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Single-field inflationary models that seek to greatly enhance small-scale power in order to form primordial
black holes predict both a squeezed bispectrum that is enhanced by this small-scale power and a potentially
detectable enhancement of cosmic microwave background (CMB) spectral distortions. Despite this
combination, spectral distortion anisotropy on CMB scales remains small since the squeezed bispectrum
represents an unobservable modulation of the scale rather than local amplitude for the short-wavelength
acoustic power that dissipates and forms the u spectral distortion. The leading-order amplitude effect comes
from the local modulation of acoustic dissipation at the beginning of the y epoch at the end of thermalization
by a long-wavelength mode that is correlated with CMB anisotropy itself. Compensating factors from the
suppression by the square of the ratio the comoving horizon at thermalization to the smallest detectable
primary CMB scales (~0.0005) and maximal allowed enhancement of i (~5000) leaves a signal in the uT
cross spectrum that is still well beyond the capabilities of PIXIE or LiteBIRD space missions due to
sensitivity and resolution while remaining much larger than in single-field slow-roll inflation and potentially

observable.
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I. INTRODUCTION

There has been much recent interest in primordial black
holes (PBHs) from an extremely large enhancement of
small-scale fluctuations during inflation (e.g., [1-19])
given their potential to explain dark matter and the binary
black hole mergers detected by LIGO-Virgo [20-25].
Moreover, primordial fluctuations on scales much smaller
than those probed by the cosmic microwave background
(CMB) and large-scale structure are currently relatively
poorly constrained [26-29].

Spectral distortions in the CMB are one way to constrain
primordial power on small scales. After the thermalization
epoch where photon number changing processes in the
plasma drop out of equilibrium, the energy dissipated in
small-scale acoustic waves leaves observable distortions in
the frequency spectrum [30-34]. The amplitude of these
acoustic waves is itself enhanced if the PBH scale is not much
smaller than the dissipation scale at the end of thermalization.
The current bounds for chemical potential or y distortions
from COBE Far Infrared Absolute Spectrophotometer
(FIRAS) already place strong bounds on such models and
rule out PBHs as a significant fraction of the dark matter
between 10* and 10" M, [35,36].

While current spectral distortion limits can be greatly
improved with future space-based spectrometers [37,38], an
absolute measurement is limited by contamination from
foregrounds and systematics in addition to instrument
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sensitivity. Anisotropy in spectral distortions, if they are
large and correlated with CMB anisotropy in temperature
and polarization, provides a promising complementary
approach that uses cross-correlation and differential meas-
urement to mitigate these issues [39-45].

These correlations can arise if the amplitude of small-scale
power is modulated by long-wavelength fluctuations due to
the squeezed bispectrum. However, in single-field slow-roll
inflation, the squeezed bispectrum obeys the Maldacena
consistency relation [46], where long-wavelength curvature
fluctuations modulate the scale and not the amplitude of the
small-scale power spectrum. Moreover, this scale modula-
tion is unobservable locally since a coordinate system
established using clocks and rulers locally cannot reference
the global coordinate system in which the long-wavelength
mode is embedded [47]. Since spectral distortions depend
only on the amount of power dissipated and not the globally
referenced comoving scale from which it originates, single-
field slow-roll inflation does not produce spectral distortion
anisotropy at leading order [39,43].

Recently it has been suggested that single-field PBH
models may violate the conditions that make the spectral
distortion anisotropy vanish at leading order in the
squeezed bispectrum [48,49]. All such PBH models must
violate the slow-roll assumption in order to enhance small-
scale power sufficiently rapidly [9]. Proposed PBH models
typically have a period of nonattractor behavior which
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causes a violation of the Maldacena consistency relation for
long-wavelength modes that exit the horizon sufficiently
close to or in the nonattractor phase [13,50-52].

In this work we show that for scales relevant for
correlation with CMB anisotropy, which are much, much
larger than the horizon at the onset of the nonattractor
phase, the Maldacena consistency relation holds in this
limit and spectral distortion anisotropy is suppressed by the
square of the ratio between the long-wavelength scale and a
characteristic short-wavelength scale. Nevertheless, these
suppressed effects can still be much larger than they are in
slow-roll inflation [43] and appear mainly due to the
modulation of the dissipation scale at the end of thermal-
ization by the long-wavelength mode.

The outline of this paper is as follows. In Sec. II, we
review a nonattractor “ultraslow-roll” mechanism for
enhancing small-scale power during inflation and discuss
the modulation of short-wavelength modes by long-
wavelength modes in the form of the consistency relation.
For the relevant long-wavelength scales we show that the
usual Maldacena consistency relation holds and, in the
Appendix, we explicitly verify that once combined with
its impact on short-wavelength acoustic evolution, the
zeroth-order effect of the long-wavelength mode is a
dilation of scales that is unobservable locally. In Secs. IV
and V, we calculate the leading-order effect of the long-
wavelength density fluctuation on the local amplitude of
acoustic oscillations and their dissipation at the end of
thermalization, respectively. We discuss the implications
of this modulation on spectral distortion anisotropy in
Sec. V. In Sec. VII, we assess the prospects for detecting
this signal and discuss these results in Sec. VIII.

