

On solutions of the field equations £ = 0 and £ = 0, we
recover the conservation of the Einstein frame energy-
momentum tensor VAT, = 0.

So far we have obtained these results for Einstein frame
variables. However, matter is assumed to be minimally
coupled to the Jordan frame metric g, and its inverse g,
so one might expect similar results to hold with respect
to Jordan frame variables. The infinitesimal change with
respect to the Jordan frame variables may be written as

6@/41/ = _2@(/451/)7
5Aaﬂ = ggﬁo'Aa/j - Aao-ﬁafﬁ + Aaﬁﬁaga’ (20)
where the Jordan frame Levi-Civita connection V is

defined by ﬁggw = 0. After an integration by parts, the

variation of the matter action S,, has the form (where
Gaf — graghs )
~ (S S T

1

55m =

/ d*x\/|g|E4(28,5V % — D2, (0, V)EY), (21)

and upon requiring 6S,,, = O for an arbitrary & of compact
support, we obtain the expression

> & 1 = * 7\ ca
V, 3% = 2 M”DM((p, V)& (22)
On solutions to the field equations £4 = 0, one recovers the

conservation law in the Jordan frame, Va‘i"’ﬁ =0.
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C. Integrating out nondynamical coupling tensors

If the coupling tensor A,” is nondynamical (in the sense
that it satisfies algebraic, rather than differential equations
of motion), one can integrate it out of the equations of
motion. In particular, we consider the case where £%; = 0
is an algebraic equation for A,# with a unique solution of
the form

Aaﬂ = Aa/}[(pv g] (23)

Since the equation of motion is algebraic, one can substitute
the above solution in the action S = S[g", A", ¢] to obtain

Slg. ] = Slg". A’ [p.g7]. ¢l (24)

Upon performing the variation of the above action S[g", ¢],
one finds that the equations of motion have the form

g/w = ;w|A P—A P &t = 0|Aa/’=éuﬂ' (25)
where we have used the fact that s[4 sy » = 0.

The action (24) and the correspondir;g equations of
motion (25) do not contain A{i and are equivalent to those in
the original theory. To be more precise, the set of all
solutions of (25) supplemented by (23) is the same as the
set of all solutions of (9).

D. Ricci curvature in the Jordan frame

We now consider a case in which QW can be written in
terms of the Ricci curvature tensor, and in which Einstein
and Jordan frame metrics are related by the following
expression

9 = WALAS G, (26)
w — T_]Aa/lAﬁugaﬂ7 (27)
where ¥ = W(A.) is a scalar made of A,* and the non-

degenerate tensors A,* and A“” are inverses of each other.
|

Mﬂyéé‘e}%,( = AE/)AK'T [26/4 (56D§)gﬂ(;(gr ’
+ g/)r(zgﬂwgy[é)gﬁ]i -

1
NMDO%)(K = @ {14](&6("/{91_/)(l‘gjL g/“/

PGT:

i W {2(5;4 [651/‘[] - 5/4751/0)

If G,, depends exclusively on the Ricci tensor constructed
from the Einstein frame metric g,,, one can in principle use
the expression in Eq. (32) to rewrite the gravitational field
equations in terms of the metric g,,, the coupling tensor

gp15 16 gC;(_zé /16 6g/1(;(g C+45 15 %
5,°8, ") +20%;,

gﬂX}_i_zQ(l/}(l”Qﬂ ¢4 +ZQ(I O-Q [)’]a x’

Here, we follow the convention that indices are raised and
lowered exclusively with the Einstein frame metric.

A relationship between the connections may be estab-
lished by the following relationship between the connection
coefficients

A

Fg;w = Fgmx + Waﬂl/’ (28)

where 17, are the Levi-Civita connection coefficients

1774
associated with the connection V, and the contorsion tensor
we,, takes the form

1 A A A
w w — Eg("(vugw + vygm' - vrgﬁw)
= QaﬂvTﬁa®rAaﬂ + Qaﬂvrﬁrq‘v (29)
where the coefficients are given by

varﬂa =A,°6, (f5 P 244" 9p(0 gﬁlv

c T __

wo ﬁ (5afgﬂu - 25[/47940()96“' (30)

The Ricci tensor takes the form

R, =R, +V,W°, -V,W,
+ W”m/WT”m' - WﬂyTWwﬂ/' (31)

Explicitly, one may rewrite the Ricci tensor as

RﬂD:RMD+( O’ = 6,0 ’)V V‘P
(%7, = 8,200, )V, VA7
+M MVﬁé‘e/{}{K@AAKZ@(sASC
+ N, VAN 4PV WYY, (32)
with the following expressions for the coefficients (pre-
sented here for completeness)

8, gl g0

/1}( Qﬂ\ﬂ]a e’

- g/wgw} + 2Qa/4[nyﬁﬁ]aa' (33)

A,*, and the factor W. Of course, we must point out that to
simplify the coefficients, we have lowered the second index
of the coupling tensors A,* in the expression for M,  ;
to rewrite the Ricci tensor in terms of Jordan frame
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quantities, one should take care to restore the indices to
their proper positions and replace g,, and ¢ according to
Egs. (26) and (27).

This expression for the Ricci curvature illustrates the
concerns brought up in [12,14]. Sharp gradients in the
energy-momentum tensor &, will generally induce sharp
gradients in the coupling tensor A,* and its inverse A,.
Discontinuities in the coupling tensor A,* will in general
lead to curvature singularities in either the Jordan or Einstein
frame Ricci tensor. In the Einstein frame, the field equa-
tions (9) contain no derivatives of ¥, so even if there are
discontinuities in &, , the Einstein frame Ricci tensor does
not necessarily become singular at the surfaces of disconti-
nuity; in this way, generalized coupling theories evade the
pathologies indicated in [12,14]. On the other hand, if one
rewrites the Einstein frame equations (9) in terms of Jordan
frame variables, the equations contain singular terms; the
Jordan frame Ricci curvature IAQW, for instance, will contain
singularities in the presence of discontinuities in ¥, and it
is not apparent that the Einstein frame metric g,,, as
constructed from g, and A%, yields well-behaved curvature
tensors. For this reason, it is convenient to regard the primary
gravitational degrees of freedom as being contained in the
Einstein frame metric g, .

