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We revisit the model of axion inflation in the context of stochastic inflation and investigate the effects of
the stochastic noise associated to the electromagnetic fields. Because of the parity-violating interaction, one
polarization of the gauge field is amplified inducing a large curvature perturbation power spectrum. Taking
into account the stochastic kicks arising from the short modes at the time of horizon crossing we obtain the
corresponding Langevin equations for the long modes of the electromagnetic and axion fields. It is shown
that a mean-reverting process governs the dynamics of the electromagnetic fields such that the tachyonic
growth of the gauge fields is balanced by the diffusion forces. As the instability parameter grows towards
the end of inflation, the large curvature perturbations induced from gauge field perturbations lead to a
copious production of small mass primordial black holes (PBHs). It is shown that the produced PBHs
follow Gaussian statistics. Imposing the observational constraints on PBH formation relaxes the previous
bounds on the instability parameter by about fifty percent.
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I. INTRODUCTION

Inflation is a cornerstone of early Universe cosmology
which is well supported by cosmological observations [1].
The simplest models of inflation are based on a single
scalar field, the inflaton field, which rolls on top of a nearly
flat potential. These simple scenarios predict that the
curvature perturbations on superhorizon scales to be nearly
scale invariant, nearly adiabatic and nearly Gaussian, which
are consistent with observations. However, despite its
successes, inflation is still a phenomenological paradigm
looking for a deeper theoretical understanding. Among key
questions are what is the nature of the inflaton field or what
mechanism keeps the potential flat enough to sustain a long
enough period of inflation to solve the flatness and the
horizon problems.
One of the well-motivated proposals to protect the

potential against the ultraviolet (UV) corrections and to
keep it nearly flat is to assume that an inflaton is a pseudo-
Nambu-Goldstone boson (PNGB) field [2–11]. PNGBs,
like the axion, are pseudoscalar fields which arise whenever
a global symmetry is spontaneously broken. Pseudoscalar
fields with axial symmetry are very common in particle
physics, and enjoy a shift symmetry ϕ → ϕþ const which
is broken either explicitly or by quantum effects. In the
limit of approximate symmetry, the corrections to the slow-
roll parameters are controlled by the smallness of the

symmetry breaking. Inflationary scenarios where a pseu-
doscalar is identified as the inflaton or a spectator field
affecting the inflationary dynamics have been widely
discussed in the past e.g., see Refs. [2,3,5,6,8,9,12–14].
Natural inflation [2] is among the first models of axion
inflation in which the shift symmetry is broken down to a
discrete subgroup ϕ → ϕþ 2πf, resulting in a periodic
potential

VnpðϕÞ ¼ Λ4

�
1 − cos

�
ϕ

f

��
; ð1:1Þ

in which f, known as the axion-decay constant, has the
dimensions of mass. In these models, the inflaton is
coupled to a Uð1Þ gauge field Aμ via the interaction of
the form

Lint ¼ −
α

4f
ϕFμνF̃μν; ð1:2Þ

where Fμν ¼ ∂μAν − ∂νAμ is the field strength, and F̃μν ≡
ϵμναβ

2
ffiffiffiffi−gp Fαβ is its dual with ϵ0123 ¼ 1. The strength of the

interaction is controlled by f and the dimensionless
parameter α.
This type of parity-violating interaction causes interest-

ing cosmological effects including enhancing the scalar
power spectra and non-Gaussianity [15,16], chiral-gravi-
tational waves [17–28] at CMB [29–31], and interferometer
[32–34] scales. Moreover, the interaction (1.2) has impor-
tant implications for primordial black hole (PBH)
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formation [35,36]. As pointed out in Ref. [37], since the
interaction (1.2) violates parity, the rolling of inflaton
causes one polarization of the gauge field to become
tachyonic. The tachyonic growth of the gauge field quanta
then backreacts on the inflaton field itself via inverse decay,
δAþ δA → δφ, causing the enhancement of the scalar
power spectra and other interesting effects as mentioned
above.
Stochastic inflation is an IR effective field theory to

study the dynamics of the superhorizon perturbations while
the small scales are continuously stretched to superhorizon
scales acting as the source of the classical noises [38–43].
The stochastic effects of the gauge fields’ perturbations
during inflation have been studied in [44–46], see also [47].
It was shown in these works that the stochastic dynamics of
the electromagnetic perturbations can have nontrivial
effects on the physical predictions. Specifically, in models
of inflation involving the gauge fields one typically
imposes the conditions that the electromagnetic backreac-
tions to be under control, for example the energy density
associated to electromagnetic fields to be always smaller
than the inflaton energy density. It was shown in [44–46]
that the stochastic noise associated with electromagnetic
perturbations modify the contributions of the electromag-
netic fields in power spectra or the amplitudes of the
primordial magnetic fields. It is concluded, among other
things, that the stochastic effects can relax the backreaction
constraints yielding to a modification of the model
parameters, such as the gauge kinetic coupling.
Motivated by these results, we revisit the scenario of axion
inflation using the formalism of stochastic inflation. We
show that the results for the curvature perturbation power
spectrum induced from the gauge field perturbations
obtained from the stochastic formalism are overall con-
sistent with previous results in the literature. However, the
stochastic effects modify the allowed parameter space
of the model. In addition, we provide new insights for
the backreaction effects in the context of stochastic
formalism.
The paper is organized as follows. In Sec. II we review

the setup of axion inflation in the conventional approach in
the absence of stochastic noises. In Sec. III we employ
stochastic formalism to the model of axion inflation and
solve the Langevin equations associated to the electric and
magnetic fields. In Sec. IV we look at the backreaction
effects in the presence of stochastic noises while in Sec. V
we study the scalar power spectrum using the stochastic δN
formalism. In Sec. VI we study the PBH formation in this
setup and their cosmological constraints followed by a
summary and discussions in Sec. VII. Various technicalities
regarding the noises and their correlations and technical
applications of stochastic δN formalism are relegated to
Appendices A–D.

II. OVERVIEW OF THE MODEL

In this section we review the setup of axion inflation and
present the results in literature obtained in the absence of
stochastic effects.
The model consists of a pseudoscalar inflaton field ϕ

interacting with a Uð1Þ gauge field Aμ given by the
following action

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
M2

Pl

2
R −

1

2
gμν∂μϕ∂νϕ

− VðϕÞ − 1

4
FμνFμν þ Lint

�
; ð2:1Þ

in which Lint is the parity-violating interaction (1.2),MPl is
the reduced Planck mass, and R is the Ricci scalar. The
metric gμν represents a spatially flat Friedmann-Lemaître-
Robertson-Walker spacetime,

ds2 ¼ −dt2 þ a2ðtÞdx · dx; ð2:2Þ

in which t is the cosmic time and aðtÞ is the scale factor. We
mostly use the conformal time η which is related to cosmic
time via dt ¼ adη. We do not specify the form of VðϕÞ, we
only require that it is flat enough to sustain inflation for
about 60 e-folds.
We impose the radiation-Coulomb gauge, A0 ¼

∂iAi ¼ 0, and introduce the physical electric and magnetic
fields associated with the vector potential Aðη;xÞ via

E≡ −
1

a2
∂ηA; B≡ 1

a2
∇ ×A: ð2:3Þ

The dynamics of the system are given by the Friedmann,
Klein-Gordon (KG), and Maxwell equations which are
given respectively by

3M2
PlH

2¼1

2
_ϕ2þVþρem; ρem≡1

2
ðE2þB2Þ; ð2:4Þ

ϕ̈þ 3H _ϕ −
∇2

a2
ϕþ V;ϕ ¼ J; J ≡ α

f
E · B; ð2:5Þ

_Eþ 2HE −
1

a
∇ ×B ¼ −

α

f
ð _ϕBþ ∇ϕ ×EÞ; ð2:6Þ

∇ ·E ¼ −
α

f
∇ϕ ·B; ð2:7Þ

Moreover, the Bianchi identities read

_Bþ 2HBþ 1

a
∇ ×E ¼ 0; ð2:8Þ
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∇ ·B ¼ 0: ð2:9Þ

Here H ≡ _aðtÞ=aðtÞ is the Hubble parameter during infla-
tion and the a dot denotes the derivative with respect to t.
The basic picture of inflation at the background level in

the above setup is as follows. Originally, the gauge field has
no classical background value so inflation is driven by the
inflaton field rolling slowly on top of its potential. Because
of the parity-violating interaction (1.2) one polarization of
the gauge field perturbations becomes tachyonic and grow
exponentially during inflation while the other polarization
is damped. The tachyonic growth of the gauge field can
affect the slow-roll dynamics in two different ways. First,
the electric-field energy density associated with the gauge
field fluctuations can become significant so the source term
ρem in the Friedmann equation (2.4) can not be ignored.
This is the backreaction of the gauge field on the geometry
or the Hubble expansion rate. The second effect is the
backreaction of the tachyonic gauge field on the slow-roll
dynamics of the inflaton field. Specifically, the source term
J in Eq. (2.5) can become comparable to the driving term
Vϕ violating the slow-roll conditions prematurely.
Therefore, in order to make sure that the slow-roll inflation
at the background level is not destroyed, we require that
both of the above two backreactions are under control
[15,33,35,48–50].
To study the background evolution, it is more convenient

to introduce the slow-roll parameters as follows:

ϵH≡−
_H
H2

; ϵϕ≡
_ϕ2

2M2
PlH

2
; ϵV≡M2

Pl

2

�
V;ϕ

V

�
2

: ð2:10Þ

These parameters are small in conventional inflationary
models and are nearly coincident to a good accuracy when
the backreactions of the gauge field are small, but in the
presence of large electromagnetic fields these parameters
do not coincide in general. Using Eqs. (2.4)–(2.9), it can be
shown that

ϵH ¼ ϵϕ þ
2ρEM

3M2
PlH

2
þ
�

∇
aH

�
·
E ×B
6M2

PlH
2
: ð2:11Þ

In subsection II B, we study the slow-roll and back-
reaction conditions in more detail.

A. Production of gauge field fluctuations

The equation of motion for the components of the vector
field is given by�

∂2
η −∇2 −

α∂ηϕ

f
∇×

�
Aiðη;xÞ ¼ 0: ð2:12Þ

This equation describes the production of the quanta of
gauge fields through its coupling to the inflaton field.

