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We propose a new approach to study the phase transition dynamics of the Reissner-Nordstrom-AdS
black holes on the underlying free energy landscape. By formulating a path integral framework, we
quantify the kinetic paths representing the histories from the initial state to the end state, which provides us
a visualized, yet quantified, picture about how the phase transition proceeds. Based on these paths, we
derive the analytical formulas for the time evolution of the transition probability and provide a physical
interpretation of the contribution to the probability from one pseudomolecule (antipseudomolecule),
composed of instantons and anti-instantons, which is actually the phase transition rate from the small(large)
to the large(small) black hole state. These numerical results show a good consistency with the underlying

free energy landscape topography.

DOI: 10.1103/PhysRevD.105.104024

I. INTRODUCTION

In general relativity, classical black holes are emerge
from the solutions of Einstein’s equation. The black holes
have some fascinating features. They are perfect absorbers
but emit nothing. As known, an object with nonzero
temperature has thermal radiation. This implies that the
physical temperature of the classical black hole is zero and
the black hole thermodynamics seems to be impossible.
This has all changed since the appearance of the black hole
area law [1], stating that the event horizon area of the black
hole can never decrease with the time. Bekenstein inci-
sively noticed the similarities with the second law of
thermodynamics, and proposed that every black hole
should have its own entropy which is associated with
the event horizon area by a directly proportional relation-
ship [2]. Thereafter, the four laws of black hole mechanics
[3] were formulated, analogous to the four laws of
thermodynamics. However, since the temperature of the
classical black hole is zero, it implies that these similarities
are merely formal and do not have profound physical
implications.

The whole picture has been significantly altered since the
quantum effects were considered, leading to the famous
Hawking radiation, which shows that the black holes emit
radiation with a blackbody spectrum [4]. The Hawking
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radiation and the four laws of black hole mechanics
indicate that the black holes are thermodynamic systems
with temperatures. Since then, the black hole thermody-
namics has been widely used to study black hole physics. A
famous example is the Hawking-Page phase transition
occurring in the asymptotically anti-de Sitter space
(AdS), where a first-order phase transition has been found
between the thermal radiation and the large stable
Schwarzschild-anti—de Sitter black hole [5]. Recent
research shows that there is a correspondence between
the gravitational physics in anti—de Sitter space in the bulk
and one-dimensional less conformal field theories (CFT) on
the boundary via holography [6—10]. In the context of AdS/
CFT correspondence, the Hawking-Page transition can be
interpreted as the confinement/deconfinement phase tran-
sition in QCD [6]. By viewing the cosmological constant as
the thermodynamic pressure in the AdS space, the analogs
of the charged-AdS black holes and the van der Waals
fluids have been explored [9-13]. The behaviors of black
hole thermodynamics at the triple point phase transition
have also been investigated [14]. All of these studies
provide us a more profound understanding of black hole
thermodynamics.

However, the dynamics of how a black hole state or
phase transforms to another one during the phase transition
has not been investigated adequately until very recently.
Recent studies of black hole phase transition dynamics
under thermal fluctuations have been explored on the
free energy landscape by solving the corresponding
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probabilistic Fokker-Planck equation, giving rise to the
fluctuations and the mean first-passage time (i.e., the
inverse of the rate) [15,16]. The complete description of
the dynamics should include two aspects; the rate showing
how fast the black hole phase transition occurs and the path
showing how the process proceeds in the phase transition.
Thus, it is necessary for us to quantify the phase transition
path to explore the underlying dynamical process.

Since its appearance in [17], path integral methods have
been developed and used to study many physical and
chemical problems successfully [18-22]. The advantage
of such a method is that one can quantify the paths with
weights representing the histories from the initial state to the
end state. The paths will provide us a quantitative and visual
picture of the phase transition process. This certainly helps
us to understand the dynamics of phase transition better.

The phase transition of Reissner-Nordstrom-AdS
(RNAdS) black holes takes place in the asymptotically
AdS space with the negative cosmological constant. By
interpreting the cosmological constant as thermodynamic
pressure [11,23,24], one can formulate the extended phase
space and study the van der Waals-type phase transition in
RNAGAS black holes. By choosing the black hole radius as
the order parameter, the free energy landscape can be
quantified along this order parameter. The phase transition
can then be easily analyzed on the free energy landscape
[15,16]. There are three macroscopic emergent phases; the
small, the thermodynamic transition, and the large black
hole states. The small and large black hole states are locally
stable and the thermodynamic transition black hole state is
unstable. Under the thermodynamic fluctuations, the phase
transition is possible between the locally stable small black
hole state and the locally stable large black hole state.