III. SINGULAR HYPERSURFACES AND
JUNCTION CONDITIONS

In this section we develop the formalism of singular
hypersurfaces and junction conditions for generalized cou-
pling theories. However, before jumping into the formalism
straight away, it is appropriate to first establish a physical
understanding of singular hypersurfaces and discuss our
strategy for developing the formalism. To simplify the
discussion and the formalism, we restrict our considerations
to a class of generalized coupling theories which admits an
Einstein frame, assuming that S,[g"] is the Einstein-Hilbert
action; in this case, the theory is equivalent to general
relativity with a modified matter action. We also suppose that
&% = 0/is an algebraic equation for A,” and admits a unique
solution of the form (23).

In general relativity, singular hypersurfaces and junction
conditions are described by the Israel formalism [15,16], so
we first consider a singular hypersurface in the Einstein
frame (which is also appropriate in light of the discussion at
the end of the preceding section). Needless to say, the
hypersurface is not literally singular. Instead, we consider a
thin layer with a thickness that is sufficiently larger than the
cutoff length scale of the theory and that is sufficiently
smaller than length scales of physical interest. For any
such choices of thickness, the system can be described by
general relativity with a modified matter action. The Israel
junction condition in general relativity then implies that
the induced metric computed from the Einstein-frame
metric g, should be continuous across the hypersurface.

On the other hand, A given by (23) does not have to be
continuous, meaning that the induced metric in the Jordan
frame can be discontinuous. This is because the Jordan-
frame metric is an effective metric that is dressed by the
stress-energy tensor of matter fields and the stress-energy
tensor can be discontinuous across the singular hypersur-
face.” Despite the discontinuity of the Jordan-frame metric,
the matter dynamics can be solved consistently since the
matter equations of motion can be rewritten in terms of
the continuous Einstein-frame metric [see (25)]. With this
perspective in mind, it is appropriate to first develop the
formalism for singular hypersurfaces and junctions in the
Einstein frame.

A. Variation in the Einstein frame

Upon splitting the manifold U = U_U U, into two
regions U_ and U, separated by a codimension one
junction surface X, we introduce in each region the metric
g,f,, (and its inverse ¢), the Ricci scalar R, the cosmo-
logical constant A, and the unit vector n*_ normal to . We
then obtain the following action,

ol =5 | [ VIR -20)
+ [ xIgflR, <20
be /Z P20V 1qIK] + A lg@} . (34)

where 4, are Lagrange multipliers enforcing the continuity
of the induced metric [17] and the double-struck brackets
[[] indicate differences in some quantity on each side of the
junction surface X (for instance [Q] := Q. — Q_). Here,
0y = oy — eniiny and Ky = Vin< are respectively the
induced metric and the trace of the extrinsic curvature on X
computed from each side, V., is the covariant derivative
compatible with g, ,,, and ¢ = %1 is positive if the unit
normal is spacelike and negative if the unit normal is
timelike.

The action Sy; = Sy, + S, splits in the following manner,

Sulw. g7 A] =[j d*x\/lg7[Lu-lgp_. g A7]
[ il g 47)

+ / Py(Laolg*. 41 AF)). (35)

*For example, for a canonical scalar field, the stress-energy
tensor contains first derivatives of the scalar field and can be
discontinuous if there is a nontrivial potential for the scalar field
localized on the hypersurface.
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The total variation of the action S := S, + Sy;, making use of Weiss variation methods [see Appendix (A19) and [17-19] for

details], has the following form,

58 = /U d*x /g7 [S‘iécp; + ELOAT + 5 ~(Ga + A_g - KT;Iv)‘Sg’i”}

+ / d*x+/|g"| [515(/)} + EL0AY + — o (G+ + A gy — KT;Q,)ch’f}
v,

+ / Pyl P, — s9Y50, — /a5, 04, + k- Ial{GY, + AS*, — KT, }n, 57
>

+ -Vl

where we have defined the functional derivatives
VIGIEL = 6Sw/dpt and /|| €L, = 6S/8ALY, and
the energy-momentum tensor has the usual definition
VNG| Ty, = —268\/6¢. The following surface func-
tional derivatives have also been defined,

V]g|SE =
1915, 577 Jx
a o 3.0 4+ . +.
Vlglss = 5o zdy(ﬁm,okp . q1. ATY),

o A
Vi, = 5 [ @3Eolot gz at). 67

Py(Lyole™, g, AF)),

The bulk field equations takes the form

ge =0,
&, =0
G, + Avgy, = «T5,. (38)

The variation with respect to the Lagrange multipliers 4,
yield the Israel junction condition

[¢"1 = 0. (39)

If the FEinstein frame boundary metric variations are
assumed to be continuous, one has the boundary field
equation (assuming [4,,[]] = 0),

K[[\/HS[HJ]] - €H\/|?

which may, with the help of (39), be rewritten in the trace-
reversed form

- Kq,)l (40)

16,00 =[5, - 50, (1)

If the fields ¢, and A,,* are not assumed to be continuous at
the boundary surface, in particular, if 6p", ¢~, A*, and

€
K, — Kq,, —xeS,,) + A, }6q"] + o L dysi,, g™, (36)

A;’“ are all assumed to be independent of each other, one

has the following field equations

H pa __ .a
niPiy_Si’

s, =0. (42)

On the other hand, if ¢ and §A,” are assumed to be
continuous, one has instead the surface field equations
[n,Ps —s.] =0 and [s*,] =0.

B. Relating surface Einstein and Jordan frame
quantities

Since we have effectively two geometries on the space-
time manifold, one given by the metric g, and the other by
g,.» it is perhaps appropriate to define the hypersurface in a
manner that is independent of the metric geometry. In
particular, one may imagine a manifold endowed with a
coordinate chart x*, then define a hypersurface as a level
surface of some scalar function ®(x) of the coordinates.
The gradient is defined as follows:

o, :=V,0. (43)

The quantity @, is defined purely in terms of the coor-
dinates. Given a metric, one finds that @, (assuming it is
non-null) is dual to a normal vector in both the Jordan and
Einstein frames, providing a starting point for establishing
relationships for hypersurface geometry between the
frames.