We decompose the operators Aiðη;xÞ into the annihila-
tion and creation operators âλk and âλ†−k as follows:

Aðη;xÞ¼
X
λ¼�

Z
d3k
ð2πÞ3e

ik:xeλðk̂Þ½Aλðη;kÞâλkþAλ�ðη;kÞâλ†−k�;

ð2:13Þ

in which eλ are the circular polarization vectors satisfying
the following relations,

eλðk̂Þ · e�λ0 ðk̂Þ ¼ δλλ0 ; ð2:14Þ

k̂ · eλðk̂Þ ¼ 0; ð2:15Þ

ik̂ × eλ ¼ λeλ; ð2:16Þ

eλðk̂Þ ¼ e�λð−k̂Þ; ð2:17ÞX
λ¼�

eλi ðk̂Þeλ�j ðk̂Þ ¼ δij − k̂ik̂j: ð2:18Þ

Inserting the decomposition (2.13) into Eq. (2.12) and
assuming aðηÞ ≃ −1=ðHηÞ leads to the following equation
of motion for the mode functions Aλðη; kÞ,�

∂2
η þ k2 þ 2λξ

η
k

�
Aλðη; kÞ ¼ 0; ð2:19Þ

in which ξ is known as the instability parameter, defined via
the relation

ξ≡ α _ϕ

2fH
¼ α

f
MPl

ffiffiffiffiffi
ϵϕ
2

r
; ð2:20Þ

where in the second equality we have used the definition of
ϵϕ presented in Eq. (2.10).
It is easy to show that

_ξ

Hξ
≃

ϕ̈

H _ϕ
þ ϵH; ð2:21Þ

which means that if the slow-roll conditions are satisfied
then ξ is nearly constant. However, if the deviation from
slow roll becomes noticeable, then for two different modes
k1 ≠ k2 (leaving the horizon at different times) the insta-
bility parameter ξ takes different values with ξ1 ≠ ξ2.
During the time when a given mode leaves the horizon
we may treat ξ to be constant while considering its adiabatic
evolution towards later time during inflation.
The mode function equation (2.19) shows that the two

polarizations are treated differently through their inter-
actions with the inflaton field. Without loss of generality,
let us suppose _ϕ > 0 during inflation so ξ > 0.
Correspondingly, the positive-helicity mode AþðηÞ
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experiences tachyonic instability for the modes with
k < kcr in which

kcr ≡ 2ξ

jηj : ð2:22Þ

The tachyonic growth of the modes Aþðk < kcrÞ can also
be seen from the general solution of (2.19), given by

Aλðη; kÞ ¼ eλπξ=2ffiffiffiffiffi
2k

p W−iλξ;1
2
ð2ikηÞ; ð2:23Þ

obtained by imposing the Bunch-Davies (Minkowski)
initial condition for the modes deep inside the horizon1

Aλðkη → −∞Þ ≃ e−ikη=
ffiffiffiffiffi
2k

p
, in which W is the regular

Whittaker function. Consequently, the tachyonic growth of
the mode Aþðk < kcrÞ is approximately given by2 [11]

Aþðη; kÞ ≅
1ffiffiffiffiffi
2k

p
�
−kη
2ξ

�
1=4

expðπξ − 2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
−2ξkη

p
Þ;

ð8ξÞ−1 ≲ −kη≲ 2ξ: ð2:24Þ

The exponential enhancement factor eπξ reflects the
nonperturbative nature of the gauge field particle produc-
tion in the regime ξ≳ 1 which we assume throughout. As
seen from Eq. (2.24), the mode function Aþ has a real
value. This fact displays the classical nature of the
produced gauge modes for k < kcr in the sense that

½Aiðη;xÞ; ∂ηAjðη;x0Þ� ≈ 0: ð2:25Þ

This relation indicates the classical evolution of the gauge
field fluctuations.
The tachyonic growth of the gauge field perturbations

can backreact on the background geometry and on the
evolution of the inflaton field. In the next subsection we
deal with this issue in some details.

B. Backreaction effects

The accumulative backreactions of tachyonic modes
Aþðk < kcrÞ can affect the background evolution. As
discussed previously, we have two type of backreactions;
the backreaction on the background geometry through
the Friedmann equation and the backreaction on the
inflaton field in the KG equation. Assuming the slow-
roll conditions, these two equations take the following
forms

3M2
PlH

2 ≃ V þ ρem; 3H _ϕ ≃ −V;ϕ þ J: ð2:26Þ

The regime of small backreactions correspond to the
situation where both ρem and J are small. These conditions
of small backreactions can be parametrized as follows:

RJ≡
���� J

3H _ϕ

���� ≪ 1; ð2:27Þ

Ωem ≡ ρem
3M2

PlH
2
≪ 1: ð2:28Þ

As we shall see later, typically the backreaction on the
inflaton dynamics in the KG equation becomes important
sooner, so the condition RJ ≪ 1 is violated earlier.
Using the solution (2.23) in Eq. (2.3) we can calculate
J ∝ E · B and 2ρem ¼ E2 þ B2 and look for the effects of
backreactions.
In the conventional methods studied in previous works,

the backreaction of the amplified gauge quanta on the
background dynamics of ϕðtÞ and aðtÞ are taken into
account via quantum expectations values. Specifically,
considering the modes which experience the tachyonic
growth in the regime ξ ≫ 1 one obtains [11],

hE · Bi ≃ −1
2a4

Z
dk3

ð2πÞ3 k∂ηjAþj2 ≃ −
7!

221π2

�
H
ξ

�
4

e2πξ;

ð2:29Þ
1

2
hE2 þ B2i ≃ 1

2a4

Z
dk3

ð2πÞ3 ðk
2jAþj2 þ j∂ηAþj2Þ

≃
6!

219π2
H4

ξ3
e2πξ; ð2:30Þ

where hOi represents the quantum expectation value for the
operator O. The main contribution to the integrals above
comes from the scales k ≃ kcr. Here, the mean field approxi-
mation is assumed in order to construct a homogeneous
background from the amplified gauge field fluctuations. The
main assumption here is that the accumulative effects of the
tachyonic modes generate classical sources J and ρem which
can affect the background dynamics. It is worth mentioning
that the sign of hE · Bi is always opposite to the sign of _ϕ so
the tachyonic enhancement of gauge field perturbations can
actually prolong the period of inflation.
Using the estimations given in Eqs. (2.29) and (2.30) the

conditions of the small backreactions from Eqs. (2.27) and
(2.28) are translated into

ξ−
3
2eπξ ≪ 79

_ϕ

H2
; ð2:31Þ

ξ−
3
2eπξ ≪ 146

MPl

H
: ð2:32Þ

Comparing the above two constraints one can check that
the former is stronger than the latter so the backreaction on

1Note that e−ikηð2kηÞiξλ ¼ e−iðkη−ξλ lnð2kηÞÞ ≃ e−ikη.
2We have used the relation W−κ;μðzÞ ≅ ðzκÞ1=4κ−κeκe−2

ffiffiffiffi
κz

p
for

large jκj and when ImðκÞ > 0.
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the KG equation becomes important sooner than the
backreaction on the Hubble expansion rate as mentioned
before.
One can use the first condition above to obtain an upper

bound on the instability parameter ξ. Imposing the COBE
normalization for the power spectrum of curvature pertur-
bation ζ ≡ − H

_ϕ
δϕ,

Pð0Þ
ζ ≡

�
H
_ϕ

�
2
�
H
2π

�
2

≃ 2.1 × 10−9; ð2:33Þ

the condition (2.31) requires ξ < 4.7. Note that the back-
reaction constraint Eq. (2.31) is obtained at the background
level. However, as we shall see, the backreaction at the
perturbation level (i.e., the effects of gauge field perturba-
tions on the CMB-scale curvature perturbations) puts a
stronger bound on ξ.
The instability parameter ξ given in Eq. (2.20) evolves

adiabatically during inflation. Here we examine how the
evolution of ξ is affected by the tachyonic growth of
the gauge field quanta. Using Eq. (2.26), we can rewrite the
instability parameter in the following form3

ξ ¼ ξVð1þ hRJiÞ−1; ξV ≡ α

f
MPl

ffiffiffiffiffi
ϵV
2

r
: ð2:34Þ

In the absence of strong backreaction when the condition
RJ ≪ 1 is satisfied, we have ξ ≃ ξV which simplifies our
calculations. However, as gauge modes become tachyonic,
the parameter RJ grows like RJ ∝ e2πξ. Correspondingly,
the rapid growth of ξ will affect both the slow-rolling of the
inflaton field and the adiabatic evolution of ξ itself.
Although a significant backreaction on the inflaton slow-
roll dynamics can terminate inflation but the backreaction
on ξ only reduces its rate of change and is not destructive.
In other words, before the tachyonic instability of the gauge
field perturbations become too significant to destroy the
slow-roll evolution of the inflaton field, it first modifies the
evolution of ξ itself, reducing its growth in such a way that
the requirement RJ ≪ 1 remains valid until close to the end
of inflation. We may refer to the backreaction on ξ as the
mild backreaction regime because the backreaction con-
ditions on the background dynamics (2.27) and (2.28)
remain valid and ξ will not be larger than Oð10Þ.

C. Power spectrum

The modification of the scalar power spectrum due to the
tachyonic growth of the gauge field perturbations has been
studied in [15,33,35,48]. Here we follow the estimation
which has been presented in Appendix B of Ref. [35] which
is obtained using a semianalytic approach.

According to [11], the equation of motion for the inflaton
perturbations is given by

δϕ̈ðt;xÞ þ 3β̃Hδ _ϕðt;xÞ − ∇2

a2
δϕðt;xÞ

þ V;ϕϕδϕðt;xÞ ¼ J ðt;xÞ; ð2:35Þ

where the effective friction coefficient, β̃, and the source
term, J , are given by

β̃≡1−2πξ
hJi
3H _ϕ

¼1þ2πξhRJi; J ≡J−hJi: ð2:36Þ

In our convention where _ϕ > 0 and hJi < 0, the production
of gauge quanta results in an additional friction on the
inflaton motion that prolongs the duration of inflation.
The scalar power spectrum contains two parts:

PζðkÞ ¼ Pð0Þ
ζ ðkÞ þ ΔPζðkÞ; ð2:37Þ

in whichPð0Þ
ζ is the power spectrum from the scalar vacuum

fluctuations defined in Eq. (2.33) and ΔPζðkÞ is the
contribution of the source term J. We estimate ΔPζðkÞ
as follows. Near the horizon crossing, the first term on the
left-hand side of Eq. (2.35) cancels the third one.
Furthermore, discarding the last term in the slow-roll
regime yields the following estimation for the correction
in the inflaton perturbation induced by the source,

δϕJ ≈
J

3β̃H2
: ð2:38Þ

Using the relation ζ≡ − H
_ϕ
δϕ for the curvature perturbation

on the flat hypersurfaces, the induced curvature perturba-
tion by the source is given by

hζ2Ji ≃
hJ 2i

9β̃2H2 _ϕ2
: ð2:39Þ

In fact, the numerator corresponds to the variance
δðE ·BÞ2 ≡ hðE ·BÞ2i − hE · Bi2. A good estimation for
the variance has been calculated in Appendix B of Ref. [35]
yielding δðE ·BÞ2 ≃ hE ·Bi2. Putting all results together
one finds