In this paper we study the process of such a phase
transition by using a path integral method [21,22,25-31].
The weights of different paths are from the exponentials of
the path integral actions. This implies that the weight of the
dominant path is significantly larger than that of the other
paths due to the exponential suppression in the weights of
the other paths. Then we can just consider the contribution
from the dominant path. The dominant path should satisfy
the Euler-Lagrange (E-L) equation due to the minimization
of the action or maximization of the weight, and we can
transform the E-L equation as an energy conservation
equation. Thus, the phase transition between the small
and the large black hole states can be regarded as a one-
dimensional particle under an effective potential moving
between the corresponding small and large black hole
states. In the longtime limit, the phase transition can go
back and forth many times and the kinetic paths can be
quantified. The dominant path is composed of a series of
small units named pseudomolecules, with each made from
a pair of instantons (we have referred to [28,30,31] for
using the words “pseudomolecule” and “instanton”). By
assuming that there are no interactions between the

instantons, we can quantify the probability in the dilute
gas approximation. We find that the contribution to the
probability from one pseudomolecule or one antipseudo-
molecule is actually responsible for quantifying the phase
transition rate from the small to large black hole state or
from the large to small black hole state. The expressions of
the phase transition rates can be obtained analytically. All
these results are consistent with the underlying Gibbs free
energy landscape. This paper presents a new framework to
study the dynamical phase transition process of the black
holes and the spacetimes. We address the crucial kinetic
path issue and provide a more profound understanding to
the phase transition process of the RNAdS black holes.

The paper is organized as follows. In Sec. II we illustrate
the thermodynamic properties of RNAdS black holes under
the underlying free energy landscape. In Sec. I1I, we introduce
the path integral framework and apply it to the phase transition
of RNAdS black holes. Then, the kinetic paths, phase
transition rates, and the time evolutions of the probabilities
are presented. In Sec. IV, we present the conclusions.

II. THERMODYNAMICS OF RNAdS BLACK HOLE
AND THE FREE ENERGY LANDSCAPE

In this section we will briefly review the thermodynamic
properties of RNAdS black holes [11,15,16,32,33].

The metric of RNAdS black hole is given by (G =1
unit)

2

dR
ds®> = —f(R)dr* + + R%24Q?, 1
(R)a* + 2o (1)
where f(R) is given by
2m  ¢* R?
f(R)_l_?+F+l_2' (2)

The parameter m represents the black hole mass, g is the
black hole charge, and / is the AdS curvature radius which
is associated with the negative cosmological constant A

by 1= /3
In the AdS space, the cosmological constant can be

interpreted as the thermodynamic pressure in extended
thermodynamics [11,34-36],

31

The Hawking temperature is given by

Ty = (1482 L (4)
B 4nr )

We should note that there is a critical pressure P, = 96—7qu2
[11,16]. When P > P,, the Hawking temperature T is a
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monotonic increasing function of r. When P < P, Ty has
a local minimum value 7', and a local maximum value
T hax, Which are determined by aair” = 0. We will focus on
the regime P < P, and T, < T < Tax, Where there are
three on shell solutions to the stationary Einstein field
equation; the small, the thermodynamic transition, and the
large black holes.

On the free energy landscape, the free energy of the
system is defined as a continuous function of the order
parameter. It is necessary to introduce a series of off shell
states for the study of the black hole phase transition
dynamics. In general, we can choose the radius of the AdS
black hole as the order parameter and assume a canonical
ensemble which is composed of various black hole space-
time states with different radii at the specific temperature
[5,15,16,32,33]. This includes all the possible states
appearing during the phase transition. These states are
characterized by the different black hole radii. Except for
the small, the thermodynamic transition, and the large black
holes, all the other states are off shell and do not obey the
stationary Einstein field equation. In fact, the off shell black
hole states are unstable transients resulting from the
classical thermal fluctuations of the black hole spacetimes.
They are important in characterizing the free energy land-
scape of the black hole spacetime instead of the isolated
stable black hole phases. Although the off shell states are
intermediate transient and unstable, they are still significant
as a bridge connecting between the stable black hole phases
reflected by the dominant phase transition paths as illus-
trated in Fig. 3, where the associated dynamics of the phase
transition is explicitly shown (This will be illustrated in
detail in the next section). In recent research, it was found
that there is a lower bound for the order parameter which
corresponds to the extremal black hole [37]. We denote the
lower bound of the order parameter as r,,.

Replacing the Hawking temperature T by the ensemble
temperature 7" in the on shell Gibbs free energy expression
G = m —TyS, we can generalize the on shell Gibbs free
energy to the off shell free energy as [16,32,33]

8 2
G:m—TS:;<1+3ﬂPr2+q2> —Tr?,  (5)
r

where the order parameter » can take the continuous values
from r,, to infinity.

We choose P = 0.4P, and g = 1 in all the next calcu-
lations, r,, can be calculated as 0.984, which is smaller than
the radius of the small black hole at various temperatures.
In Fig. 1, we have plotted the free energy as a function of
black hole radius r at different temperatures. From the
figure it can be seen that when 7' ;, < T < Tp.x, the Gibbs
free energy has three local extremum points (a local
maximum point and two local minimum points). They
satisfy the equation

FIG. 1. The Gibbs free energy as the function of black hole
radius r at different temperatures. The values of the temperature
from top to bottom are set as T = 0.027 < Tyyins T = Tryin =
0.0285, Tpin < T =0.03 < Tpas Tin <T =0.033 <T,
T =T =0.0354, T = 0.037 > T

max>

oG 1 2
E=§+4ﬂPr2—%—2ﬂTr:O, (6)

which is same as Eq. (4) when we replace the Hawking
temperature 7'y by the ensemble temperature 7". Therefore,
the radii of the three local extremal points are actually the
three on shell solutions to the stationary Einstein field
equation.

