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The gravitational lensing of relativistic neutral massive particles caused by a Kerr-Newman black hole is
investigated systematically in the weak-field limit. Based on the Kerr-Newman metric in Boyer-Lindquist
coordinates, we first derive the analytical form of the equatorial gravitational deflection angle of a massive
particle in the third post-Minkowskian approximation. The resulting bending angle, which is found to be
consistent with the result in the previous work, is adopted to solve the popular Virbhadra-Ellis lens
equation. The analytical expressions for the main observable properties of the primary and secondary
images of the particle source are thus obtained beyond the weak-deflection limit, within the framework of
standard perturbation theory. The observables include the positions, magnifications, and gravitational time
delays of the individual images, the differential time delay, and the total magnification and centroid
position. The explicit forms of the correctional effects induced by the deviation of the initial velocity of the
massive particle from the speed of light on the observables of the lensed images are then achieved. Finally,
serving as an application of the formalism, the supermassive black hole at the Galactic Center, Sagittarius
A�, is modeled to be a Kerr-Newman lens. The magnitudes of the velocity-induced correctional effects on
the practical lensing observables as well as the possibilities to detect them in this scenario are also analyzed.
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I. INTRODUCTION

Gravitational lensing is one of the most powerful tools in
modern astrophysics and cosmology. It provides extensive
astronomical applications (e.g., testing gravity theories
[1–5] and the cosmic censorship conjecture [6], determin-
ing the Hubble constant [7], detecting dark matter [8,9] and
dark energy [10–12], and constraining neutrino mass
[13,14]) and has attracted much attention since the discov-
ery of the first doubly imaged quasar in 1979 [15]. Due to
the traditional advantages of electromagnetic signals in
astronomical observations, the previous works have been
devoted mainly to the investigation of gravitational lensing
phenomena of light by means of different approaches in the
weak-field limit (see, e.g., [16–20] and references therein)
or the strong-field limit (see, for instance, [21–33]).
Actually, with the coming of multimessenger astronomy,

a full theoretical consideration of the gravitational lensing
phenomena of a massive particle with a nonzero rest mass
also deserves our effort, for which two reasons are
responsible. The first one lies in the fact that the lensing
effect of a massive particle (e.g., a neutrino or cosmic-ray
particle) caused by a gravitational system may be more
evident than the lightlike counterpart under the same

circumstances. This is because the decrease of the velocity
at infinity (the initial velocity) of a test particle leads to the
increase of the total deflection angle for a given lens system
[34,35]. This property of gravitational lensing of massive
particles is of great significance to two aspects, which
include increasing efficiently the opportunities to observe
gravitational lensing events and making the consideration
of the first-, second, and even higher-order contributions to
the lensing observables nontrivial. A second reason is that
one can expect that the study of gravitational lensing of
massive particles may speed up the advancement of joint
multimessenger observations (such as the joint neutrino and
electromagnetic detection [36–38]), since all of the mes-
sengers emitted by an astrophysical source may experience
different gravitational bending processes before approach-
ing their detectors.
To our knowledge, the previous literatures focused on the

gravitational lensing of massive particles appear to be
relatively rare, and most of them have been dedicated to
the study of theweak- or strong-field gravitational deflection
angle in various geometries (see, e.g., [17,34,35,39–53]),
which serves as one of the main parts of gravitational
lensing. For example, Accioly and Ragusa [35,39] com-
puted the gravitational deflection angle of a relativistic
massive particle propagating in the Schwarzschild field,
in the third post-Minkowskian (PM) approximation. It was*lwb@usc.edu.cn
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not until recent years that the lens equation of massive
particles was solved to obtain the observable properties of
the lensed images. In 2016, Liu et al. [54] based on the exact
formula for the Schwarzschild deflection angle of a general
massive particle [55] and solved the small-angles lens
equation [56] in the weak- and strong-field limits, respec-
tively, to obtain the approximate angular positions and
signed magnifications of the lensed images. The leading-
order correctional effects caused by the deviation of the
initial velocity of a massive particle from the speed of light
on the deflection angle, angular image positions, and the
magnifications for both ultrarelativistic and nonrelativistic
particles were also discussed. The procedure of Ref. [54]
was later generalized toReissner-Nordström spacetime [57].
The authors of Ref. [57] obtained the timelike deflection
angle in terms of an elliptical function and investigated the
first-order velocity-induced correctional effects on the
deflection angle as well as the approximate image positions
and magnifications for ultrarelativistic and nonrelativistic
particles in the weak- and strong-field limits. Recently, the
timelike time delay in Schwarzschild geometry was studied
in detail in Ref. [58], where the differential time delay of the
lensed images of a particle source in the 1PMapproximation
and the first-order velocity effect on it were discussed, on the
basis of the exact total coordinate time of a massive particle.
More recently, the series expansion form of the total
propagating time of a test particle in a stationary axisym-
metric spacetime, as well as the leading-order timelike
differential time delay of the images and the first-order
velocity effect on it, were derived in Ref. [59]. There are also
other works devoted to the study of some of the observable
properties of the lensed images of a massive-particle source
(e.g., [60–62]).
However, it seems fair to mention that further work is

necessary with respect to the issue of gravitational lensing
of massive particles. A first reason is that there is still a lack
of a systematical consideration of the first-, second-, and
even higher-order contributions to all of the main observ-
ables of the images in the lensing scenario of massive
particles. It is of interest, since the velocity-induced effect
on an image observable in or beyond the weak-deflection
limit may be so evident that its magnitude is much larger
than that of the corresponding null observable, while the
general behaviors of the velocity effects on the lensing
observables have not been analyzed up to now. In fact, the
consideration of the velocity effects themselves [17] is also
a significant component of gravitational lensing of massive
particles. Furthermore, we know that rapid progress in
techniques of position, time, angular, and photometric
measurements has been made in the past decades. The
high-accuracy angular measurement in astronomical proj-
ects is nowadays at the level of 1 ∼ 10 μarcsec (μas) or even
better [63–69]. Especially, the planned Nearby Earth
Astrometric Telescope (NEAT) mission [67,68] aims at
an unprecedented space-borne accuracy of 0.05 μas.

Additionally, the recent photometric precision has been
at the level of about 10−6 mag or better [70–73]. For
instance, the original Kepler mission has an extreme
photometric precision of a few μmag [70,72], although it
ended prematurely due to the failure of one of four reaction
wheels in 2013. It has been renamed as the K2mission with
new purposes and a lower photometric precision (within a
factor of 2 of the nominal Kepler performance) [74–76].
Moreover, the present precision of the very long baseline
interferometry (VLBI) technique [77–83] in measuring the
differential time delay is at the level of 10−12 s (pico-
seconds) at least. The proposed delay precision of the next-
generation VLBI system is 4 ps [84–86]. It can be expected
that the first- and second-order contributions (even higher-
order contributions) to the observable properties of the
lensed images, as well as the velocity effects on them, may
be detectable in current (or near future) high-accuracy
astronomical measurements.
In the present work, we adopt the standard perturbative

analysis to investigate in detail the weak-field gravitational
lensing of relativistic massive particles induced by a Kerr-
Newman (KN) black hole, which acts as a natural extension
of the previous works [1,87]. First, we calculate analyti-
cally the gravitational deflection angle of a massive particle
propagating in the equatorial plane of the KN source up to
the 3PM order in Boyer-Lindquist coordinates, via an
approach which is different from that in Ref. [88]. The
deflection angle is then utilized to solve the popular
Virbhadra-Ellis lens equation [21]. The explicit forms for
the main observable properties of the primary and secon-
dary images, which include the positions, magnifications,
and gravitational time delays of the individual images, the
sum and difference relations of the image positions or
magnifications, and the differential time delay, along with
the magnification-weighted centroid position, are thus
achieved beyond the weak-deflection limit. The analytical
expressions of the velocity effects on the zeroth-, first-, or
second-order contribution to the image observables are also
obtained in the weak-field limit. As an application of the
formalism, we model the supermassive black hole at the
Galactic Center (i.e., Sagittarius A�) [89–91] as a KN lens
and analyze in detail the magnitudes of the velocity effects
on the practical lensing observables and the possibilities of
their detection. Our discussions are restricted in the weak-
field, small-angle, and thin-lens approximation [8,17].
The organization of this paper is as follows. Section II

gives the basic notations and assumptions used in this
work. In Sec. III, we first review the KN metric in Boyer-
Lindquist coordinates and then derive the gravitational
deflection angle of a relativistic massive particle propagat-
ing in the equatorial plane of the lens up to the 3PM order.
Section IV is devoted to obtaining the weak-field expres-
sions of the timelike observable properties of the lensed
images via solving the Virbhadra-Ellis lens equation, on
the basis of the standard perturbation theory analysis.
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Section V presents the analytical forms of the velocity
effects induced by the deviation of the initial velocity of the
particle from the speed of light on the observables of the
lensed images beyond the weak-deflection limit. In Sec. VI,
the Galactic supermassive black hole is modeled to be a KN
lens, and the magnitudes of the velocity effects as well as
the possibilities to detect them are analyzed. A summary is
given in Sec. VII. Conventionally, greek indices run over
0,1,2, and 3.

II. NOTATIONS AND ASSUMPTIONS

In this paper, geometrized units where G ¼ c ¼ 1 and
the metric signature ðþ;−;−;−Þ are used. fe1; e2; e3g
denotes the orthonormal basis of a three-dimensional
Cartesian coordinate system ðx; y; zÞ, whose origin is
located at the barycenter of the central body. For the sake
of simplicity, the massive particle is assumed to be neutral
in this work.
We focus on the scenario where a relativistic massive

particle with an initial velocity wð>0Þ, emitted by the
source, is deflected by the lens and propagates to the
observer without looping around the lens (i.e., no rela-
tivistic images appear). The lens diagram is shown in
Fig. 1, where the notations for the main lens quantities are
given. In the weak-field and thin-lens approximation
mentioned above, we can assume the deflection effect
takes place in a cosmologically small region around the
lens. Thus, the observer and source are regarded to be
located in the asymptotically flat region of the KN
geometry, and the propagating path of the test particle
is approximated by its two asymptotes (the blue lines in
Fig. 1) [8]. Furthermore, as done in Ref. [1], we adopt the
assumption that the angular positions of the lensed images
are positive. It implies that the position B of the source is
positive when the image is on the same side of the lens as
the source and negative when the image is on the
opposite side.

III. WEAK GRAVITATIONAL DEFLECTION
OF MASSIVE PARTICLES

In this section, we consider the gravitational deflection
of a relativistic massive particle propagating in the equa-
torial plane of a KN black hole, within the 3PM
approximation.

A. The Kerr-Newman metric

The metric of the KN spacetime in Boyer-Lindquist
coordinates ðt; r; ζ;φÞ is given by [92,93]

ds2 ¼ Δ
ρ2

ðdt − a sin2 ζdφÞ2 − sin2 ζ
ρ2

½ðr2 þ a2Þdφ − adt�2

−
ρ2

Δ
dr2 − ρ2dζ2; ð1Þ

where Δ¼r2þa2−2MrþQ2 and ρ2 ¼ r2 þ a2cos2ζ:
M, Q, and a≡ J=Mð>0Þ denote the rest mass, electrical
charge, and angular momentum per unit mass of the KN
black hole, respectively. We use the relation a2 þQ2 ≤ M2

to avoid the naked singularity of the black hole.