PζðkÞ ≃ Pð0Þ
ζ ðkÞ þ

�hRJi
β̃

�
2

: ð2:40Þ

In the regime of no strong backreaction, where β̃ ≃ 1, the
relative correction to the power spectrum is given by

3Remember that without loss of generality, we assume _ϕ > 0
during inflation, i.e., V;ϕ < 0 and ξ > 0.
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ΔPζðkÞ
Pð0Þ

ζ

≃ 4.0 × 10−5Pð0Þ
ζ

e4πξ

ξ6
; ð2:41Þ

in which the relations (2.29) and (2.33) have been used.
For comparison, the fractional power correction has also

been computed by the Green function method in [15,48],
obtaining

ΔPζðkÞ
Pð0Þ

ζ

≅Pð0Þ
ζ e4πξ×

�
3×10−5ξ−5.4 2≤ ξ≤3

7.5×10−5ξ−6 ξ≫1
: ð2:42Þ

As seen, the quick estimation yielding to Eq. (2.41) is off
from the more extensive analysis yielding to Eq. (2.42) by a
factor of less than 2 in the large ξ limit. From either of the
above results we conclude that the backreaction on the
evolutions of δϕ at the perturbation level becomes impor-
tant earlier (around ξ ∼ 2.7) than the backreaction on the
background homogeneous equation of ϕ obtained from
Eq. (2.31) (around ξ ∼ 4.7).
When the system has reached the regime where β̃ ≫ 1

then one can approximate β̃ ≈ 2πξhRJi which from
Eq. (2.40) immediately gives

ΔPζðkÞ ≃
1

ð2πξÞ2 : ð2:43Þ

This equation suggests that curvature perturbations on
small scales, where the backreactions effects become
important, are much larger than those on the CMB-scales.
For example, assuming ξ ∼ 5 near the end of inflation, the
amplitude of the curvature perturbations is estimated to
be Pζ ∼Oð10−2Þ.
Before ending this section, we comment that in the above

analysis the backreactions are estimated by integrating
over tachyonic quantum modes to construct a classical
quantity. For example, the quantum expectation value of
hJi ∝ hE · Bi has been constructed by the contribution of
the tachyonic modes to act as a classical source for the
background evolution of the inflaton in the KG equation.
Similarly, the expectation value hE2 þ B2i has been calcu-
lated to act as a source for the evolution of the background
Friedmann equation. This approach looks reasonable and
one expects that the resulting estimation for the magnitudes
of the backreactions to be reliable.
Our goal in the next section is to study this question

using the alternative approach of stochastic inflation. One
important deviation in our analysis is that we construct the
background electromagnetic fields from the equilibrium
states of their coarse-grained field values. This, in con-
junction with the effects of the noises, enable us to provide
a new estimation for the backreactions. However, as we
shall argue below, the order of the magnitudes of both
estimations for the backreaction are consistent with
each other.

III. STOCHASTIC FORMALISM

Here we briefly review the formalism of stochastic
inflation and then apply it for our setup of axion inflation.
Stochastic inflation is an effective theory for the evolu-

tion of long modes on superhorizon scales which are
continuously under the influences of the small scale modes
which cross the horizon. The effects of these small scale
modes upon horizon crossing can be captured by Gaussian
white noise with the amplitudeH=2π [38–43]. To study the
dynamics of a field in the stochastic formalism, we split the
field and its conjugate momentum into the long IR and
the short UV modes. This decomposition is performed via
the Heaviside function Θðk − kcÞ in which kc is a cutoff
scale for IR modes. Using this window function for a
generic field Xðt;xÞ and its momentum Πðt;xÞ, we have
[39–41]

Xðt;xÞ ¼ Xlðt; xÞ þ
Z

d3k
ð2πÞ3 e

ik:xΘðk − kcÞXkðtÞ; ð3:1Þ

Πðt;xÞ ¼ Πlðt; xÞ þ
Z

d3k
ð2πÞ3 e

ik:xΘðk − kcÞXkðtÞ; ð3:2Þ

where kc ≡ εaðtÞH in which ε is a small dimensionless
parameter. The mode operator XkðtÞ contains the corre-
sponding annihilation and creation operators.
For the electric, magnetic, and scalar fields one can use

the following expansions for the corresponding quantum
mode functions,

EkðtÞ ¼
X
λ¼�

eλðk̂Þ½Eλðt; kÞâλk þ E�
λðt; kÞâλ†−k�; ð3:3Þ

BkðtÞ ¼
X
λ¼�

eλðk̂Þ½Bλðt; kÞâλk þ B�
λðt; kÞâλ†−k�; ð3:4Þ

ϕkðtÞ ¼ φkðtÞb̂k þ φ�
kðtÞb̂†−k; ð3:5Þ

where the creation and the annihilation operators associated
to the inflaton and the gauge field obey the following
commutation relation,

½b̂k; b̂†k0 � ¼ ð2πÞ3δð3Þðk − k0Þ; ð3:6Þ

½âλk; âλ
0†
k0 � ¼ ð2πÞ3δλλ0δð3Þðk − k0Þ; ð3:7Þ

and

½b̂k0 ; âλk� ¼ ½b̂k0 ; âλ†k � ¼ 0: ð3:8Þ

Applying the decompositions presented in Eqs. (3.1) and
(3.2) into the equations of motions (2.5), (2.6), and (2.8)
give the evolution of the mode functions φk, Eλ, and Bλ as
well as the evolution of the long mode parts denoted by
Φ;El and Bl. We use the definitions in Eq. (2.3) to obtain
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the mode functions of Eλ and Bλ from the gauge field mode
function Aλ given in Eq. (2.23).
For the evolution of scalar mode under the influence of

the backreactions from the electromagnetic fields we have

φ̈k þ 3H _φk þ
�
k2

a2
þ V;ϕϕ

�
φk ¼

α

f
ðEl:Bk þ Bl:EkÞ: ð3:9Þ

Note that the electromagnetic fields appear in the source as
a combination of IR part and a linear short mode. This is in
contrast to the convential analysis approach reviewed in the
previous section when the combination B · E appears as the
nonlinear source term with the understanding that both
fields are tachyonic quantum modes. This is a key effect
which plays a significant role in our analysis below.
The solution of Eq. (3.9) consists of two parts; the

homogeneous solution and the particular solution which is
due to the source. In Appendix A, we have presented a
solution for the mode function φk.
Inserting the decompositions (3.1) and (3.2) into

Eqs. (2.5), (2.6), and (2.8), the equations of motion for
the IR modes of the scalar field Φl and its conjugate
momentum Πl as well as the IR parts of the electric field El
and the magnetic field Bl are obtained as4

_Φ ¼ Πl þ σϕ; ð3:10Þ

_Πl − τϕ þ 3HΠl þ V;ϕ ¼ Jl; Jl ¼
α

f
El:Bl; ð3:11Þ

_El − σE þ 2HEl ¼ −
α

f
ΠlBl; ð3:12Þ

_Bl − σB þ 2HBl ¼ 0; ð3:13Þ

in which ðσ; τÞ are the quantum noises, given by

σϕðt;xÞ≡ −
dkc
dt

Z
d3k
ð2πÞ3 δðk − kcÞeik:xϕkðtÞ; ð3:14Þ

τϕðt;xÞ≡ −
dkc
dt

Z
d3k
ð2πÞ3 δðk − kcÞeik:x _ϕkðtÞ; ð3:15Þ

σEðt;xÞ≡ −
dkc
dt

Z
d3k
ð2πÞ3 δðk − kcÞeik:xEkðtÞ; ð3:16Þ

σBðt;xÞ≡ −
dkc
dt

Z
d3k
ð2πÞ3 δðk − kcÞeik:xBkðtÞ: ð3:17Þ

As shown in Appendix B, the vectorial stochastic noises
of the electric and magnetic fields σEðt;xÞ and σBðt;xÞ are
aligned along the x̂-direction. Therefore, the amplitude of
the electromagnetic fields in other directions decay accord-
ing to Eqs. (3.12) and (3.13) and only the components
along the x̂-direction become relevant. Moreover, it is more
convenient to use the e-folding number, dN ¼ Hdt, as a
clock and introduce the following dimensionless stochastic
variables

BðNÞ≡ x̂:BlðN;xÞ
MPlH

; EðNÞ≡ x̂:ElðN;xÞ
MPlH

; ð3:18Þ

for the magnetic and the electric fields.
Putting all things together, one can recast Eqs. (3.10)–

(3.13) into the following stochastic differential equations
(SDEs),5

dΦðNÞ ¼
�
−

V;ϕ

3H2
þ Jl
3H2

�
dN þDϕdWðNÞ; ð3:19Þ

dEðNÞ ¼ −
�
2þ

�
α

f
MPl

�
2 B2ðNÞ

3

�
EðNÞdN

þ α

f

V;ϕ

3H2
BðNÞdN þDEdWðNÞ; ð3:20Þ

dBðNÞ ¼ −2BðNÞdN þDBdWðNÞ; ð3:21Þ

where the subscript l for the long modes has been removed
for convenience while the explicit forms of the diffusion
terms DE, DB, and Dϕ are given in Eqs. (B14) and (B38).
Here, we have defined a Wiener processW associated with
a normalized classical white noise Ξ as

dWðNÞ≡ ΞðNÞdN; ð3:22Þ

where

hΞðNÞi ¼ 0; hΞðN1ÞΞðN2Þi ¼ δðN1 − N2Þ: ð3:23Þ

The numerical results for the evolutions of the electric
and magnetic fields are presented in Fig. 1 which show that
the electromagnetic fields settle down to local equilibrium
states. This is a key property which allows us to construct
the background values for the electric and magnetic fields
out of the corresponding stochastic variables. The growing
behavior of the electromagnetic fields seen in Fig. 1 can be
understood through the evolution of ξ (see also Fig. 4) and

4We use the following approximations for the IR modes

∇ × Bl ≃ 0; ∇Φ ≃ 0; ∇ × El ≃ 0; ∇2Φ ≃ 0:

5We have considered the slow-roll approximation,

_Πl þ 3HΠl ≃ 3HΠl; τϕ þ 3Hσϕ ≃ 3Hσϕ:

to simplify (3.19).
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the growing solution ∝ eπξ for the electromagnetic fields as
we will obtain later, see for example Eqs. (3.34) and (3.41).
In order to describe the time evolution of the electro-

magnetic fields, one can introduce the probability density
function (PDF) of the fields and then employ the Fokker-
Planck equation associated with the SDEs (3.19)–(3.21).
Intuitively, fX ðx;NÞdx is the probability that the value ofX
falls within the infinitesimal interval ½x; xþ dx� at the given
time N. Consider fX ðx;NÞ as the PDF of the random
variable XN which is described by the SDE,

dXN ¼ μðXN; NÞdN þDðXN; NÞdWN; ð3:24Þ

with the drift μ and diffusion coefficient D. The evolution
of fX ðx; NÞ is described via the associated Fokker-Planck
equation as follows:

∂fX ðx;NÞ
∂N ¼ −

∂
∂x ðμðx; NÞfX ðx;NÞÞ

þ 1

2

∂2

∂x2 ðD
2ðx; NÞfX ðx;NÞÞ: ð3:25Þ

Assuming a constant diffusion coefficient
DðX ; NÞ ¼ D, there are two simple interesting cases for
the drift coefficient as follows:

(i) μðX ;NÞ ¼ 0:
In this case, the SDE (3.24) describes a Wiener

process. The evolution of the stochastic variableX is
often called a Brownian motion and thus the PDF
fXðx;NÞ follows a normal (Gaussian) distribution,
denoted by Nð0; D2NÞ, describing a random walk

process with zero mean and varianceD2N, at a fixed
time N,

fX ðx;NÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πD2N

p exp

�
−x2

2D2N

�
: ð3:26Þ

In this paper, the parameter space is such that we do
not encounter this case, i.e., in the current analy-
sis μðX ; NÞ ≠ 0.