Based on the condition of P = 0.4P,. and ¢ = 1, we can
solve Eq. (6) and obtain the values of r,, r,, and r; at
different temperatures.

Furthermore, it can be seen from the Fig. 1, the small and
large black hole states corresponding to the free energy
minima are locally stable while the thermodynamic transition
black hole state corresponding to the free energy maximum s
unstable. Because of the thermal fluctuations, it is possible
for the phase transitions between the locally stable small
black hole state and the locally stable large black hole state.
We will study the dynamics of such phase transitions by
using path integral methods in the next section.

III. PATH-INTEGRAL AND PHASE TRANSITION
RATE OF RNAdS BLACK HOLE

A. The path integral of the RNAdS black hole
phase transition

The stochastic dynamics of the RNAdS black hole
under the thermal fluctuations can be described by the
probabilistic Fokker-Planck equation in [16]. In order to
formulate the path integral framework, it is convenient to
use the equivalent stochastic Langevin equation for the
trajectories as
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dr  0G(r)

dt— yor

+n(r.1), (7)

where y is the friction coefficient, —iGT(:) is the driving

force, and 5(r, ) is the fluctuating stochastic force. We
assume that n(r,t) is the Gaussian white noise, which
satisfies the equations (5(r, 1)) = 0 and (5(r, 1)n(r,0)) =
2Dé4(t). The diffusion coefficient D is associated with the
friction coefficient by the Einstein relationship

The weight or the probability from the initial to final state
at time ¢ can be quantified by the Onsager-Machlup
functional path integral as [18,25]

Flrtr0) _/D’""'XP{—/L[r(t)]dz}
:/Drexp{—/[%w

L

where Dr represents the sums of all the paths connect-
ing the initial state and the end state, L[r(¢)] is the
stochastic Lagrangian (also called the Onsager-Machlup
functional),

r IpG(r BG(r
L LGP 100
4 D 2 or :

If we assume that the diffusion coefficient is very small,
then the last term of the Lagrangian in Eq. (10) can be
ignored as

r , DIOPG(r
4 D '

(11)

From Eq. (9), we can see that the different paths
contribute to different weights, which are on the exponen-
tials. This indicates that the dominant path has the
largest weight, which can be significantly larger than the
weights of the other paths due to the exponential suppres-
sion in the weight of the other paths. Thus, we can just
consider the contributions of the dominant path. The
dominant path should obey the Euler-Lagrange equation
from the maximization of the weights or minimization of
the action,

dOL OL

Substituting Eq. (11) into Eq. (12) we obtain

d*r larz ou

d 2D —2b5, or =0, (13)
where
D (0pG(r)\?
Integrating Eq. (13) we obtain
(%)2 =E 15
9L u(r) = E. (15)

where E is a constant.

Equation (15) can be regarded as an energy conservation
equation; 5 (%)% is the kinetic energy term, V(r) = —u(r)
is the effective potential, and E is the total energy. Thus, the
dynamics of the phase transition can be described equiv-
alently as the dynamics of one-dimensional particle with
mass 55 moving in the effective potential V(r) [19-22].

Let us assume that D is a constant and choose D = k =1
without loss of generality. In Fig. 2, we have plotted the
Gibbs free energy and the effective potential as functions of
the black hole radius at different temperatures. It can be
seen that when T < T, or T > T, there is only
one state whose effective potential is zero. When T =
Trin Or T = T,y there are two such states. And when
Trin < T < Tphax there are three such states. Analyzing
Egs. (6) and (14), we can see all these radii of the zero
effective potential states are precisely the on shell solutions
to the stationary Einstein field equation (i.e., the extremum
points of the Gibbs free energy), which are also well shown
in Fig. 2.

When T < T < Thax» there are three local maximums
whose effective potentials are zero, representing the small,
the thermodynamic transition, and the large black hole
states. Correspondingly, we denote their radii as r,, r,, and
r;. In the longtime limit, the phase transitions between the
small black hole state and the large black hole state can take
place many times because of the thermodynamic fluctua-
tions. This implies that the equivalent particle can go back
and forth many times between the point r = r, and the
point r = r; in the effective potential V(r). The dominant
path is composed of a series of smallest units of such jumps
named pseudomolecules. These pseudomolecules should
start at the locally stable states and also end at the locally
stable states. Actually, every pseudomolecule is composed
of a pair of instantons (or named pseudoparticles) whose
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FIG. 2. The Gibbs free energy (blue line) and the effective potential (red line) as the functions of black hole radius at
different temperatures: (a) T = 0.025 < Tyin, (0) T = Tpin = 0.0285, (¢) Tipin < T = 0.031 < Taxs (d) Tiin < T = 0.033 < T

(€) T = 0.0354 = Ty, and (f) T = 0.05 > Ty

paths are between the state of r; or r; and the state of r,,.
There are four kinds of pseudomolecules in total; the a
pseudomolecule has the trajectory r, — r,, — r, with an
instanton r; — r,, and an anti-instanton r,, — r;, whose
contribution to the probability is named m;, the b pseu-
domolecule has the trajectory r; — r,, — r; with a pair of
instantons r, — r,, and r,, — r;, whose contribution to the
probability is named m,, the ¢ pseudomolecule has the
trajectory r; — r,, — r; with an anti-instanton r; — r,, and
an instanton r,, — r;, whose contribution to the probability
is named mj3, and the d pseudomolecule has the trajectory
r; — r,, = ry with a pair of anti-instantons r; — r,, and
r,, — 1y, whose contribution to the probability is named
my. We assume that there are no interactions between the
instantons, so that we can calculate the final contribution by
summing overall in the dilute gas approximation [30,38].

