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Nonminimally coupled ultralight axions as cold dark matter
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We consider a nonminimally coupled scalar field as a potential cold dark matter candidate. These models
are natural extensions of the ultralight axion models which are based on minimally coupled scalar fields.
Such ultralight scalar fields are motivated by string theory and, in particular, have been studied in the
context of the axiverse scenario. For a nonminimally coupled field, the scalar-field energy density behaves
as radiation at early times, which yields a bound on the coupling constant, £ < 10, from the primordial
nucleosynthesis theory. The first-order perturbations of the nonminimally coupled field with adiabatic
initial conditions cause the gravitational potential to decay on large scales. A comparison of the
cosmological data with the theoretical matter power spectrum yields the following constraint on the
coupling constant: £ < 0.01. We also consider isocurvature modes in our analysis. We argue that a mix of
adiabatic and isocurvature initial conditions for a nonminimally coupled scalar field might allow one to

obtain the usual adiabatic CDM power spectrum.
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I. INTRODUCTION

A multitude of evidence from astrophysical and cosmo-
logical observations supports the existence of dark matter.
Such evidence includes galaxy rotation curves [1], large-
scale galaxy clustering [2-6], cosmological weak gravita-
tional lensing [7,8], high-redshift supernova la [9], and
cosmic microwave background anisotropies [10-16]. Cold
dark matter (CDM) provides a dominant contribution to the
dark matter in the concordance ACDM model (e.g. [17] and
references therein). However, even after decades of labo-
ratory and astronomical searches, the nature of cold dark
matter has yet to be directly determined.

One of the current leading candidates of cold dark matter
is the weakly interacting massive particle (WIMP), which is
partly motivated by the so-called WIMP miracle [18].
The WIMP miracle refers to the coincidence that many
supersymmetric extensions of the standard particle physics
model predict the correct cold dark matter abundance for
the self-annihilation cross section (6v) ~3 x 10726 cm?s~!
and masses in the range 100-1000 GeV. The WIMP
miracle led to an increased interest in the search of dark
matter particles through terrestrial particle physics experi-
ments [19-34]. However, despite orders-of-magnitude
improvement in the sensitivity of these experiments, they
have not yet succeeded.
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While CMB anisotropy and galaxy clustering data show
the CDM to be a viable candidate of dark matter for large
scales, k < 0.1 Mpc~!, there could be multiple issues with
the model at smaller scales. N-body simulations based on
the CDM model overpredict the number of satellite
galaxies of the Milky Way by over an order of magnitude
[35-40]. Many other results also suggest that the WIMP
picture of cold dark matter predicts more power at galactic
scales than has been inferred from observations/N-body
simulations [41], e.g. the cusp-core problem [42] and
the “too big to fail” issue [43,44]. All these issues have
motivated particle physicists and cosmologists to look
beyond the standard CDM paradigm and to consider
alternatives which modify the CDM model on galactic
scales but reproduce its success on cosmological scales.

In this paper, we study ultralight axions (ULA) as a
potential candidate for cold dark matter. These ultralight
scalar fields arise naturally in string theory [45,46] and
become interesting for cosmological observables when
their masses lie in the range 107 < my < 107" eV. In
particular, these fields have found extensive applications
within the framework of the axiverse [47,48]. Various
studies have shown that the ULA are viable candidates
of cold dark matter on large scales at late times [49-55]. At
smaller scales, the ULA behave like an effective fluid with
a scale-dependent sound speed that approaches the speed of
light at very small scales [53,55]. This implies the sup-
pression of matter power at small scales, leading to a
potential solution to the small-scale problems. The mass
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range of interest from this perspective is my, 2 10724 eV, and
these models have been studied extensively for various
astrophysical and cosmological applications [49-52,55-67].

The main focus of all the studies involving ULA as
potential CDM candidates has been the minimally coupled
scalar fields. It is conceivable that the gravity sector is more
complicated with additional couplings (e.g. [68]). The
resulting impact of the more complex dynamics that occur
in such models has been studied for inflationary cosmol-
ogy, the growth of perturbations at later times, and the dark
energy models close to the current epoch (e.g. [48,68—71]).
In the current study, we extend the analysis to nonmini-
mally coupled scalar fields. In these models, the scalar field
has an additional coupling to the gravity sector (for a more
recent application of this additional coupling for cosmologi-
cal observables, see [72]; for details of the relevant formu-
lation in gauge-invariant theory, see [73]). This results in
more complex evolution of both the background and per-
turbed components and allows one to consider a wider range
of initial conditions. Our main aim is to compute the matter
power spectrum in this case for adiabatic and isocurvature
initial conditions. We also compare our findings against the
previous studies and the observed power spectrum.

This paper has been organized as follows. In Sec. II, we
discuss in detail the mathematical formulation needed to
study the dynamics of nonminimally coupled scalar fields.
In particular, we explicitly derive the relevant equations to
study the background and the perturbed equations and
describe the variables employed to make the problem more
tractable. In Sec. III, we present our main results. In Sec. IV,
we summarize our results and outline future perspectives.
In Appendix A, we list the Einstein’s equations along with
the dynamical equations for the other components. In
Appendix B, we derive the necessary initial conditions
and discuss salient aspects of the numerical implementation
needed to solve the coupled Einstein-Boltzmann equations
in Appendix C. Throughout the paper, we assume a
spatially flat universe and the best-fit Planck parameters
corresponding to it [13].

II. NONMINIMALLY COUPLED REAL
SCALAR FIELD

In this paper, we solve the multiple component system
comprised of photons, massless neutrinos, baryons, cos-
mological constants, and a nonminimally coupled real
scalar field along with Einstein’s equations. In this section,
we describe the scalar-field dynamics in detail. The relevant
equations for other components along with the initial
conditions are given in the Appendixes A and B. For our
work, we employ the Newtonian gauge (e.g. [17,73-75]).
In this gauge, the perturbed FRW line element for a
spatially flat universe is given by

ds? = —a2(n)(1 + 2)dr? + a2(n)(1 + 29)3,,dr'dc. (1)

Here = [dt/a is the conformal time. The functions
W¥(n,x) and ®(n, x) fully specify the scalar metric pertur-
bations at first order.