(ii) μðX ;NÞ ¼ c − bXN with b > 0:
In this case the SDE (3.24) represents an Orn-

stein-Uhlenbeck (OU) process for X. During this
process, the random force with the amplitude D can
balance the frictional drift force −bX , washing out
the explicit dependence of the mean to the initial
conditions X ini over time. This process describes the
continuous inflow of randomness into the system
with the long-term mean c=b and the long-term
varianceD2=ð2bÞwhile the trajectories of X evolves
around c=b in the long run. Therefore, the distri-
bution of X approaches the normal distribution
Nðcb ; D

2

2bÞ as N → ∞.
The process tends towards its long-term mean

(mean-reverting process), with a greater attraction as
the system is further away from the mean. Therefore,
the stochastic variable Y ≡ X − c

b admits an equi-
librium PDF, ∂feqY =∂N ¼ 0, with a bounded vari-
ance. The equilibrium solution of Fokker-Planck
Eq. (3.25) is then given by

feqY ðxÞ ¼
ffiffiffiffiffiffiffiffiffi
b

πD2

r
exp

�
−bx2

D2

�
: ð3:27Þ

Equipped with the above PDF, we obtain

hXieq¼
c
b
; hX 2ieq¼

�
c
b

�
2

þD2

2b
; δX2

eq¼
D2

2b
;

ð3:28Þ

in which δX2 ≡ hX2ieq − hXi2eq is the variance.
Although the equilibrium time Neq when X

reaches to the stationary value X eq is formally
infinite, but for our practical purpose we estimate
Neq as the time when jhX2ðNeqÞi − hX2ieqj=hX2ieq
drops to a small value say e−q for q≳ 4. A good
estimation is obtained to be Neq ≃ q=2b. Therefore,
b characterizes the speed at which the trajectories
will regroup around the mean c=b.

When c is a positive constant the SDE (3.24)
describes an OU process which is known as the
Vasicek equation [51], while for c ¼ 0 the SDE
(3.24) is called the Langevin equation.

FIG. 1. Numerical solution of SDEs (3.20) and (3.21) for one
hundred realizations. We have considered the scalar potential
V ∝ ϕ2, ξCMB ¼ 2, and the Hubble parameter H ¼ 10−6MPl.
The cutoff parameter is chosen via Eq. (4.7) to be
ε ∼ expð−πξCMB=2Þ. Although the electromagnetic fields show
growing behaviors they have settled down into their local
equilibrium states. These growing behaviors are caused from
the adiabatic evolution of ξ (see also Fig. 4 for further view)
which in turn yields the growing solution ∝ eπξ for the electro-
magnetic fields.
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Looking at Eqs. (3.20) and (3.21) it is clear that the
evolution of the magnetic (electric) field is govern by the
Langevin (Vasicek) equation. In subsections III A and III B,
we solve SDEs (3.21) and (3.20) using the method of Ito
calculus. Since the magnetic field is decoupled from the
other two fields, first we solve for the magnetic field.

A. Magnetic field

In this section, we study the evolution of the long modes
of the magnetic field described by Eq. (3.21). As mentioned
before, the SDE (3.21) describes an OU process in which
the frictional drift force −2B is balanced by the random
force DBΞ where DB is given in Eq. (B14). Therefore, the
distribution of B approaches the normal distribution
Nð0; D2

B=4Þ as N → ∞. With no classical initial condition,
the general solution of (3.21) is given by

BðNÞ ¼ DBe−2N
Z

N

0

e2s dWðsÞ: ð3:29Þ

Correspondingly, the average quantities hBðNÞi and
hB2ðNÞi (after averaging over a large number of simula-
tions) is obtained to be

hBðNÞi ¼ 0; hB2ðNÞi ¼ D2
B

4
ð1 − e−4NÞ; ð3:30Þ

where we have used the following properties of the
stochastic integrals [52],

	Z
N0

0

GðNÞdW
Z

N0

0

FðNÞdW



¼
Z

N0

0

GðNÞFðNÞdN;

ð3:31Þ
	Z

N0

0

GðNÞdW



¼ 0; ð3:32Þ

for the general functions F and G.
As mentioned before, the solution (3.29) admits an

equilibrium state which is obtained as N → ∞. For our
practical purpose, we consider NB

eq ≲Oð1Þ as the e-folding
number of the magnetic field to settle down to its stationary
state,

hBieq ¼ 0; δB2 ¼ hB2ieq ¼
D2

B

4
: ð3:33Þ

The above solutions are consistent with the stationary
solutions (3.28) obtaining via Fokker-Planck equation
when X ¼ B, c ¼ 0, b ¼ 2, and D ¼ DB. We denote
the amplitude of the magnetic field in the equilibrium state
as Beq, defined as follows:

Beq ≡
ffiffiffiffiffiffiffiffi
δB2

p
¼ DB

2
¼ H

4MPl

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinhð2πξÞ

3π3ξ

s
ε2: ð3:34Þ

Since the magnetic field drops to its stationary state very
quickly, we can replace B by its equilibrium value (3.34)
when solving the stochastic differential equations (3.19)
and (3.20) for Φ and E.

B. Electric field

Using the solution (3.34), the equation of motion for the
IR modes of electric field (3.20) can be rewritten as

dEðNÞ ¼ ðc − b EðNÞÞdN þDE dWðNÞ; ð3:35Þ

in which

b≡ 2þ
�
α

f
MPl

�
2 B2

eq

3
; c≡ 2ξVBeq; ð3:36Þ

and ξV is defined in Eq. (2.34). The stochastic differential
equation (3.35) has the form of a Vasicek SDE [51].
In the absence of any classical (initial) electric field, the

general solution of Eq. (3.35) is given by

EðNÞ ¼ c
b
ð1 − e−bNÞ þDEe−bN

Z
N

0

ebsdWðsÞ: ð3:37Þ

Correspondingly, we obtain

hEðNÞi ¼ c
b
ð1 − e−bNÞ; ð3:38Þ

hE2ðNÞi ¼ c2

b2
ð1 − e−bNÞ2 þD2

E

2b
ð1 − e−2bNÞ; ð3:39Þ

δE2 ¼ hE2ðNÞi − hEðNÞi2 ¼ D2
E

2b
ð1 − e−2bNÞ: ð3:40Þ

It’s worth mentioning that the equilibrium solutions (3.28)
are consistent with the above results as N → ∞. In fact,
after the e-fold N ¼ NE

eq ≲Oð1Þ the electric field admits a
stationary state to a high accuracy. We define the magnitude
of the electric field at the equilibrium state as

Eeq ≡
ffiffiffiffiffiffiffi
δE2

p
¼ DE

2
¼ H

2MPl

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ sinhð2πξÞ

3π3

r
ε2j ln εj: ð3:41Þ

In conclusion, we have found that both the electric and
magnetic fields settle down to their stationary states very
quickly after inflation starts. Therefore, it is justified to use
Eq. (3.34) and (3.41) for the background values of the
electromagnetic fields in the equation of motion of scalar
field (3.19) which is studied in next section.
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IV. BACKREACTIONS AND PARAMETER SPACE

We are interested in the small-backreactions regime
where the tachyonic instability of gauge fields do not have
significant effects on the evolution of the inflaton and the
background geometry. In the absence of stochastic noise,
these requirements lead to the constraints (2.31) and (2.32)
which impose the upper bound ξ < 4.7 in order to have a
long period of slow-roll inflation. In this section we revisit
the question of backreactions in our approach based on the
formalism of stochastic inflation.
In the previous section we have shown that the electro-

magnetic fields settle down to their local equilibrium states.
Therefore, it is justified to use their equilibrium values as
the source terms for the Friedmann and the KG equations.
Specifically, the backreaction conditions (2.27) and (2.28)
can be written in terms of the mean values Beq and Eeq,
defined in (3.34) and (3.41), as follows:

Req ≡
�
α

f
MPl

�
2 EeqBeq

6ξ
≪ 1; ð4:1Þ

Ωeq ≡ 1

6
ðE2

eq þ B2
eqÞ ≪ 1: ð4:2Þ

Using the specific values of Beq and Eeq given in Eqs. (3.34)
and (3.41) we obtain

ξ
1
2eπξε2

ffiffiffiffiffiffiffiffiffiffiffi
j ln εj

p
≪ 47

_ϕ

H2
; ð4:3Þ

ξ
1
2eπξε2

ffiffiffiffiffiffiffiffiffiffiffi
j ln εj

p
≪ 67

MPl

H
: ð4:4Þ

These conditions should be compared with those obtained
in Eqs. (2.31) and (2.32) using the quantum expectation
values over the tachyonic modes in Eqs. (2.29) and (2.30).
The exponential factor eπξ is the same in both sets of
formulas. However, in Eqs. (4.3) and (4.4) we also have the
contribution from the stochastic parameter ε. More pre-
cisely our estimation of backreactions in Eqs. (4.3) and
(4.4) is different from those in Eqs. (2.31) and (2.32) by the
combination ξ2ε2

ffiffiffiffiffiffiffiffiffiffiffij ln εjp
. We will discuss more about the

physical meanings of the parameter ε in the next
subsection.
As before, the constraint (4.4) becomes trivial in the limit

of slow-roll inflation because _ϕ ≪ MPlH. On the other
hand, imposing the COBE normalization for the scalar
power spectrum (2.33) the constraint (4.3) leads to
ξ
1
2eπξε2

ffiffiffiffiffiffiffiffiffiffiffij ln εjp
≪ 1.6 × 105. We define a critical value

for the instability parameter, denoted by ξc, corresponding
to the maximum value of ξ in the small-backreaction

regime. More precisely, we assume ξ
1
2
ceπξcε2

ffiffiffiffiffiffiffiffiffiffiffij ln εjp ≡
1.6 × 105r in which the ratio r≲Oð1Þ. Assuming
r ≪ 1, the requirement R ≪ 1 for small backreaction is

guaranteed. But the value of ξc is not very sensitive to r due
to the exponential factor eπξc so we simply set r ¼ 1 in the
rest of the paper. As a result, we see that the backreaction
condition is now controlled by two parameters ðε; ξÞ.
Hence, a relevant question is what is the bound on ε? In
the next subsection, we investigate this question.