In order to calculate the probability for the phase
transition, we need to obtain the pseudomolecule paths.
Based on Eq. (13), we can plot the black hole radius as a
function of time 7 from small (large) black hole state to the
thermodynamic transition black hole state at different
temperatures in Fig. 3, they are actually the paths of a
and ¢ pseudomolecules. After introducing the off shell
states, the dynamical process during the phase transition

can be revealed clearly in the paths. From the paths, it can
be seen that the phase transition between the small and
large black holes will not have a residence time in the off
shell states. This indicates that the off shell states are
unstable transient states.

The weight of one pseudomolecule contribution to the
probability is given by

M = exp|-S] = exp {— / ’“‘“L(r(t))dt], (16)

Tinitial

where S represents the action of the path,

1

4

dr0pG(r)
dr Or

S— / L (r())dt
Tinitial
r)\ 2
o )m.

/tcnd 1 dr 2 + 2
Tinitial D \dt
(17)

For the weight contributions of the paths to the probability,
we assume that the initial state is located at the
locally stable small black hole state or the locally stable
large black hole state whose effective potential and kinetic

o[
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(e) a pseudomolecule path when T=0.035.

FIG. 3.
T =0.033 and T = 0.035.

energy are zero. The energy conservation equation (15)
becomes

dr
— = ++/4D
dt "

0BG (r)|

or (18)

(r) = iD‘

Based on the free energy figure in Fig. 1, we know that the
9pG(r)

or
zero between r,, and r;. The sign of % is determined by the
process in which the system proceeds. It is positive when
the system translates from the small to the large black hole

is greater than zero between r, and r,,, and less than

S + anti - pseudomolecule
8 -
7
_ 6
5
4
3
(b) c pseudomolecule path when T=0.031.
10
8
- 6
4
2 ‘ . ‘ . .
0 5 10 1‘[5 20 25 30

(d) ¢ pseudomolecule path when T=0.033.

11
9
. |
- _
3 |
10 20 3? 40 50 60

(f) c pseudomolecule path when T=0.035.

The paths of a and ¢ pseudomolecules and corresponding instantons and anti-instantons at different temperatures: 7 = 0.031,

state and negative from the large to the small black hole
state. Then, we can obtain:

From r to r,,, % = Daﬂgr(r);
From r,, to r, % =-D aﬁair(r).
From r, to r,,, % = DaﬁaL,(r);
From r,, to ry, % = —D w

Substituting these equations back into Eq. (17), and
being careful about the signs, we can see that the action
S = 0 for the trajectories from r,, to r, and from r,, to ;.
This indicates that only the trajectory from the small (large)
black hole state to the thermodynamic transition black hole
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state contributes to the probability for the phase transition
from the small (large) black hole state to the large (small)
black hole state, which also corresponds to the free energy
figures in Fig. 1. In the transition from the small to the
large black hole states, the free energy is uphill for the
trajectory from the small black hole state to the thermo-
dynamic transition black hole state, and downhill from the
thermodynamic transition black hole state to the large
black hole state. The probability for the latter trajectory is 1,
so we just need to consider the probability contribution
for the former trajectory. A similar analysis can be made in
the transition from the large black hole state to the
small black hole state. Thus, in the phase transition from
the small (large) black hole state to the large (small)
black hole state, we do not need to obtain the whole path
between the small black hole state and the large black hole
state and just need to consider the path from the small
(large) black hole state to the thermodynamic transition
black hole state.

Based on the above analysis we know that the trajecto-
ries from r, to r; and from r, to r; do not have a
contribution, so we have the equations,

my = —my = —-M,, (19)
my = —my = —Mj, (20)

where the minus sign appearing in the expressions is
associated with the presence of a turning point on the
trajectory; namely, a change from the instanton (anti-
instanton) path to the anti-instanton (instanton) path
[31,39] (See the Appendix for the details). We call M,
as one pseudomolecule contribution to the probability and
M, as one antipseudomolecule contribution to the

probability.
Then, the probability P(r,,t;r,, to) and P(r;, t;rg, 1))
can be given analytically. At first, one can calculate the
|

probability P(r, t;r,, ty). When there is zero pseudomo-
lecules, the probability becomes e~ )(i=10) " where 1 — 1,
represents the time interval staying at the small black
hole state.

When there is one pseudomolecule, only an a pseudo-
molecule contributes and the probability is

/oo dtl (_Ml)e—u(r;)(ﬁ—to)e—u(r:)(r—tl)’ (21)

)

where (—M) is one a pseudomolecule contribution to the
probability, #; — ¢, and t — #; represent the time interval
staying at the small black hole state.