II. ULTRASLOW-ROLL CONSISTENCY
RELATION

A common, albeit tuned, aspect of many inflationary
models that enhance the small-scale curvature power
spectrum by the orders of magnitude that would be required
to later form PBHs in the radiation-dominated epoch is a
transient period of so-called ultraslow roll (USR) [53].
During USR, the inflaton ¢ rolls faster than can be
sustained by the slope of its potential V(¢),
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where H = dlIna/dt = dN/dt is the Hubble parameter
and N is the e-fold. This excess kinetic energy can arise, for
example, from a very flat potential around an inflection
point (e.g., Ref. [2]) or from a sudden increase in kinetic
energy due to a downward feature in the potential [18].
In either case, the excess kinetic energy of the field
then redshifts away as eM3 = (d¢/dN)*/2 x a=® and
the curvature fluctuation in unitary gauge grows as

¢ =-6¢/(dp/dN) x a® once it crosses the horizon.
Here Mp = (82G)~"/? is the reduced Planck mass.

Modes that were already outside the horizon at the
beginning of the USR phase also experience growth to the
extent that they have not completely frozen out. Following
the treatment in Ref. [13], the formal solution for the
evolution of ¢

dc i k)2
INT T {/ dNa’ <a_H> (eH) + const] (2)

shows that during the preceding slow-roll (SR) phase where
€ is slowly varying superhorizon curvature fluctuations
evolve to a constant as dIn¢/dN ~ —(k/aH)?. Once USR
begins the term in brackets becomes constant and d{/dN
a® and so the value of (k/aH)}gg, where the subscript
denotes the beginning of the USR epoch, determines the
growth of these modes. Given the opposite sign of
dIn{/dN during SR, there is a mode for which this growth
is just sufficient to overcome the initially constant SR piece
and cause a near zero crossing in the curvature power
spectrum at k = kq;, where

(),
aH ) ysr

and ANygR is the number of e-folds in the USR phase. For
example, for the ~107 enhancement of power typical to PBH
models ANysg ~In(107)/6 and so kg, ~ 1072 (aH)ygg.
Note that these scalings also imply that the enhancement
in power for kg, < k < (aH)ysg scales as k* [12]. Thus the
curvature power spectrum for k < (aH)ygg can be para-
metrized as

~ e—3ANUSR’ (3)

AX(k) = k3§;§k) = A (k) {1 - (kipﬂz’ “)

where A is the SR power spectrum which we take for
simplicity to be a pure power law

k ng—1
Py i B (5)
0.05 Mpc

83000 =

with A, =2.1 x 10~ and n, = 0.965 consistent with
CMB measurements [54]. Note that this form can be
derived more rigorously in specific models and it holds to
leading order in the downward step PBH model [see
Ref. [19] Eq. (39)]. For k 2 (aH)ygg the result becomes
dependent on the specific PBH model but for the modes
relevant for spectral distortions that satisfy current obser-
vational constraints Eq. (4) suffices.

In Fig. 1, we show the power spectrum (4) for
kgip = 681 Mpc~!, which we shall see below in Fig. 2 is
the largest scale allowed by current constraints on spectral
distortions which arise from the power near the dissipation
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FIG. 1. The PBH curvature power spectrum Ag(k) for a USR
enhancement starting at kg, = 681 Mpc™' which provides the
largest spectral distortion still allowed (see Fig. 2). Vertical lines
show k; = 0.1 Mpc™! (of order the largest k mode probed by the
CMB), (aH)y, the comoving size of the horizon at the end of
thermalization, kg, and the dissipation wave number at the end
of thermalization kp(zg,). The slow-roll power-law extrapolation
Ay is also shown for reference.

scale at end of thermalization kp(zy,) ~ 10* Mpc~!. Notice
the large hierarchy of scales between these values and the
smallest scale accessible to measurements of the primary
CMB anisotropy k; ~0.1 Mpc™' due to the dissipation
scale at recombination.

The wave number kg, separates two very different
regimes for the impact of long-wavelength fluctuations on
much shorter wavelength power or equivalently the
squeezed bispectrum. For a long wavelength k; < kg,
the squeezed bispectrum obeys the usual Maldacena
consistency relation [46]

103
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FIG. 2. The average spectral distortion i for various PBH
enhancement scales kg, [see Eq. (4)]. Values of kg, < ki, are
excluded by the FIRAS bound of i <9 x 1073 whereas allowed
values that lead to enhancement over the slow-roll prediction of

B2 x 1078 follow fi o kg,

d1n A2 (k) k)2
. _ \"S L
i Be ke ks ks) = [ dinks +O<kdip>]