The Lagrangian for the nonminimally coupled scalar
field, ¢, is chosen to be (e.g. Kodama and Sasaki [73])

1

Ed,:—i

V=99 0,90, + myd* + ERP?].  (2)
Here, g,, is the metric [Eq. (1)] and g its determinant, and
my is the axion mass. The last term represents the coupling
of the scalar field with the Ricci scalar R, with & being the
dimensionless coupling constant. The scalar field is min-
imally coupled when & = 0. The scalar field is not coupled
to any other component.

By varying the Lagrangian with the field ¢, we obtain the
field equation given by

Op — R — mip = O, (3)

where [ is the d’ Alembert operator. We can also compute
the scalar-field energy-momentum tensor from the
Lagrangian by varying it with respect to the metric g,,.
The energy-momentum tensor is computed to be [73]

1
Ty = 0"¢0utp — 55‘3(31(1531(15 + mi¢?)
+ E[GH p? — (¢2);uy + &4, 0(2)). (4)

Here G*, is the Einstein tensor, and the semicolon
represents the covariant derivative. In this paper, we
solve the coupled system up to first order in perturbation
theory. Therefore, the scalar field can be decomposed
into a homogeneous and an inhomogeneous component,
d(n,x) = ¢o(n) + 6¢(n,x), and all the terms that are
second order in 8¢ (n, x) are dropped.

A. Background equations

The zeroth order equation of motion for the scalar field
can be obtained from Eq. (3):

do +2aHp, + anﬁ,(ﬁo +3Ea’H*(1 = 3w)py =0.  (5)

The overdot represents a derivative with respect to 7. Note
that H is the Hubble parameter defined as H = a/a?, and w
is the equation of state of the universe defined as the ratio of
the total pressure to the total energy density of all the
components constituting the universe:

W= DD .
>oibi

The scalar-field energy density can be computed using
Eq. (4):

(6)
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1¢o

P¢2

¢¢0 +3¢H? [cﬁo +—¢0¢0} (7)
Equations (5)—(7), (A2), (A7), and (A8) describe the
background evolution of all the relevant variables. This
system of equations could be stiff even for the minimally
coupled case. To overcome this issue, we define a new set
of Variables—f2¢ and 6; the choice of these variables is

motivated by similar variables used by Urefia-L6pez and
Gonzalez-Morales [54]:

on(S) =5l @
Vageos(§) = flz0msde

Here G is the gravitational constant. The background
equation of motion, Eq. (5), in terms of the new variables
is given by

Q;ﬁ = 3(w + cos 6’)(2{/, + 6%(1 - SW)Q,/, sing,  (10)

6’:—3sin9+y+6§
y

(I =3w)(14cos@). (11)
Here the prime denotes a derivative with respect to In a and
y =2my/H. Since a is a monotonically increasing func-
tion of 7, we can use Ina as a time variable instead of 7.
The scalar-field energy density p, and the equation of
state of the scalar field wy can be expressed in terms of
these new variables as
8zGp, +cos@ sind
= =Q, 14+ 126 —— "), (12
L R e

{1 + 12y—52(1 +cos@){1 — (1 —6£)Q,} — 125 sin 9} w,

¢

= —(1 —4¢) cosO + 12;(1 —6&) (1 +cos)

Q+Q, 2
x ( & _QA> +245_(1 4 cos ). (13)
y

Note that Qy, Q,, and Q, are the photon, neutrino, and dark
energy density parameters, respectively. Note that for the
minimally coupled scalar field (¢ = 0), these equations can
be simplified to Qd, = Q, and wy = —cos 6, respectively
(for details, see Urefia-Lopez and Gonzalez-Morales [54]).

By numerically solving Egs. (10) and (11) along with the
background Einstein equations and the equations of motion
for other components in the universe given in Appendix A 1,
we obtain the evolution of all the relevant background
variables.

B. First order equations

Using the perturbed metric [Eq. (1)], Eq. (3) yields the
following equation of motion for the scalar field in Fourier
space at first order:

8 + 2aH5} + [k* + a’m3, + 3Ea>H2(1 — 3w)]5¢p
= (¥ = 3d)g — a2 [2m3¥ + E{SR + 6H*(1 — 3w)¥}]¢ho.
(14)

Here, k is the wave number of the mode, and JR is the
perturbed part of the Ricci scalar.

To solve Eq. (14), which could be stiff, we again
define two new variables, a and f, which are motivated
by similar variables used by Urefia-L6pez and Gonzalez-
Morales [54]:

. 0 — 167G &¢
\/Qd,acos( 2ﬂ> = - ;[ £, (15)

Z 0— 162G m 46
w/Qd,asin( 2ﬂ) = - ;T —m¢H¢- (16)

We can express Eq. (14) in terms of the new variables:

k2
———asin(0—p)
k;

_ (W -39 [sin (e -§> +sin @}
ool

§|: (1 =3w){sin@+sin(0—p)}

0 s0-som) oo )]

(17)

o = —%a[cos@—k cos(6—p)]

2

S RN

J

=2(T22) [eos(8) - cos(0-2)
222 [in(9-2) —sn(2)

25 [3;‘(1 —3w){cos @ + cos(0 — )}

p = =3[sin 0 + sin(6 — p)]

-2 (v oa=3we) fuin(0-5) —sin(5) }].
(18)

Here k; = a\/myH; k; acts as an effective Jeans’ scale in
the dynamics of a perturbed scalar field. In the minimally
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coupled case, perturbations corresponding to scales k > k;
cannot grow. The definition of k; adequately captures the
dependence of this scale on time and the mass of the scalar
field even in the more general case we consider here.
From the energy-momentum tensor, Eq. (4), we can
define four fluid quantities at first order. These quantities
are the density perturbation §,, the irrotational component
of the bulk velocity v, the isotropic pressure perturbation
m4, and the anisotropic stress I1,. These quantities can be
expressed in terms of the new variables as follows:

{] N ]2§ (1 +cosd
y y

. 1 +cos@ , K?
—asm<’§> + 125 [2(;08> <<I> —‘P+3aZHZCI>>
. k* .
— (@' -2%) sm9+3<1+3azl_ﬂ>{sm(9—'§)
—sin<§>}+acos(9—§>], (19)

1
{1 + 12§ <M— sin9>} (14+wy)v,
y y

_ aka [cos<9—é> —cos<g>} —4i§ [qjsm‘g
Hy 2 2 aH'y

2
+acos(6’——> +;(d>’ —¥)(1 + cos0)

R

14 cosO
{1 11t < eos —sin&)] Wty =—P(1-coso)
y

— sine)]é,,) =—¥(1 —cos0)

—asin <9—‘§) +2£ [2‘1’(1 —cosf) +2asin <9—§>

—%(1 + cosf) <q>”+3<1>'—\1ﬂ—3lp—%(1 +w)(@ —2%)
y

k? . .
—I—W(@—I—‘I‘)) +6y%{sm(9—§> —s1n<§> }

2E(1-3 i 2 R 1 0 21
X{W+ f( - W)‘f‘m}"— I3 ( -+ cos ):|,( )

5
m
1 + cos 0 K2
{1 L1t <ﬂ—sin9>}w¢n¢ =
v\ oy

{/)2

2,2
am¢

[ oo rafsn(0-2) (%) 1]

(22)

Equations (19)—(22) provide source terms to the first order
Einstein’s equations [Eqgs. (A17)—-(A20)]. We note that the

anisotropic stress Il is nonzero only for the nonminimally
coupled case.

The system of relevant equations constitutes the first
order Klein-Gordon equation, Egs. (17) and (18), along
with the first order Einstein equations and the Boltzmann
equations for other components of the universe given in
Appendix A 2. For comparison with the observed matter
power spectrum at the current epoch, the quantity of direct
interest is the scalar-field density perturbation 6, [Eq. (19)],
which can be determined from the solutions of @ and f.

III. RESULTS

In addition to the zeroth and the first order dynamical
equations for the nonminimally coupled scalar field, we
need to consider other components in the universe which
either dominate at early times (photons and neutrinos),
make a comparable contribution (baryons), or dominate at
late times (cosmological constant). For the cosmological
constant, we only consider the background evolution as it
does not couple to first order equations (e.g. [75]). The
coupled zeroth and first order Boltzmann equations of all
these components along with Einstein’s equations are given
in Appendix A. These equations are solved along with the
scalar-field equations in Secs. I A and II B. In Appendix B,
we derive the relevant initial conditions. For our work, we
consider two initial conditions: adiabatic and isocurvature.

We first discuss the zeroth order solutions.

A. Background solution

Figures 1(a) and 1(b) display the evolution of the energy
density of the scalar field for different values of ¢ and
scalar-field masses. First, we briefly summarize the well-
known behavior for a minimally coupled field. During the
initial phase, y <1 and § < 1 (see Appendix B 1 for
details). During this phase, the friction term [the term
proportional to qbo in Eq. (5)] dominates. This causes the
scalar-field energy density [Eq. (7)] to be nearly constant,
resulting in the scalar field behaving as a cosmological
constant. For my 2 H, the scalar field starts oscillating
around ¢ = 0. This phase culminates with the oscillation
frequency converging to ~myt. For m,t > 1, the rate of
this oscillation far exceeds the expansion timescale, and as
our aim is to track the evolution of relevant quantities on the
expansion timescale, we define time-averaged quantities
where the time average is over rapid oscillations. During
this phase, the time-averaged ¢, vanishes, and the time-
averaged scalar-field energy density falls as a™> or it
behaves as nonrelativistic matter such as cold dark matter.
For numerical stability, we employ the WKB approxima-
tion during the oscillatory phase and switch from the
oscillatory solutions to the time-averaged evolution at
6 = =/2 (for further details, see e.g. [54]).

Figure 1(a) shows that for nonzero &, the scalar-field
energy density scales as a~* during the initial phase like the
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FIG. 1. Evolution of ULA energy density displayed in terms of
the critical density at the current epoch: p., = 3H?(t,)/87G. (a)
Energy density as a function of scale factor for different values of
& and (b) Energy density as a function of scale factor for different
values of m.

energy density of relativistic components (photons and
neutrinos).1 In the intermediate phase, for & < 107!, the
scalar field makes a transition to a phase in which its energy
density is constant. For £ > 1, the energy density in the
intermediate phase can become negative. At a later stage,
a ~ 107, the energy density starts falling off as a~> for all
values of & for m, = 1072 eV. Figure 1(b) shows the
impact of changing m, for a fixed £ on the energy density.
For larger my, the field enters both the constant energy
density phase and the a~> phase earlier.

'We note that this yields an additional constraint on the
nonminimally coupled case from primordial nucleosynthesis,
which we discuss later.

me=10"23 eV, £=1072

1084
104_
100 i
10-] —— I
HoV per
2aH¢'>u
1078+ HoVper
__38a2H2(1 - 3w)go
10-12 Hov Per
10710 10-¢ 10 10~ 102 100

alao

FIG. 2. Different terms of Eq. (5) shown as a function of time.

In this paper, we focus on the range of values of & for
which the scalar-field energy density is always a positive
quantity. Thus, we work with & < 1.

In Fig. 2, we further investigate the relative contribution of
different terms in the equation of motion of nonminimally
coupled scalar fields [Eq. (5)]. It is seen that the term
proportional to the nonminimal coupling £ always dominates
at initial times. This term is o« H? and follows from the
corresponding term in the scalar-field Lagrangian, Eq. (2),
which is proportional to the Ricci scalar R o« H>. This causes
the energy density of the scalar field to behave as radiation
during early times. At later times, the nonminimal coupling
term becomes smaller than other terms, mainly owing to the
rapid decrease in H?, and the nonminimally coupled model
behaves as a minimally coupled model.