The unit normal vector in the Einstein frame may be
defined as

n, = ea®,, (44)

where ¢ = +1 is positive if the unit normal is spacelike and
negative if the unit normal is timelike. The normalization
factor [equivalent to the lapse function in the (3+1)
formalism] is defined
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1
T e a0 )

In principle, one can choose the foliation so that = 1 in
the neighborhood of a surface. However, the choice of
foliation can be made only once; one may either choose the
foliation to set the normalization factor to unity in the
Einstein frame (o = 1) or the Jordan frame (& = 1, where &
is the Jordan frame counterpart). Setting a =1 in the
Einstein frame effectively fixes the normalization factor in
the Jordan frame and vice versa.

In the Jordan frame, the lowered index normal vector
may be written as

=ea®, =Nn

n fl

" " (46)

The quantities & and @ are the Jordan frame counterparts to
the quantities ¢ and a, and

ea e _
N:= ;a = |£gﬂunﬂnv|]/2 = ‘ggﬂ”nﬂnyl ]/27 (47)

where the last two equalities are obtained by con-
tracting (46).

In the Jordan frame, one must distinguish between the
lowered index normal vector n, and the raised index
normal vector fi¥, which we write as

it = gin,

= ‘P_lgmAMnADan (48)

again following the convention that indices are raised and
lowered exclusively with the Einstein frame metric g,,.

The induced metric in the Finstein frame may be
rewritten in terms of the Jordan frame quantities as

9 = G — ENLNY

=¥A7 ALY, 6 0 + A monc]. (49)
where q,, = g,, — &n,n,, and

APh = 2P 6 — eRTIWA LA (50)
Similarly, the inverse induced metric may be written as

q"* = g™ — en*n”

=WYA A/ [6,/6,"9°7 — A aoq7], (51)
and the projection operator as

q", =6, —enfn,

=P, +ASAH AP T, (52)

where p¥, =,/ — enrfn,.

The Jordan frame extrinsic curvature &, is given by the
expression

K, =V,n, —én,a,, (53)

where the Jordan frame acceleration vector a,, is related to

the Einstein frame acceleration vector a, according to

(noting that the Jordan frame lapse function satisfies
] = [Ral)

a, = —&p*,V, In(Ra)
= 2ea, + 2ASAY, A i, V,a —2pY,V, IR, (54)

The extrinsic curvature tensors in the Einstein and Jordan
frames may be related by the following expression

RK,, =¢eR,, —eW,n, —e(n,6," —n,p7’, )V, InR
+ eén, nDAa"ATAApP’IUﬁ“V,a. (55)

One may choose a gauge such that the Einstein frame
metric has the Gaussian normal form, in which the lapse
function is unity (a@ = 1). The extrinsic curvature then
simplifies to

RK,, = €[], —W,n, - (n,5,7—n,p’,)V, InR]. (56)
One can use Egs. (46), (49), (52), and (56) to rewrite

Einstein frame surface quantities in terms of Jordan frame
quantities.

C. Junction conditions in the Jordan frame

Recalling that the junction condition (39) implies con-
tinuity of the Einstein frame induced metric [[¢"*]] = 0, one
obtains the condition [making use of Eq. (51)]

[WA,PAA(5,16,25°° — A7 oi?)| = 0. (57)

The difference in the extrinsic curvature across the surface
may be written as

K, = [eX'R, —n,W°,, —2n,V,, InR
“ H H (nVv)
— én,n, WV N, (58)

which may be used in conjunction with [[¢**] = 0 and
Eq. (41) to obtain the junction conditions in the Jordan
frame. Though Eq. (58) contains derivatives of the Jordan
frame metric and R, it remains well defined for disconti-
nuities in these quantities so long as the derivatives of the
metric have a well-defined limit on each side of the junction
surface. One expects this to be the case as far as the
geometry in each side of the junction surface is regular.
In an appropriate gauge, the junction conditions on the
coupling tensor A,” and the factor ¥ simplify. Given the
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junction condition (39), one may choose a gauge in which
the Einstein frame metric g, and its inverse ¢** are
continuous across the junction surface. The junction con-
ditions for the Jordan frame metric and inverse are given by

Hg/w]] = [[lPAyaAbﬁ]]gaﬂv
lg“] = ¥~ A*, A% g, (59)

with the differences in the coupling tensor A, and its

inverse A¥, across the junction surface being determined by
differences in the energy-momentum tensor &, by way of
the field equations & = 0 (38).

IV. THE MEMe MODEL

A. Action and field equations

We now consider a specific instance of a generalized
coupling theory, termed the MEMe model, which is defined
by the action

sipgal= [ en{R-28y=9
+ 2 (L,n 0.8 - i) \/ﬂ} (60)

where the Jordan frame metric g,4 is defined as (with
A=A,

8 = e(4—A)/2A”aADﬁgaﬁ, (61)

and A = A — 1. Unless stated otherwise, indices are raised
and lowered using the metric g,, and ¢*. Defining the
parameter

(62)

._K
q._ﬂ’

the equation of “motion” for A, takes the following form
Ap® = 35" = q[(1/4)TA" — T, 8], (63)

where €, is the energy-momentum tensor defined by

the functional derivative of [L,[p,d]\/|g|d*x, and
T := g, . The trace of Eq. (63) implies A = A,° = 4.
The gravitational equations are (setting A = 4)

G/w + [A - /1(1 - |A‘)]guzx = K|A|Aa/4‘zlﬁuc~raﬁ» (64)
where |A| = det(A.").
As discussed in [2], we note that if |A| vanishes, the

gravitational equation becomes

Gu=(A=N)g,. (65)

If g < 0, then one effectively has a de Sitter vacuum and
requiring that x|g| < 1, 4 dominates and one has a large
cosmological constant. Such behavior is of astrophysical
interest since it may permit the existence of gravastarlike
black hole mimickers [8,10] without requiring a false
vacuum—as we shall see shortly, a sufficiently high density
is all that is required.