When there are two pseudomolecules, two a pseudo-
molecules contribute, or b — d, (the arrow represents the
time sequence of the pseudomolecules). The probability is

/ ®ar, / ™ dty(= M 2 =10) gulr,)t:=10) g=u(r) 1)
f 1

L / ®ar, / Sty (M M) =) (=10) =) tz=10) g=u(r) 1-13)
f 1

(22)

In the first term, (=M )? represents two a pseudomolecule
contributions to the probability, t; —ty, t, — t;, and  — 1,
are the time intervals staying at the small black hole state. In
the second term, (M|M,) represents one b and one d
pseudomolecule contribution to the probability, #; — ¢, and
t — t, are the time intervals staying at the small black hole
state, and 7, — ¢; is the time interval staying at the large
black hole state.

When there are three pseudomolecules, three a pseudo-
molecules contribute, a —>b—>d, b—>d—>a, or
b — ¢ — d, the probability is

/ = i, / ® i, / ™ty (=M )P 01-10) =) 12m11) ) 15m12) (7 1)
f 1 1y

+ /oo dt, /oo dt, /oo d[?’(_M%Mz)e_“(r.\)(tl_[0)e_“(r.\')(tz_[l)e_”(rl)(tf;_tz)e_”(r.\)<t_[3)
1o f f

n / ® at, / ® it / ™ ity (—MEM )e=(r)(11-10) =) =10 g, 1-12) g=u(r) 115
Iy 14 5]

+ /oo dr, /oo dt, /oo dt3(_M]M%)e—u(r\-)([]—fo)e_u(rl)(fz—ll)e_u(rl)(t3_tz)e_u(rg)(f_l3)_ (23)
I f I

In the longtime limit, the probability P(r,, t; r, t,) is the sum of the pseudomolecule number from 0 to co. Thus, based on
the condition u(r,) = u(r;) = u(r,,) = u, the probability is simplified as

104024-7
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P(rs’ tr, [0) — e—ult=ty) _ M, /oo dtle—“(fl—lo)e—”(l—fl) + ]\/[1(]\41 + Mz) /oo dt, /oo dtze—u(ll—fo)e—u(fz—ll)e_“(f—tz)

t t

to 1
— M,(M + M)? / ® / * / ™ dtyemuln=10)gmults=iy) gulis=t) gmuli=1s) L
f t t,

= e7u(=) 1 M, Z(—l)”(Ml + M,)"! / ” dt, / ” dt, ... / ” dt, e~ =) g=ula=h)  p=u(i=ta) (24)
n=1 fo 1 [

where t; = 0.
By using the Laplace transform we obtain

p(s) = ! M, [1 1 ]

Tstu M +M,|stu stu+M, +M,

25)

Inverting the Laplace transform, we can simplify the
Eq. (24) as

e—ut

P(rs,t;rS,O)zm

[My + M e=M=M2)1] - (26)
In our problem, u(r;) = u(r,,) = u(r;) =u =0, so

P(ry, t;r,,0) = [My + M e=M=M2)1] - (27)

M, +M,

An similar procedure can be applied to the calculation of
P(r;, t;r,,0), one obtains

1
P(r;, t;rs,0) =

B. The physical significance of one pseudomolecule or
one anti-pseudomolecule contribution to the
probability and the Kkinetic rates

We can consider a model for a particle moving
in a double well potential with the two stable states
denoted as A and B. We assume that the transition rate
from state A to state B is k4 and the transition rate from
state B to state A is kp, while the initial state of the
particle is at state A. The P4(7) represents the probability of
the particle staying at state A at time 7, and the Pg(7)
represents the probability of the particle staying at
state B at time 7. Then, one can write the classical master
equation as

dP,(7)
dr

= —kpPA(7) + kgPp(2). (29)

[
The total probability should be conserved and we obtain

Py(7) + Pp(r) = 1. (30)

When substituting Eq. (30) back into Eq. (29) and
integrating the 7 from O to ¢, we obtain

1

= m [kB + kAe_(kAJrkB)[]. (31)

Py(1)
The Py(t) is given by

Py(t) = 1 = Py(1)
1
kg + kg

[ky — kye~(katks)r], (32)

In the small-large black hole phase transition, the Gibbs
free energy landscape has the double well shape as shown
in Fig. 1. Equations (31) and (32) can then be used to
describe the time evolution of the transition probability
during the phase transition, and we should obtain the same
results as Egs. (27) and (28) after taking the state A and B as
the small and large black hole state, respectively. When we
compare the Eqgs. (27) and (28) to Egs. (31) and (32), the
physical significance of M and M, can be easily seen; M
represents the transition rate from the small black hole to
large black hole, and the M, represents the transition rate
from the large black hole to the small black hole.

Furthermore, based on Egs. (27) and (28), the total
kinetic rate is given by

k=M, +M,, (33)

which determines the rate or the time scale (inverse of the
rate 4) of the probability evolution for P(ry,t;r,,0)
and P(r;, t;rg,0).

C. The second-order effects

The fluctuation effects on the dominate path can be
considered. Then the phase transition rate and the proba-
bility evolution will be modified.