B. Equations of motion

The geodesic equation of a test particle in a
given spacetime geometry is equivalent to the Euler-
Lagrangian equation with the Lagrangian L ¼ 1

2
gμν _xμ _xν

[94], which reads for the equatorial motion (ζ ¼ π=2) in
KN spacetime,

J

z

Source plane

Observer plane

Lens plane L

O

S I

dL

dLS

dS

b

b

y

x

FIG. 1. The lens diagram of a Kerr-Newman black hole. The
positions of the source, lens, observer, and image are given by S,
L,O, and I, respectively. All of them are situated in the equatorial
plane (x-y plane) of the lens. The x axis is assumed to be the optic
axis OL which joins the lens and observer. dS and dL are the
angular diameter distances of the source and lens from the
observer, respectively, and dLS is the angular diameter distance of
the source from the lens. B and ϑ denote, respectively, the angular
source and image positions. α̂ is the gravitational deflection angle
of the massive particle. bð¼ dL sin ϑÞ denotes the impact param-
eter. Without loss of generality, the intrinsic angular momentum
vector J ¼ Je3 of the gravitational lens is assumed to be along the
positive z axis (J > 0).
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2L ¼
�
1 −

2Mr −Q2

r2

�
_t2 −

r2

Δ
_r2

−
ðr2 þ a2Þ2 − a2Δ

r2
_φ2 þ 2að2Mr −Q2Þ

r2
_t _φ; ð2Þ

where a dot denotes the derivative with respect to the affine
parameter ξ̂ which describes the trajectory [17,95]. Along
the particle’s orbit, we have 2L ¼ 1. Two constants of
motion can be then obtained from Eq. (2) as follows [35]:

E≡ ∂L
∂_t ¼

�
1 −

2Mr −Q2

r2

�
_tþ að2Mr −Q2Þ

r2
_φ

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − w2

p ; ð3Þ

L̂≡ −
∂L
∂ _φ ¼ ðr2 þ a2Þ2 − a2Δ

r2
_φ −

að2Mr −Q2Þ
r2

_t

¼ swbffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − w2

p : ð4Þ

Here, E and L̂ represent the conserved orbital energy and
angular momentum per unit mass, respectively. The impact
parameter b is defined by jL̂j=E≡ wb [45,49,54], which is
in accord with its definition b≡ jL̂j=E for null geodesics
(w ¼ 1). Moreover, for a given intrinsic angular momentum
Jð>0Þ of the KN source, L̂ is positive when the massive
particle takes prograde motion relative to the rotation of
the lens, while it is negative for retrograde motion of the
particle. We thus follow the idea of Ref. [87] to define the
sign of L̂ by the sign parameter s as follows:

s≡ signðL̂Þ ¼
�þ1; for prograde motion

−1; for retrograde motion
: ð5Þ

According to Eqs. (3) and (4), we have

_t ¼ ½ðr2 þ a2Þ2 − a2Δ�Eþ aL̂ðQ2 − 2MrÞ
r2Δ

; ð6Þ

_φ ¼ ðΔ − a2ÞðL̂ − aEÞ þ aEr2

r2Δ
: ð7Þ

The substitution of Eqs. (6) and (7) into Eq. (2) yields

r4 _r2 ¼ ½ðr2 þ a2ÞE − aL̂�2 − ½ðL̂ − aEÞ2 þ r2�Δ: ð8Þ

Equations (6)–(8) are consistent with the results in
Refs. [96,97] for the case of no electrical charge and w ¼ 1.

C. Equatorial gravitational deflection angle
of a massive particle up to the 3PM order

We utilize the approach given in Ref. [1] to perform our
calculation of the 3PM equatorial deflection angle of a

massive particle. It should be pointed out that the weak-
field and small-angle approximation enables us to make the
PM series expansion for the deflection angle,

α̂ ¼
X3
i¼1

Ni

�
M
b

�
i
þOðM4Þ; ð9Þ

where the coefficients Ni are the unknown functions of w,
a, and Q, and M=b ≪ 1.
The first thing to obtain the explicit form of α̂ is the

determination of the 3PM relation between b and r0, with
r0 being the distance of closest approach to the lens for the
particle. We know _r in Eq. (8) at the distance r ¼ r0 should
vanish, and it implies

b¼ r0
wð1− 2M

r0
þ Q2

r2
0

Þ
×

��
1−

2M
r0

þ a2 þQ2

r20

�
1=2

×

�
w2 þ ð1−w2Þ

�
2M
r0

−
Q2

r20

��
1=2

−
sa
r0

�
2M
r0

−
Q2

r20

��
;

ð10Þ

where we have omitted the other solution which is
nonphysical, andM=r0 is much smaller than 1 to guarantee
a weak field. By defining

h≡M=r0; â≡ a=M; Q̂≡Q=M; ð11Þ

and using the series expansion of Eq. (10) in h, we find up
to 3PM order

b ¼ r0½1þ A1hþ A2h2 þ A3h3 þOðM4Þ�; ð12Þ

where

A1 ¼
1

w2
; ð13Þ

A2 ¼
4w2 − 1 − 4w3sâþ w4â2 − w2Q̂2

2w4
; ð14Þ

A3 ¼
1

2w6
½1 − 4w2 þ 8w4 − 8w5sâþ ð1þ 2w2Þw4â2

þ ð1 − 4w2Þw2Q̂2 þ 2w5sâQ̂2�: ð15Þ

However, we want to express the deflection angle in terms
of the invariant impact parameter. In order to express r0 in
terms of b, we guess reasonably that the series expansion of
r0 in M=b takes the following form:

r0¼ b

�
1þa1

M
b
þa2

�
M
b

�
2

þa3

�
M
b

�
3

þOðM4Þ
�
; ð16Þ
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with ai (i ¼ 1, 2, 3) being undetermined coefficients. By substituting Eq. (16) into Eq. (12) conversely and requiring the
first- and higher-order terms on the right-hand side of Eq. (12) to vanish, we find

a1 ¼ −
1

w2
; ð17Þ

a2 ¼ −
4w2 − 1 − 4w3sâþ w4â2 − w2Q̂2

2w4
; ð18Þ

a3 ¼ −
2wð2 − Q̂2Þ − sâ½2þ w2ð4 − Q̂2Þ� þ ðwþ w3Þâ2

w3
: ð19Þ

We now turn to the exact expression of the bending angle, which can be written via Eqs. (7) and (8) as follows [1,95]:

α̂ ¼ 2

Z þ∞

r0

				 dφdr
				dr − π

¼ 2

Z þ∞

r0

ð1 − 2M
r þ Q2

r2 Þðw − sa
b Þ þ sa

b

r2ð1 − 2M
r þ a2þQ2

r2 Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
b2 ð1þ a2

r2 −
sawb
r2 Þ2 − ð1 − 2M

r þ a2þQ2

r2 Þ½1−w2

b2 þ 1
r2 ðw − sa

b Þ2�
q dr − π: ð20Þ

Equation (20) can be rewritten by defining a new variable x≡ r0=rð0 ≤ x ≤ 1Þ in the form

α̂ ¼ 2

Z
1

0

ð1 − 2hxþ Q̂2h2x2Þðwbr0 − sâhÞ þ sâh

½1 − 2hxþ ðâ2 þ Q̂2Þh2x2� ffiffiffiffi
H

p dx − π; ð21Þ

where h; â, and Q̂ have been defined above, and H and b=r0 are given as follows:

H ¼
�
1þ â2h2x2 −

wb
r0

sâhx2
�

2

− ½1 − 2hxþ ðâ2 þ Q̂2Þh2x2�
�
1 − w2 þ

�
wb
r0

− sâh

�
2

x2
�
; ð22Þ

b
r0

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½1 − 2hþ ðâ2 þ Q̂2Þh2�½w2 þ ð1 − w2Þð2h − Q̂2h2Þ�

q
− sâh2ð2 − Q̂2hÞ

wð1 − 2hþ Q̂2h2Þ : ð23Þ

By performing the series expansion of the factor 1=
ffiffiffiffi
H

p
on the right-hand side of Eq. (21) in h, we have

1ffiffiffiffi
H

p ¼ 1

w
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p
�
1þ 2

�
1

w2ð1þ xÞ − 1

�
xh −

4 − 4wsâ − w2ð1þ xÞQ̂2

w2ð1þ xÞ x2h2

−
2fw½4 − ð2þ xÞQ̂2 þ ð1þ w2Þâ2� − sâ½2þ w2ð4 − ð1þ xÞQ̂2Þ�g

w3ð1þ xÞ x2h3 þOðM4Þ
�

−1
2

¼ 1

w
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p
�
1þ

�
1 −

1

w2ð1þ xÞ
�
xhþ 3 − w2ð1þ xÞ½2þ 4wsâ − w2ð1þ xÞð3 − Q̂2Þ�

2w4ð1þ xÞ2 x2h2

þ 1

2w4ð1þ xÞ2
�
3x −

5x
w2ð1þ xÞ − 2wsâ½2ð1 − 2xÞ þ w2ð4þ 10xþ 6x2Þ − w2ð1þ xÞ2Q̂2�

þ w2ð1þ xÞ½8 − 3xþ 2ð1þ w2Þâ2 − ð4 − xÞQ̂2 þ w2xð1þ xÞð5 − 3Q̂2Þ�
�
x2h3 þOðM4Þ

�
: ð24Þ

After substituting Eq. (24) into the integrand of Eq. (21), we then use the power series expansion of the integrand in h,
integrate it over x, and find
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α̂ ¼ 2

�
1þ 1

w2

�
hþ

�
3π

4

�
1þ 4

w2

�
−

2

w2

�
1þ 1

w2

�
−
4sâ
w

−
πQ̂2

4

�
1þ 2

w2

��
h2

þ
�
10

3
þ 26

w2
þ 9

w4
þ 7

3w6
−

3π

2w2

�
1þ 4

w2

�
−
2sâ
w

�
3π − 2þ 2ðπ − 3Þ

w2

�

þ
�
1þ 1

w2

�
â2 −

�
2þ 22 − π

2w2
−
π − 1

w4

�
Q̂2 þ πsâQ̂2

w

�
h3 þOðM4Þ: ð25Þ

Finally, the explicit form of the equatorial gravitational deflection angle of a relativistic massive particle up to the 3PM
order can be obtained by plugging Eqs. (11) and (16)–(19) into Eq. (25) as

α̂KN ¼ 2

�
1þ 1

w2

�
M
b
þ 3π

4

�
1þ 4

w2

�
M2

b2
−
4saM
wb2

−
π

4

�
1þ 2

w2

�
Q2

b2
þ 2

3

�
5þ 45

w2
þ 15

w4
−

1

w6

�
M3

b3

− 2π

�
3

w
þ 2

w3

�
saM2

b3
þ 2

�
1þ 1

w2

�
a2M
b3

− 2

�
1þ 6

w2
þ 1

w4

�
Q2M
b3

þ πsaQ2

wb3
þOðM4Þ; ð26Þ

or equivalently,

α̂KN ¼ N1ðwÞ
M
b
þ N2ðw; â; Q̂ÞM

2

b2
þ N3ðw; â; Q̂ÞM

3

b3

þOðM4Þ; ð27Þ

with

N1ðwÞ ¼ 2

�
1þ 1

w2

�
; ð28Þ

N2ðw;â;Q̂Þ¼ 3π

4

�
1þ 4

w2

�
−
4sâ
w

−
π

4

�
1þ 2

w2

�
Q̂2; ð29Þ

N3ðw; â; Q̂Þ ¼ 2

3

�
5þ 45

w2
þ 15

w4
−

1

w6

�
− 2π

�
3

w
þ 2

w3

�
sâ

þ 2

�
1þ 1

w2

�
â2 − 2

�
1þ 6

w2
þ 1

w4

�
Q̂2

þ πsâQ̂2

w
: ð30Þ

The comparison of Eq. (26) with the results presented in
the previous works is made as follows. It is interesting to
find that Eq. (26) is in agreement with the result derived by
means of a different method in Ref. [88], after replacing our
sign parameter s by −s (in their notation). When the black
hole’s spin vanishes and the initial velocity of the particle
reaches the speed of light (i.e., a ¼ 0, w ¼ 1), Eq. (26) is
reduced to the third-order Reissner-Nordström deflection
angle of light

α̂RN ¼ 4M
b

þ 15πM2

4b2
−
3πQ2

4b2
þ 128M3

3b3
−
16MQ2

b3
; ð31Þ

which is in accordance with Eq. (53) of Ref. [1] and
Eq. (8.22) of Ref. [98]. For the case of no electrical charge

of the lens and w ¼ 1, up to the 3PM order, Eq. (26)
becomes [87]

α̂Kerr ¼
4M
b

þ 15πM2

4b2
−
4saM
b2

þ 128M3

3b3

−
10πsaM2

b3
þ 4a2M

b3
: ð32Þ

If both the spin and electrical charge of the black hole
disappear simultaneously, Eq. (26) can be simplified to the
third-order Schwarzschild deflection angle of massive
particles [35,39,50]

α̂S ¼ 2

�
1þ 1

w2

�
M
b
þ 3π

4

�
1þ 4

w2

�
M2

b2

þ 2

3

�
5þ 45

w2
þ 15

w4
−

1

w6

�
M3

b3
: ð33Þ

Moreover, Eq. (26) is also consistent with the result
for the second-order KN deflection of massive particles
derived via different approaches [43,44] when the third-
order contributions on the right-hand side of Eq. (26) are
dropped.
With respect to the spin-induced terms on the right-hand

side of Eq. (26), it should be pointed out that the second-
order spin-induced contribution is negative and positive for
the particle’s prograde ðs ¼ þ1Þ and retrograde ðs ¼ −1Þ
motions relative to the rotation of the lens, respectively.
This conclusion also holds qualitatively for the total of the
third-order spin-induced contributions, although a special
spin-dependent term whose contribution is always positive
is present on the right-hand side of Eq. (26).