This shows that the main difference in the back-
ground evolution between the minimally and nonminimally
coupled scalar fields is during the initial phase: The energy
density of the minimally coupled scalar field (£ = 0) is
constant during this phase while it falls as = for nonzero &.

The evolution of the scalar-field equation of state w,, is
shown in Fig. 3. In the figure, we switch from the full
solution to the time-averaged solution at a = 107>. We
tried to show the oscillations in w,; for the actual solution,
we switch to the time-averaged solution at 0 = /2, as
discussed above. As follows from the discussion above, the
minimally coupled scalar field starts as a cosmological
constant with wy = —1 while the nonminimally coupled
scalar field has the equation of state, wy = 1/3 (or it
mimics radiation) during the initial phase, irrespective of
the value of £. This radiationlike behavior of a non-
minimally coupled scalar field at early times can also be
inferred from Eq. (13). At early times, y < 1 and 8 < 1
(Appendix B 1). Further, using the fact that Q, and €,
dominate other density parameters during the radiation-
dominated era, Wy becomes
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mgy = 10723 eV
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FIG. 3. Evolution of the scalar-field equation of state wy
displayed for different values of & The plot is exact for
a <5107, For a 2 107, the time average of w, is shown (see
text for more details).

y 8E(1-69) +48%
v 245 3

(23)

During intermediate times, the equation of state w,, tends
to —1 for the nonminimally coupled case also. For m, 2 H,
w,y oscillates between positive and negative values, aver-
aging to zero, for all the cases.

B. First order solution

To gauge the impact of nonminimal coupling, we show
the evolution of the metric perturbation ®@ and the scalar-
field density perturbation 6, for the adiabatic mode for
k=10"*h Mpc~!, 1072h Mpc~', and 10~'h Mpc~' in
Figs. 4 and 5, respectively. We show four different £ values
with m, = 107 eV. We also plot the evolution of ® and
OcpMm 1n the usual ACDM case for reference.

We first summarize the features seen in Figs. 4 and 5:
(a) The evolution of @ for a minimally coupled scalar field
(6 = 0) agrees with the CDM case for all values of k.
(b) After the matter-radiation equality, the density pertur-
bations for the minimally coupled scalar field coincide with
the CDM model. (c) For the nonminimally coupled case,
both @ and &, are suppressed after the matter-radiation
equality for small k. The suppression is seen to scale with &
for a given k. The impact of the nonminimal coupling
decreases for smaller scales for a fixed £. The scales that
enter the horizon before the matter-radiation equality
(k> 10~'h Mpc™') are not affected appreciably by the
nonminimal coupling. (d) For a minimally coupled scalar
field, the initial density perturbation J, is zero, whereas for
the nonminimally coupled case, it has an initial value
of 2<I>p, the same initial condition as for 57, the photon

k=10"%h Mpc~?!

1.0
0.9 A
0.8
g 07
=) --- CDM
061 — my=102Bev,£=0
051 —— me=10"23 eV, £=0.02
—— my=10"23 eV, £=0.05
041 my=10"23eV,£=0.1
10-8 10-6 10-4 10-2 100
alao
k=10"2h Mpc!
1.0
0.9
0.8 A
3
= --- CDM
0.71 -23
— my=10"2eV,£=0
—— myp=10"23 eV, £=0.02
0.6 A
—— my=10"2 eV, £=0.05
— my=10"2eV,£=0.1
0.5 ¢ 3
108 1d‘6 10|‘4 16‘2 160
alao
k=10"1h Mpc~?
1.0
0.8 A
QQ 0.6
15
-=- CDM
041/ — me=10"23eV, £=0
—— my=10"23 eV, £=0.02
02] — msy=10"2ev,£=0.05
— my=10"23eV, £=0.1

10-¢ 10-6 104 10-2 100
alao

FIG. 4. Scalar metric perturbation ® (adiabatic mode) shown as
a function of the scale factor for different values of k. Note that
®, is the primordial value of ®.

density perturbation (for further details, see Appendix B).
Thus, even at first order, a nonminimally coupled scalar
field behaves like radiation at early times.
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alag
FIG. 5. Evolution of ULA density perturbation &, (adiabatic

mode) displayed for different values of k. Note that @, is the
primordial value of the metric perturbation ®.

The main impact of nonminimal coupling is on large
scales, in particular, scales that enter the horizon at late
times. We focus on this issue below.

To understand Figs. 4 and 5, we first consider the evolution
of the potential, ®, for the ACDM model. In the ACDM
model, the potential drops by a factor of 9/10 after matter-
radiation equality for scales that enter the horizon deep in the
matter-dominated era (k = 10~*h Mpc~! in Fig. 4), while
the decay is larger for smaller scales (e.g. [17,76]). The
potential decays again when the universe becomes domi-
nated by the cosmological constant at z < 0.7.

The decay of ®@ by a factor of 9/10 for the long wavelength
modes can be understood within the framework of multi-
component fluids in the ACDM model. In the ACDM model,
both the background and the first order perturbations (on
superhorizon scales) are dominated by relativistic compo-
nents, photons, and neutrinos, in the radiation-dominated era
with an effective equation of state w ~ 1/3 [Eq. (6)] and an
adiabatic sound velocity ¢Z = 6p/dp ~ 1/3. In the matter-
dominated era, cold dark matter dominates the dynamics, and
both w and ¢? vanish. In addition, the initial conditions for all
components are assumed to be adiabatic, which implies that
the pressure perturbations are entirely specified by density
perturbations: §p = ¢28p. Under these conditions, it can be
shown analytically that the initial potential at large scales
falls by a factor of 9/10 after the matter-radiation equality
(for details, see [76]).