We replace DBG(r) by U(r) in Eq. (9) for simplification,
and the probability is given by
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Pir i) = oxp[ LV 7o LU 22 (W02 D]

We denote f " Drexp|—

order variation in y(t) = r(t) — re(t), one yields

St lg >)] as K(r,, t1;19,ty). The action can be expanded around the classical path to the second-

Kt ) =expf =90 [oyexp{-o [*30)|-5 g+ vioa o}, 9

where V(r) = —(U’g’))z -2U"(r).
We expand y(t) on an infinite orthogonal basis {y,(7)}
which are also the eigenfunctions of _§W+ V" (rq(t)),

these eigenfunctions satisfy Eqs. (A2)—(AS). By using the
Gauss integral, Eq. (35) becomes [26,30,38]

. - N X _S(rcl(t))
K(rp.1; 0’t0>_de[ %—erV”( ())]ep{ b ]
N[ SGa(n)

\/mep[ D } (36)

where A, are the eigenvalues of the operator — 2 dtz +
V"(r.(t)) and N is a constant. More descriptions are
given in the Appendix.

This equation holds for monostable potential, but will
break down for the potential in our case which always has a
eigenfunction i,(#) with zero eigenvalue. Thus, the
Gaussian approximation of the corresponding fluctuation
modes will break down. These modes are called zero modes
and their physical origin is the time-translational invariance
of the system [26,30]. Considering the case of one zero mode
(orone instanton), Eq. (35) can be replaced by [30,31,38,40]

K(rtatl’ro’t() / dr o V 47[le tl v 47[C1
, 37
= )

where Ay and y, (1) satisty Eqs. (A8)~(A10), and % is
the integration measure of the variables 7.

The path integral problems of the second order in the
symmetric double well have been explored by [26—
30,38,41], while the problems become quite difficult in
the asymmetric double well. Because of the asymmetry, the
instanton has the different asymptotic behaviours in the two
sides of the time axis, and the calculations become tedious.
This has been explored in [31,40] which is based on the
method of [30,38,41]. The main procedures are shown in
the Appendix. Assume that there are no interactions

X exp{

between these instantons, then the dilute gas approximation
can be used to obtain the final probability by summing over
the multi-instantons. After some heavy algebra, the final
results show the probabilities driven by the classical paths
have a correction as [31,40]

pG"(ry) 1 Y
P(ry, t;r,,0) = : My + M e=Mi=M2)1])
(res 7, 0) = 5 P Mo+ Mo
(38)
pG"(r) 1 .
P(r;,t;r,,0) = My — MMM
(r, t:7,0) o M1+M2[ 1 1€ ]
(39)
where M, and M, have a correction as
G/l G//
Ml _)ﬁ | (rm)l (rS) *M], (40)
27
G// G//
M2 ‘ (rm)l (rl> *Mz. (41)

2w

D. The numerical results

The phase transition rate is an important entity in the
dynamics of phase transition process, which quantifies the
time scale of the small (large) black hole state switching to
the large (small) black hole state. Based on Eq. (16), we use
the classical pseudomolecule paths to obtain the temperature
dependence of the phase transition rates in Fig. 4 (red lines).
If we take into account of the second-order effects, there are
some corrections to the phase transition rates as shown in
Egs. (40) and (41). We also plot the temperature dependence
of the phase transition rates including the second-order
effects in Fig. 4 (blue lines). Note that the vertical coordinate
is the logarithm of the phase transition rate.

When we analyze the phase transition rate without the
second-order effects (red lines). The results show, upon the
increase of the temperature, the kinetic rate of phase
transition will increase from the small to the large black
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FIG. 4. The kinetic rate of the phase transition between the
small and the large black hole states at the low diffusion
coefficient limit. The horizontal axis is the temperature, and
the vertical coordinate is the logarithm of transition rate. The red
lines represent only the zero order effects are considered, while
the blue lines represent both the zero order and second order
effects are considered.

hole states transition and decrease from the large to the
small black hole states transition. As shown in Fig. 1, we
know that the barrier height from the small black hole state
to the large black hole state through the thermodynamic
transition black hole state will decrease with the temper-
ature. This indicates that the small black hole state should
be easier to be switched to the large black hole state as the
temperature increases. The barrier height from the large to
the small black hole states through the thermodynamic
transition black hole state will increase with the temper-
ature. Then the large black hole state should be more
difficult to be switched to the small black hole state. These
are consistent with the picture of quantified rates in Fig. 4.
Furthermore, when the Gibbs free energies of small and
large black holes are equal (7 = 0.0298), the phase
transition rates of M| and M, should be equal. This also
corresponds to our resulting rates well.

When we analyze the phase transition rate including the
second-order effects (blue lines), we can see that both these
curves are near to the corresponding curves without the
second-order effects (red lines). Furthermore, we note that
the curve in the left panel has a inflection point compared
with the curve without the second-order effects. It is an
interesting phenomenon which means that the second-order
effects can become significant compared to the zero-order
effects when the temperature is high. After taking account
of the second-order effects, the phase transition rate should
be determined by both the barrier height of the free energy
landscape in the exponential and the second derivatives of
the free energy landscape at the basin and at the barrier
(saddle) in the prefactor. When the temperature is high, the
barrier height of the free energy landscape from the small
black hole to the large black hole through the thermody-
namic transition black hole does not change significantly
upon the increase of the temperature. However, the pre-
factor or second-order derivatives of the free energy land-
scape at both the small black hole basin and the

0.0029 0.03 0.031 0.082 0.033 0.034 0.035
T
FIG. 5. The temperature dependence of the total kinetic rate.