X Py (k) Py(ks), (6)

which can be demonstrated by explicit calculations using
the in-in or 6N formalisms [13]. The interpretation of this
relation is that the scale of the short-wavelength modes is
dilated by the nearly constant long-wavelength curvature
perturbation, which acts as a spatial fluctuation in the local
scale factor

AZ(ks,y) ~ Af(ks(1 = 1.(v))

dln Az(ks)
~ A2 1 -——
CU‘S)( dInkg

am). )
where local spatial variations are denoted by the comov-
ing coordinate y. Notice that the amplitude of the power
spectrum does not actually change locally, just the
comoving scale that the power is associated with.
Physically, the long-wavelength mode just changes the
e-fold at which the short-wavelength mode enters into
USR, not any of the dynamics due to the USR growth. As
shown in Ref. [43] this change in scale cannot modulate
spectral distortions, which depend only on the amplitude
of the power dissipated, not the scale. In the Appendix we
explicitly verify that a constant {; generates a locally
unobservable dilation for both the primordial non-
Gaussianity and the subsequent dynamics of short-wave-
length modes to second order in perturbations.

For k; 2 kgip, the leading effect of the long-wavelength
mode is not simply a dilation of scales and hence the
consistency relation (6) no longer holds [50,51]. Physically,
the inflaton field fluctuation of the long-wavelength mode
changes the number of e-folds that the short-wavelength
mode experiences USR since there is no longer an attractor
solution that makes it equivalent to a shift along the
background phase space trajectory [13]. For example, a
constant backward fluctuation of the field means that
locally the short-wavelength modes see more e-folds of
USR growth and so the actual amplitude of the small-scale
power spectrum is modulated by the long-wavelength
mode. This then would produce a spatial modulation in
spectral distortions.

We shall see that for modes relevant for correlation with
CMB anisotropy and models that satisfy spectral distortion
constraints, k; < kg, Even in this regime, there is always
some dynamical effect of short-wavelength growth in the
long-wavelength field to the extent that {; # const. As we
have seen, here the evolving part of {; during USR is
suppressed by k2 / kfﬁp. This expectation is consistent with an
explicit calculation of the leading-order correction the
Maldacena consistency relation given in Eq. (6) in an
inflection point PBH model [13]. However, since again
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the relevant k; < kg, this correction produces a very small
uT correlation (see Fig. 1 and Sec. VI).

III. LOCAL EXPANSION

After inflation, there are (k;/aH)?* suppressed modu-
lations of short-wavelength physics by the long-wavelength
curvature fluctuations ¢, analogous to the corrections to
the primordial bispectrum from kg, o (aH)ygg in the
previous section. To the local observer, the long-wave-
length mode appears as a change to the background
cosmology induced by the density perturbation that it
carries. Since synchronous observers are freely falling test
particles, we can absorb these synchronous gauge adiabatic
density fluctuations §; [55,56],

1/ k\2
or :§<E) ¢r x a’ (8)

during radiation domination into a new background or
“separate universe.”

Following the construction of the separate universe for
the late time growth of structure [57,58], we can define a
local background density p; as

p1+8,) =py. 9)

which implies that the local observer sees a scale factor a;,
such that p; o« a;*, that is related to the global scale factor
a at equal times as

ap ~a(l—46./4), (10)

where we have chosen the normalization such that a; — a
at early times and made use of the fact that synchronous
gauge observers in the global universe measure time in the
same way as local observers. Notice that this normalization
removes the dilation effect of {; in Eq. (7) by measuring
scales locally so that they coincide when §; < 1 at the end
of inflation.

By virtue of this normalization and conservation of
particles, at the same numerical value of the scale factors
(or e-folds) from the end of inflation in the local and global
universe, all particle number and energy densities are the
same. However, the scale factors do not coincide at the
same time in the local and global universe.

To extract the cosmological parameters of the separate
universe, we can express the expansion rate as a function of
the local scale factor. With the definition H; = dIna; /dt
and the radiation-dominated growth of 5, « a® we have at
equal times

H? ~H*(1-5;). (11)

In the global universe let us define a reference epoch a, in
the radiation-dominated limit where H?(a) = H2(a,/a)*

so that we can express the local expansion rate in terms of
the local scale factor as

i = (%) 0o mm () (-2, (2

ar

In the local universe this takes the form of the Friedmann
equation with §; « a® ~ a? playing the role of spatial
curvature to linear order in §;, specifically

H(Q)QKL = =26, (a,)Hzaz, (13)

so that & (a,) at the reference epoch defines the comoving
curvature scale in units of the comoving Hubble scale
at that epoch. Finally it is useful to express the local
conformal time as

dlna; a; 1 13}
qL—/ L=t 1+-=). (14)
atH;, a,aH, 3

These relations now determine the modulation of all
short-wavelength observables by a long-wavelength cur-
vature fluctuation {; which to leading-order scales as
(k;/aH)?¢, . The specific size of the modulation will then
depend on the epoch at which it influences the short-
wavelength observable the most. We shall see that, for u
distortions and PBH models, this is the end of the
thermalization epoch.