A. Cutoff parameter ε

As we have seen in the previous analysis, the cutoff
parameter ε plays an important role in estimating the
backreaction effects. Specifically, for smaller values of ε
the bound on ξ is relaxed so higher values of ξ are allowed.
As ξ is the important parameter of the setup which controls
the backreactions on the dynamics of the background and
the level of induced curvature perturbations and non-
Gaussianities, it is important to study the effects of ε in
more detail.
In the stochastic formalism, the superhorizon coarse-

grained field is treated as the background field. In Eq. (3.1),
we used the Heaviside function to perform the long and
short decomposition so the coarse-grained field Xlðt;xÞ is
obtained to be

Xlðt;xÞ ¼
Z

εaH

0

d3k
ð2πÞ3 e

ik:xXkðtÞ: ð4:5Þ

The coarse-grained field contains only modes with the
wave number k < εaH. With ε ≪ 1 the corresponding
wavelengths are much longer than the horizon scale
L ∼ ðaHÞ−1. The coarse-grained field is assumed to be a
classical field, and since the horizon scale L becomes
shorter and shorter, more and more of of subhorizon modes
contribute to the coarse-grained field and become classical.
By classical, we mean that the commutator of the field and
its conjugate momentum approach zero. For a wide class of
models this commutator is proportional to εm with m > 0.
Hence, by choosing ε small enough the commutator goes to
zero and the assumption of classical limit is justified.
Physically speaking, the cutoff parameter ε represents

the scale dependency of the electromagnetic fields in our
model. To see this, from Eq. (B5) we find that Bλ ∝ ε2 and
Eλ ∝ ε2 ln ε so the electromagnetic energy density decays
as ε4. This is in line with the fact that the electromagnetic
energy density in inflation is diluted as k−4 at the horizon
exit. Another example is the behavior of the electromag-
netic fields in I2F2 models with I ∝ a−n [45]. In this case,
the amplitude of the diffusion terms, or equivalently the
power spectrum, corresponding to the electric (magnetic)
field is given by PE ∝ ε2−n (PB ∝ ε3−n). Correspondingly,
a scale invariant spectrum for the electric (magnetic) field is
obtained when n ¼ 2 (n ¼ 3) as expected. Therefore, we
conclude that the cutoff parameter ε controls the scale
dependency of the system in such a way that ε ∝ k−1.
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A schematic view of the effects of ε is presented in Fig. 2.
Consider a mode k which exits the horizon ðaHÞ−1 at N�
while exiting the smoothing patch ðεaHÞ−1 atNε. During the
interval between N� and Nε the mode is superhorizon but it
still cannot contribute to the coarse-grained field. In other
words, the mode does not become classical at N� and it still
retains its quantum behavior till Nε.
To estimate the magnitude of ε, let us consider the noises

associated to the scalar field perturbation given in
Appendix B 2. From the combination of Eqs. (B25)–
(B28) we conclude that ε should satisfy the constraint
expð−3H2

2m2 Þ≲ ε≲ m
H in order for the system to be classical

[39–41]. On the other hand, from the properties of the
electromagnetic noise in Appendix B 1, from the combi-
nation of Eqs. (B6)–(B10) we require that expð−πξ=2Þ ≲
ε ≪ 1 in order for the system to reach the classical limit.
Since, typically H=m ≫ ξ during slow-roll inflation, we
conclude that ε falls in the following range in order for the
system to be treated as classical,

exp

�
−πξ
2

�
≲ ε≲ m

H
: ð4:6Þ

As ξ increases during inflation, one may consider the
smallest value of ξ at the CMB scale, ξCMB, such that the
backreactions are under control throughout inflation and

exp
�
−πξCMB

2

�
≲ ε≲ m

H
: ð4:7Þ

As we shall see from the corrections in power spectrum
induced by gauge field perturbations and the constraints on

CMB, the parameter ε is typically at the order ε≲Oð0.1Þ.
We will see that this range is also acceptable when we
consider the PBH bounds on the power spectrum of the
curvature perturbation.
Let us define ξc as the maximum value of the instability

parameter where the backreactions on the background
Hubble expansion rate in Friedmann equation and the
inflaton dynamics in KG equations are negligible. For
example, by choosing ε ¼ f1=7; 1=15; 1=25g, we have
ξc ¼ f4.7; 5.1; 5.4g, respectively, without encountering
the backreactions at the background level. This shows that
the stochastic formalism with a small enough parameter ε
relaxes the upper bound on the instability parameter ξ.
However, it should be noted that there is a lower bound on ε
given by Eq. (4.7).
The allowed parameter space for small backreactions at

the background level (i.e., in the absence of perturbations)
are shown in Fig. 3. The blue area represents the regions of
the parameter space where the backreactions of the gauge
quanta on the Hubble expansion rate and on inflaton field
can be neglected in the stochastic approach. The orange
region shows the same backreaction constraints if the
conventional methods, such as in [53], are used. Our
estimation for the backreactions and the allowed range
of ξ is qualitatively consistent with the results obtained in
conventional approach but the stochastic effects modify the
allowed range of ξ to some extent. Further comparisons

FIG. 2. Interpretation of long and short modes in terms of the
cutoff parameter ε. When constructing a coarse-grained field for
the long-mode perturbations, all modes in the range k > εaH are
integrated out. These modes contribute to the evolution of the
coarse-grained field through the stochastic noise. During the
interval N� and Nε, the mode k becomes a superhorizon but
cannot contribute to the coarse-grained field because the mode
has not become classical.

FIG. 3. The allowed regions with allowed (i.e., small enough)
backreactions in the stochastic approach (blue) and conventional
approach (orange), see e.g., [53]. The two regions intersect at the
red point (4.7,0.14). The right blue boundary curve represents
the upper bound on ξ, i.e., ξc. Reducing the cutoff parameter ε, the
upper bound on ξc is relaxed in the stochastic approach as seen by
the extension of the blue region. The left blue boundary curve
represents the lower bound (4.7) for ε. For example, for
ξCMB ¼ f2; 3.5g, the cutoff parameter must be chosen so that
ε≳ f0.04; 0.004g, respectively. However these two values are
excluded by PBH constrains on the curvature power spectrum as
discussed in Sec. VI.
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between the two methods of estimating the backreactions
will be given when studying the scalar perturbations in the
next section.

B. Instability parameter ξ

The instability parameter ξ evolves adiabatically during
inflation. In the presence of the stochastic noise, upon
averaging over Eq. (2.20), we obtain

ξ ¼ α

2f

	
dΦ
dN



≃ ξVð1þ ReqÞ−1; ð4:8Þ

where ξV is given by Eq. (2.34) and we have used
Eq. (3.19) and the stochastic integral (3.32). The behaviors
of ξ in Eq. (4.8) is similar to Eq. (2.34). The only difference
is that we use Req instead of RJ and the upper bound on the
allowed range of ξ is somewhat increased in the presence of
stochastic noise. This is shown in Fig. 3 where the regime
of small backreaction is extended to somewhat larger value
of ξ as one allows for smaller values of ε.
There are two comments in order. First, during inflation ξ

grows like ϵ1=2ϕ while Req grows like e2πξ. Hence, the
growth of ξ affects the adiabatic evolution of ξ itself in such
a way that around the time of end of inflation ξ approaches
a nearly constant value. Second, the evolution of ξ does not
lead to strong backreaction: starting with any values for
ξCMB in the allowed (blue) region of Fig. 3, the system
remains in the regime of small backreaction throughout
inflation. In other words, the final value of ξ at the end of
inflation is always below the maximum value ξc. These two
points are illustrated in Fig. 4 where the evolution of the
instability parameter ξ during inflation have been plotted.
With this plot, we have also compared Eq. (2.34) with the
stochastic approach (4.8). We take the example of large
field model VðϕÞ ∝ ϕ2 with Ntot ¼ 60 e-fold of inflation.
For the case ε ¼ 1=7 the plot of ξ vs N coincides with that
obtained in the conventional approach studied in Sec. II. As
seen, for the smaller value of cutoff parameter ε, the
backreaction effects on the evolution of ξ starts later so
ξ has enough time to grow to a higher value. If one naively
ignores the backreactions on ξ itself then inflation is
terminated well before Ntot ¼ 60.

V. SCALAR POWER SPECTRUM

In this section we study the curvature perturbation power
spectrum. In addition to the usual contribution from the
inflaton perturbations, there is an additional contribution in
curvature perturbations induced from the tachyonic gauge
field perturbations. After the electromagnetic fields are
settled down to their equilibrium state given by Eqs. (3.34)
and (3.41), the Langevin equation (3.19) for the long mode
of scalar field perturbations takes the following form,

dΦðNÞ ¼
ffiffiffiffiffiffiffiffi
2ϵV

p
MPl

1þ Req
dN þ Dϕ

1þ Req
dWðNÞ; ð5:1Þ

where the diffusion coefficient Dϕ is given by (B38).
We employ the stochastic δN formalism [54–56] to

calculate the curvature perturbation power spectrum. In δN
formalism [57–65], starting with a flat initial hypersurface,
the curvature perturbation is given by the difference in
background number of e-folds between this flat
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FIG. 4. Top: The evolution of the instability parameter in term
of e-folding number for ξCMB ¼ 2 and quadratic potential when
the various cutoff parameter ε ¼ 1=7 (blue), 1=15 (red dash-
dotted), and 1=25 (orange long-dashed) are considered. The plot
for the case ε ∼ 1=7 in our approach containing the stochastic
noise coincides with the result in the conventional method where
there is no noise. The horizontal dotted lines represent ξc, the
maximum value of ξ which satisfies the constraint Req < 1.
Ignoring the effects of gauge quanta on the evolution of ξ itself is
shown by the tick gray solid line. Following this line, the final
value of the instability parameter at the end of inflation is simply
given by ξ ∼ α=f when the first slow-roll parameter is at the order
of one. Bottom: The evolution of ξ for different initial values
ξCMB. The parameter ε for each case is fixed by the lower bound
in Eq. (4.7). For all cases, the final values of ξ is always below the
corresponding values of ξc. This means that the system does not
experience significant backreactions throughout inflation.
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hypersurface and the final hypersurface of constant energy
density via