The red lines represent only the zero-order effects are considered,
while the blue lines represent both the zero-order and second-
order effects are considered.
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0.3 |
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t

(d) T=0.031

FIG. 6. The time evolution of the probability P(r,t;r,0) at
different temperatures 7 = 0.029, 0.0298, 0.03, and 0.031. The
red lines represent only the zero order effects are considered,
while the blue lines represent both the zero-order and second-
order effects are considered.

thermodynamic transition black hole barrier or saddle
decrease clearly. Thus, the second-order effects become
more important than the zero-order effects, and the rate of
phase transition decreases accordingly. In the right panel,
we cannot observe such an inflection point because of the
obvious variation of the barrier height.
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FIG. 7. The time evolution of the probability P(r;,t;r,,0) at
different temperatures 7" = 0.029, 0.0298, 0.03, and 0.031. The
red lines represent only the zero-order effects are considered,
while the blue lines represent both the zero-order and second-
order effects are considered.

The temperature dependence of the total kinetic rates in
both the cases of zero order (red lines) and of the one
including the second order (blue lines) have been plotted in
Fig. 5. It can be seen that the total kinetic rate decreases with
the temperature at first and then increases with the temper-
ature in the zero order effects. The total kinetic rate indicates
the time scale of the probability evolution, which is the
combination of the rates from the small to large and from the
large to small black hole phase transition. The two kinetic
behaviors with the temperature reflect the temperature
dependence of each individual transition rate. When the
temperature is high, the rate from the small to large black
hole state dominates in the total kinetic rate, and the
inflection point of the total kinetic rate will appear after
taking into account the second-order effects for the same
reason as the left panel in Fig. 4. When the temperature is
low, the rate of the transition from large black hole to small
black hole dominates in the total kinetic rates.

Furthermore, the time evolutions of P(rg,f;r;,0) and
P(ry, t; ry, 0) at different temperatures in both two cases are
given in Figs. 6 and 7. As seen, the P(ry,t;r;,0) and
P(ry, t; ry, 0) become steady when ¢ is large, the time of the
probability being steady is determined by the total kinetic
rate in Fig. 5.

The stationary probability can reflect the thermodynamic
stability, and it is determined by the value of the Gibbs free
energy via the Boltzmann distribution. Whether we take
into account of the second-order effects or not, the sta-
tionary probability should be equal. As shown in Figs. 6
and 7, the red line (without the second-order effects) and
the blue line (with the second-order effects) are steady to

the same value at the same temperature. When we analyze
the Figs. 6 and 7 separately, we can see that the steady state
probability P(r,,t;r,,0) decreases and the steady state
probability P(r;, t;r;,0) increases as the temperature
increases. As shown in Fig. 1, when the temperature
increases, the free energy of the small black hole state
decreases slower than that of the large black hole state. The
Boltzmann distribution tells us that the steady state prob-
ability P(ry,1;r,0) decreases and the steady state prob-
ability P(r, t; ry,0) increases with the temperature. When
we compare Fig. 6 with Fig. 7, we can perform the
following analyses. At T = 0.0298, the Gibbs free energies
of the small black hole state and the large black hole state
are equal, the steady state probability P(r,,t;r,0) and
P(r;, t;ry,0) should be equal. As shown in Figs. 6 and 7,
they are both equal to 0.5. When 7' = 0.029 < 0.0298, the
free energy of the small black hole state is lower than the
free energy of the large black hole state. This indicates
that the small black hole state is more stable, thus the
steady state probability P(r,,t;r,.0) is higher than the
steady probability P(r;, t; r;,0). When T = 0.03 and 0.031,
they are both larger than 7 = 0.0298. Then the large black
hole state has lower free energy and thus becomes more
stable. Correspondingly, the steady state probability
P(r, t;rs, t) is higher than the steady state probabil-
ity P(ry, t;r,0).

IV. CONCLUSIONS

In conclusion, we have formulated a path integral frame-
work to investigate the dynamical phase transition of
RNAdS black hole under the free energy landscape.
There are three macroscopic emergent phases in the
extended phase space. The small and large black hole states
are stable and the thermodynamic transition black hole state
is unstable. Under the thermal fluctuations, the phase
transition is possible between the small and the large black
hole states. The corresponding dynamics can be described
by the stochastic Langevin equation, where the thermody-
namic driving force is provided by the underlying Gibbs free
energy and the stochastic force comes from the thermal
fluctuations. The contributions of the different paths to the
weights or probabilities are on the exponentials. Thus, the
dominant path, which satisfies the Euler-Lagrange equation
due to the maximization of the weights or minimization of
the action, can be regarded as the main path in which the
phase transition proceeds. Based on the dominant path, we
derive the analytical formula for the time evolution of the
transition probability. After comparing with an analogous
model for a particle moving in the double well potential, we
find that the contribution to the probability from one
pseudomolecule (antipseudomolecule) can be interpreted
as the phase transition rate from the small (large) to the large
(small) black hole state. The numerical results show a good
consistency with the underlying free energy landscape
topography. This work provides a new framework to
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investigate the dynamics of black hole phase transition,
which can address the important issues of both the kinetic
path and the phase transition rate. This framework can also
be used to investigate other kinds of black hole phase
transition dynamics.
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APPENDIX: THE SECOND-ORDER EFFECTS

Equation (35) is written again as

[0 1 t
K(rot1:ro.to) = e—52 / Dy(f)expd -5~ / ()