IV. MODULATED ACOUSTIC POWER

The first step in understanding the local modulation of
spectral distortions is to determine the impact of the long-
wavelength curvature perturbation {; on the amplitude of
short-wavelength acoustic oscillations in the CMB during
radiation domination. These oscillations then dissipate via
diffusion damping leaving a spectral distortion after the
thermalization epoch. We shall see that since acoustic
oscillations are generated at horizon crossing of the short-
wavelength mode kg, the impact of the long-wavelength
mode occurs at horizon crossing of the short-wavelength
mode aH = kg and therefore scales as (k; /kg)*¢;. The
impact of CMB scale wave numbers k; is therefore highly
suppressed for the modes that contribute to spectral dis-
tortions (see Fig. 1).

We can analytically understand this scaling in the simple
case where the photons dominate the radiation density, i.e.,
neglecting the effect of neutrinos which only change the
numerical factors and not the overall scaling. In this case
we can solve the perturbation equations in terms of the
continuity and Euler equations for the photon fluid under
self gravity in the photon-dominated local universe as [see
Ref. [59] Eq. (10)]

103535-4



SPECTRAL DISTORTION ANISOTROPY FROM INFLATION FOR ...

PHYS. REV. D 105, 103535 (2022)

YA Ay 20 )
Ty T VB 1+6/(fryt)
y 6 V3

where A, is the comoving gauge photon density perturba-
tion, y = (Q,H3)™2a ks, ' = d/dx with x = kgn./V/3,
and fx = 1 + 3Qg; H3/k%. Here we have again made use
of the fact that, at the same value for the scale factor, the
physical density of the photons is the same in the local and
global universe. The synchronous and comoving gauge
differ in their density perturbations outside the horizon due
to radiation pressure so lim,,yA, # 6, but they do
approach each other for x > 1 in the regime relevant for
spectral distortions.

Without the curvature perturbation induced by the long-
wavelength mode, x = y/ V3 during photon domination
and the solution is analytic

sin x
lim A, =4 ———cosx , 16
Y P ( X )CS (16)

from which we can read off the usual transfer function' for
acoustic oscillations —4 cosx at x > 1.

We can now solve for the leading-order correction from
the small curvature induced by the long-wavelength mode.
Since we neglect neutrinos H7 = Q,Hja;* and we have

6L x2
y~V3x 1—? ~V3x 1—?a , (17)
so that Eq. (15) becomes to leading order
2 4
A;}‘i‘(l—?—ga) 720 (18)

with

a= (i—)g (19)

and fr = 1-2a constant in time.
Notice that at x > 1 this takes the form of an oscillator
equation with a perturbed constant frequency

5= <l—§a>x. (20)

We can now iterate to solve Eq. (18) to first order in @ using
the zeroth-order solution (16) to determine @A, as an
external source,

"This transfer function is reduced to —4/(1 + 4R, /15) ~ —3.61
when neutrinos with R, = p,/(p, + p,) are included [60].

AN\ faina
Ayz4gs<1+§a) (E—cosx) (21)
X

We can explicitly verify that this form solves (18) and
satisfies A, =~ 4¢ sx?/3 in x < 1 to linear order in a.

Therefore there is an a = (k; /kg)?{, change in the
amplitude and frequency of the acoustic wave. Since
k; /kg < 1, this is a large suppression factor and produces
a negligible change in the local spectral distortion once the
acoustic modes have dissipated. We can therefore hereafter
assume that the power in acoustic modes at kg is effectively
the same in the global and local universe at the same value
of the scale factors.

V. MODULATED THERMALIZATION

We can now compute the local dissipation of energy
from the acoustic waves into u spectral distortions in the
separate universe. Changes in thermalization due to
the local background induce larger local variations in
u for PBH models than the primordial effect from kg, or
the acoustic growth, since we shall see they scale with the
comoving horizon size at the end of thermalization
(k/aH )3l

Let us now see how thermalization is altered by the
long-wavelength modulation in the local universe. The
thermalization rate for the joint action of double Compton
scattering e~ + y <> ¢~ + 2y, which changes photon num-
ber, and Compton scattering ¢~ +y <> e~ +y, which
redistributes energy, to establish a blackbody scales as
(see e.g., Refs. [61,62])

Ty« T30, az9/2’ (22)

where n, is the free electron density and 7T is the plasma
temperature, and recall that at the same numerical value of
the scale factors all particle densities are the same in the
local and global universe.

Let us define the thermalization time by the condition

0 r
/dzr‘[h :/ dina;, -2 =1. (23)
In ay, HL

Using Eq. (12), the change in the e-fold of thermalization is
given by

Alnay, = 25 (ay) (24)

such that, in an overdensity, thermalization continues to a
later e-fold due to a slower expansion rate.