B. Perfect fluid solution

Equation (63) can be solved exactly for a single perfect
fluid. The fluid four-velocities u* are constructed from the
gradients of the potentials, so it is appropriate to regard u,
to be the metric-independent fluid variables; the energy-
momentum tensor for the fluid takes the form

(‘z/w = (ﬁ + p)uﬂul/ + lﬁguw (66)
where T :=¢"Z, =3p—p. Note that while
a“u,u, = -1, ¢"u,u, #—1 in general. Defining
7= —u,u’, one can rescale the four-velocity

U=/, (67)

and it follows that u,u, = zU,U,.
One can show that for a perfect fluid, the following is a
solution for (63)

A =Y5,%—4(1-Y)U,U", (68)
4(1 - pq)

Y=—"———7+. 69

4—-q(3p-p) (69)

Note that for ¢ <0, |A| vanishes at a critical density
lglp =1, and that for ¢ > 0, |A| vanishes at a critical
pressure gp = 1. The Jordan metric takes the form

S = ngﬂl/_S(Y_Q')(Y_ I)U;th- (71)
From Eqgs. (69) and (71), one can see explicitly that
discontinuities in the fluid density p and/or pressure p
will generally produce discontinuities in Y and the metric

(though we will discuss one exception below).
The gravitational equation (64) can be written in the form

G

w — KT;tw (72)

where T, is the effective energy-momentum tensor
defined by
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T/u/ = (ﬂ + p>U/4U1/ + PG (73)

and the effective density p and pressure p have the form

p= IAI( ) p.

A 1 A
q K
In terms of p and p, one may write
4(9¢ —
49y —q(3p—p)
where J, is the following constant
So=1-A/A. (76)

More generally, one can show that for a transformation
of the form (with @ being an arbitrary factor),

- [‘D(lJrcm)—l} i E

q
o= [‘D(pq—l)ﬂ] =

q b
9 =®9—1)+1-gE, (77)

the functional form of the following quantity is preserved

4(8 - 4(9 —gp’
__40-qp) /( Q/p)/:Y,_ (78)
49-q(Bp-p) 49 —4q(3p'-p)
One recovers the transformation (74) by
A
= |A|, E=—, 9=1. (79)
gl

C. Jordan frame dust

For later use, we obtain the equation of state for an
effective fluid in the Einstein frame for a Jordan frame dust
fluid. For simplicity, consider the case where A = 0.
For the Jordan frame dust fluid, one has p = 0 so that
under the transformations (74) and (76), one has in the
Einstein frame

Al(1 +¢p)—1 1-|A
_Aldtap =1 =L (g0
q q

The second expression yields |A| = 1 — gp. One uses these
expressions and (75) to relate |[A| and Y

R Y
1+3|A|+qp’ Y4

where we have used |A| = Y?(4 —3Y) [see Eq. (70)] to
derive the second relation from the first one. The above
may be rewritten

16/T+ gp = —+3|A|+qp) (82)

which may be solved for |A| to obtain

|A| = [8 +4v4 -3X - 3X], (83)
where X = /1 + gp. Combined with the expression

|A| = 1—gp, Eq. (83) yields an equation of state p(p)
1 X
p==-+5o 13X -8-4VE=3X] (84)
q q

For gp <« 1, the effective sound speed is given by

op 3
2 = _ 2

D. Singular hypersurfaces and junctions in the
MEMe model

In the MEMe model, the junction conditions of Sec. III C
may be written in a simplified form for a single fluid under
a slight (but physically reasonable) restriction. Here, we
assume also the Gaussian normal gauge in the Einstein
frame, as well as the continuity of the Einstein frame metric
gy and fluid four-velocity U¥. The lapse ratio X may be
written as

2(4 -3Y)%y?
e(4-3Y)* +8U% (Y -

2:

2)(Y-1)’ (86)

and the raised Jordan frame normal vector takes the form

N((4 =3Y)%n# Y-2)y(Y-1)U*
€(4-3Y)*Y
where
U, = n,U", (88)

The quantity U, vanishes when the fluid four-velocity is
tangent to the junction hypersurface. This latter condition is
equivalent to its counterpart in the Jordan frame; it is
straightforward to show that U, =0 if ¢“n,u, =0.
Physically, this corresponds to the condition that no fluid
passes into or out of the hypersurface.

In the limit U, =0, and assuming ¢ = & = 1 (which
specifies no signature change of the normal vector between
spacelike FEinstein and Jordan frame normal vectors), one
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has 82 = Y2. In this same limit, we note that the raised
index Jordan frame normal vector simplifies to n# =
Y~'n*. When U, = 0, the Jordan frame projection tensor
coincides with the Einstein frame projection tensor

v =aq, (89)
The induced metric for U; = 0 has the form
9, = 2Y - 1)q,, +8(Y-1)U,U,, (90)
and the inverse induced metric becomes

¢ BeUrUM(Y =2)(Y —1)
W= — . 91
q Y2 + Y2(4—3Y)2 ( )

The junction condition (39) implies continuity of g, and
¢", which leads to the Jordan frame expressions

[Y2q"] = H8€(§4_—2;(YI;2_ D H Uk,
H@;ﬂj 1)” - H?é;: BHU;,UD- (92)

Note that we have adopted the Gaussian normal gauge in
the Einstein frame and assumed that g,, and U* are
continuous across the junction hypersurface. We therefore
find that the discontinuity in the induced metric is propor-
tional to the outer product of the fluid-four velocity.