IV. LENSING OBSERVABLES

In this section, we solve the Virbhadra-Ellis lens equa-
tion [21] and discuss the timelike observable properties of
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the lensed images (i.e., the primary and secondary images)
beyond the weak-deflection limit, in the framework of the
weak-field, small-angle, and thin-lens approximation.

A. Lens equation

According to the lens diagram in Fig. 1, we can obtain
the Virbhadra-Ellis lens equation, which reads [21]

tanB ¼ tanϑ −D½tanϑþ tanðα̂ − ϑÞ�; ð34Þ

with D ¼ dLS=dS.
We apply the analysis of the standard perturbation theory

to solving Eq. (34). For the sake of a convenient discussion,
we use the scaled variables via the following definitions
[1–3]:

β≡ B
ϑE

; θ≡ ϑ

ϑE
; ε≡ ϑ•

ϑE
¼ ϑE

4D
: ð35Þ

Here, ϑE ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4DM=dL

p
is the angular Einstein ring radius

of light in the weak-deflection limit. ϑ• ≡ arctan ðM•=dLÞ
denotes the angle subtended by the special gravitational
radius which is defined asM• ≡GM=c2 (equal to the lens’s
mass M in geometrized units) and different from the
conventional one [99,100]. ε serves as the new expansion
parameter for analyzing the observable characteristics of
the lensed images. It is worth mentioning that we do not
adopt the angular Einstein ring radius of massive particles
but ϑE as the natural scale in Eq. (35), since the scale factor
should be constant for a given lensing scenario and
independent of the initial velocity of the massive particle.
This treatment guarantees that all of the possible velocity
effects on the angular image position are absorbed by the
scaled variable θ. Moreover, since ϑE is of the same order
of magnitude as Dε, Eq. (34) can be reduced to the small-
angles lens equation ϑ ¼ B þ α [8,56] by defining a
reduced deflection angle α≡Dα̂, when the third- and
higher-order contributions in ε to B, ϑ, and α̂ are omitted.
The perturbation analysis enables us to assume the series

expansion of the scaled angular position of the image in ε

θ ¼ θ0 þ θ1εþ θ2ε
2 þOðε3Þ; ð36Þ

where θ0ð>0Þ denotes its zeroth-order value in the weak-
deflection limit, while θ1 and θ2 are the unknown coef-
ficients of the first- and second-order contributions to the
angular image position, respectively.
Now we turn our attention to the solution of the lens

equation. Substituting Eqs. (27), (35), and (36) and the
relation b ¼ dL sin ϑ into Eq. (34), up to the third order of
ε, we have

0 ¼ D

�
4β − 4θ0 þ

N1

θ0

�
εþD½N2 − ðN1 þ 4θ20Þθ1�

θ20
ε2

þ D
3θ30

½N3
1 þ 3N3 − 12DN2

1θ
2
0

þ N1ð56D2θ40 þ 3θ21 − 3θ0θ2Þ
þ 64D2θ30ðβ3 − θ30Þ − 6N2θ1 − 12θ30θ2�ε3
þOðε4Þ; ð37Þ

which is the same as Eq. (65) of Ref. [1] for the case of
w ¼ 1 and a ¼ Q ¼ 0.

B. Image positions

The requirement for the disappearance of the first- and
higher-order corrections on the right-hand side of Eq. (37)
leads to

θ0 ¼
1

2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2 þ 2

�
1þ 1

w2

�s
þ β

�
; ð38Þ

θ1 ¼
N2

N1 þ 4θ20

¼ 3πð4þ w2Þ − 16wsâ − πð2þ w2ÞQ̂2

8ð1þ w2 þ 2w2θ20Þ
; ð39Þ

θ2 ¼
1

3θ0ðN1 þ 4θ20Þ
ðN3

1 þ 3N3 − 12DN2
1θ

2
0 þ 64D2β3θ30

þ 56D2N1θ
4
0 − 64D2θ60 − 6N2θ1 þ 3N1θ

2
1Þ: ð40Þ

By means of Eq. (38) which indicates β ¼ θ0 −
N1

4θ0
, it can

be seen that Eqs. (39) and (40) are consistent with Eqs. (32)
and (33) of Ref. [87], respectively, when the lens’s
electrical charge vanishes (Q ¼ 0) and w ¼ 1 is assumed.
With the consideration of the last assumption made in

Sec. II and the general form of the scaled image position
given in Eqs. (38)–(40), the angular positions (denoted by
θþ and θ−, respectively) of the positive- and negative-parity
images can be expressed explicitly in terms of the angular
source position β as

θ� ¼ θ�0 þ θ�1 εþ θ�2 ε
2 þOðε3Þ; ð41Þ

where

θ�0 ¼ 1

2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2 þ 2

�
1þ 1

w2

�s
� jβj

�
; ð42Þ

θ�1 ¼ 3πð4þ w2Þ − 16ws�â − πð2þ w2ÞQ̂2

16ð1þ w2Þ

×

�
1 ∓ jβjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

β2 þ 2ð1þ 1
w2Þ

q �
; ð43Þ
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θ�2 ¼ ½2ð1þ 6w2 þ w4Þ − πw3s�â�ð1þ 3w2 − w2Q̂2Þ þ w3ð1þ w2Þð2wâ2 − 3πs�âÞ − 8D2

3
ð1þ w2Þ3

w6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2 þ 2ð1þ 1

w2Þ
q h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

β2 þ 2ð1þ 1
w2Þ

q
� jβj

i
2

−
½3πð4þ w2Þ − 16ws�â − πð2þ w2ÞQ̂2�2

128w2ð1þ w2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2 þ 2ð1þ 1

w2Þ
q h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

β2 þ 2ð1þ 1
w2Þ

q
� jβj

i
2

"
1 ∓ jβjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

β2 þ 2ð1þ 1
w2Þ

q
#"

3� jβjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2 þ 2ð1þ 1

w2Þ
q

#

−
4D

w4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2 þ 2ð1þ 1

w2Þ
q

(
ð1þ w2Þ2ð1 −DÞ − ð1þ w2Þw2D

12

" ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2 þ 2

�
1þ 1

w2

�s
� jβj

#2)
: ð44Þ

Here, we have used sþ and s− to denote the sign
parameter of the positive- and negative-parity images
[87], respectively. Notice that the value of sþ is þ1 for
prograde motion of the particle and −1 for its retrograde
motion. Simultaneously, the relation sþ ¼ −s− always
holds in our scenario. Note also that β is positive and
negative (jβj ¼ −β) when the image and source are on the
same and opposite sides of the optic axis, respectively.
Additionally, Eqs. (42) and (43) are consistent with
Eq. (72) in Ref. [57] when w ¼ 1 and â ¼ 0 are assumed.
From Eqs. (42)–(44), we can obtain the observable

product, sum, and difference relations for the coefficients
of the scaled angular image positions,

θþ0 θ
−
0 ¼ 1

2

�
1þ 1

w2

�
; ð45Þ

θþ0 þ θ−0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2 þ 2

�
1þ 1

w2

�s
; ð46Þ

θþ0 − θ−0 ¼ jβj; ð47Þ

θþ1 þ θ−1 ¼ 3πð4þ w2Þ − πð2þ w2ÞQ̂2

8ð1þ w2Þ

þ 2w
1þ w2

sþâjβjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2 þ 2ð1þ 1

w2Þ
q ; ð48Þ

θþ1 − θ−1 ¼ −
3πð4þ w2Þ − πð2þ w2ÞQ̂2

8ð1þ w2Þ
jβjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

β2 þ 2ð1þ 1
w2Þ

q
−
2wsþâ
1þ w2

; ð49Þ

θþ2 þθ−2 ¼
1

192w2ð1þw2Þ3
�
384w3f2þ2w2ð1þw4þw6Þþw2ð1−w2Þ2½3þw2ð3þβ2Þ�β2gâ2

ð2þ2w2þw2β2Þ3=2 þ 1

wð2þ2w2þw2β2Þ3=2
×fð1þw2Þ2½768ð1þ10w2Þþ48ð448−27π2Þw4þ24ð704−27π2Þw6þ9ð256−9π2Þw8−512ð6−5DÞDð1þw2Þ4
−6w2ð128þ8ð112−9π2Þw2þð896−54π2Þw4þð128−9π2Þw6ÞQ̂2−9π2w4ð2þw2Þ2Q̂4�−6w2ð1þw2Þ
× ½128ð2−DÞDð1þw2Þ4−3ð64ð1þ10w2Þþ16ð112−9π2Þw4þ8ð176−9π2Þw6þ3ð64−3π2Þw8Þ
þ6w2ð32þ8ð28−3π2Þw2þ2ð112−9π2Þw4þð32−3π2Þw6ÞQ̂2þ3π2w4ð2þw2Þ2Q̂4�β2
−2w4½27π2w4ð4þw2Þ2−192ð1þ10w2þ28w4þ22w6þ3w8Þþ128D2ð1þw2Þ4
þw2ð192ð1þ7w2þ7w4þw6Þ−18π2w2ð8þ6w2þw4ÞÞQ̂2þ3π2w4ð2þw2Þ2Q̂4�β4g

þ192πw3jβjsþâð4−2w2þ3w4þw2Q̂2Þ
�
; ð50Þ

θþ2 −θ−2 ¼−
1

32w2ð1þw2Þ3
�
f64ð1þ10w2Þþ16ð112−9π2Þw4þ8ð176−9π2Þw6þ3ð64−3π2Þw8−128D2ð1þw2Þ4

þ64w4ð1−w2Þ2â2−2w2½32−w2ð3π2ð8þ6w2þw4Þ−32ð7þ7w2þw4ÞÞ�Q̂2−π2w4ð2þw2Þ2Q̂4gjβj

þ 16πw2sþâ
ð2þ2w2þw2β2Þ3=2fð16þ4w2þ15w4Þð1þw2Þ2þ6w2ð4þ2w2þw4þ3w6Þβ2þ2w4ð4−2w2þ3w4Þβ4

þw2½2þw2ð3−w4þ6ð1þw2Þβ2þ2w2β4Þ�Q̂2g
�
: ð51Þ
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There are three points which should be emphasized. First,
it is interesting to find that the product of the zeroth-order
positions of the positive- and negative-parity images depends
on the initial velocity of the massive particle in the weak-
deflection limit, which is obviously different from the null
case where the value of θþ0 θ

−
0 is always equal to 1. Since the

lens quantities given in Eqs. (46) and (48)–(51) also depend
on w, it is possible to study conversely the properties of the
particle’s source by means of the detection of these observ-
ables. Second, due to the presence of the spin-induced
contributions, each of the first- and second-order sum and
difference relations for the coefficients of the image positions
(θþ1 � θ−1 and θþ2 � θ−2 ) appears differently for prograde and
retrograde motions of the massive particle. However, this is
not the case for the zeroth-order relations θþ0 � θ−0 . Third, it
shows that the first- and second-order sum and difference
relations for the positional coefficients depend not only on a
but also on the electrical chargeQ of the black hole. Thus, for
a given timelike lens diagram of a Kerr, Reissner-Nordström,
or KN black hole, we may also constrain the intrinsic spin or
electrical charge of the lens in turn by detecting the first-order
sum and difference relations (θþ1 � θ−1 ).
Finally, the coefficients of the zeroth-, first-, and second-

order contributions to the position of a positive-parity
image, as well as the sum and difference relations given
in Eqs. (46) and (48)–(51), are plotted as the functions of
the angular source position in Fig. 2. The KN lensing
scenarios for prograde (sþ ¼ þ1) and retrograde
(sþ ¼ −1) motions of the particle with an initial velocity
w ¼ 0.1 are considered respectively in Fig. 2.