The energy in acoustic waves is dissipated when the
photon diffusion length crosses the wavelength. If this
occurs after the thermalization epoch but before the
Compton scattering becomes inefficient at redistributing
energy, then this energy is transferred into a u spectral
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distortion [see Eq. (31) below]. The diffusion wave number
in the radiation epoch is given by

na 1
k2 o /d nd , (25)

aH n,ora

where o7 is the Thomson cross section [see Eq. (29) below
for the general expression]. Again let us make use of the
fact that the particle densities are the same in the local and
global universe at the same e-fold. We then get the change
in the diffusion wave number as

3 3
Alnkp(ay) = —EAIH A _EaL(ath)
33 11 [k
:_ESL(ath) 10( L) ¢, (26)

where recall that in the global universe kj, o« a=3/2. Therefore
in an overdensity the diffusion wave number decreases. The
net result is that the maximal wave number that dissipates
into u distortions given the same small-scale power spectrum
in local coordinates as global coordinates is modulated by
(kp/aH)3 .. Since the power spectrum is strongly blue
tilted, it is this modulation that changes the local value of p.
This is in contrast to single-field slow-roll inflation where the
larger horizon size at the end of the u epoch makes the
modulation at that time the dominant effect [43].

VI. SPECTRAL DISTORTION ANISOTROPY

With the local change in the thermalization and dissipa-
tion scales due to the long-wavelength curvature perturbation
as calculated in the previous section, we can now determine
how it modulates the y spectral distortion. Because long-
wavelength curvature perturbations also generate CMB
anisotropy, this leads to a potentially observable u7T corre-
lation in PBH models.

First we calculate the average spectral distortion in the
global universe with the PBH power spectrum of Eq. (4).
Following [42,43],

n= /dln kA%(k)W(k), (27)
where to good approximation

dkp?

W (k) ~ —4.54k> / D j (2)e 2/ (28)
0

Here the diffusion wave number kj is given by

I [eodz 1
ki (z) == —
b (2 6 ), Hn,ora

R?>+16(1 +R)/15
(14 R)?

. (29)

where R = 3p,,/4p,. In the radiation-dominated epoch and
with the best fit cosmological parameters

kp ~4.05 x 1076(1 + z)*/2 Mpc~. (30)

The Green’s function 7, for u distortions is well approxi-
mated by [34]

147 788
Ju(z) ® {1 — exp <— [m} )}Q(Z ~ Zrec)
x e~ (@/w)? (31)

where we have included a © step function at recombination
Zree Since below this redshift there are no acoustic waves to
dissipate. Here zy5, ~ 2 x 10° is the thermalization redshift
in the global universe and the quantity in brackets of
Eq. (31) determines the gradual transition from the x epoch
to the Compton y epoch. Notice that ji receives contri-
butions from the initial inflationary power spectrum at
wave number k£ mainly when it crosses kp but these
contributions are sharply cut off by the thermalization
process above kp(zy).

In Fig. 2 we show ji as a function of kg, in Eq. (4). The
COBE-FIRAS constraint i <9 x 107 (95% CL) [63]
places a limit of

kaip > kiin ~ 681 Mpc™! (32)
and
koo \ 4
a~9x107° <ﬂ> (33)
kdip

for models with ki, < kgip < 5000 Mpc™ ! whereas for
even larger kg;p, i asymptotes to its slow-roll value of i ~
2 x 107® because enhanced scales have already dissipated
by the thermalization epoch. Notice that even this smallest
allowed value of kg, is much greater than the comoving
horizon at the end of thermalization (aH )y, ~ 4.3 Mpc™'.

The modulation of kp(zy) due to the long-wavelength
mode therefore modulates the local value of u from its
background value z. Given that the PBH power spectrum
rises as approximately A o k*~(I=) in the region which
can enhance /4,2 we get the fractional change in the local
value of u as

Slnp=[4—(1-n)]Ank, = bth<kL> L (34)

where from Eq. (26) by, ~ —22/5 + 11(1 — ny)/10. Note
that this approximation can be improved in the future by
numerically recalibrating the Green’s function J, in the
separate universe so we parametrize the result as a “bias”

*For consistency with Eq. (4) we have retained 1 — ng here, but
note that any actual O(1 — n;) correction to the local slope will
depend on the details of the model.
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factor by,, similar to the slow-roll calculation of Ref. [43]
but with respect to the horizon scale at the end of
thermalization rather than the end of the u epoch. For
example, if we assume that the functional form of 7,
remains the same and only z4 changes according to
Eq. (24), then by, ~ —4.1 for kg, = Kin-

Given the level of precision in these estimates, we simply
take

by = —22/5 (35)

as our fiducial bias.

Following Ref. [43], we can characterize the long-
wavelength correlation between CMB temperature
anisotropy and p anisotropy with the angular cross power
spectrum

= bl (36)

where

b, 4z b
S /O dikA2(k) AL ()AL (k). (37)
th

Here AL is the CMB temperature transfer function which
we take from caMB® and

A;(k) = e_k /q”'pjf(rlo - nrec)’ (38)

where g, p =~ 0.084 Mpc™ is the dissipation scale of u

inhomogeneities at recombination [41] Notice that this
damping factor is comparable to that of the temperature
transfer function at kp(z,.) and in combination they limit
the integral in Eq. (36) to the long-wavelength k; values
of the CMB. It is straightforward to generalize this result
for the cross-correlation with CMB polarization with
the polarization transfer function which we leave to a
future work.