In the ULA model, the background evolution of the
scalar field behaves as a pressureless fluid, (w) =0, for
7z < 10° (Fig. 3). However, many of the other conditions
satisfied by the ACDM model do not hold for this model. In
particular, the behavior of pressure perturbations is more
complicated in this case [Eq. (21)]. While the pressure
perturbations become negligible for small scales for
7 < 10°, they could be significant for large scales even
after the matter-radiation equality. In addition, for ULA
models, it is not possible to express pressure perturbations
entirely in terms of density perturbations [Eqgs. (19) and
(21)]. This means the pressure perturbations in the scalar
field are not purely “adiabatic,” and the “entropy” part of
the perturbation provides an additional source of perturba-
tions.” An important distinction between the minimal and
nonminimal coupling is that for the minimal coupling this
split renders both ¢ and entropy perturbations singular.
However, for the nonminimally coupled case, the split is
well behaved (for detailed discussion, see [73]).

These additional features of the ULA model could cause
the potential to behave differently from the usual case. For a
minimally coupled case, the impact of these additional
features is negligible, and we notice that the behavior of ®
is similar to the CDM case. However, for the nonminimally

*Pressure perturbations of any component of the fluid can, in
general, be expressed in terms of two thermodynamical variables.
For isentropic initial conditions, the pressure perturbations can be
written in terms of only one variable (e.g. density perturbation),
8p = c25p, where c¢? is the adiabatic velocity of sound in the
medium. In principle, a whole range of other initial conditions are

possible (e.g. [73] and references therein).
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coupled case, pressure perturbations of the scalar field
could play an important role during the transition from
radiation to matter domination and cause the potential to
decay for a longer period extending into the matter domi-
nation. As the pressure perturbations are related to other
perturbations through energy-momentum conservation con-
ditions, we expect a significant impact on other components
of matter perturbations also. In particular, Fig. 5 shows that
the density contrast for the scalar field also decays for
k~10"*h Mpc~!. This anomalous behavior of density
perturbations for large scales results in a significant change
in the observable matter power spectrum.

From density contrasts of different components, we can
compute the matter power spectrum P(k, 1) (e.g. [17]):

A k \n-1
P(k,1y) = & <H_0> Q55 (k. 10). (24)

Here 6, = >, fi6; with f; =Q;/ >, Q; and §; being the
fraction and density contrast of different components. At the
current epoch, only the scalar field and baryons provide
important contributions to the density contrast,” and we use
values of f; given by the best-fit Planck parameters for
baryons and CDM. Here Q,, = Q, (1) + (1)) is the value
of the total matter density parameter at the current epoch, A is
a constant whose value is determined by matching the
theoretical matter power spectrum to cosmological observ-
ables, and 7 is the scalar spectral index of the initial matter
power spectrum generated during the inflationary era:
P(k,t;) o k" with n~ 1. In this paper, we use the best-fit
value obtained by the Planck Collaboration, n = 0.96 [13].
The matter power spectrum is probed by the Planck
CMB data for scales in the range k ~ 10~4~10"'2 Mpc~!
(e.g. [12]). Using Planck data, the matter power spectrum
can be reconstructed in the aforementioned range [77]. The
SDSS galaxy clustering data measure the power spectrum
for k ~ 1072-0.4h Mpc~" [2]. We note that only the galaxy
data for k < 0.1 Mpc™! can be directly compared with the
prediction of linear perturbation theory, as linear theory
fails for smaller scales at the current epoch (e.g. [17]). The
CMB and galaxy clustering data are compatible with each
other using the results of general relativistic perturbation
theory for the usual ACDM model (which includes the
inflation-generated initial power-law matter power spec-
trum [see the discussion following Eq. (24), e.g. [12]]. One
can normalize the matter power spectrum using Planck
CMB temperature anisotropy and CMB lensing measure-
ments (e.g. [77]). Alternatively, it can be normalized using
the abundance of low-redshift massive clusters and cosmo-
logical weak lensing data at z < 1 (e.g. [17] and references
therein). These data can be used to construct og, the mass

*We assume that the only component of dark energy is the
cosmological constant for which the density contrast vanishes [75].

_ 104 4
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102 . . i .
10-5 10-4 103 102 101

k (h Mpc~1)

FIG. 6. Adiabatic and isocurvature matter power spectra shown
for minimally coupled axions for my = 10723 eV. The ACDM
model results are also shown for comparison. The data points
corresponding to the monopole of the measured galaxy power
spectrum from SDSS are also shown (e.g. [78]).

dispersion at the scale 84~! Mpc. Planck results give oy =
0.81 [12], which is in agreement with the low redshift data.
In Fig. 6, we show the matter power spectra for £ = 0.
Both the adiabatic and isocurvature modes® are shown for a
fixed ULA mass, my = 107> eV. The matter power for the
two modes is matched at large scales to the ACDM model.
For the range of scales shown in Fig. 6, k < 0.3h2 Mpc™!,
the matter power spectrum for the minimally coupled scalar
field agrees with the power spectrum for the usual ACDM
case. This inference is compatible with existing results in
the literature (e.g. [54]).5 We note that, for the case shown
in Fig. 6, the ULA matter power spectrum has a power
deficit as compared to the ACDM model at smaller scales,
k =1 Mpc~! (these scales are not shown in the figure), and
multiple studies have considered the implications of this
small-scale matter power suppression® [49-52,55-57,61-64].
However, our focus in this paper is on large scales.

*We consider only the CDM isocurvature case here; see
Appendix B for details. This mode is shown here for the sake
of completeness as itis ruled out by the cosmological data, e.g. [15].

One can compute the minimally coupled ULA matter power
spectra using the code AxionCAMB, which is a modified version
of the publicly available code CAMB; it is available at https:/
github.com/dgrin1/axionCAMB.

®For smaller m,, the matter power spectrum deviates from the
ACDM model for larger scales; for instance, for m, = 10724 eV,
the suppression occurs for k > 0.3 Mpc~!. An approximate rela-
tion between this scale and the scalar-field mass can be obtained by
showing that the scalar field behaves as a medium with a time- and
scale-dependent effective sound speed at subhorizon scales (e.g.
see [53] for details). In this paper, we only present results for
my = 10723 eV, but we verified the expected small-scale behavior
for ULA models for smaller masses.
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FIG. 7. Adiabatic and isocurvature matter power spectra for the
nonminimally coupled ULAs shown for different values of £. The
solid lines denote the adiabatic power spectra, and the dashed
lines show the isocurvature power spectra.