ζðxÞ ¼ Nðt;xÞ − N̄ðtÞ≡ δN; ð5:2Þ

where N̄ðtÞ≡ lnðaðtÞaðtiÞÞ is the unperturbed amount of

expansion.
In the stochastic approach the amount of expansion

between these two slices is a stochastic quantity which we
denote byN . DefineΦ�ðkÞ as the mean value of the coarse-
grained field when the given wave number k crosses the
Hubble radius. Let us also denote byN ðkÞ the number of e-
folds realized between Φ�ðkÞ and Φend when inflation ends
with the variance

δN 2ðkÞ≡ hN 2ðkÞi − hN ðkÞi2: ð5:3Þ

Then using the stochastic δN formalism, the curvature
perturbation power spectrum is given by [54–56]

PζðkÞ ¼ PδN ðkÞ ¼ dhδN 2i
dhN i

����
hN i¼lnðkendk Þ

: ð5:4Þ

To calculate hN i and hδN 2i, we write the Langevin
equation (5.1) in the following form

dΦðN Þ ¼ μ̃dN þ D̃dWðN Þ; ð5:5Þ

where the drift μ̃ and diffusion D̃ are nearly constant.
Integrating the above equation from Φ�ðkÞ to Φend we
obtain

ΦendðN Þ −Φ� ¼ μ̃N þ D̃
Z

N

0

dWðN 0Þ: ð5:6Þ

Using the stochastic property of Brownian motion such as
the integral (3.31), one obtains

hN 2i ¼
�
D̃
μ̃

�
2

: ð5:7Þ

Then the curvature power spectrum (5.4) is the square of
the diffusion over drift

Pζ ¼
�
D̃
μ̃

�
2

: ð5:8Þ

In Appendix C, we rederive the above relation using the
PDF method.
Now considering the Langevin equation (5.1), the power

spectrum of the curvature perturbation from Eq. (5.8) is
obtained to be

Pζðε; ξÞ ¼
H2

8π2M2
PlϵV

�
1þ H2

72
ffiffiffi
2

p
π3ξ3=2

�
α

f

�
2

× e2πξ sinhð2πξÞε4G2ðε; ξÞ
�
; ð5:9Þ

where Gðε; ξÞ is given by (B33) and is plotted in Fig. 8. The
first term above is the contribution from the vacuum
fluctuations while the second term is the contribution from
the gauge field perturbations.
In the weak backreaction regime ξ < ξc, with ξc to be

read from Fig. 3, one can eliminate the parameter α=f from
the COBE normalization (2.33), obtaining

α

f
HCMB ≃ 4πξCMB

ffiffiffiffiffiffiffiffiffi
Pð0Þ

ζ

q
: ð5:10Þ

Using this expression, the curvature perturbation power
spectrum Eq. (5.9) for ξ > 1 is written as

PζðξÞ ≃ Pð0Þ
ζ

�
1þ

ffiffiffiffiffi
2ξ

p
18π

ε4Pð0Þ
ζ e4πξG2ðε; ξÞ

�
: ð5:11Þ

Correspondingly, the fractional correction in power spec-
trum induced from the gauge field perturbations in the
stochastic formalism is given by

ΔPSto
ζ

Pð0Þ
ζ

≃
ffiffiffiffiffi
2ξ

p
18π

ε4Pð0Þ
ζ e4πξG2ðε; ξÞ: ð5:12Þ

The above expression should be compared with the
corresponding result given in Eq. (2.42) obtained in the
conventional approach based on mean-field approximation
of tachyonic modes. We see that the overall exponential
growth e4πξ is the same in both formula which is the
hallmark of the curvature perturbations induced from the
tachyonic gauge field perturbations. However, our formula
has the stochastic factor ε4 while Eq. (2.42) contains a
numerical suppression 10−5 which emerged upon approx-
imations employed in obtaining Eq. (2.42). This suggests
that with ε ∼ 10−1 the two methods yield to qualitatively
similar results for the induced power spectrum. This is also
consistent with the bound obtained in Eq. (4.6). Indeed, as
discussed in Appendix B 1, we can take ε ∼ e−πξ=2. To fix
the numerical value of ε one can consider the largest value
of ξCMB for which the backreactions are under control
throughout inflation and then set ε ∼ e−

π
2
ξCMB .

Note that as ξ grows during inflation, one can end up
with a situation such that Pζ ≳Oð1Þ at the end of inflation
so the perturbative approximation is violated. In order for
the perturbative treatment to be valid during the entire
period of inflation, one should start with a small enough
initial value ξCMB. For example, starting with ξCMB ¼ 2.2
and ε ¼ 0.03 leads to ξðteÞ ≃ 5.3 at the time of the end of
inflation. This is below ξc ≃ 5.6 which is obtained from the
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background constraint but leads to Pζ ≳Oð1Þ, invalidating
the perturbative treatment. Physically, this originates from
the fact that the tachyonic growth of the gauge field quanta
backreacts on the inflaton field itself by inverse decay,
δAþ δA → δφ, which causes the enhancement of the scalar
power spectra. Note that this is totally different from the
backreaction effects arising from the gauge field on the
background evolution. These effects can be seen in Fig. 5
where the total power spectrum has been plotted vs the
number of e-folds N.
It is worth comparing the values of ε in Figs. 3 and 5 for

the cases in which the stochastic and conventional
approaches are consistent with each other. In Figs. 3 and
7, we have set ε ∼ 0.15 to compare the backreaction effects
of the enhanced gauge fields at the background level. But in
Fig. 5, we obtain ε ∼ 0.3 if we demand the amplitude of
fluctuations in the stochastic and conventional methods
coincide with each other at the perturbation level. Although
it might look that there is a tension in estimating ε, the order
of magnitude of these two values is the same which is
acceptable for our semianalytical approach. Finally, the
case ε ∼ 0.15 is chosen over the case ε ∼ 0.3 because the
former not only guarantees a small backreaction but also
the transition to classical limit of quantum noises is more
transparent.

VI. PBH LIMITS ON POWER SPECTRUM

In this section we study the PBH formation in this setup
to put constraints on the model parameters.
A PBH may form in the early universe if there is an

enhancement in PζðkÞ generated during inflation [66–69]
on small (sub-CMB) scales. The small-scale perturbations
reenter the cosmological horizon during radiation era. If
these perturbations are large enough in amplitude, they can
collapse and form a PBH of mass similar to the horizon
mass (see, for example, Refs. [70,71] for more details on
the criterion for formation). We have obtained an enhance-
ment in Pζ given in Eq. (5.11) due to the tachyonic growth
of the gauge field perturbations towards the end of inflation.
Therefore, the probability of PBH formation in this
scenario is not negligible [35,72]. Correspondingly, the
enhanced power may lead to the overproduction of PBH
which can overclose the universe. This can also be used to
put limits on the model parameters.
A PBH will form if at the horizon reentry (k ¼ aH) the

amplitude of the smoothed density contrast δ is large
enough. The classical PBH formation criterion in the
radiation-dominated epoch is given by [73],

δ > δc; ð6:1Þ
where δ is the smoothed density contrast at horizon
crossing, k ¼ aH. The probability of having δ > δc cor-
responds to the fraction of space β that can collapse to form
horizon-sized black holes. The parameter β represents the
mass fraction (the energy density fraction) of PBHs at the
time of formation,

β≡ ρPBH
ρtot

����
tf

¼ ΩPBH

�
H0

Hf

�
2
�
af
a0

�
−3
; ð6:2Þ

where ΩPBH is the density parameter of PBHs at present.
The subscribes “0” and “f” denote the values evaluated at
the present and at the time of formation tf , respectively.
The PBH mass can be approximated by the horizon

mass, MH ≡ ð4π=3ÞρfH−3
f , with ρf being the total energy

density of the Universe at tf . We then find

MPBH ¼ γMH ¼ 4πγM2
Pl

Hf
; ð6:3Þ

in which γ is a correction factor evaluated as γ ¼ 3−3=2 ≃
0.2 by a simple analytic calculation for the collapse in the
radiation dominated era [74].
On the other hand, having the PDF of δ, denoted by

fδðxÞ, the mass fraction is given by

β ¼
Z

δmax

δc

dxfδðxÞ; ð6:4Þ

where δmax is the maximum value of the density perturba-
tion at the horizon crossing for PBH formation. The PDF of
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FIG. 5. The curvature perturbation power spectrum in axion
inflation with the chaotic potential VðϕÞ ∝ ϕ2. The instability
parameter at CMB scale, ξCMB ≃ 2.2, is chosen such that the
results here can be compared with those of [35]. The upper thick
solid orange lines represent the bound on the primordial density
perturbations to prevent the overproduction of PBHs for two
different statistics; Gaussian (top) and χ2 (bottom). The result for
the case ε ¼ 0.3 nearly coincides with the result in conventional
approach with no stochastic noise. The case ε ¼ 0.03, which
crosses the PBH limit, corresponds to the lower bound of (4.7).
Starting with ξCMB ¼ 2.2 with ε ≃ f0.03; 0.18; 0.3g, the final
value of the instability parameter is found to be
ξðteÞ ¼ f5.3; 4.2; 3.9g, respectively. This shows that the system
does not experience any significant backreaction from the gauge
field. But, for the case ε ≃ 0.03, the system becomes non-
perturbative with Pζ ≳Oð1Þ before the end of inflation as seen
from the red solid line.