Finally, notice that the primordial deviation from the
dilation or consistency relation and the separate universe
growth of acoustic oscillations takes the same form as
Eq. (36) but are suppressed by factors of (aH/kgp)s <
4% 107> and (aH/kp)3 ~ 1077, respectively, and hence
provide a negligible correction to C’;T as calculated in
Eq. (36) from the thermalization bias.

VII. SIGNAL-TO-NOISE RATIO

The uT cross power spectrum as calculated in the
previous section is enhanced in PBH models by the k* rise

*https://camb.info.

This approximation can also be refined in the future with the
Green’s function for spectral spatial anisotropy (Chluba, private
communication).

in the small-scale curvature power spectrum as long as
kaip << kp(zw), but also suppressed by the smallness of the
density perturbation associated with {; at the thermal-
ization epoch (k;/aH)3¢;. Consequently, unlike uT
correlations from nearly scale invariant perturbations in
multifield inflation [39-43,45], the signal-to-noise ratio is
dominated by the smallest angular scales at which the
correlation can be detected, namely the damping scale of
primary CMB anisotropy k; ~ 0.1 Mpc™".

To estimate the signal-to-noise ratio in u7', we take the
Gaussian approximation for y anisotropy

S 2 fmax (CﬂT)Z
=) = 20+ 1 ‘ , 39
(3) =2 e orar Y

where the C/ and CZ7 terms in the denominator include
both the sample variance of the signal and any instrumental
noise from their measurement.

Given the smallness of the u amsotropy, ' will be
noise dominated for the foreseeable future.” To assess the
maximal white noise level C}/' = A, ;. at which the signal
is barely detectable at S/N =1, we can drop the C’;T

sample variance term in the denominator of Eq. (39) and
solve for the white noise term

Z T
max Cﬂ 2
Z 20+ 1) CTT)
=2
max CﬂT blh 2
= by’ Z e+ 1)) ) (40)

To estimate the maximal noise level for detection, we
assume that the 77T measurement is cosmic variance limited
t0 @ max- In Fig. 3, we show this maximal noise amplitude as
a function of #,,,, for the maximal signal i = 9 x 10~ and
by, = —22/5. Notice that the result saturates at around
Crax = 10° at a level of ~1072 since both T and u
anisotropies are damped by diffusion. To constrain other
PBH models, this result can be scaled as A, o b3 (u)?
using Eq. (33).

As this represents the maximal signal, detecting this
effect will be challenging experimentally. First, to optimize
detection, an experiment would need at least several arc
minute scale resolution since

22

b

C;M = Anoise €32, (4 1 )

>The ultimate limit comes from the residual fluctuations from
the averaging across CMB scales of the patches that dissipate
[39,41,43], but note that in the PBH context the patches that
contribute most to i are much smaller in size than the SR
contributions at the end of the y epoch and do not appreciably
enhance the noise.
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FIG. 3. Maximum u white noise level C' = A, ;.. that allows
for a /N = 1 measurement of the maximal i =9 x 10~ and
fiducial by, = —22/5 PBH signal as a function of largest multi-
pole measured £,,,y. Apgise Saturates at 10723 around £, ~ 103
and other models can be scaled as A, btzhﬁz.

where 6, is the full width at half maximum of the beam in
radians.

Second, the required noise level A, < 1072 is quite
stringent even ignoring foregrounds and systematics. For
reference, a PIXIE-like mission [64,65] which aims to
measure i in single-field slow roll with 8, ~ 1.6°, will at
best achieve A ;. ~ 1071 which would suffice to constrain
a squeezed bispectrum signal from multifield inflation to
| /x| <3000 at 68% CL [39,40]. To constrain the maximal
PBH signal, one would require the equivalent sensitivity to
|fni] < 0.3 but with a much higher angular resolution.
LiteBIRD can potentially achieve a detector sensitivity of
Apoise 10718 but still with only ~0.5° resolution and
subject to foreground contamination [45].

VIII. DISCUSSION

We have shown that, in spite of the large squeezed
bispectrum due to the enhancement of small-scale power in
single-field inflationary PBH models, the spectral distor-
tion anisotropy is highly suppressed since, for scales
relevant to CMB cross-correlation, it represents an unob-
servable modulation of global scales rather than the local
amplitude of the short-wavelength modes. Nonetheless the
u anisotropy can be larger than in single-field slow-roll
inflation because of the large enhancement of small-scale
power itself. The largest effect comes from the local
modulation of the expansion rate at a given locally
measured e-fold from the end of inflation and hence the
end of the thermalization epoch. This modulation provides
a spatial variation in the amount of power in acoustic waves
dissipated near thermalization that causes a u distortion that
is correlated with CMB anisotropy itself.