The extrinsic curvature relation (56) in this limit
becomes,

Y?K,, = Y&, —16(Y =2)(Y = )n"U, V|, U,
— (Yq,, +4(3-2Y)U,U,)n°V,Y. (93)

One may then rewrite the junction condition (41) as the
following,

9 i .
1% :Sln“U(MV[u)Ua] +S2U”UD+S3q”y
1

354 (94

+ KHSW -

where the following scalar quantities are defined as

N 16(Y -2)(Y -1

§- ror=20-1)

o [4G-21)nev,y

S2 = %H9

A n°vV,Y

5= ), (95)

Equations (94) and (95) establish the junction conditions
for the MEMe model in the Jordan frame, under the

assumption that the fluid does not cross the junction
hypersurface and that the hypersurface is timelike in both
the Einstein and Jordan frames. We note that the term
containing the factor §; vanishes in the absence of vorticity
in U*. The respective quantities S, — 3‘3 and 3‘3 may then be
thought of as surface energy and stresses, which are both
dependent on the normal derivative of Y. As we remarked
in the general case, the derivatives of discontinuous
quantities (in this case, the normal derivative of Y) may
be of concern. However, if n°V_Y has a well-defined limit
on each side of the junction hypersurface, the quantities 3’2
and 3'3 remain well defined, and (assuming that no addi-
tional constraints are introduced at the surface) there is
nothing particularly pathological about Eqgs. (94) and (95);
they provide a rather straightforward correspondence
between the Einstein and Jordan frame junction conditions
in the MEMe model (keeping in mind the aforementioned
assumptions).

In general, discontinuities in the fluid density and
the pressure will induce discontinuities in Y, so that the
quantities 3’1, 3‘1, and 3‘1 contribute nontrivially to the
junction condition (94). However, we wish to point out
here one exception. Recall the transformation (74), setting
E =1-439 = 0[corresponding to A = 0 and thus J; = 1 in
(74) and (76)] for simplicity. Now consider a surface
located at some coordinate value r = ry, and assume a
uniform density p, and pressure p, for r < ry. A general
Y-preserving transformation of the density and pressure of
the form in (77) (applied to the Jordan frame quantities)
may be written as

p'=po+ (1+gpo)e,
p'=bo—(1=gpo)c, (96)

where ¢ = (® —1)/q is an arbitrary factor. Considering
p' and P’ as the Jordan frame energy density and
pressure in the region r > ry or inside the thin layer
corresponding to the junction hypersurface, this trans-
formation provides a condition for both the Einstein and
Jordan frame metrics to be continuous. As for the jumps, p
and p satisfying the following expression are permitted by
this condition

@:_I—CI?’O
B~ T+ a0 7)

As for singular hypersurfaces in the absence of
other matter (assuming U*V,r=u"V,r=0), both
metrics are continuous when the comoving surface
energy density p, and isotropic surface stress 6, satisfy

Ps = —0y.
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V. SHARP GRADIENTS

A. Static case

In general, we have seen that in the MEMe model, the
Jordan frame metric tensor is not continuous in the
presence of sharp boundaries and/or singular hypersurfaces
unless the pressure and density satisfy certain constraints a
t the surface. However, the junction conditions seem to
indicate that no pathologies appear so long as the deriv-
atives of the discontinuous quantities have well-defined
limits on each side of the hypersurface.

One might wonder whether the formalism developed
thus far suffices. In particular, discontinuities in the metric
components may be regarded as approximating sharp
gradients. One might wonder if the backreaction from
sharp gradients in the metric contribute significantly to the
behavior of the fluid.

To examine this question, we consider a fluid with a given
density profile containing a sharp gradient and solve the
Tolman-Oppenheimer-Volkoff (TOV) equation in the
Einstein frame. By way of the transformations presented
earlier, one may obtain the corresponding profiles in the
Jordan frame. We consider here a static, spherically sym-
metric geometry, described by a line element of the form,

ds* = —f(r)dt* + h(r)dr* + r*dQ?, (98)

where dQ? = d6* + sin?(0)d¢? is the line element for the
2-sphere. Since the metric is diagonal, and the system is
static, then from Eq. (71) it follows that if the four-velocity
U* is proportional to 0/0t (as one requires from staticity),
then the spatial part of the metric is rescaled by a factor of
Y2. The areal radius r in the Einstein frame is then related to
the areal radius r in the Jordan frame by

r=1Yr. (99)

We consider a spherically symmetric density profile of the
following form in the Einstein frame (with r being the areal
radius)

)= %po [1 - eﬁ(wﬂ, (100)

ro

which is mostly constant for r < R, and mostly zero for
r > Ry, with r being areal radius, and py = 4zxm/R;. The
density profile near R, is plotted in Fig. 1. The derivative of p
is controlled by the boundary thickness parameter o,

dp
dr

__

T Ve (101)

To obtain the corresponding pressure profile in the
Einstein frame, one may solve the (TOV) equation

0.8}

0.6+

04}

02+t

r

5 10 15 20

FIG. 1. Density profile given by Eq. (100) for the parameters
Ry =10, 6 =1/10, and my =1, with py = 4zxmy/R;. The
region near Ry = 10 is plotted here, since away from R, p is
approximately constant.

dp m(r) +4zrip
dr ( p)[(r—2m(r))r]’ (102)
where m(r) is given by

m(r) = A " p(F)RdF. (103)

Since the density in (100) is approximately uniform, the
central pressure is given by

1—\/1—2m0/R0}

3 1—2m0/R0—1

Pe zpo[ (104)

We solve Egs. (102) and (103) for the pressure and
mass profiles numerically, with the parameters R, = 10,
o =1/10, and my = 1, with the density p, = 4zmq/R}.
The results are presented in Figs. 2 and 3.

Of course, p and p are Einstein frame quantities. The
corresponding Jordan frame quantities may be obtained
from Egs. (69), (70), (74), and the areal radius t in the
Jordan frame is given by Eq. (99). For small ¢, t =~ r. We
choose g = —27/3 ~ —2.094, which corresponds to setting
gpo = —5 x 107*, and plot the differences between Jordan
frame and Einstein frame profiles in Figs. 4 and 5 with
respect to the Jordan frame areal radius r. We find that the
difference profiles for the density and pressure in Figs. 4
and 5 are flipped with respect to each other, and have steep
(but smooth) gradients near r =~ 10. Here, we see that the
differences between the Jordan frame densities and pres-
sures are small compared to their Einstein frame counter-
parts (note also that the Jordan frame pressure is higher than
the Einstein frame pressure), so the Jordan frame does not
introduce a violation of energy conditions. We also find that
the differences in Einstein and Jordan frame density and
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10}

0.8+

0.6+

04+

02+F

(a)

1.00+
098}
0.96
094}
092}
0.90 |

0.88 ¢

9.6 938 100 102 10.4

(b)

FIG. 2. Mass function for the parameters Ry = 10, 0 = 1/10,
and my = 1. (a) is the profile in the domain [0, 20] and (b) is the
profile in the domain [9.5, 10.5].

pressure profiles are roughly on the order of gp, as one
might expect.