C. Magnification relations

We then discuss the magnification relations of the lensed
images, including the signed magnifications, total magni-
fication, and the centroid up to the second order in ε.

1. Signed magnifications

The general form of the magnification μ of a lensed
image for a test particle propagating in the equatorial plane
of the central body is given by [21,23]

μðϑÞ ¼
�
sinBðϑÞ
sin ϑ

dBðϑÞ
dϑ

�
−1
: ð52Þ

Note that the sign of the magnification of a lensed image
gives the image parity. It implies that the magnification μþ
of the positive-parity primary image θþ is positive, while
μ− of the negative-parity secondary image θ− is negative.
Based on Eqs. (27) and (34), the magnification μ can be

written in the following form by using the series expansion
in the small parameter ε:

μ ¼ μ0 þ μ1εþ μ2ε
2 þOðε3Þ; ð53Þ

where the coefficients of the zeroth-, first-, and second-
order contributions to the magnification are given by

μ0 ¼
4θ40

4θ40 − ð1þ 1
w2Þ2 ; ð54Þ

μ1 ¼ −
w4½3πð4þ w2Þ − 16wsâ − πð2þ w2ÞQ̂2�θ30

2ð1þ w2 þ 2w2θ20Þ3
; ð55Þ

μ2 ¼ −
8θ20

3ðN1 − 4θ20ÞðN1 þ 4θ20Þ5
× fD2N6

1 − ½8ð2þ 6D − 9D2ÞN5
1 þ 48N2

1N3�θ20
− ½32ð4þ 12D − 17D2ÞN4

1 − 576N2
2 þ 384N1N3�θ40

− ½128ð2þ 6D − 9D2ÞN3
1 þ 768N3�θ60

þ 256D2N2
1θ

8
0g: ð56Þ

Here, the first equality in Eq. (39) and the relation β ¼
θ0 −

N1

4θ0
have been used. With respect to Eqs. (53)–(56),

there are two aspects which are worth pointing out. First,
for the case of w ¼ 1 and no intrinsic angular momentum
and electrical charge of the black hole (a ¼ Q ¼ 0),
Eqs. (54)–(56) are in accord with the null result
in Schwarzschild geometry [1]. Second, as done in
Sec. IV B, the coefficients of the magnifications (μþ and
μ−) of the positive- and negative-parity images can be
expressed in terms of the source position as follows:

μ�0 ¼ 1

2
� 1þ 1

w2 þ β2

2jβj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2 þ 2ð1þ 1

w2Þ
q ; ð57Þ

μ�1 ¼ −
3πð1þ 4

w2Þ − 16s�â
w − πð1þ 2

w2ÞQ̂2

16½β2 þ 2ð1þ 1
w2Þ�3=2

; ð58Þ

μ�2 ¼
ð1þ 1

w2Þ3þβ2½2β2þ3ð1þ 1
w2Þ�2�½3ð1þ 1

w2Þ2þ8ð1þ 1
w2Þβ2þ4β4�jβj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2þ2ð1þ 1

w2Þ
q

3½β2�jβj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2þ2ð1þ 1

w2Þ
q

�½β2þ2ð1þ 1
w2Þ�jβj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2þ2ð1þ 1

w2Þ
q

�5

×

�
9

�
3π

4

�
1þ 4

w2

�
−
4s�â
w

−
π

4

�
1þ 2

w2

�
Q̂2

�
2

þ4

�
β2þ2

�
1þ 1

w2

���
4D2β2

�
1þ 1

w2

�
2

−4ð2þ6D−9D2Þ
�
1þ 1

w2

�
3

−3

�
2

3

�
5þ45

w2
þ15

w4
−

1

w6

�
−2π

�
3

w
þ 2

w3

�
s�âþ2

�
1þ 1

w2

�
â2−2

�
1þ 6

w2
þ 1

w4

�
Q̂2þπs�âQ̂2

w

���
: ð59Þ

KERR-NEWMAN BLACK HOLE LENSING OF RELATIVISTIC … PHYS. REV. D 105, 104034 (2022)

104034-9



w 1

w 0.1

0.01 0.05 0.10 0.50 1.00 5.00 10.00
1.0

10.0

5.0

2.0

3.0

1.5

7.0

0
KN s 1, w 1

KN s 1, w 0.1

Schwarzschild w 1

Schwarzschild w 0.1

KN s 1, w 1

KN s 1, w 0.1

0.01 0.05 0.10 0.50 1.00 5.00 10.00

1.00

0.50

0.20

2.00

0.30

0.15

1.50

0.70

1

KN s 1, w 1

KN s 1, w 0.1

Schwarzschild w 1

Schwarzschild w 0.1

KN s 1, w 1

KN s 1, w 0.1

0.01 0.05 0.10 0.50 1.00 5.00 10.00

200

150

100

50

0

2

w 1

w 0.1

0.01 0.05 0.10 0.50 1.00 5.00 10.00

10.0

5.0

2.0

3.0

15.0

7.0

0
0

KN s 1, w 1

KN s 1, w 0.1

Schwarzschild w 1

Schwarzschild w 0.1

KN s 1, w 1

KN s 1, w 0.1

0.01 0.05 0.10 0.50 1.00 5.00 10.00

2.5

3.

3.5

4.

4.5
KN s 1, w 1

KN s 1, w 0.1

Schwarzschild w 1

Schwarzschild w 0.1

KN s 1, w 1

KN s 1, w 0.1

0 2 4 6 8 10

3

2

1

0

KN s 1, w 1

KN s 1, w 0.1

Schwarzschild w 1

Schwarzschild w 0.1

KN s 1, w 1

KN s 1, w 0.1

0.01 0.05 0.10 0.50 1.00 5.00 10.00

100

0

100

200

KN s 1, w 1

KN s 1, w 0.1

Schwarzschild w 1

Schwarzschild w 0.1

KN s 1, w 1

KN s 1, w 0.1

0.01 0.05 0.10 0.50 1.00 5.00 10.00

250

200

150

100

50

0

FIG. 2. θþ0 , θ
þ
1 , θ

þ
2 , θ

þ
0 þ θ−0 , θ

þ
1 � θ−1 , and θþ2 � θ−2 plotted as the functions of βð∈ ½0.01; 10�Þ for prograde (sþ ¼ þ1) or retrograde

(sþ ¼ −1) motion of the particle. Here and in the following figures of this section, we assume w ¼ 0.1, â ¼ 0.9; Q̂ ¼ 0.01, and
D ¼ 0.5, as an example of our scenario of the KN lensing of massive particles. Additionally, the cases of the KN lensing of light (w ¼ 1)
as well as the Schwarzschild lensing ða ¼ Q ¼ 0Þ of light and massive particles are also presented for comparison.
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Notice that the first-order relation μþ1 ¼ μ−1 , which holds
well in the static and spherically symmetric spacetime,
breaks down in our stationary axisymmetric geometry,
because of the presence of the spin-induced contributions
to the deflection angle α̂. Since both μþ1 and μ−1 are always
negative due to N�

2 ¼ N2ðs → s�Þ > 0, the magnitudes of
the positive- and negative-parity images are corrected by a
different amount in the same direction.
Similarly, we are able to obtain the measurable sum

and difference relations for the coefficients of the
signed magnifications on the basis of Eqs. (57)–(59)
directly,

μþ0 þ μ−0 ¼ 1; ð60Þ

μþ0 − μ−0 ¼ 1þ 1
w2 þ β2

jβj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2 þ 2ð1þ 1

w2Þ
q ; ð61Þ

μþ1 þ μ−1 ¼ −
π½3ð1þ 4

w2Þ − ð1þ 2
w2ÞQ̂2�

8½β2 þ 2ð1þ 1
w2Þ�3=2

; ð62Þ

μþ1 − μ−1 ¼ 2sþâ
w½β2 þ 2ð1þ 1

w2Þ�3=2
; ð63Þ

μþ2 þ μ−2 ¼ πsþâ½16þ 4w2 þ 15w4 þ 4w2ð2þ 3w2Þβ2 þ w2ð2 − w2 − 2w2β2ÞQ̂2�
2jβj½2þ w2ð2þ β2Þ�5=2 ; ð64Þ

μþ2 − μ−2 ¼ 1

192w3jβjð2þ 2w2 þw2β2Þ5=2 f−3½256ð1þ 10w2Þ þ 16ð448− 27π2Þw4 þ 8ð704− 27π2Þw6 þ 3ð256− 9π2Þw8

þ 512ð2− 3DÞDð1þw2Þ4� þ 128w2½2ð11D− 6ÞDð1þw2Þ3 − 3ð1þ 9w2 þ 19w4 þ 3w6Þ�β2
þ 256D2w4ð1þw2Þ2β4 − 384w4½2ð1−w2 þw4Þ þw2ð1þw2Þβ2�â2 þ 6w2½128þ 8ð112− 9π2Þw2

þð896− 54π2Þw4 þ ð128− 9π2Þw6 þ 64w2ð1þ 6w2 þw4Þβ2�Q̂2 þ 9π2w4ð2þw2Þ2Q̂4g: ð65Þ

It can be seen from Eqs. (60)–(65) that the zeroth-order
difference, first- and second-order sum and difference
relations for the magnification coefficients are dependent
on the initial velocity of the massive particle, in contrast to
the zeroth-order sum relation. Moreover, the first-order
sum, second-order sum, and second-order difference rela-
tions for the magnification coefficients depend on the
intrinsic electrical charge of the black hole. Different from
the case of the second-order difference relation, the terms
on the right-hand side of the first-order difference and
second-order sum relations will disappear (similar to the
null case [87]), if the lens’s spin is absent.
Figure 3 shows the magnitudes of the coefficients of the

zeroth-, first-, and second-order contributions to the mag-
nification of a positive-parity image, as well as those of the
sum and difference relations given in Eqs. (61)–(65), for a
given massive particle which takes prograde or retrograde
motion.

2. Total magnification and centroid

The total magnification and the magnification-weighted
centroid position serve as the important observables, when
it is hard to distinguish the angular positions of two images.
The total magnification is defined by

μtot ≡ jμþj þ jμ−j; ð66Þ
which reads up to the second order in ε

μtot ¼
1þ 1

w2 þ β2

jβj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2 þ 2ð1þ 1

w2Þ
q þ 2sþâ

w½β2 þ 2ð1þ 1
w2Þ�3=2

ε

þ ðμþ2 − μ−2 Þε2 þOðε3Þ; ð67Þ
with μþ2 − μ−2 being given in Eq. (65). In the limit
w → 1; a → 0, and Q → 0, the total magnification for
the case of Schwarzschild lensing of light is recovered [1],

μtot-S ¼ 2þ β2

jβj
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ β2

p þ 2025π2 − 1024ð4þ β2Þ½12ð1þDÞ −D2ð18þ β2Þ�
192jβjð4þ β2Þ5=2 ε2 þOðε3Þ: ð68Þ

The scaled magnification-weighted centroid position takes the form

Θcent ¼
θþjμþj − θ−jμ−j

jμþj þ jμ−j ; ð69Þ
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þ
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þ
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þ
0 − μ−0 , μ

þ
1 � μ−1 , and μþ2 � μ−2 plotted as the functions of β for prograde (sþ ¼ þ1) or retrograde (sþ ¼ −1)

motion of the massive particle.
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or, in more detail,

Θcent ¼ −
N3

1 − 64ðθþ0 Þ6
4θþ0 ½N2

1 þ 16ðθþ0 Þ4�
þ 4ðNþ

2 − N−
2 Þðθþ0 Þ2½N2

1 − 4N1ðθþ0 Þ2 þ 16ðθþ0 Þ4�
½N2

1 þ 16ðθþ0 Þ4�2
ε −

1

6θþ0 ½N1 þ 4ðθþ0 Þ2�2½N2
1 þ 16ðθþ0 Þ4�3

× fD2N10
1 − 24ð1 −DÞDN2

1½N7
1 − 16384ðθþ0 Þ14�ðθþ0 Þ2 þ 16½N3

1ð4þ 6D − 9D2Þ þ 6ðNþ
3 þ N−

3 Þ�
× ½N5

1 þ 4N4
1ðθþ0 Þ2 − 256N1ðθþ0 Þ8 − 1024ðθþ0 Þ10�ðθþ0 Þ4 þ 768½ðN−

2 Þ2 þ Nþ
2 N

−
2 þ ðNþ

2 Þ2�½64ðθþ0 Þ6 − N3
1�ðθþ0 Þ6

þ 256N1f6½ðN−
2 Þ2 þ 4Nþ

2 N
−
2 þ ðNþ

2 Þ2� − N4
1ð6 − 5DÞDg½N1 − 4ðθþ0 Þ2�ðθþ0 Þ8 − 262144N1D2ðθþ0 Þ18gε2 þOðε3Þ;