This leading-order correlation is enhanced by the k*
rise in small-scale power in PBH models but suppressed

by the square of the ratio of the comoving horizon at
end of thermalization to observable CMB scales,
(kp/aH)3 < 0.0005. On the other hand, the enhancement
of the average p itself can be up to ~5000 and still satisfy
current COBE-FIRAS bounds. These compensating fac-
tors leave the signal potentially observable but still well
beyond the capability of proposed space-based instru-
ments like PIXIE and LiteBIRD. Moreover, to detect the
correlation at the smallest observable CMB scales, where
the signal peaks, would require a telescope with several
arc minute scale resolution or better.

These properties of the PBH uT correlation suggest that,
in the future, ground-based instruments may provide a
competitive path forward, given the rapid advance in the
scale of detectors deployed on large telescopes into the
CMB-S4 [66] era and beyond. Unlike the absolute meas-
urement of i, systematics and foregrounds can also be
mitigated by differential measurements and cross-correlation
[40]. Furthermore the uT correlation can be supplemented
by polarization cross-correlation [45,67,68]. We leave these
studies to a future work.
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APPENDIX: DILATION CONSISTENCY
RELATION AT SECOND ORDER

In this appendix, we show that at second order in
Newtonian gauge, the response of the short-wavelength
density perturbation to the long wavelength {; is a pure
dilation and when combined with the Maldacena consistency
relation there is no locally observable effect of a constant ; .
Since we focus on the u distortion, mainly produced during
the radiation-dominated epoch, we concretely calculate the
second-order perturbations in that era. Note that the calcu-
lation and notation here, which differs from the main text, is
based on Ref. [69].

First, let us summarize our notation in this appendix.
In Newtonian gauge, we can write the scalar parts of the
metric perturbations as
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ds* = g, dx'dx’ = a*{—(1 + 201 + ®2))dy?

+[(1 =290 — @5, Jdy'dyT}, (A1)
where the superscript denotes the order in perturbations.
Here, we assume a perfect fluid for simplicity, which leads
to ®1) =) and thus ignore the correction from
neutrinos. Then, we can express the energy-momentum
tensor as

™, = (p+ P)u*u, + P&, (A2)
where p is the energy density, P is the pressure, and u,, is

the 4-velocity. We take the following notation for their
perturbations up to the second order:

where 6w is the velocity potential and v, is the vector part
of the velocity perturbation. We define the density

perturbation 5 as

spl@)

8 = .
p0)

(A6)

At the first order in perturbations, this is related to the
curvature perturbation as

2
5 (n) = =36 Ts(x). (A7)

where the subscript k represents the Fourier mode,
whereas perturbations are in real space otherwise in this
appendix, x = kn with k = |k|, and (V) = —(3/2)®1) in

1
p=p? + 5 + §5p(2), (A3)  the superhorizon limit. The transfer function is defined as
1 6x(—6 + x?) cos(%) — 124/3(=3 + x?) sin(-%)
P = PO 4 5P 4 25P0), (Ad)  Ts(x)= V3 . ey
1 1 1 (A8)
u =~ o+ ~50@i 4~ 5012 ), (AS5) ,
a 2 2 Next, let us calculate the second-order density perturba-
tions. The density perturbation is related to the other
perturbations as [69]
|
o 2 / 2 , 2 / 16
5@ — 2w LoNi. B (2 _ Zw@) L = w@.i 4 = (@D 4 = ).
TANVE S g ¥ e Y ) g ’
1 8 . 8 ! !
—(2———— JoWip) .=  _(pDipl) ) — )" @)’ A9
+H2< 9(1 —|—w)> 91 +W)H3( 2 91 +w)H* ! (49)

where the prime here denotes the derivative with respect to
1, H(=d'/a) is the conformal Hubble parameter, and w is
the equation of state parameter. B’ jand N i ; are defined as

. 4(543w) 1), 8 .

B.Q =" " pbip) .=  (pDipl) Y

j [3(1+w) I3 wn! J)
8 )

B ORZIN Al10

+3(1+w)Hz ’ (A10)

PO 4 3(1 4+ AYHPA + 2H + (3c2 + 1)HA PP — 292 = §O),

[
- R R B
N/iA’j(x) EEV_2< v2 —55],->A’j(x)

Pr (3N (Kk 1Y,
= [y (73) (=324

where A’ is an arbitrary tensor. Since 5 depends on ¥,

we need to calculate ¥ first. The equation of motion for
¥ s [69]

(A12)

1 . . o
§Q@ = <3c§ - §> WM ; 4+ 82, 4 (3¢2 + 1) (D) + [(3c2 + 1)H? + 2H/|N/;B' ;@)

1

oo |
+HN]I,(BIJ,(2))’+§N,/i(Blj(2)),k.k+ (—CY

3

where ¢, is the sound speed.