In Fig. 7, we display the matter power spectrum for the
nonminimally coupled case for m, = 1072 eV. As dis-
cussed above, in this case, the density perturbations in the
scalar field deviate from the CDM density perturbations at
large scales but reproduce the results of the CDM model at
small scales. This leaves observable traces on the observed
matter power spectrum. We match the matter power
spectrum to the ACDM model at large scales. Given the
decay of density perturbations on large scales for the
nonminimally coupled scalar field (Fig. 5), the matter
power is expected to differ between the nonminimal
coupling case and the ACDM (or minimal coupling case)
at small scales. As a result, the matter power is found to be
significantly larger at small scales as compared to the CDM
power spectrum. Alternatively, if we had chosen to normal-
ize the power spectrum at small scales (e.g. by choosing the
measured value of og by cluster abundance data), we would
find a deficit of matter power at large scales. The power
excess in Fig. 7 is proportional to the value of £. To obtain
agreement with both the large- and small-scale data, we
obtain the following constraint on the nonminimal coupling
for the adiabatic mode: £ < 0.01.

Figure 7 also shows that, for nonminimal coupling, the
matter power spectrum for the isocurvature mode is in
much better agreement with the usual adiabatic CDM
mode. For instance, the isocurvature mode for £ = 0.05
agrees well with the £ = 0 adiabatic mode at large scales.
We do not carry out a more detailed comparison, here but
our results suggest that a mix of adiabatic and isocurvature
initial conditions for the nonminimally coupled ULAs
might behave similarly to the CDM adiabatic mode.

In Figs. 4, 5, and 7, we show results for a fixed ULA
mass m, = 1072 eV as a function of the nonminimal

coupling. For our work, we consider a mass range
1075 eV < my < 10712 eV. We note that the large-scale
behavior shown in the figures is obtained for this entire
range of masses. The best reported upper limit on the mass
my 2 10720 eV arises from the small-scale behavior of the
power spectrum using the Lyman-a data [64]. Our main
results are compatible with this upper limit.

IV. CONCLUSION

In this paper, we study a nonminimally coupled scalar
field as a potential cold dark matter candidate. The minimal
scalar-field models have been extensively studied as ultra-
light axions in the literature and are known to alleviate well-
known small-scale issues with the usual ACDM model.
Our study is a natural extension of such models.

The dynamics of both the background and the perturbed
components of the scalar field change substantially for the
nonminimally coupled case. Initially, the background scalar
field behaves as radiation, unlike the usual case in which
the scalar-field energy starts as a cosmological constant.
For a scale factor in the range a ~ 10™—1077, the non-
minimal scalar field makes a transition to the cosmological-
constant domination phase (Fig. 1). The altered initial
evolution yields a new constraint on such models from
primordial nucleosynthesis. During primordial nucleosyn-
thesis, the final abundance of helium-4 and deuterium is a
sensitive function of the total radiation content of the
universe at a ~ 107, A comparison of current data with
the theory of formation of light elements suggest that the
amount of “dark radiation” could not exceed 10% of the
radiation energy density given by photons and the standard
model neutrinos during that era (e.g. see [79] and refer-
ences therein). This constrains the strength of the gravity-
scalar-field coupling £ < 10 for the range of scalar-field
masses we consider here.

The first order perturbation theory of a nonminimally
coupled scalar field adds multiple new complexities as
compared to the usual case. One of the new features is the
presence of anisotropic stress, which mainly impacts small
scales [Eq. (22)]. Our most important finding in this paper
relates to large scales. For nonzero &, the perturbations on
scales that enter the horizon after the matter-radiation
equality could have radically different behavior (Figs. 4
and 5). This causes the matter power spectrum to deviate
significantly from the minimal coupling case (Fig. 7). For
adiabatic initial conditions, a comparison of the computed
matter power spectrum with galaxy clustering and CMB
anisotropy data puts strong constraints on the nonminimal
coupling: £ < 0.01.

We also consider isocurvature initial conditions. More
specifically, we consider the scalar-field isocurvature mode
in which only the scalar-field density contrast is nonzero
initially. Figure 7 shows that this isocurvature mode for
nonzero ¢ agrees with the adiabatic CDM (or minimally
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coupled) mode at large scales. This means that a mix of
isocurvature and adiabatic initial conditions might explain
the observed matter power spectrum for a nonminimally
coupled ULA.

In the current work, we focus on computing the matter
power spectrum for nonminimally coupled ULAs and
compare the prediction of the model with the galaxy power
spectrum and CMB results. This yields an approximate
bound on the strength of nonminimal coupling. A more
detailed multiparameter analysis based on either the Fisher
matrix or MCMC methods will give more precise con-
straints. This work also needs to be extended to CMB
temperature and polarization anisotropies, as a direct
comparison with the CMB anisotropy data would help
quantify our results further. In particular, the new physics
our model introduces might result in novel outcomes such
as the following: (a) the integrated Sachs-Wolfe effect
would be altered owing to the time dependence of the
potential at large scales; (b) the sound horizon close to the
era of recombination might change such that it would have
a bearing on the issue of Hubble tension between the CMB
and low-redshift data (e.g. [80] and references therein). We
hope to return to these issues with the theoretical compu-
tation of the CMB temperature and polarization anisotro-
pies and a more detailed statistical comparison with
cosmological data in a future work.
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APPENDIX A: EINSTEIN AND FLUID
EQUATIONS

In this section, we give the necessary cosmological
equations, including Einstein equations and the relevant
equations for photons, baryons, neutrinos, and cosmologi-
cal constants at zeroth and first order (for details, see e.g.
[17,54,73-75]).