<[+ Vo)

One can expand y(#) on an infinite orthogonal basis
{y,(¢)} which is also the eigenfunction of the second
variational derivative of S [30],

Y1) = eayal),

n

(A2)

L& v’ =1 A3
=5 TV @) |ya(t) = Zya (D). (A3)
yn(tO) :yn(tl) :0’ (A4)
JRCOr (A3)
By using the Gauss integral, Eq. (A1) becomes
N S(m(t))]
K(r,, t;r9,ty) = -
(ri 1370, 10) detl- ;jp VI ))] exp{ D
det %d—z % }det[ 2dt2+V”(rC,(t))]
X exp|—

N Hnﬂi exp[ o q_

Here we have brought in the well-known harmonic solution

I_AI’ — to eliminate the constant N, then the key issue
AH

j’l(lh)
becomes how to calculate the factor 7VH” [26,30].

[
Based on the same zero points and the same pole points
at the two sides of the follow equation, it was proved that

[30,38,41]

et {—%a% + v - ﬁ] _w(1)2)
107 +v@ -3

where y,(t) is the corresponding solution satisfying

1 ; i i
(-3 +vO o =m0, @

v (t) =0, (1) = 1. (A9)

where i = 1, 2.
The operator —%8,2 + V1 has an eigenvalue 1, only if

vy (1) = 0. (A10)

Taking 4 = 0 in Eq. (A7), the problem is then changed
to evaluate the ratio of the corresponding lowest
eigenfunction. This condition holds for monostable poten-
tials. However, there is always an eigenfunction 7 ()
with zero eigenvalue in our case, and the Gaussian
approximation of the corresponding fluctuation modes
will break down. These modes are called zero modes
[30,31,38,40,41]. Equation (A6) should factor out the
zero modes and evaluate the determinant with the zero
eigenvalue omitted. When considering that there is only
one instanton (or one zero mode), one can rewrite
Eq. (A6) as

h
NJwi () [

ST m(rl)/ 4o
X exp [_ M} |
D

K(ry t;370, 1) =

(Al1)

Based on the time invariance of the instantons, one
obtains
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(o1 70) = T80 52, = yo(0)se

<Scl> _% .
= | — r
m

Then, one can replace the dc, integration by an inte-
gration over the position of the center of the instanton dz:

a(1)dco. (A12)

/S.
dCO = —ddT(). <A13)
m
The K(r,, t; 19, tp) then becomes
K(ro 113700 1o) dy, | \/ )
(reo 113 70 10 / fo 471'D1,1/,10 1) 471'D
, Al4
con] 2] i

and the task changes to evaluate the wi(()tl)'
0

Based on the known solution of Eq. (A8) with zero
eigenvalue x;(¢) « i(t), one can find another solution
v1(2) with zero eigenvalue by the D’ Alembert’s construc-

tion [26,30]
tdf
(t) = me/ it

Taking the derivative with respect to the time, one
obtains

(A15)

W= xi()y1(2) = yi(1)x:(2), (Al6)
where W is actually the Wronskian determinant.

After using the classical equation of motion, one can
obtain the asymptotic expression of the instanton solution
(1) when t < 7 and ¢ > 7 (the detailed derivation can
be seen in [31]). Then the asymptotic expression of x;(¢) is
driven by the equation

m

X1 (1) = [ Falt),

Al7
5. (A17)

where sﬂ, is the normalized factor. The asymptotic

expression of y;(7) when t < 7 and 7 > 7, can be given
based on the D’Alembert’s construction (A15). Thus, the
function y, () satisfying Eqs. (A8)—(A10) can be given by
the linear combination of x;(¢) and y(z) [31]. By

transforming Eq. (AS8) into the integral equation and
iterating once, one obtains [30,31]

w0 =) =52 [ty (0) = xa O3 ().

0

(A18)

where v, (1)) = 0.
One can take ¢t = #; and use Eq. (A10), the ratio of
can be obtained as

W (

}LO w 3 -1
m =5 {/to dr'ly(t)x (') = xl(tl))’l(t/)]llfﬂo(t/)} .
(A19)

Based on the known asymptotic expression of x;(z) and
yi1 (1), the ’E” the

result of —7¢~ ( j is proportional to "cz(fo)’”cz(ﬁ) where 7, and

t, are the end points of the instanton path. For a pseudo-
molecule composed by an instanton and an anti-instanton,
there is a turning point of the path, namely a sign change of
7.1, which will result in the minus sign in Egs. (19) and
(20) [31,39].

Taking into account all the above terms, one can
calculate the corresponding K(r,,1;;ry,ty) which only
has one instanton. For the multi-instantons, the probability
can be summed by the dilute gas approximation. After
some heavy algebra, the results are finally given as the
following [31]:

BG" (ry) 1 o
P(rs,t;r,0) = d M, M, e=Mi=M2)1),
(rs rS ) 2]1_ M1+M2[ 2+ le ]
(A20)
G" 1
P(r, t;rs,0) = BG" (1)) (M, — Mye~Mi+Ma)r),
2 Ml -+ M2
(A21)
where M| and M, have a correction as
G// G//
v, S PPVITIGT) )
2r
D G// G//
iy = POV g (g
Y3
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