Finally, we plot the quantity Y in Fig. 6, which para-
metrizes the differences between the Einstein and Jordan
frame metrics. The results obtained here are solutions to the
gravitational equation (64) and its divergence in the Einstein
frame, which supplies the continuity equation used to derive
the TOV equation. In the Einstein frame, there is nothing
particularly pathological about the solution; dynamically, our
result may be thought of as a solution to the FEinstein
equation for a fluid with a modified equation of state. On the
other hand, the results here illustrate the earlier observation
that discontinuities in the matter density profile lead to
discontinuities in the Jordan frame metric. Though one
might expect sharp gradients to generate a strong back-
reaction effect on the matter, any backreaction has already
been accounted for since we have obtained a solution to the
full set of nonlinear equations.

On the other hand, one might expect geodesics in the
Jordan frame metric to experience large accelerations in the
presence of large gradients in the matter distribution.
However, large accelerations do not necessarily lead to

Plpo
0.06]
0.05}
0.04}
0.03}
0.02}

001+

15 20

Plpo
0.006

0.005 |
0.004
0.003 |
0.002

0.001 }

96 938 100 102 10.4
(b)

FIG. 3. Pressure for the parameters R, = 10, ¢ = 1/10, and
mqy = 1. (a) is the profile in the domain [0, 20] and (b) is the
profile in the domain [9.5, 10.5].

strong effects since such accelerations occur only in a very
narrow region and all relevant physical quantities integrated
over the thin layer are finite. To see this, we consider the
behavior of geodesics in the line element (98), which are
characterized by the invariants

dxt

l= L e,
dx* .
e:gﬂongt, (105)

where [ corresponds to an angular Killing vector, and e
corresponds to a timelike Killing vector. The overdot
denotes the derivative with respect to the proper time 7.
One may rewrite the equation for e as (assuming geodesics
in the equatorial plane)

SR V() = 0, (106)
1 e’ f(r) 2
V) "5{1 16— [24—(f(r)2+8)Y]Y+Y2r2}’ (107)
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(0=p)/po
0.00000

-0.00005 +
-0.00010 +

-0.00015 +

~0.00020 _//

(a)

(0=p)/po
0.00000

96 938 10. 102 104

-0.00005 +
-0.00010 +

-0.00015 +

-0.00020 +

(b)

FIG. 4. Differences between Jordan and Einstein frame density
profiles for the parameters Ry = 10, ¢ = 1/10, my =1, and
q = —2x/3, plotted with respect to the Jordan frame areal radius
r. (a) is the profile in the domain [0, 20] and (b) is the profile in
the domain [9.5, 10.5].

where T = Y+/h(r)r is the time derivative with respect to
proper radius r in the Jordan frame [with r(r) defined
implicitly by the differential expression dr = Y/h(r)dr].
From the above, one can obtain an effective radial force per
unit mass F = —Y~'h(r)"'/29,V(r). While the large gra-
dients in Y(r) generate spikes in the profile for the effective
force per unit mass F, the jump in the effective potential is
proportional to the jump in Y; this indicates that for
particles crossing the strong gradient region, a small jump
in Y will correspond to a small change in energy, despite the
large forces involved. This behavior is illustrated in Fig. 7
for radial geodesics in our numerical solution of the TOV
equation. In the plots, we see that for negative ¢, we see an
increase in magnitude for the effective force (for positive g,
the magnitude decreases for a range of values for the
gradients), and is directed toward r = 0. However, the
effective potential only exhibits a modest jump near r = 10.

It is perhaps appropriate to consider more realistic
parameter choices. One can expand the Jordan frame
metric [given by Eqgs. (69) and (71)] to leading order in gp,),

(P-p)lpo
0.00020 _\‘
0.00015 +
0.00010 +
0.00005 +
0.00000 : ; . . r
0 2 4 6 8 10 12
(@)
(b-p)ipo
0.00020 +
0.00015 +
0.00010 +
0.00005 +
. . . r
9.6 9.8 10.0 10.2 104
(b)
FIG. 5. Differences between Jordan and Einstein frame pres-

sure profiles for the parameters Ry = 10, 6 = 1/10, mg = 1, and
q = —2x/3, plotted with respect to the Jordan frame areal radius
r. (a) is the profile in the domain [0, 20] and (b) is the profile in
the domain [9.5, 10.5].

. (p+p) B

Qv = Yuv — 4Po ,50 A 9w + 2”/4uy:| + O([qﬁO]z)

(108)

The highest-energy densities probed to date in particle
accelerators are 1-2 orders of magnitude higher than those
in neutron stars; a density scale 1/|g| two orders of
magnitude higher than the neutron star density
(~0.4 GeV/fm?) is consistent with collider data [20,21].
If this is the case, then a neutron star with a sharp boundary
will contribute a rather large discontinuity of order |g(p +
p)| ~ 1072 in the metric, which would lead to observable
effects—one might, for instance, expect an additional
heating (assuming ¢ < 0) of neutron star crusts from
particles which pass through the crust on the order of
1072 times the particle rest mass. For such large values of ¢,
one might expect such effects to be observable in
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FIG. 6. Differences between Jordan and Einstein frame profiles
for the quantity Y in terms of the Einstein frame areal radius r.
(a) is the profile in the domain [0, 20] and (b) is the profile in the
domain [9.5, 10.5].

astrophysical phenomena, the neutrino cooling of neutron
stars, for instance [22,23]. The absence of such an effect
can place strong constraints on the parameter q.