1. Background equations

For the sake of completeness and consistency of nota-
tions, we list the relevant equations for the background
evolution of the universe.

We have already defined the scalar field, photon, and
neutrino density parameters in Sec. Il A. We can similarly
define the density parameter for any component of the
universe by

0 — 87Gp; .
3H?

(A1)

We denote the baryon density parameter by €, and the
cosmological-constant density parameter by ,.

In general, the density parameter for the ith component
evolves as
where w; is the equation of state of the ith component.

Thus, the density parameters evolve according to the
following equations:

1
Q = 3(w —§>Qy, (A3)
1
Q=3 <w - §> Q,. (A4)
Q) = 3wQ,, (A5)
Q) =3(w+ 1)Q. (A6)

Using Eq. (6), these equations specify the evolution of all
the density parameters. In addition to these fluid equations,
we have two Einstein equations given by

a>  82G
H=—="2) p, A7
A3 20 (A7)
H = —47Ga) (p; + p))- (A8)

Equation (A7) can be written in terms of the density
parameters as

Q+Q,+Q, +Q,+Qy=1. (A9)

On the other hand, Eq. (A8) converts to an equation for y,
defined in Sec. IT A as y = 2m,/H. We obtain

3
y = E(l + w)y. (A10)
Equations (10)—(13), along with Egs. (A3)-(A6) and
(A9)—(A10), constitute the complete set of background
equations.

2. First order equations

In Fourier space, the first order equations for photons,
neutrinos, and baryons are (for details, see e.g. [17,73-75])

k
@6 +E®] — —q)/, (All)
k k n,or vy,
- = =y e ) Al2
O =300 = 3am H (61 3>’ (A12)
N+ =~ Al3
O+aH 1= , (A13)
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k k

e D Ny = N = —— W, Ald
Ny =3 g Wo=-Na) = (A14)
DALY (A15)
bl ! ’
ooy = =g LT 36 (AL6)
b aH HR

Our notation is consistent with that of Dodelson [17]. Here
® and ©; are the monopole and the dipole components of
the photon temperature perturbation, respectively; A/, and
N, are the monopole and dipole components of the neutrino
temperature perturbation, and V', is the quadrupole moment.
The quadrupole moment for photons is omitted as it is
negligible in the tight-coupling approximation [17]. Note
that 6, = 6p,/p;, is the baryon overdensity, v, is the bulk
velocity of baryons, n, is the electron number density, oy is
the Thomson scattering cross section, and R = 3€,,/4Q, is
the baryon-energy—to—photon-energy ratio.

We simplify photon equations further in the tight-
coupling approximation and retain terms up to first order
in the scattering timescale, 1/(n.o7c¢). This procedure
neglects Silk damping, which is needed for accurate treat-
ment of CMB anisotropies and the matter power spectrum
at small scales. However, it makes a negligible impact on
our treatment as the main impact of our results is at large
scales. For massless neutrinos, we adopt N, =0 and
neglect higher multipoles. These modes play an important
role for subhorizon modes, kn > 1. For £ > 2, these modes
decay as j.(kn) after the horizon entry (e.g. Ma and
Bertschinger [75]). We check the efficacy of our procedure
by putting neutrino perturbation to zero after the horizon
entry, and we find that a more precise treatment of higher
neutrino multipoles does not significantly affect the pre-
dicted matter power spectrum on the scales of interest to us.

The perturbed metric components, ® and ¥, obey the
following first order Einstein equations:

K 1
q)/ _T+W¢ - §(4Qy®0+4QDNO
+ Q0+ Q,6,), (A17)
3aH
Y= —5%[4%@1 T4QN,

3 K2
O 430 W =3 = (1) (@ =29) 5 (04 )

3/4 4
=73 (gg}'@o +§QUN0 +Q¢W¢”¢> ’ (A19)
k2

Equations (17)—(22), along with Egs. (A11)-(A20), con-
stitute the complete set of first order equations. Not all of
these first order equations are independent of each other. In
particular, we solve two Einstein’s equations [Eqs. (A17)
and (A20)] along with the fluid equations. The other two
Einstein’s equations can be derived from the equations we
use (for details, see e.g. Kodama and Sasaki [73]).

APPENDIX B: INITIAL CONDITIONS

To obtain the initial conditions, we analytically solve the
set of background and first order equations in the radiation-
dominated era such that k& < 1 for all scales of interest to us.
However, for nonminimally coupled scalar fields, the com-
plex nature of equations does not always permit an analytic
solution even at early times. In such cases, we choose the
initial condition for £ = 0 and numerically search for the
suitable initial conditions for the nonminimally coupled case.
We assume that the correct solution is an attractor solution,
and the approximate initial conditions allow us to reach the
relevant solution once the nonminimally coupled field enters
the cosmological-constant-dominated phase.

We follow the work of Urefa-Lépez and Gonzalez-
Morales [54] to obtain the initial conditions for variables
related to ULASs. For initial conditions for other variables,
we follow the work of Dodelson [17].

1. Background initial conditions
We find the initial conditions at the scale factor a = g;
such that m,/H; < 1, thatis, y; < 1. This is expected deep
in the radiation-dominated epoch. Thus, we expect
Q,+€Q,;~1, and Q, <1 for a#y, v. The initial

condition for the scalar field is chosen such that (}5,» =0
and ¢; < 0. Therefore, the initial value of @ satisfies the
condition #; < 1 [Egs. (8) and (9)].

Using these approximations, we have, at early times,
H=Hy\/Q, +Q,/a*. Thus, we have the initial con-
dition for y,

2m,, 2mya?
y- = = .
" H;  Hy Q0+ 9y

Both Egs. (10) and (11) contain a term (1 — 3w)/y. This
term can be approximated at early times as follows:

(BI)

1=3w=1-(Q+0Q,+Q,) +3Q, = Q, +4Q,. (B2)

Here, we have used Eq. (A9) and the fact that, at early
times, wy = 1/3 [see Eq. (23)]. From Eq. (A1), we have
Q,/ (2, +,) = py/(py +p.) = apso/ (P + pro)- Thus,
the initial condition for €, is

Qpoa;
Q= — 2" B3
T Q0+ Q (B3)
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Similarly,
Qpoa!