)5t

(HOW + @) (HO + @) ), (A13)
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Here, we focus on the second-order perturbations
induced by a superhorizon mode “L” on the much smaller
mode k; /k < 1. This case corresponds to the u-distortion
production in the presence of the superhorizon perturba-
tions. In this case, we can approximate Eq. (A12) as

\P(Z)// + 4H\P(2)/ _ (A14)

where we have substituted ¢ = w = 1/3. The other con-
tributions in S are subleading because they include the
spatial derivative on the superhorizon mode L. In the
Fourier space, the equation becomes

8

4 K
lP(z)Z +E‘P(2);‘ + ?lpl(f) ~ ——CI)(LU/CZCD,(:), (A15)

3

where we have assumed that the superhorizon perturbation
as the constant quantity ®; because it does not evolve in
the Newtonian gauge. Note that ®; here and below is still a
function of spatial comoving coordinates but variations are
small locally compared to the short-wavelength mode, so
we have ignored them in the Fourier transform. Then, we

can solve ‘I‘,(f) using the Green’s function method

v ) = P (0)T(x) + / i (ﬁ>

a(n)

<Glenn(-Sewe’m). (19

where the concrete expression of the Green’s function is
given by

Gk ) = =001 =)~ |1 (+/ V3N (/V3)
— 13/ VI (x/V3)|. (A17)
The initial condition of ¥ is given by
w2 (0) =) (A18)

li <”‘15k1

a=1

where (z,7,) = (27)*6p(q + p)P

gt B N[ (B :
i ) = 3 et (3] 40, ) #0400 (0

where we have here assumed a Gaussian distribution of ¢,
which means that the contribution from primordial non-
Gaussianity from the Maldacena consistency relation is not
included in Y@ (and 6?) in this expression. We will
independently take into account that contribution later.
Then, we obtain ¥ as

161/3sin(x/v/3) 64 cos(x/\/3
P () = . (/V3) | (/ e,
X
(A19)
where we have neglected the contribution of O(x~3) because

we want to know the evolution of the second-order density
perturbations on subhorizon scales, which is related to the
u-distortion production. In the large x limit, Eq. (A9) can be
approximated in the Fourier space as

5(2) - _2_x2 (2) le(Z) 16X2

1) o (1
A ki e w /A
32v3
~ <— g/’x sin(x/V/3) — 32 cos(x/ﬁ))é’é”é’,({l).

(A20)

Then, we finally get the following expression for the total
energy density perturbation:

1 1
5(n) = & () + 5.5 ()

2 4 4
~ —g <1 +§§(Ll)>T5 <x<1 _§C<Ll)>>§l(cl>’ (Azl)

where the approximate equality is valid in x > 1.

In the following, we relate this result to the dilation
transformation. The dilation consistency relation in the
Newtonian gauge is given by [70]

(A22)

+(q), 7 is the velocity potential (z = §v), and the superscript ¢ of the braket means the

connected part. The € and A are the coordinate transformation parameters to go from a gauge where the effect is a pure
dilation and are given by y* — y* = y# + & with & = ¢ and & = 1y'. During a radiation-dominated epoch, we can derive
the following relations: A = —3¢/n, p'/p = —4/n, and & ~n{/3 in the superhorizon limit. Here, we take A = {; and N = 2
to determine the modulation of short-wavelength power by {;, such that the transformation is from comoving gauge to
Newtonian gauge and rewrite the consistency relation as
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Ok, 0%,)° 2. [ (4 1
tim E00 00" 1) _ [<3c‘£) —352”778,7) B4k, aka)} (6,00, )° (A23)

q—0 PC(Q) —l

Note again that {; is in real space as {; (y), but its perturbation scale is much larger than the scales of k; and k,, so that we
can approximately consider it constant except when considering the correlation to the large-scale mode q. Using Eq. (A21),

we can rewrite the left-hand side as

lim (€40k, 0k,)¢
~0  P:(q)

2
4 (1) dInA?

—_T2
o Loxbn g

where we have used

el )

&Sk c

= P;(q)e . (A25)
The first line of the right-hand side in Eq. (A24) corre-
sponds to the contribution from 6. On the other hand,
the second line corresponds to the Maldacena consistency
relation [46], that is, it just comes from the contribution
proportional to (£, klijk2>, not related to the evolution of
the second-order scalar perturbations. On the other hand,
once we substitute

(2m)36p (ky + ky)Pe(ky),
k=k,

6 =5 | (143673 (1-3¢0) ) - 730 | Cnponths + et

(A24)

(5080 = 3 T3(0)2xPopks + ka)Pelky)  (A26)

into the right-hand side of Eq. (A23), we can see that the
right-hand side is the same as Eq. (A24) at least at the lowest
order in the perturbations, O({; P;). From this, we can see
that the dilation consistency relation is satisfied, once both
the second-order evolution and primordial non-Gaussianity
of the Maldacena relation are included, which indicates that
the constant {; does not give locally observable effects.
Although our calculation is based on the perfect fluid
assumption, we can expect that the dilation consistency
relation would be satisfied even in imperfect fluid.
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