B. Dynamical case

To understand the behavior of sharp density gradients in
a dynamical situation, we consider the problem of pressur-
eless collapse, like that of Oppenheimer-Snyder. It is
appropriate to consider the problem in Painlevé-
Gullstrand like coordinates, which are for the (exterior)
Schwarzschild metric adapted to a class of observers free
falling from rest at infinity. We consider a line element of
the form
ds> = —(a? — 2)dt* + 2pdtdr + dr* + r*dQ?*.  (109)
In the Einstein frame, the lowered index fluid four-velocity
is parametrized as
u. = (u,,0,0,0), (110)
where u, is determined by u,u* = -1, and v = v(t,7r)
provides a measure of the radial velocity of the fluid
relative to the unit vector normal to constant ¢ surfaces,

V(r)
: : : o
5 10 15
-0.10
-0.15¢
-0.20
()
F
: r
5 10 15 20
—0.005
-0.010+
-0.015¢
—0.020
(b)
FIG.7. In(a), the effective potential V(r) (107) for geodesics is

displayed, with the parameter choices Ry, =10, ¢ = 1/10,
my = 1, and ¢ = —27/3, with e = 1 and [ = 0 for the respective
energy and angular momentum parameters. In (b), the effective
force per unit mass F is displayed. These plots are displayed in
terms of the Einstein frame areal radius r, since it differs mildly
from the proper radius r for our parameter choices (one can verify
that Y\/h(r) ~ 1), so these plots still capture the qualitative
behavior of the effective potential and force.

which in the original Painlevé-Gullstrand metric corre-
sponds to free-falling observers from rest at infinity (the
four-velocity which are recovered when v — 0). To sim-
plify the analysis, we consider a parametrization in which
the initial velocity profile vanishes; in particular, we set
v(0, r) = 0. The Einstein equations then yield the follow-
ing constraint equations for the metric components at t = 0

B op
Op=—— L 111
H=ma g (111)
so that @ becomes independent of r for the specified initial
data. The constraint equations provide an interpretation for
v=u(t,r). If ,a=0 and v(0,r) =0, the acceleration
vector @ = u°V u* takes the form
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a =(0,0/a,0,0). (112)
For the initial data choice (0, r) = 0, the time derivative of
the velocity © determines the radial acceleration of the fluid.

The evolution equations take the form
a=

2 —xar(p + p)), (113)

a
@[
Y _,B 2ka’rp 2] (kPP p — BP)(kaPrip — 36°)
’ﬂi[ P _?] - 4r2p

+ BO2p.

(114)

Note that Eq. (114) does not determine ﬂ directly, but is a
differential equation for ﬂ dependent on boundary
conditions.

The conservation of the energy-momentum tensor
V,T" = 0 yields the time derivative of the fluid density

(p + p)(kr?a*p 4 34?)
2rp )

For the unit vector n# normal to constant ¢ surfaces, one can
construct the operator an”0, = 0, — f0,; the left-hand side
of Eq. (115) is proportional to the derivative of p along n*.
The conservation of the energy-momentum tensor V, 7% =0
also yields the time derivative of the radial velocity

Owp = po,p =

(115)

a
p+p

0,p. (116)

We see here that the presence of a sharp density gradient in
the effective pressure generates large accelerations in the
radial velocity. From Eqgs. (69), (70), and (74), one can obtain
the following expression in terms of the Jordan frame fluid
quantities p and p

(1+gp)o,p
l—gp

3q(p + p)d,p

d,p = |AlY ~
A 4(1+ qp)

. (117)

and it follows that for finite |¢| and densities below the critical
density |gp| = 1, large gradients in the Jordan frame density
will generate large gradients in the Einstein frame pressure p.
Large gradients in the density and pressure then yield large
values for © in the vicinity of the gradient. From Eq. (112), it
follows that large pressure and density gradients in the Jordan
frame generate large accelerations in the Einstein frame.
In the case of a pressureless dust fluid, one has

3gpd,p
0.p = |AlY ———. 118
4 4(1+qp) (118)
If |AlYp >0 (assuming |gp| < 1), the relative sign
between the density and pressure gradients, and conse-
quently the sign of v, are determined by the sign of ¢. For

negative ¢, © will have the same sign as the density
gradient, and for positive g, v will have the opposite sign
as the density gradient. For a spherically symmetric
compact matter distribution with a monotonically decreas-
ing density, this suggests a compressive force for g < 0,
which becomes strong near sharp boundaries. If the matter
density is not monotonic in the radius, one can have
nontrivial behavior for g < 0. A thick shell of spherically
symmetric dust will, for instance, become compressed into
a thin shell, and dips in an otherwise uniform dust density
profile will widen. This behavior also applies near the
critical density for negative ¢, even when including
pressure in the Jordan frame; in the limit |gp| — 1, the
density gradient dominates in Eq. (117) (it is not divergent,
since |A| contributes a factor (1 + gp)). On the other hand,
for |gp| < 1, the pressure gradient in Eq. (117) dominates,
so for realistic matter models well below the critical
density, the aforementioned effects are overwhelmed by
pressure gradients.

VI. FINAL REMARKS

In this paper, we have developed the formalism to treat
singular hypersurfaces and junction conditions in general-
ized coupling theories. In particular, junction conditions
were obtained with a variational approach. Such an
approach facilitates the derivation of the junction condi-
tions and clarifies the dependence of the junction con-
ditions on the assumed properties of the field at the junction
surface. We have argued that the Einstein frame is funda-
mental, and with that viewpoint in mind, we employed the
strategy of first deriving the junction conditions in the
Einstein frame, then translating them into Jordan frame
variables. A primary motivation for the development of the
formalism stems from the observation (which we pointed
out in [11]) that the mixing of the spacetime and matter
degrees of freedom in the Jordan frame can lead to spurious
discontinuities in the metric—in particular, discontinuities
in the energy-momentum tensor lead to discontinuities in
the Jordan frame metric in GCTs. Nevertheless, we found
that as long as the Einstein frame metric is continuous
(taking the view that the Einstein frame is fundamental), the
dynamics for the matter and auxiliary fields can be solved
consistently.

The formalism we developed for junctions has been
applied to the case of spherically symmetric matter dis-
tributions containing sharp gradients in the context of the
MEMe models. In particular, we solved the TOV equation
and, using Painlevé-Gullstrand like coordinates, we studied
Oppenheimer-Snyder collapse.