ð70Þ

where N�
3 ¼ N3ðs → s�Þ. In terms of the angular source position, Eq. (70) becomes

Θcent ¼ Θcent;0 þ Θcent;1εþ Θcent;2ε
2 þOðε3Þ; ð71Þ

with

Θcent;0 ¼
jβj½3ð1þ w2Þ þ 2w2β2�

2ð1þ w2 þ w2β2Þ ; ð72Þ

Θcent;1 ¼ −
wsþâð1þ w2 þ 2w2β2Þ

ð1þ w2 þ w2β2Þ2 ; ð73Þ

Θcent;2 ¼
32jβj

3w18
h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

β2þ 2ð1þ 1
w2Þ

q
þjβj

ih
2ð1þ 1

w2Þþ

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

β2þ 2ð1þ 1
w2Þ

q
þjβj

�
2
i
2
h
4ð1þ 1

w2Þ2þ

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

β2þ 2ð1þ 1
w2Þ

q
þ jβj

�
4
i
3

×

�
jβj½9ð1þw2Þ4þ 60w2ð1þw2Þ3β2þ 108w4ð1þw2Þ2β4þ 72w6ð1þw2Þβ6þ 16w8β8� þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2þ 2

�
1þ 1

w2

�s

× ½ð1þw2Þ4þ 20w2ð1þw2Þ3β2þ 60w4ð1þw2Þ2β4þ 56w6ð1þw2Þβ6þ 16w8β8�
�

× f384w4½1þw4þw2ð1þw2Þβ2�½2þw2ð2þ β2Þ�â2þð1þw2þw2β2Þf768þ 384w2ð20þ β2Þ
− 81π2w4ð4þw2Þ2þ 384w4½56þ 9β2þw2ð44þ 19β2Þþ 3w4ð2þ β2Þ�− 1536Dw2ð1þw2Þ2β2ð2þ 2w2þw2β2Þ
þ 256D2ð1þw2Þ½−2ð1þw2Þ3þ 17w2ð1þw2Þ2β2þ 13w4ð1þw2Þβ4þ 2w6β6�
− 6w2½128− 9π2w2ð8þ 6w2þw4Þþ 64w2ð14þ β2þw4ð2þ β2Þþ 2w2ð7þ 3β2ÞÞ�Q̂2− 9π2w4ð2þw2Þ2Q̂4gg:

ð74Þ

The coefficients of the zeroth-, first-, and second-order contributions to the scaled centroid are plotted in Fig. 4. In the limit
w → 1, Eq. (71) is reduced to

Θcent ¼
jβjð3þ β2Þ
2þ β2

−
2ð1þ β2Þâsþ
ð2þ β2Þ2 εþ jβj

�
2ð1þ β2Þâ2
ð2þ β2Þ3 −

1

384ð4þ β2Þð2þ β2Þ2 f2025π
2

− 1024½6ð4þ β2Þð2 −Dβ2Þ −D2ð8 − 34β2 − 13β4 − β6Þ� − 6½135π2 − 512ð4þ β2Þ�Q̂2 þ 81π2Q̂4g
�
ε2

þOðε3Þ; ð75Þ

which is consistent with the result for the case of the Schwarzschild lensing of light [1] when the electrical charge and
angular momentum of the black hole are dropped.
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D. Differential time delay

The difference between the time delays of the primary
and secondary images is another traditional lensing observ-
able. In order to obtain its analytical form, we have to
derive the Shapiro time delay of a test particle propagating
from the source to the observer in the equatorial plane of
the KN black hole firstly.
To our knowledge, the calculations of the Shapiro time

delay of light were performed via various approaches

[16,59,95,101–108], such as the classical one given in
Ref. [95], the Richter-Matzner method [101], Fermat’s
principle method [16], and the approach based on the time
transfer functions [103–105]. However, it has been found
that the result of the second-order contributions to the
gravitational time delay takes diverse ways in different
approaches, and further work is thus needed with respect to
this issue to get a perfect agreement. In this work we adopt
the classical method [1,95] to perform our derivation.

According to Eqs. (3), (4), (6), and (8), we have

				 dtdr
				 ¼ 1þ a2

r2 ð1þ 2M
r − Q2

r2 Þ − swab
r2 ð2Mr − Q2

r2 Þ
bð1 − 2M

r þ a2þQ2

r2 Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
b2 ð1þ a2

r2 −
swab
r2 Þ2 − 1

r2 ð1 − 2M
r þ a2þQ2

r2 Þ½ðw − sa
b Þ2 þ ð1−w2Þr2

b2 �
q : ð76Þ

The traveling time of a massive particle propagating from the point (with the radial coordinate r0) of the closest
approach to the black hole to an arbitrary but finite point (with a radial coordinate R ≥ r0) of its trajectory is then
written as
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FIG. 4. Θcent;0, Θcent;1, and Θcent;2 plotted as the functions of β for the particle’s prograde or retrograde motion.
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TðRÞ ¼
Z

R

r0

				 dtdr
				dr

¼ r0

Z
1

r0
R

1þ â2h2x2 þ âðâh − swb
r0
Þð2 − Q̂2hxÞh2x3

x2½1 − 2hxþ ðâ2 þ Q̂2Þh2x2�

×
��

1þ âh
�
âh −

swb
r0

�
x2
�
2

− ½1 − 2hxþ ðâ2 þ Q̂2Þh2x2�
�
1 − w2 þ

�
wb
r0

− sâh
�

2

x2
��

−1
2

dx; ð77Þ

where h; â, and Q̂ have been defined in Eq. (11), and x and b=r0 have been given in Eqs. (21) and (23), respectively. By
performing the series expansion of the integrand of Eq. (77) in h and then integrating it over x, we obtain via defining
ξ≡ r0=R,

TðRÞ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2− r20

p
w

þhr0
w3

� ffiffiffiffiffiffiffiffiffiffiffi
1−ξ2

p
1þξ

þð3w2−1Þ ln
�
1þ

ffiffiffiffiffiffiffiffiffiffiffi
1−ξ2

p
ξ

��
þh2r0

w

�
3ð5− Q̂2Þ

2

�
π

2
− arcsinξ

�
þ

ffiffiffiffiffiffiffiffiffiffiffi
1−ξ2

p
2wð1þξÞ2

×

�
1þð1−6w2Þð1þξÞ

w3
−4sâð1þξÞ½1þw2ð1þξÞ�

��
þh3r0

w

�
w

�
15

2w3
þ3

�
1þ 4

w2

�
sâ−

3Q̂2

2w3
−
1

2

�
1þ 2

w2

�
sâQ̂2

�

×

�
arcsinξ−

π

2

�
þ

ffiffiffiffiffiffiffiffiffiffiffi
1−ξ2

p �
35−15Q̂2

2
þ6w2−1þw4½23−7Q̂2þ2ð1þw2Þâ2�

2w6ð1þξÞ þ1− ð1þ3w2Þð1þξÞ
2w6ð1þξÞ3

þ sâf4½ð1þ4w2Þð1þξÞ−1�−w4ð6− Q̂2Þð1þξÞ2ξg
2w3ð1þξÞ2

��
þOðh4Þ; ð78Þ

in agreement with the result presented in Ref. [1] for the
case of w ¼ 1 and a ¼ Q ¼ 0.
Therefore, the weak-field gravitational time delay for a

massive particle propagating in the equatorial plane of the
KN black hole from the source S to the observer O can be
given by

τ ¼ TðRSÞ þ TðROÞ −
dS

cosB
; ð79Þ

where the radial coordinates of the source and observer are,
respectively,

RS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2LS þ d2S tan

2 B
q

; RO ¼ dL: ð80Þ

For the sake of comparison with the actual astronomical
observations, it is more convenient to express Eq. (79) in
terms of the angular variables through Eqs. (23) and (35),
and the relations b ¼ dL sinϑ and M• ¼ dL tanϑ•. For this
purpose, we first need to evaluate the magnitudes of the
quantities M=b, b=RS, and b=RO. With the consideration
that [1]

M
b
∼ ε; ð81Þ

b
RS

∼
Dð1 −DÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2 þ tan2 B

p ε; ð82Þ

b
RO

∼Dε; ð83Þ

Eq. (78) can be expanded as power series in the small
parameter ε,

TðRÞ
R

¼ 1

w
−

1

2w
b
R

�
b
R
−

2

w2

M
b
þ 2

�
3 −

1

w2

�
M
b
ln

�
b
2R

��

þ b
R
M2

b2

�
3πð5 − Q̂2Þ

4w
− 2

�
1þ 1

w2

�
sâ

�
þOðε4Þ; ð84Þ

which yields immediately the power-series expansion of
Eq. (79) as

τ ¼
�
1

w
− 1

�
dS þ

8dLdLS
w3dS

��
1 − w2θ20 þ w2

�
1þ ð1 − wÞdLS

dL

�
β2 þ 1 − 3w2

2
ln

�
dLθ20ϑ

2
E

4dLS

��
ε2

þ 3πw2ð5 − Q̂2Þ − 8wsâð1þ w2Þ þ 4ð1 − 3w2 − 2w2θ20Þθ1
4θ0

ε3 þOðε4Þ
�
: ð85Þ
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The leading term on the right-hand side of Eq. (85) is a
geometrical contribution induced by the velocity effect.
From Eq. (85), it is obvious that the leading-order con-
tribution induced by the lens’s electrical charge to the
timelike gravitational time delay is always negative. In
addition, the traveling time for a massive particle in
prograde motion (s ¼ þ1) relative to the lens’s rotation

is less than that for the particle’s retrograde motion
(s ¼ −1). These two conclusions are similar to the lightlike
counterparts [16,87]. Furthermore, by substituting Eq. (39)
into Eq. (85) and using the natural lensing timescale
τE ¼ dLϑ2E=D ¼ 4M, we obtain the desired scaled gravi-
tational time delay

τ̂≡ τ

τE
¼
�
1

w
−1

�
dLS
dLϑ2E

þ 1

2w3

�
1−w2θ20þw2

�
1þð1−wÞdLS

dL

�
β2þ1−3w2

2
ln

�
dLθ20ϑ

2
E

4dLS

��
þ 1

8w3θ0

×

�
3πw2ð5− Q̂2Þ−8wð1þw2Þsâþ 1−3w2−2w2θ20

2ð1þw2þ2w2θ20Þ
½3πð4þw2Þ−16wsâ−πð2þw2ÞQ̂2�

�
εþOðε2Þ: ð86Þ

Here, there are two aspects which are worth emphasizing.
The first one is that if the electrical charge of the lens is
dropped and w is equal to 1, Eq. (86) will be reduced to the
Kerr lensing result of light [87]

τ̂ ¼ 1

2

�
1þ β2 − θ20 − ln

�
dLθ20ϑ

2
E

4dLS

��
þ 15π − 16sâ

16θ0
ε

þOðε2Þ: ð87Þ
Second, based on Eqs. (86) and (45), as well as the relation
sþ ¼ −s−, we finally achieve the scaled differential time

delay between the positive- and negative-parity images as
follows:

Δτ̂ ¼ τ̂− − τ̂þ ¼ Δτ̂0 þ Δτ̂1εþOðε2Þ; ð88Þ

with

Δτ̂0 ¼
ðθþ0 Þ2 − ðθ−0 Þ2

2w
þ 1 − 3w2

2w3
ln
�
θ−0
θþ0

�
; ð89Þ

Δτ̂1 ¼
3πð5 − Q̂2Þ

8w

�
1

θ−0
−

1

θþ0

�
þ 3πð4þ w2Þ − πð2þ w2ÞQ̂2

16w3

�
1 − 3w2 − 2w2ðθ−0 Þ2

½1þ w2 þ 2w2ðθ−0 Þ2�θ−0
−

1 − 3w2 − 2w2ðθþ0 Þ2
½1þ w2 þ 2w2ðθþ0 Þ2�θþ0

�

þ sþâ
w2

�
2 − w2 þ w4 þ 2w4ðθ−0 Þ2
½1þ w2 þ 2w2ðθ−0 Þ2�θ−0

þ 2 − w2 þ w4 þ 2w4ðθþ0 Þ2
½1þ w2 þ 2w2ðθþ0 Þ2�θþ0

�
: ð90Þ

In terms of the angular source position β, Eqs. (89) and (90) can also be expressed as

Δτ̂0 ¼
jβj
2w

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2 þ 2

�
1þ 1

w2

�s
þ 1 − 3w2

2w3
ln

2
64

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2 þ 2ð1þ 1

w2Þ
q

− jβjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2 þ 2ð1þ 1

w2Þ
q

þ jβj

3
75; ð91Þ

Δτ̂1¼
3πwð5− Q̂2Þjβj

4ð1þw2Þ þ 1

8wð1þw2Þ2ð2þ2w2þw2β2Þ
�
π½3ð4þw2Þ− ð2þw2ÞQ̂2�½2ð1−2w2−3w4Þþw2ð1−3w2Þβ2�jβj

þ16wsþâ½2ð1þw2Þð1þw4Þþw2ð2−w2þw4Þβ2�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2þ2

�
1þ 1

w2

�s �
: ð92Þ

Notice that Eq. (88) is consistent with the null result of the
Schwarzschild lensing [1] for the case of w ¼ 1 and
a ¼ Q ¼ 0, and with the result of the Kerr lensing
of light [87] for the case of w ¼ 1 and Q ¼ 0. Figure 5
gives the magnitudes of the coefficients of the zeroth- and
first-order contributions to the scaled differential time
delay.

V. VELOCITY-INDUCED EFFECTS ON THE
LENSING OBSERVABLES

The deviation of the initial velocity w of a massive
particle from the speed of light affects the geodesic motions
and thus the related lensing observables. Considering
their importance for discussing the gravitational lensing
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phenomena of massive particles, we present the explicit
forms of the velocity-induced effects on the observables of
the lensed images beyond the weak-deflection limit.

A. Velocity effects on scaled angular image positions

Based on Eqs. (42)–(44), the explicit forms of the
velocity effects on the zeroth-, first-, and second-order

coefficients of the scaled angular positions of the positive-
and negative-parity images can be written respectively as
follows:

δθ�0 ¼ 1

2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2 þ 2

�
1þ 1
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From Eqs. (46) and (48)–(51), the velocity effects on the zeroth-order sum, first- and second-order sum and difference
relations for the coefficients of the scaled angular source positions are given, respectively, by

δðθþ0 þ θ−0 Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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�
1þ 1
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q
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FIG. 5. Δτ̂0 and Δτ̂1 plotted as the functions of β for the particle’s prograde or retrograde motion.
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δðθþ1 þ θ−1 Þ ¼
3πð4þ w2Þ − πð2þ w2ÞQ̂2

8ð1þ w2Þ þ 2w
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sþâjβjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2 þ 2ð1þ 1

w2Þ
q −

�
3πð5 − Q̂2Þ

16
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B. Velocity effects on magnification relations

The velocity effects on the coefficients of the zeroth-, first-, and second-order contributions to the magnifications of the
positive- and negative-parity images shown in Eqs. (57)–(59) are presented, respectively, as follows:
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Moreover, base on Eqs. (61)–(65), the velocity effects on the zeroth-order difference, first- and second-order sum and
difference relations for the coefficients of the signed magnifications are presented, respectively, as
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Note that the velocity effects on the total magnification can be indicated by Eqs. (104), (106), and (108).
Finally, according to Eqs. (72)–(74), we also give, respectively, the velocity effects on the coefficients of the zeroth-,

first-, and second-order contributions to the scaled magnification-weighted centroid
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C. Velocity effects on scaled differential time delay

Similarly, the velocity effects on the coefficients of the zeroth- and first-order contributions to the scaled differential time
delay between the positive- and negative-parity images can be obtained from Eqs. (91) and (92),
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Finally, it is recognized that the terms on the right-hand
side of Eqs. (93)–(113) will vanish in the limit w → 1.

VI. LENSING BY THE GALACTIC
SUPERMASSIVE BLACK HOLE

As an application of the analytical results given above,
we model the supermassive black hole at the Galactic
Center as a KN lens. Since the null lensing observables for
the scenario where Sagittarius A� acts as a Schwarzschild
lens have been studied in detail in the previous works (see,
e.g., [1,21]), in this section we concentrate on the analysis
of the velocity-induced correctional effects on the practical
observables of the lensed images. The possibilities of their
astronomical detection will also be discussed.

A. Basics

The basic parameters under consideration are given as
follows. The mass of Sagittarius A� and the distance to it
areM ¼ 4.2 × 106 M⊙ [109,110] and dL ¼ 8.2 kpc [109],
respectively, with M⊙ (¼ 1.475 km) being the mass
of the Sun. The special angular gravitational radius is
ϑ• ¼ 5.06 μas. The natural lensing timescale is
τE ¼ 82.6 s. Since the distance of the source from the
lens is much smaller than dL in general, we may assume
dLS ¼ 0.01 kpc. Hence, D ¼ 1.22 × 10−3, the angular
Einstein radius is ϑE ¼ 0.071 as, and the small dimension-
less parameter is ε ¼ 7.12 × 10−5. For the convenience of
discussion, the initial velocity of the relativistic massive
particle is assumed to have a rough range of 0.05≲ w < 1.
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Moreover, we know the spin and electrical charge of a
massive black hole are determined by the competition
between many physical processes. Since the observational
evidences indicate that the Galactic supermassive black
hole may have high spin parameter [111–115] and very
weak electrical charge [116–119], we adopt â ¼ 0.9 [111]
and then Q̂ ¼ 7.56 × 10−13 (the equilibrium Wald charge)
[117,118] for Sagittarius A� in our scenario.
Considering the complexity resulting from the motion

direction of the particle relative to the rotating lens (indicated
by the sign parameter s), we take the positive-parity image
with jβj ¼ β and a sign parameter sþ ∈ fþ1;−1g as an
example to perform our discussions of the image properties.
We follow the idea of Ref. [20] to take the domain [0.01, 10]
for the scaled angular source position β. Notice that the sum
and difference relations for the coefficients of the signed
positions or magnifications, as well as the centroid and
differential time delay given above, have been formulated in
terms of the quantities including sþ.
It should be pointed out that the magnification is related

to the image flux Fð¼ F0 þ F1εþ F2ε
2 þOðε3ÞÞ, which

is one of the practical lensing observables, via Fi ¼ jμijFs
[2]. Here, i ∈ N, and Fsð> 0Þ denotes the intrinsic flux of
the particle’s source without experiencing the lensing
effect. To relate with the practical observations, we use
the old lensing quantities ðϑ;B; F;Ξcent; τÞ rather than the
scaled quantities (θ; β; μ;Θcent; τ̂) in this section,
with Ξcent ¼ ϑEΘcent.

B. Result: Velocity-induced effects
on the observables

The velocity effects on the zeroth-, first-, or second-order
contribution to the lensing observables (including the sum
and difference relations for the positions and fluxes) of the
primary and secondary images can be written in terms of
the quantities ðϑ;B; F;Ξcent; τÞ as follows:

δϑþi ε
i ¼ ϑEδθ

þ
i ε

i; ð114Þ

δFþ
i ε

i ¼ Fsδμ
þ
i ε

i; ð115Þ

δΞcent;iε
i ¼ ϑEδΘcent;iε

i; ð116Þ

δΔτjεj ¼ τEδΔτ̂jεj; ð117Þ

δðϑþi � ϑ−i Þεi ¼ ϑEδðθþi � θ−i Þεi; ð118Þ

δðFþ
i � F−

i Þεi ¼ Fsδðμþi ∓ μ−i Þεi; ð119Þ

where i ∈ f0; 1; 2g and j ∈ f0; 1g. Note that δΔτjεj is
roughly of the order of εjþ2, since τE is of the order of
dLDε2. In order to analyze the image flux more conven-
iently, three auxiliary differential apparent magnitudes
resulted from the deviation of w from c are defined as

δm1 ≡ −2.5 lg
�
1þ δFþ

Fþjw¼1

�
¼ −2.5 lg

�
1þ δFþ

0 þ δFþ
1 εþ δFþ

2 ε
2

Fþ
0 jw¼1 þ Fþ

1 jw¼1εþ Fþ
2 jw¼1ε

2
þOðε3Þ

�
; ð120Þ

δm2≡−2.5 lg
�
1þ δðFþþF−Þ

ðFþþF−Þjw¼1

�
¼−2.5 lg

�
1þ δðFþ

0 þF−
0 ÞþδðFþ

1 þF−
1 ÞεþδðFþ

2 þF−
2 Þε2

ðFþ
0 þF−

0 Þjw¼1þðFþ
1 þF−

1 Þjw¼1εþðFþ
2 þF−

2 Þjw¼1ε
2
þOðε3Þ

�
; ð121Þ

δm3≡−2.5 lg
�
1þ δðFþ−F−Þ

ðFþ−F−Þjw¼1

�
¼−2.5lg

�
1þ δðFþ

1 −F−
1 ÞεþδðFþ

2 −F−
2 Þε2

FsþðFþ
1 −F−

1 Þjw¼1εþðFþ
2 −F−

2 Þjw¼1ε
2
þOðε3Þ

�
: ð122Þ

Figure 6 shows the color-indexed velocity effects on the
zeroth-, first-, and second-order contributions to the pos-
itive-parity image position, as well as on the sum and
difference relations for the positive- and negative-parity
image positions, as the bivariate functions of w and β for
prograde ðsþ ¼ þ1Þ or retrograde ðsþ ¼ −1Þmotion of the
massive particle. For the readers’ convenience, the magni-
tudes of these velocity effects for particle’s prograde
motion are presented in Table I. According to the results
given in Fig. 6 and Table I, three aspects are summarized.
First, for a given angular source position β in its domain, it
is found that the velocity effects on the zeroth-, first-,
and second-order contributions to positive-parity image

position, as well as on the zeroth- and second-order
positional sum relations, increase monotonically with
decreasing w. It also applies to the velocity effect on the
first-order positional sum relation when sþ ¼ −1. Contrary
to this trend, the velocity effect on the second-order
positional difference relation decreases when decreasing
w from 1 to 0.05, for a given β. Compared with them, the
velocity effect on the first-order positional sum for
sþ ¼ þ1 and a given β within the domain 3.3≲ β ≤ 10
first increases to a maximum value and then decreases with
the decrease of w, although the value ofw for the peak value
of the velocity effect varies with β. Moreover, we find the
velocity effect on the first-order positional difference
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FIG. 6. δϑþ0 , δϑ
þ
1 ε, δϑ

þ
2 ε

2, δðϑþ0 þ ϑ−0 Þ, δðϑþ1 � ϑ−1 Þε, and δðϑþ2 � ϑ−2 Þε2 displayed in color-indexed form as the bivariate functions
of w and β, for the particle’s prograde (sþ ¼ þ1) or retrograde (sþ ¼ −1) motion. The values of the related parameters are given in
Sec. VI A. Note that we do not show δϑþ2 ε