Qi =—"""—. B4
Ai Qyo ¥ Qyo ( )

So, we obtain

1— 3W HO QbO

= —Z 1+ 4Q,d> B5
v 2my /90 +Q_m< a nod (B3)

deep in the radiation-dominated epoch.
Finally, using the approximation 6; <« 1, Eq. (11) gives

2m¢,a2

Hoy /S0 + O
6¢H, <Qbo

o0 (20 4§2A0a2) . (B6)
mdn / QyO + .Q.Do

a
The solution to this ODE is

0 =-30+

0 i (2 4 20
5 QyO + QUO H() I’Vl¢
L 3EH)Q,y 1 L c
my\/Qo +Qoa @’
where C is the constant of integration. We neglect the

fastest decaying mode, which is the last term in the
solution. This gives the initial condition for 6,

(B7)

0 2 <m¢ 12§HOQAO> 2
e e ] N 75
5\/9},04—9,/0 HO m¢
3EHoQy 1

(B8)

NI St
M¢\/Qy0 +QI/0 a;

Obtaining the initial condition for fl¢ in this manner is
difficult. Thus, we put £ = 0 and follow the method used in
the work of Urefia-L6pez and Gonzalez-Morales [54]. This
gives the following initial condition for Q,,:

- Q 407 (9 + n%/4\3/4
Q= K¢ai|: i (Lﬁ)} ’ (B9)
Qy() -+ Qy() T 9 + 6?[

where K is a constant that needs to be found numerically.
We can use a binary search in order to find the value of K
which gives the correct value of €, the present value of
scalar-field density parameter. For the range of cases we
consider for the nonminimally coupled ULAs, the value of
K can vary by many orders of magnitude.

The initial condition for €, is given by

QVO

Q=
QyO =+ QI/O

(B10)

2. First order initial conditions

For the first order equations, we consider two initial
conditions: adiabatic and isocurvature. In a multi-
component fluid, these initial conditions can refer to
different components. We adopt the usual adiabatic initial
conditions in which the ratio of the number densities of
different components is chosen to be the same (for a
detailed discussion, see e.g. [75] or [76]). On the other
hand, for isocurvature initial conditions, only the density
perturbations associated with either the baryons or ULAs
are nonzero initially. For instance, the ULA isocurvature
mode has only 5, # 0 during very early times, while all
other perturbation variables are set to zero. We consider
only this isocurvature mode in our analysis.

Obtaining initial conditions at first order using analytic
solutions for nonminimally coupled scalar fields is difficult.
Therefore, as in the background case, we start our search
for the suitable initial conditions with the £ = 0 case for
both modes.

a. Adiabatic mode
Using Egs. (22) and (A20), we obtain ¥ = —® for & = 0.
For the adiabatic mode, the metric perturbation is constant
deep in the radiation-dominated era. Therefore, <I>§ =0.
Further, we know from the previous section that as a — 0,
y — 0, and € — 0. Thus, at early times, from Eq. (18), we
obtain

2

lir%/i’ = —3sin(0 - p) — 2 [1—cos(0—-p)]. (BII)
a— 7
Note that € = is a critical point of the system.

Substituting this value in Eq. (17), we obtain
3 0
a’:—za(l—&—cosé)—l-Zycos 3 ®. (B12)

Considering 6 to be negligible, we have

a = =3a+2yd. (B13)

From Egs. (B1) and (BS8), we see that, at early times, y =
50 = 50;(a/a;)? for £ = 0. Substituting this value of y in
Eq. (B13) and solving the resultant ODE, we obtain the
following initial condition for a:

Here we have neglected a decaying mode.
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Substituting the initial condition for a in Eq. (18), we get

P =—60+30+5(0-p) =260 (BIS)
for the £ = 0 case. Thus,
a2
p=-28-0; <a_> . (B16)

Solving this equation, and neglecting the decaying mode,
we have

(B17)

The initial conditions for other variables are given in the
work of Dodelson [17]:

3
300 = 3N = 8 = 3 P, (B18)
30 3N j k o (B19)
1i 1i bi 2aH i
Since k/aH is negligible at very early times,

G)li:Nli:UbizO'

b. ULA isocurvature mode
For the ULA isocurvature case, we choose «; = 1 and
pi = —n. This gives us 6, = 1 [see Eq. (19)]. All the other

perturbation variables are set to zero initially, including the
metric perturbations, @ and V.

APPENDIX C: NUMERICAL IMPLEMENTATION

In this section, we briefly summarize the salient aspects
of numerical implementation of the coupled Einstein-
Boltzmann equations along with the scalar-field dynamics.
We perform numerical integration of the relevant equations
using PYTHON codes.

The background and first order initial conditions are set
using the procedures described in Appendixes B 1 and B 2.
We implement the initial conditions to the lowest order in
kn for the relevant variables, which means zeroth order for
potentials and the density field, first order for bulk
velocities, and second order for the anisotropic stress
(for details, see e.g. [75]). Using matrix methods, one
can systematically develop initial conditions to higher
orders in kn [55,81-84], which is harder for us to imple-
ment as the initial conditions for the ULA have to be
determined numerically in our case.

We verify the robustness of our initial conditions by
checking that the final results do not depend on the choice
of starting time. One novel initial condition in our case
corresponds to the early time radiationlike behavior of the
nonminimally coupled scalar field. In all the cases we
studied, the field makes a transition to the cosmological-
constant phase before the onset of the oscillatory phase. To
check the numerical stability of the initial conditions, we
slowly switch off the nonminimal coupling and verify that
we obtain the relevant results for the minimal coupling
case. An additional numerical issue for the ULA models is
to establish the smooth transition from the oscillatory phase
to the time-averaged phase. As noted above, we follow the
procedure given by the numerical implementation of [54]
and find a satisfactory outcome.
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