In the first case, we found that discontinuities in the
matter distribution only generate singularities in the Jordan
frame picture, whereas, in the Einstein frame one, all
equations are regular. Indeed in this case one can conclude
that in a neutron star, a sharp boundary would lead to
observable effects, e.g., expect an additional heating of
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neutron star crusts from incident particles on the order of
1072 times the rest mass of the incident particles if the
absolute value of the parameter ¢ is as large as the
maximum value allowed by the current experimental upper
bound. These effects are in principle measurable (in
observations of neutrino cooling of neutron stars, for
instance) and could lead to tighter constraints on the
parameter q.

In the dynamical case, instead, we find that during
the initial stages of Oppenheimer-Snyder collapse, the matter
distribution is subject to an effective force that depends on
the matter distribution other than the value of the parameter
q. This force tends to compress a matter distribution with a
monotonically decreasing density profile, particularly near
the boundary. This result suggests some possible interesting
differences in the dynamics of gravitational collapse.

If the density is not monotonic, the net effect is to
accentuate over-densities and under-densities in the matter
distribution when one is near the critical density. This result
has consequences at cosmological level. In particular, since
in the matter era the density of matter is far from the critical
density, cosmological structure formation in the context of
MEMe does not differ significantly from the one in GR.
This result, in turn, would imply that the MEMe model is
not able to account for cosmological dark matter. Further
analysis of this problem, and in particular a complete
analysis of the formation of structures in the context of the
MEMe model, will lead to further insight into the actual
mechanism of structure formation in this context.
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APPENDIX: VARIATION OF THE
GRAVITATIONAL ACTION

To obtain the variation of the gravitational action, one
should write it in the form,

Sola'] =5 | [ axvR=20) + 2 [ Py,
(A1)

where the surface ¥ = QU is a limiting surface of a
foliation, so that the vector field n* can be defined in a
neighborhood of X. The full (Weiss [18,19]) variation of
Eq. (Al), including displacements of the boundary, takes
the form

1
6SG = ﬂ |:/U d*x \% |g|{(G/w + Ag/w)églw + g#U5le}

+ 8/ &y \/|g{(R - 2A)n,6Z" + 2AK
>

—KqWAqﬂv}} (A2)

where 0Z is the variation of the embedding functions
ZF(y) of the junction hypersurface [17], A corresponds to
the change in the quantity accounting for boundary dis-
placements. It is not too difficult to show that (with the
understanding that the raising and lowering of indices on
the variation of connections occurs after the variation is
performed)

g"OR,, (67,69 6T op)

= V”
=V, (8T¥e, — 8T",),
with

M = 6% — O 6.

The variation of the action becomes

1
0Sg = 2_ |:/ d*x |g|(G/u/ + Ag;w)églw
K [Ju

be / Py /1 (3, P ST o),

+ (R=2A)n, 87" + 2AK — Kq,,Aq™}|.  (AS)

The change in the connection, accounting for boundary
displacements, takes the form
Al = o0, +£5,17,,. (A6)

The Lie derivative of the connection takes the form

£5,1°, =V, V62" +62°R" ,,, (A7)
where
8% gPET g = 2RV ,67° — JH, (A8)
with the current
Jt =V (VrSZe —N°5ZH). (A9)
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The variation of the action takes the form

30 =3 | | V(G + Ao

- 6’/2 d*y\/|q|n,{2(G*, + N&*,)6Z" — J+}

+e /)E Py\/|gl{ (AT, — AT )n, + 2AK
(A10)

- Kq,qu"”}} :

To deal with the last set of boundary terms, it is perhaps
appropriate to work out the variation of the extrinsic
curvature, which takes the form

K;u/ = qa” qﬁvvanﬂ

= qa;tvanu

=V,n, —ena,. (A11)
The mean curvature is given by the trace
K = ¢*K,, = V,n°, where n’a, = 0. The variation of

the extrinsic curvature may be

(SK/w = 5qayvany + qa;{vaénu - qaptsraayna
= —eon"n,Vn, —edn,a, + q*,V,on, — q%,00, n,;.

(A12)

The variation of the mean curvature may be written in three
different ways

AK = AgHK,, + g™ AK,,
= Ag¢"™K,, +¢"(V,An, — eAn,a, — n,A7,,)

=V, An° + AT n,. (A13)
Now if n,An° = —Anyn°, one may write
D,An° =V An° — en’n,V, An’
=V, An® 4+ en.n’n*Al’",, (A14)

where the last line makes use of the variation of the
acceleration vector

Aad® = An°V n" + n°V, An" + n°nAl7,,.  (A15)

One may also note that

q"*V,An, = D,(¢""An,). (A16)

The variation of the mean curvature may then be written
[adding the second two lines of Eq. (A13)]
2AK = Ag¢"™K,, — eq" Any,a, + ¢V, An,
- q"n, A, +V,An’ + A" n,
= A¢"K,, — eAn,a* + D,(An* + ¢"*An,))

+ ng(AI™, — AT°7). (A17)

From which one may obtain the expression

n,(AI°, — Al ) = A¢" K, — eAn,a"

+D,(An* + ¢ An,) 20K (A18)

The variation of the action becomes

1
36 =3 | | 5/ Bl(G + Ao
KlJu
—e/d3y lg|n,{2(G*, + A&*,)6Z" — J'}
s
+€/Z d3y\/ |LI|{(K/4D - Kq;w)Aqlw

+ D,(An" + ¢ An,) — eAn,a"} | . (A19)

One may choose the foliation such that @* = 0, and noting
that An* + ¢*”An, is a purely spatial vector under the
condition [A(n,n*) = 0], the D, term becomes a surface
term which we may discard. For topologically simple
(contractible or star-shaped) domains, the term involving
J# can be converted into a bulk integral of the divergence
V”J" =0, which identically vanishes. The variation
reduces to

1
0Sg = 2_ |:/ d*x |g|(G/w + Agﬂu)égﬂy
K LJu
—26‘/ Ay q|(G*, + A& ,)n,8Z¢
p>

ve [ @VidKe - Kauag®|.  (a20
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