2 and δðϑþ2 þ ϑ−2 Þε2 for the case of sþ ¼ −1, since it is hard to distinguish them from the
corresponding results for the case of sþ ¼ þ1, respectively. Note also that δðϑþ1 − ϑ−1 Þε and δðϑþ2 − ϑ−2 Þε2 may take negative values for
0.05≲ w < 1 and 0.01 ≤ β ≤ 10. Here and thereafter, a white region of a figure indicates the value domain where the magnitude of the
velocity effect is too large or too small to be shown properly, and we do not fill them by adjusting the value range for the convenience of
display.
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relation first decreases to a minimum value and then
increases to some value with decreasing w for a given β.
The magnitude of it can be positive, negative, or zero. It is
interesting to find that its zero-value region has an
approximate C sharp with a short tail. Second, we consider
the possibilities to detect the velocity-induced effects
qualitatively. One can see from Fig. 6 and Table I that
the magnitude of the velocity effect on the zeroth-order
contribution to the positive-parity image position or the
positional sum relation for almost all relativistic massive
particles is much larger than current observational accuracy
(∼μas). For instance, the magnitude of δðϑþ0 þ ϑ−0 Þ with
β ¼ 0.5 still exceeds the NEAT’s accuracy (0.05 μas) for an
ultrarelativistic massive particle with an initial velocity w ¼
0.999999 (such as a common neutrino [120,121]) as the test
particle. We also notice that there is a large possibility to
detect thevelocity effect on the first-order contribution of the
primary-image position or the positional sum relation, since
their magnitudes are much larger than 0.05 μas for most
relativistic massive particles (with a rough range of
0.05≲ w≲ 0.8) and a given β ∈ ½0.01; 10�. The smaller
the source position β is, the higher upper limit the rough
range of w will have for δϑþ1 ε. The possibility to detect the
velocity effect (focusing on the absolute value) on the first-
order positional difference relation is relatively large, which
requires a proper combination ofw and β.With respect to the
velocity effect on the second-order contribution to the image
position or to the positional sum or difference relation, it is
likely to detect them only when the massive particle has a
relatively small relativistic initial velocity [e.g., w≲ 0.2 for
δðϑþ2 þ ϑ−2 Þε2]. Third, it should be mentioned that the
direction of the orbital angular momentum of the particle’s
motion relative to the lens’s rotation may make a difference
to the magnitudes of these velocity effects and their
detection. For example, the difference between the magni-
tudes of δðϑþ1 − ϑ−1 Þε for sþ ¼ þ1 and sþ ¼ −1 is consid-
erably in excess of 0.05μas for a fixed source position
β ∈ ½0.01; 10�, providedw is relatively small (e.g.,w≲ 0.5).
We then consider the velocity effects on the image flux

relations. The velocity effects on the zeroth-, first-, and
second-order contributions to the normalized flux of the
positive-parity image and to the normalized-flux sum and

TABLE I. The magnitudes (in units of μas) of δϑþ0 , δϑ
þ
1 ε,

δϑþ2 ε
2, δðϑþ0 þ ϑ−0 Þ, δðϑþ1 � ϑ−1 Þε, and δðϑþ2 � ϑ−2 Þε2 for various

w and β. Hereafter, our attention is focused on the absolute value
of magnitudes of the velocity effects when analyzing their
measurability. The star “⋆” denotes the magnitude whose
absolute value is less than 0.05 μas (the capability of NEAT).

βnw 0.05 0.1 0.5 0.9 0.999999

(a) δϑþ0
0.01 9.34 × 105 4.34 × 105 4.13 × 104 4.05 × 103 ⋆
0.1 9.34 × 105 4.33 × 105 4.12 × 104 4.04 × 103 ⋆
0.5 9.32 × 105 4.32 × 105 4.05 × 104 3.93 × 103 ⋆
1 9.27 × 105 4.26 × 105 3.84 × 104 3.64 × 103 ⋆
5 8.30 × 105 3.44 × 105 1.88 × 104 1.54 × 103 ⋆
10 7.04 × 105 2.55 × 105 1.03 × 104 8.16 × 102 ⋆

(b) δϑþ1 ε for sþ ¼ þ1

0.01 6.51 6.22 3.13 0.48 ⋆
0.1 6.71 6.38 3.13 0.47 ⋆
0.5 7.54 7.06 3.09 0.44 ⋆
1 8.39 7.72 2.94 0.38 ⋆
5 9.26 7.23 0.92 0.08 ⋆
10 7.68 4.73 0.29 ⋆ ⋆

(c) δϑþ2 ε
2 for sþ ¼ þ1

0.01 2.06 0.27 ⋆ ⋆ ⋆
0.1 2.05 0.27 ⋆ ⋆ ⋆
0.5 1.99 0.25 ⋆ ⋆ ⋆
1 1.92 0.23 ⋆ ⋆ ⋆
5 1.43 0.13 ⋆ ⋆ ⋆
10 0.97 0.06 ⋆ ⋆ ⋆

(d) δðϑþ0 þ ϑ−0 Þ
0.01 1.87 × 106 8.67 × 105 8.25 × 104 8.10 × 103 0.07
0.1 1.87 × 106 8.67 × 105 8.25 × 104 8.09 × 103 0.07
0.5 1.86 × 106 8.63 × 105 8.09 × 104 7.87 × 103 0.07
1 1.85 × 106 8.53 × 105 7.67 × 104 7.28 × 103 0.06
5 1.66 × 106 6.87 × 105 3.77 × 104 3.08 × 103 ⋆
10 1.41 × 106 5.10 × 105 2.06 × 104 1.63 × 103 ⋆

(e) δðϑþ1 þ ϑ−1 Þε for sþ ¼ þ1

0.01 8.87 8.73 5.35 0.94 ⋆
0.1 8.66 8.54 5.25 0.92 ⋆
0.5 7.79 7.68 4.82 0.88 ⋆
1 6.87 6.78 4.42 0.84 ⋆
5 4.74 4.83 4.21 0.88 ⋆
10 4.58 4.81 4.37 0.90 ⋆

(f) δðϑþ1 − ϑ−1 Þε for sþ ¼ þ1

0.01 4.16 3.71 0.92 ⋆ ⋆
0.1 4.76 4.23 1.01 ⋆ ⋆
0.5 7.29 6.43 1.36 ⋆ ⋆
1 9.92 8.65 1.46 −0.08 ⋆
5 13.79 9.63 −2.38 −0.73 ⋆
10 10.78 4.64 −3.80 −0.86 ⋆

(g) δðϑþ2 þ ϑ−2 Þε2 for sþ ¼ þ1

0.01 4.12 0.54 ⋆ ⋆ ⋆
0.1 4.12 0.54 ⋆ ⋆ ⋆
0.5 4.13 0.54 ⋆ ⋆ ⋆
1 4.13 0.54 ⋆ ⋆ ⋆

(Table continued)

TABLE I. (Continued)

βnw 0.05 0.1 0.5 0.9 0.999999

5 4.30 0.63 ⋆ ⋆ ⋆
10 4.84 0.86 ⋆ ⋆ ⋆

(h) δðϑþ2 − ϑ−2 Þε2 for sþ ¼ þ1
0.01 ⋆ ⋆ ⋆ ⋆ ⋆
0.1 ⋆ ⋆ ⋆ ⋆ ⋆
0.5 −0.15 ⋆ ⋆ ⋆ ⋆
1 −0.29 −0.08 ⋆ ⋆ ⋆
5 −1.45 −3.71 ⋆ ⋆ ⋆
10 −2.90 −7.41 ⋆ ⋆ ⋆
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difference relations are plotted as the functions of w and β
in Fig. 7. The magnitudes of these velocity effects are given
in Table II. Similarly, three aspects with respect to these
results should be pointed out. First, Fig. 7 and Table II show
that for a given β the velocity effect on the zeroth-order
term of the normalized primary-image flux increases

monotonically with the decrease of w, which holds for
the velocity effects on the zeroth-order sum and second-
order difference of the normalized fluxes. In contrast, the
velocity effect on the second-order contribution to the
normalized primary-image flux or the normalized-flux sum
relation decreases monotonically when decreasing w.

FIG. 7. δFþ
0 =Fs, δF

þ
1 ε=Fs, δF

þ
2 ε

2=Fs, δðFþ
0 þ F−

0 Þ=Fs, δðFþ
1 � F−

1 Þε=Fs, and δðFþ
2 � F−

2 Þε2=Fs plotted as the color-indexed
functions of w and β for the particle’s prograde or retrograde motion. We do not show δFþ

2 ε
2=Fs, δðFþ

1 þ F−
1 Þε=Fs, and

δðFþ
2 − F−

2 Þε2=Fs for the case of sþ ¼ −1 due to the same reason given in Fig. 6 or the symmetry.
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TABLE II. The magnitudes of δFþ
0 =Fs, δF

þ
1 ε=Fs, δF

þ
2 ε

2=Fs, δðFþ
0 þ F−

0 Þ=Fs, δðFþ
1 � F−

1 Þε=Fs, and δðFþ
2 �

F−
2 Þε2=Fs for various w and β. Here, the black triangle “▴” denotes the magnitude whose absolute value is less than

1.0 × 10−6.

βnw 0.05 0.1 0.5 0.9 0.999999

(a) δFþ
0 =Fs

0.01 657.99 305.32 29.06 2.85 2.50 × 10−5

0.1 65.78 30.52 2.90 0.28 2.49 × 10−6

0.5 13.08 6.03 0.55 0.05 ▴

1 6.42 2.91 0.23 0.02 ▴

5 0.98 0.33 5.72 × 10−3 3.14 × 10−4 ▴

10 0.33 0.08 4.72 × 10−4 2.33 × 10−5 ▴

(b) δFþ
1 ε=Fs for sþ ¼ þ1

0.01 1.53 × 10−5 1.26 × 10−5 ▴ ▴ ▴

0.1 1.52 × 10−5 1.25 × 10−5 ▴ ▴ ▴

0.5 1.37 × 10−5 1.10 × 10−5 −1.20 × 10−6 ▴ ▴

1 1.01 × 10−5 7.43 × 10−6 −3.00 × 10−6 ▴ ▴

5 −1.84 × 10−6 −3.80 × 10−6 −1.89 × 10−6 ▴ ▴

10 −2.29 × 10−6 −2.95 × 10−6 ▴ ▴ ▴

(c) δFþ
2 ε

2=Fs for sþ ¼ þ1

0.01 −1.47 × 10−3 −1.92 × 10−4 −2.19 × 10−6 ▴ ▴

0.1 −1.47 × 10−4 −1.92 × 10−5 ▴ ▴ ▴

0.5 −2.93 × 10−5 −3.83 × 10−6 ▴ ▴ ▴

1 −1.46 × 10−5 −1.90 × 10−6 ▴ ▴ ▴

5 −2.80 × 10−6 ▴ ▴ ▴ ▴

10 −1.23 × 10−6 ▴ ▴ ▴ ▴

(d) δðFþ
0 þ F−

0 Þ=Fs

0.01 1315.98 610.63 58.11 5.70 5.00 × 10−5

0.1 131.56 61.03 5.80 0.57 4.98 × 10−6

0.5 26.15 12.06 1.10 0.10 ▴

1 12.84 5.82 0.47 0.04 ▴

5 1.96 0.67 0.01 6.28 × 10−4 ▴

10 0.67 0.16 9.43 × 10−4 4.67 × 10−5 ▴

(e) δðFþ
1 þ F−

1 Þε=Fs for sþ ¼ þ1

0.01 −1.59 × 10−5 −1.56 × 10−5 −7.91 × 10−6 ▴ ▴

0.1 −1.58 × 10−5 −1.55 × 10−5 −7.87 × 10−6 ▴ ▴

0.5 −1.45 × 10−5 −1.42 × 10−5 −6.82 × 10−6 ▴ ▴

1 −1.14 × 10−5 −1.10 × 10−5 −4.44 × 10−6 ▴ ▴

5 ▴ ▴ ▴ ▴ ▴

10 ▴ ▴ ▴ ▴ ▴

(f) δðFþ
1 − F−

1 Þε=Fs

0.01 4.65 × 10−5 4.07 × 10−5 7.33 × 10−6 ▴ ▴

0.1 4.63 × 10−5 4.05 × 10−5 7.20 × 10−6 ▴ ▴

0.5 4.20 × 10−5 3.62 × 10−5 4.41 × 10−6 ▴ ▴

1 3.16 × 10−5 2.59 × 10−5 −1.57 × 10−6 −1.43 × 10−6 ▴

5 −2.96 × 10−6 −7.15 × 10−6 −4.20 × 10−6 ▴ ▴

10 −4.56 × 10−6 −6.01 × 10−6 ▴ ▴ ▴

(g) δðFþ
2 þ F−

2 Þε2=Fs

0.01 −2.93 × 10−3 −3.84 × 10−4 −4.90 × 10−6 ▴ ▴

0.1 −2.93 × 10−4 −3.84 × 10−5 ▴ ▴ ▴

0.5 −5.86 × 10−5 −7.68 × 10−6 ▴ ▴ ▴

1 −2.93 × 10−5 −3.82 × 10−6 ▴ ▴ ▴

5 −5.61 × 10−6 ▴ ▴ ▴ ▴

10 −2.46 × 10−6 ▴ ▴ ▴ ▴

(Table continued)
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Differently, the velocity effect on the first-order contribu-
tion to the normalized image flux or the normalized-flux
difference relation experiences a trend of first decrease and
then increase with decreasing w for a given βð1≲ β ≤ 10Þ.
Contrary to this trend, the velocity effect on the first-order
contribution to the normalized-flux sum relation first
increases and then decreases when decreasing w, with a
fixed βð2≲ β ≤ 10Þ. Second, we discuss the possibilities to
detect these velocity effects. The results presented in Fig. 7
and Table II indicate that there is a relatively large
possibility to detect the velocity effect on the zeroth-order
contribution to the normalized flux of the positive-parity
image or the normalized-flux sum. For instance, for the
case of w ¼ 0.9 and β ¼ 1, δFþ