TALEBIAN, NASSIRI-RAD, and FIROUZJAHI PHYS. REV. D 105, 103516 (2022)

103516-14



δ is simply related to the PDF of primordial curvature
perturbations as follows. The comoving density perturba-
tion δ is related to the Bardeen potential Ψ in Fourier space
through the relation

δk ¼ −
2

3

�
k
aH

�
2

Ψk: ð6:5Þ

For the superhorizon modes, Ψk ≃ − 2
3
ζk, the criterion (6.1)

can be translated to a lower bound for the curvature
perturbation, which is

ζ > ζc ≃
9

4
δc: ð6:6Þ

If we assume the PBH formation threshold δc ≈ 0.45 [75]
(δc ≈ 1=3 [73]), then ζc ∼ 1 (ζc ∼ 0.75). Therefore, a PBH
is formed when a curvature mode reenters the horizon
during radiation era when its amplitude is above ζc. The
probability of this event can be read from Eq. (6.4) when it
is written in the following form

β ¼
Z

ζmax

ζc

dx fζðxÞ; ð6:7Þ

where fζ is the PDF of primordial curvature perturbations.
Conventionally, it has been assumed that fζ obeys χ2-

statistics [35,76,77]. This assumption is based on the fact
that the curvature perturbation is the sum of a vacuum
modes plus a part sourced by the gauge modes. Since the
vacuum term is always negligibly small for PBH formation,
one only needs to consider the formation due to the source
term which originates from the convolution of two
Gaussian modes. The non-Gaussianity of fluctuations
δϕ, described by Eq. (2.35) in conventional approach,
arises just from the particular solution (2.38) which is
bilinear in the gauge field. Therefore in this context the
PDF fζ follows χ2-statistics.
Contrary to the above view, taking into account the

stochastic noise, the scalar fluctuation ϕk is now described
by Eq. (3.9) which is linear in quantum gauge field
perturbations. Specifically, in the right-hand side of
Eq. (3.9) as the source term, we have the product of a
classical long mode and a quantum short mode so the
corresponding statistics is expected to be Gaussian due to
the quantum short mode fluctuations. To support this
conclusion, in Appendix D we have calculated the PDF
of curvature perturbation using the Langevin equation (5.1).
We have shown that, to a good accuracy, fζ follows a
Gaussian distribution,

fGζ ðx; σζÞ ¼
e
− x2

2σ2
ζffiffiffiffiffiffiffiffiffiffi

2πσ2ζ

q ; ð6:8Þ

in which σζ is the variance of the curvature fluctuations.
A PBH forms when ζðkNÞ≳ ζc, where we recall that kN

indicates the wave number corresponding to the mode that
has left the horizon N e-folds before the end of inflation,
N ¼ jNtot − Nj. Very naively, the variance is considered as
σ2ζ ≡ hζðkNÞ2i ¼ PζðkNÞ. To derive the relation between
the number of e-folds N and the PBH mass MPBH that can
be formed from this mode, we assume the Universe is
radiation dominated right after the end of inflation (i.e.,
assuming an instant reheating). In this case, the black hole
mass can be estimated as [67]

MPBH ≃ 10 gr

�
γ

0.2

��
10−6MPlHend

H2
N

�
e2N; ð6:9Þ

whereHend andHN are the Hubble rates at the of end of the
inflation time and when the mode kN exits the horizon
during inflation, respectively. Above, we have normalized
the scale factor at the end of inflation to unity and used
kN ¼ e−NHN. We then obtain σ2ζ ≃ PζðMPBHÞ for the
variance of PDF in terms of PBH mass.
To be more precise, in order to calculate the probability

of PBH formation we need the PDF of the smoothed ζ-
field, ζR, where R is the smoothing radius. The smoothing
effects come only through the variance σζ, while the shape
of the PDF is the same as in Eq. (6.8). Let us introduced the
smoothed variance σPBH as

σ2PBH ≡ hζ2Ri ¼
16

81

Z
∞

0

d ln kðkRÞ4PζðkÞW̃2ðkRÞ; ð6:10Þ

where R−1 ¼ afHf is the comoving scale at tf and W̃ðkRÞ is
a Fourier transform of the Gaussian window function,
W̃ðkRÞ ¼ e−k

2R2

. Putting everything together, one finds
that the fraction β of the Universe which goes into PBH of
mass scale MPBH at the formation epoch is given by

βðMPBHÞ¼2γ

Z
ζmax

ζc

fGζ ðx;σPBHÞdx;

≃γErfc

�
ζcffiffiffi
2

p
σPBH

�
;

≃γ

ffiffiffi
2

π

r
σPBH
ζc

exp
�
−

ζ2c
2σ2PBH

�
;

σ2PBH¼σ2PBHðMPBHÞ; ð6:11Þ

where the factor 2 comes from Press-Schechter theory and
ErfcðxÞ is the complementary error function. We have
assumed ζmax ≫ ζc ≫ σζ in the second and last equations.

STOCHASTIC EFFECTS IN AXION INFLATION AND … PHYS. REV. D 105, 103516 (2022)

103516-15



The last expression is a consequence of the asymptotic
expansion of ErfcðxÞ for x ≫ 1.
Using the above relation, one can compute the fraction

of PBHs against the total DM density at the present given
by [69]

fðMPBHÞ≡ ΩPBH

ΩDM
≃ 1.52 × 108 βðMPBHÞ

�
γ

0.2

�
1=2

×

�
g�f

106.75

�
−1=4

�
MPBH

M⊙

�
−1=2

; ð6:12Þ

in which g�f is the number of relativistic degrees of freedom
when PBHs form and M⊙ ≃ 2 × 1033 gr is the solar mass.
For the power spectrum given by (5.11), where the peak of
the power spectrum is located in the last ten e-folds, the
fraction f is significant only for PBHs with the mass less
than ≲1011 gr. Since the PBHs with mass ≲1015 gr have
evaporated by the present epoch via Hawking radiation,
PBH of cosmological interest cannot be generated in the
simplest model of axion inflation. In Sec. VII we discuss a
variant of axion inflation which can generate more massive
PBHs to be relevant for cosmological purposes such as for
dark matter or in GW studies.
Therefore, we only deal with the PBH constraints on the

model parameters. Specifically, the PBH bounds can be
translated to the bounds on ξCMB and α=f [35,78]. There
are observational constraints on f coming from the non-
detection of PBHs. We have used these constraints from
Ref. [79], and references therein. Thus, for a given mass of
PBH, the constraints on f can be interpreted as the
constraints on β [79]. The limits on β can also be translated
into the upper bounds on the primordial scalar density
perturbations as a function of N. In Fig. 5, we have
presented the upper bound by assuming a constant
Hubble rate HN ≃Hend ¼ 10−6MPl during inflation for
two different statistics of the induced primordial scalar
perturbations.
If the induced scalar modes obey χ2-statistics, as in

conventional treatment studied in previous literature, then
the mass fraction can be estimated as

βχ2 ≃ γErfc

��
1

2
þ ζcffiffiffi

2
p

σPBH

�1
2

�
; ð6:13Þ

which significantly tightens the limit on the scalar power
with respect to Gaussian statistics (6.11). Therefore, we
conclude that taking into account the stochastic noise along
with the Gaussian distribution of primordial perturbations
relax the constraints from the overproduction of PBHs on
the model parameters. However, the significant enhance-
ment of power spectrum at the end of inflation due to
stochastic noise must be considered especially when one
chooses a very small values of ε.

Here, we present the PBHs constraints for two particular
potentials, VðϕÞ ∝ ϕp for p ¼ 1 and p ¼ 2. Compared to
the previous works [35,78], we can translate the constraints
on the overproduction of PBHs to constraints on ξCMB at
CMB scales. The authors of [78] obtained the constraint on
the value of instability parameter ξCMB for the linear
(quadratic) potential to be ξCMB ≲ 1.65 (ξCMB ≲ 1.75).
To obtain these results, it was assumed that the ζ-field
has a χ2 − distribution.6 The constraints obtained in [35,78]
are based on the fact that there are no black hole bounds for
the last six e-folds of inflation, N≲ 6. Turning on the
stochastic noise, however, the distribution of ζ-field is
Gaussian. This relaxes the upper bounds on ξCMB compared
to the χ2-distribution. In Fig. 6 we have presented the
results for the quadratic potential. We have obtained the
constraints ξCMB ≲ 2.57 for the quadratic potential. For a
linear potential one obtains ξCMB ≲ 2.50. The results show
that the stochastic noises shift the previous bounds on the
instability parameter towards larger values by about fifty
percent. The main reason for this difference is that we have
a Gaussian distribution of curvature perturbation in the
stochastic formalism. In addition, we see that the enhance-
ment in the power spectrum towards the last six e-folds of
inflation is stronger in the stochastic approach.
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FIG. 6. The enhancement of curvature power spectrum for
quadratic potential. The upper thick solid orange line represents
the PBHs bound on the primordial density perturbations for the
Gaussian scalar perturbations with ζc ¼ 1. The parameters have
been chosen such that the PBH bound is not violated. For this
potential, the blue dashed curve corresponds to ξCMB ≃ 1.54 with
the cutoff parameter ε ≃ 0.1 coming from the lower bound in
Eq. (4.7). In this case, the final value for instability parameter at
the end of inflation is 4.64 which is below the backreaction
bound, ξc ¼ 4.97. The red dotted curve corresponds to ε ≃ 0.2
and ξCMB ≃ 2.57 with the final value ξðteÞ ≃ 4.14 which is
smaller than ξc ¼ 4.53. As seen from both cases, the perturbative
scheme is valid in which Pζ < 1.

6These values are relaxed by about three percent if we consider
χ22 − distribution [78].
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The comparison between the stochastic approach and the
conventional method becomes more transparent if we
investigate the parameter space of ðξCMB; εÞ in the presence
of perturbations. In Fig. 7, we have presented the allowed
parameter space of ðξCMB; εÞ for the quadratic potential
while the following conditions are satisfied:
(1) The PBH bounds on the power spectrum, arising

from the Gaussian distribution of curvature pertur-
bation, are satisfied.

(2) The tachyonic growth of the gauge fields does not
induce strong backreactions on the background
inflaton dynamics. In other words, the allowed
parameter space (blue area) shown in Fig. 3 is
chosen.

(3) The induced curvature perturbations are perturba-
tively under control, i.e., Pζ < Oð1Þ throughout
inflation.

(4) The COBE normalization for the power spectrum of
curvature perturbation (2.33) has been imposed on
CMB scales.

After imposing the above constraints, we see from Fig. 7
that the cutoff parameter ε typically is at the order ε ∼
Oð0.1Þ as we mentioned before. Also note that large value
of ε, while acceptable in Fig. 7, are not allowed as it will be

in conflict with the upper bound of (4.7), ε≲m=H, coming
from the scalar noise.