0 =Fs and δðFþ
0 þ F−

0 Þ=Fs

can reach approximately 0.02 and 0.04, respectively. The
resulting differential apparent magnitudes ðδm1Þzeroth and

ðδm2Þzeroth are about −0.019 mag and −0.033 mag, respec-
tively, whose absolute values are much larger than the
photometric precision of the Kepler mission. Interestingly,
we notice that it is likely to detect the velocity effect on the
second-order contribution to the normalized image flux or
the normalized-flux sum relation in current resolution,
provided both w and β take small values. For example,
if w ¼ 0.06 and β ¼ 0.025 are preset, the differential
apparent magnitude ðδm2Þsecond resulting from the velocity
effect δðFþ

2 þ F−
2 Þε2=Fs will have a value of 18.56 μmag,

which is larger than Kepler’s precision evidently.
Moreover, there is a small possibility to detect the velocity
effect on the first-order contribution to the normalized-flux
difference relation for very limited values of w and β. For
instance, the differential apparent magnitude ðδm3Þfirst
caused by δðFþ

1 − F−
1 Þε=Fs is about 11.95 μmag for the

TABLE II. (Continued)

βnw 0.05 0.1 0.5 0.9 0.999999

(h) δðFþ
2 − F−

2 Þε2=Fs for sþ ¼ þ1
0.01 1.23 × 10−6 1.20 × 10−6 ▴ ▴ ▴

0.1 ▴ ▴ ▴ ▴ ▴

0.5 ▴ ▴ ▴ ▴ ▴

1 ▴ ▴ ▴ ▴ ▴

5 ▴ ▴ ▴ ▴ ▴

10 ▴ ▴ ▴ ▴ ▴

FIG. 8. δΞcent;0, δΞcent;1ε, δΞcent;2ε
2, δΔτ0, and δΔτ1ε plotted as the color-indexed functions of w and β.
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case of w ¼ 0.27 and β ¼ 3.5. Compared with them, it is
not possible to measure in current precision the velocity
effect on the first-order contribution to the normalized
image flux or the normalized-flux sum relation or on the
second-order normalized-flux difference relation. Finally,
we stress that the influence of the sign of L̂ on the velocity
effects on the image flux relations is limited, and the
qualitative conclusions are not changed when sþ takes a
different value.
Now we discuss the velocity-induced effects on the

zeroth-, first-, and second-order contributions to the cent-
roid, which are shown on the top of Fig. 8 in color-indexed
form for the scenario of Sagittarius A�. Their magnitudes
for various w and β are listed in Table III. We can see from
Fig. 8 that the velocity effect on the zeroth- or second-order
contribution to the centroid increases monotonically with
the decrease of w when the angular source position is fixed.
This is not the case for δΞcent;1ε with sþ ¼ þ1. It decreases
first to a minimum value and then increases with decreasing
w for 1≲ β ≤ 10. However, it will monotonically increase
with decreasing w when 0.01 ≤ β ≲ 1. For sþ ¼ −1, the
behavior of δΞcent;1ε is then reversed. As to the possibilities
to detect them, Fig. 8 indicates δΞcent;0 is very likely to be
detected, as long as β and w do not take very small and
ultrarelativistic values, respectively. We argue that it is also
possible to detect the velocity effect on the first-order
contribution to the centroid position with a proper combi-
nation of β and w. It is only when w and β take,

respectively, small and relatively large values that a
possibility to observe δΞcent;2ε

2 in current resolution
exists.
Finally, we turn our attention to the velocity effects on

the differential time delay between the primary and
secondary images. The velocity effects on the second-
and third-order contributions to the differential time delay
as the color-indexed functions of w and β are plotted on the
bottom of Fig. 8, and the magnitudes of these velocity
effects are given in Table IV. For a fixed β ∈ ½0.01; 10� and
the prograde motion the massive particle takes, both δΔτ0
and δΔτ1ε increase monotonically with decreasing w.
This conclusion holds for δΔτ1ε when the particle takes
retrograde motion, with 0.54≲ β ≤ 10. However, it is
surprising to find that the velocity effect on the third-order
contribution to the differential time delay for the case of
sþ ¼ −1 decreases with the decrease of w, supposing
0.01 ≤ β ≲ 0.54. It indicates the sign of L̂ affects the
behavior of δΔτ1ε. Furthermore, with the present differ-
ential VLBI accuracy (∼10−12 s), it appears that the
velocity effect on the second- or third-order contribution
to the differential time delay is measurable, whether the
value of sþ is þ1 or not.

VII. SUMMARY

In this paper we have studied the weak-field gravitational
lensing of a relativistic neutral massive particle induced by
a Kerr-Newman black hole in detail. The explicit form of

TABLE III. The magnitudes (in units of μas) of δΞcent;0,
δΞcent;1ε, and δΞcent;2ε

2 for various w and β. Here the star ⋆
denotes the magnitude whose absolute value is less than 0.05μas.

βnw 0.05 0.1 0.5 0.9 0.999999

(a) δΞcent;0
0.01 ⋆ ⋆ ⋆ ⋆ ⋆
0.1 17.57 17.31 10.58 1.85 ⋆
0.5 1.96 × 103 1.93 × 103 1.13 × 103 186.20 ⋆
1 1.17 × 104 1.15 × 104 5.92 × 103 858.14 ⋆
5 1.54 × 105 1.29 × 105 1.64 × 104 1.42 × 103 ⋆
10 2.77 × 105 1.71 × 105 9.94 × 103 798.54 ⋆

(b) δΞcent;1ε for sþ ¼ þ1

0.01 2.05 1.82 0.45 ⋆ ⋆
0.1 2.05 1.82 0.45 ⋆ ⋆
0.5 2.02 1.80 0.43 ⋆ ⋆
1 1.80 1.57 0.25 ⋆ ⋆
5 0.10 −0.11 −0.23 ⋆ ⋆
10 −0.13 −0.25 −0.08 ⋆ ⋆

(c) δΞcent;2ε
2

0.01 ⋆ ⋆ ⋆ ⋆ ⋆
0.1 ⋆ ⋆ ⋆ ⋆ ⋆
0.5 0.07 ⋆ ⋆ ⋆ ⋆
1 0.14 ⋆ ⋆ ⋆ ⋆
5 0.65 0.12 ⋆ ⋆ ⋆
10 0.94 0.10 ⋆ ⋆ ⋆

TABLE IV. The magnitudes of δΔτ0 (in units of minutes) and
δΔτ1ε (in units of seconds) for various w and β.

βnw 0.05 0.1 0.5 0.9 0.999999

(a) δΔτ0
0.01 0.01 0.01 7.29 × 10−3 1.41 × 10−3 1.38 × 10−8

0.1 0.11 0.11 0.07 0.01 1.38 × 10−7

0.5 0.59 0.59 0.38 0.07 7.10 × 10−7

1 1.35 1.33 0.85 0.16 1.54 × 10−6

5 36.41 34.88 14.24 2.00 1.85 × 10−5

10 274.27 244.15 62.68 7.71 7.02 × 10−5

(b1) δΔτ1ε for sþ ¼ þ1

0.01 0.29 0.14 0.01 7.37 × 10−4 5.36 × 10−9

0.1 0.34 0.16 0.01 8.26 × 10−4 6.01 × 10−9

0.5 0.55 0.26 0.02 1.27 × 10−3 9.24 × 10−9

1 0.82 0.39 0.03 1.91 × 10−3 1.40 × 10−8

5 2.95 1.41 0.14 8.21 × 10−3 6.12 × 10−8

10 5.64 2.72 0.27 0.02 1.22 × 10−7

(b2) δΔτ1ε for sþ ¼ −1
0.01 −0.28 −0.13 −0.01 −7.17 × 10−4 −5.22 × 10−9

0.1 −0.23 −0.12 −0.01 −6.33 × 10−4 −4.62 × 10−9

0.5 −0.02 −0.01 −2.62 × 10−3 −3.00 × 10−4 −2.31 × 10−9

1 0.25 0.12 6.24 × 10−3 2.52 × 10−5 −1.73 × 10−10

5 2.39 1.12 0.06 1.46 × 10−3 8.10 × 10−9

10 5.04 2.35 0.13 2.94 × 10−3 1.63 × 10−8
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the equatorial gravitational deflection angle of the massive
particle up to the 3PM order has been achieved and found to
be in agreement with the result given in the previous
literature. Based on the bending angle, the Virbhadra-Ellis
lens equation has been solved. The analytical expressions
of the timelike lensing observables, which include the
positions, magnifications, and gravitational time delays of
the primary and secondary images, along with the differ-
ential time delay, total magnification, and magnification-
weighted centroid position, have thus been obtained
beyond the weak-deflection limit. The analytical forms
of the correctional effects originated from the deviation of
the particle’s initial velocity w from the speed of light on
the lensing observables of the images have also been
achieved.
The formalism has been applied to the supermassive

black hole at the center of our Galaxy by assuming
Sagittarius A� to be a Kerr-Newman lens. In this situation,
we have concentrated on the analysis of the velocity-
induced effects on the angular position and flux of the
positive-parity primary image, the sum and difference
relations for the image positions and fluxes, the centroid,
and the differential time delay. The behaviors of these
velocity effects acting as the bivariate functions of w and
the scaled angular source position β have been discussed
systematically. Interestingly, it is found that, for a given
angular source position, the velocity effects on the zeroth-
and second-order contributions to the primary-image posi-
tion, centroid position, and positional sum relation increase
monotonically with decreasing w. This trend holds for the
velocity effects on the first-order contribution to the
positional sum for retrograde motion of the particle or to
the primary-image position, on the zeroth-order normalized
primary-image flux, and on the zeroth-order sum and
second-order difference of the normalized fluxes. This
conclusion also applies to the velocity effects on the zeroth-
and first-order contributions to the differential time delay
for particle’s prograde motion. The residual components of
the velocity effects, such as the velocity effect on the first-
order contribution to the normalized image flux, appear

more complex or nonintuitive. Taken overall, it is indicated
that the observable image properties in the massive-particle
lensing scenario are more evident than those in the null
lensing scenario under the same circumstances. We have
also analyzed the possibilities to detect these velocity
effects briefly. It seems reasonable to conclude that the
velocity effects on the zeroth-order contribution to the
primary-image position, positional sum relation, and cent-
roid, as well as the velocity effect on the second-order
differential time delay, are feasible to be detected in current
resolution for most cases. It is also likely to detect the
velocity effects on the first-order contribution to the
primary-image position, the positional sum and difference
relations, and the centroid, as well as the velocity effect on
the third-order differential time delay in many scenarios.
This conclusion applies to the velocity effects on the
zeroth-order contribution to the normalized primary-image
flux and the normalized-flux sum. The possibilities to
observe the residual components of the velocity effects
(e.g., the velocity effect on the second-order contribution to
the normalized image flux) are relatively small or do not
even exist in the present precision. We argue that the
direction of the orbital angular momentum of the particle’s
motion relative to the lens’s rotation has a relatively
obvious influence on the behaviors and detection of the
velocity effects on the first-order contribution to the
positional difference relation and the centroid. It also
applies to the velocity effect on the third-order contribution
to the differential time delay.
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