VII. SUMMARY AND DISCUSSIONS

In this paper we revisited the model of axion inflation by
taking into account the stochastic effects of electromagnetic
noise. Because of the parity-violating interaction, one of the
polarization of the gauge field perturbations become
tachyonic, inducing large curvature perturbations. The
amplitude of the induced power spectrum is controlled
by the instability parameter ξ which evolves adiabatically
during inflation.
We derived the associated Langevin equations for the

electric and magnetic fields, given respectively by
Eqs. (3.20) and (3.21). The latter has the form of an OU
process while the former is in the form of Vasicek SDE. The
main feature of these two kinds of SDE is that they describe
a mean-reverting process during which the fields settles
into their equilibrium states. This property prevents them
from decaying and also from experiencing a very large
tachyonic instability. In addition, the local equilibrium of
electromagnetic fields protects the inflaton field from the
tachyonic growth of the gauge fields towards the end of
inflation. The stochastic noise relaxes the bounds on the
instability parameter ξ before the system enters the strong
backreaction regime. In the conventional approach studied
in the previous literature one usually estimates a back-
ground value for the electromagnetic fields by calculating
the cumulative effects of tachyonic modes. However, in the
stochastic approach, we study the evolution of coarse-
grained electromagnetic fields taking into account the
stochastic noise arising from the UV modes. The strength
of backreactions in the two approaches are qualitatively the
same for the cutoff parameter of ε ∼Oð0.1Þ. This value of ε
is supported from various constraints imposed both at the
background and perturbation levels. However, having a
Gaussian distribution for ζ in the stochastic formalism can
distinguish these two approaches from each other.
We have studied the Langevin equation of the inflaton

field and calculated the curvature perturbation power
spectrum induced by the gauge field perturbations. We
have shown that the distribution of gauge field curvature
perturbation follows Gaussian statistics and have studied
the PBH formation in the presence of stochastic noise. As ξ
evolves adiabatically and the curvature perturbations is
amplified only towards the last 5–10 e-folds of inflation,
the produced PBH are light and are evaporated via
Hawking radiation. Imposing the PBH constraints we have
found the upper bounds ξCMB ≲ 2.50 and ξCMB ≲ 2.57 for
the linear and quadratic potentials, respectively.
Consequently, the bounds on ξ are shifted by more than
fifty percent towards larger values. The main reason for this
difference is that we have a Gaussian distribution for the
induced curvature perturbations.
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FIG. 7. The allowed parameter space for the cutoff parameter ε
vs the instability parameter ξCMB. The shaded blue area satisfy all
four requirements indicated at the end of this subsection, i.e., the
PBHs bound, no strong backreactions on background dynamics,
the power spectrum to be perturbative and the COBE normal-
izations on the CMB scales. The two red dots have the
coordinates (1.54,0.09) and (2.7,0.173). The instability parameter
for the former point, ξCMB ≃ 1.5, is near the result obtained in the
absence of stochastic noise as studied in Refs. [35,78]. However,
the cutoff parameter ε ≃ 0.17 for the latter point is around the
intersection point (red dot) in Fig. 3 where the backreaction
effects at the background level in the stochastic formalism
coincides with those of conventional method. Imposing the
additional condition ε ≲m=H from the scalar noise (4.7), we
conclude that the value ε ≃Oð0.1Þ is the typical acceptable value
of the cutoff parameter.
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Motivated by the above results, especially on the roles of
the stochastic effects in estimating the backreactions, it
would be interesting to explore the stochastic approach in
other scenarios such as in models where the axion field is
not the inflaton. Also, one can look at tensor perturbations
in the presence of stochastic noises in this setup, since the
tachyonic gauge fields affect not only the scalar perturba-
tions but also the gravitational waves. Another good
question is how stochastic noise affects the non-
Gaussianity of primordial curvature perturbation. In addi-
tion, having the solution (3.34) for the stationary state of the
magnetic field, one can look for the amplitude of the
primordial magnetic fields on large scales generated in this
setup. We leave these issues to future work. Moreover, in a
work in progress, we would like to investigate a model in
which axion field experiences a period of ultraslow-roll
(USR) phase during inflation. In that setup, the instability
parameter ξ falls off rapidly during the USR regime while
there exists an enhancement in power spectrum as in the
conventional USR phase. PBH formation in this USR-
axion setup shows a few interesting features.
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APPENDIX A: SCALAR MODE FUNCTION

The evolution of scalar mode function is given by

φ̈k þ 3H _φk þ
�
k2

a2
þm2

�
φk ¼ Jk; ðA1Þ

in which m2 ¼ V;ϕϕ determines the mass of the scalar field
and Jk is a source term, given by

Jk ¼
α

f
ðEl:Bk þ Bl:EkÞ: ðA2Þ

There are two differences between (A1) and the Fourier
transform of (2.35) relating to the friction and the source
terms. The friction term in the conventional approach has
an additional contribution from gauge quanta while in the
stochastic approach the friction is controlled by the usual
3H factor. Moreover, in the stochastic approach we have a
linear term for the quantum mode (i.e., only one Ek or Bk in
the source accompanied by the classical terms El and Bl)
but the corresponding source term in Eq. (2.35) appears as a
nonlinear convolution in the Fourier transform of (2.35)
which made the calculations more difficult.
The solution of (A1) consists of two parts; the first part is

the homogeneous solution and the second part is the
particular solution which is due to the source.
Schematically, we denote these two contributions as

ϕk ¼ φvac
k|{z}

homogeneous

þ φJ
k|{z}

particular

: ðA3Þ

Physically, the homogeneous solution corresponds to the
vacuum fluctuations while the particular solution arises due
to inverse decay processes Aλ þ Aλ → φJ

k. Remember that
the homogeneous solutions of (A1) are given by the well-
known result

φvac
k ðηÞ¼−i

H
ffiffiffiffiffiffiffiffiffiffiffi
−πη3

p
2

Hð1Þ
ν ð−kηÞ; ν≅

3

2
þOðϵH;ηHÞ;

ðA4Þ

where we have assumed the mass of the scalar field is very
small compared to the Hubble scale, V;ϕϕ ≪ H.
To obtain the particular solution, it is more convenient to

rewrite Eq. (A1) in terms of conformal time for the new
variable vkðηÞ≡ aðηÞφkðηÞ,�

∂2
η þ k2 þ a2m2 −

a00

a

�
vkðτÞ ¼ a3ðηÞJkðηÞ: ðA5Þ

The homogeneous solution of the above equation is then
given by vvack ðηÞ ¼ aðηÞφvac

k ðηÞ when (A4) is used. Using
the Green’s function, satisfying

�
∂2
η þ k2 þm2a2 −

a00

a

�
Gkðη; η0Þ ¼ δðη − η0Þ; ðA6Þ

the particular solution vJkðηÞ can be obtained. We employ
the vacuum modes vvack ðηÞ in the retarded Green’s function,

Gkðτ; τ0Þ ¼ iΘðη − η0Þ½vvack ðηÞvvac⋆k ðη0Þ − vvac⋆k ðηÞvvack ðη0Þ�;
ðA7Þ

to obtain vJkðηÞ ¼ aðηÞφJ
kðηÞ. Putting things together, one

obtains

φJ
kðηÞ ¼

1

aðηÞ
Z

0

−∞
dη0Gkðη; η0Þa3ðη0ÞJkðη0Þ: ðA8Þ

It is worth mentioning that the homogeneous and the
particular solutions are statistically independent of each
other. In fact, the homogeneous solution φvac

k can be
expanded in terms of the creation b̂†k and annihilation b̂k
operators associated with the inflaton vacuum fluctuations,
while the particular solution vJk can be expanded in terms of

the ladder operators âλk; â
λ0†
k associated with the gauge

fields. As seen from Eq. (3.8), these two sets of operators
commute with one another.
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APPENDIX B: NOISE CORRELATIONS

In this Appendix, we derive the explicit forms of the
quantum noises Eqs. (3.14)–(3.17). For noise correlations
of the scalar fields we have [80]

hσϕðt1;xÞσϕðt2;xÞi ¼
1

6π2
dk3c
dt

jφkcðt1Þj2δðt1 − t2Þ; ðB1Þ

hτϕðt1;xÞτϕðt2;xÞi ¼
1

6π2
dk3c
dt

j _φkcðt1Þj2δðt1 − t2Þ: ðB2Þ

While for the helical electromagnetic fields, X ¼ E, B, we
obtain [46]

hσXi ðt1;xÞσXj ðt2;xÞi¼
1

18π2
dk3c
dt

X
λ

jXλðt1;kcÞj2δijδðt1− t2Þ;

ðB3Þ

hτXi ðt1;xÞτXj ðt2;xÞi¼
1

18π2
dk3c
dt

X
λ

j _Xλðt1;kcÞj2δijδðt1− t2Þ:

ðB4Þ

For the nonhelical electromagnetic fields, the above rela-
tions are consistent with the results of [44,45]. In what
follows, we calculate simple relations for the above
quantum noises and show that they could be expressed
via classical white noise.

1. Electromagnetic noises

For the electromagnetic fields, we use the definitions
(2.3) for the gauge field mode function Aλ (2.23) to obtain
mode functions Eλ and Bλ. After expanding Eλ and Bλ

around kc ¼ εaH where ε → 0 and choosing the leading
term, we find

BλðkcÞ ¼ i
H2e

πξλ
2ffiffiffi

2
p

ξk3=2c Γð−iξλÞ
ε2;

EλðkcÞ ¼ −i
ffiffiffi
2

p
H2e

πξλ
2

k3=2c Γð−iξλÞ
ε2 ln ε: ðB5Þ

Applying the above expressions into Eqs. (B3) and (B4),
we obtain7

hσEi ðN1ÞσEj ðN2Þi ¼
H6

3π3
ξ sinhð2πξÞε4ðln εÞ2δijδðN1 − N2Þ;

ðB6Þ

hσBi ðN1ÞσBj ðN2Þi¼
H6

12π3
sinhð2πξÞ

ξ
ε4δijδðN1−N2Þ; ðB7Þ

and

hτEi ðN1ÞτEj ðN2Þi ¼
4H8

3π3
ξ sinhð2πξÞε4ðln εÞ2δijδðN1 −N2Þ;

ðB8Þ

hτBi ðN1ÞτBj ðN2Þi ¼
3H8

π3
ξ sinhð2πξÞε6ðln εÞ2δijδðN1 − N2Þ:

ðB9Þ

Hereafter we have used number of e-fold, dN ≡Hdt as
the clock.
The quantum noises σ and τ become classical when

commute each other, ½σX; τX� ¼ 0. For both the electric and
magnetic fields we find

h½σXi ðN1Þ; τXj ðN2Þ�i ¼
iH7

3π2
ε5δijδðN1 − N2Þ: ðB10Þ

Therefore, by considering ε5 → 0, the quantum noises σ
and τ become classical noise. On the other hand, we can not
take ε arbitrarily close to zero as then the amplitude of the
electric and magnetic noises in Eqs. (B6) and (B7) go to
zero. As in the case of scalar field (see next subsection), we
demand that ε → 0 in such a way that sinhð2πξÞε4 ∼ 1. This
in turn fixes the scales of ε to be ε ∝ e−πξ=2. For ξ ∼ 2 we
typically have ϵ≲ 10−1.
We define a three-dimensional (3D) Wiener process W

associated with a 3D normalized white noise Ξ via

dWðNÞ≡ ΞðNÞdN; ðB11Þ

where

hΞðNÞi¼0; hΞiðN1ÞΞjðN2Þi¼δijδðN1−N2Þ: ðB12Þ

Now, one can express the electric and magnetic noise in
terms of the normalized white noise as

σXðNÞ≡MPlH2DXΞðNÞ ðB13Þ

where

DX¼
H

2MPl

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinhð2πξÞ

3π3ξ

s
ε2×

�
2ξj lnεj; X¼E

1; X¼B
: ðB14Þ

One can search for the direction dependency of the
electric and the magnetic noises. Assume the wave number
k̂ and the polarization vectors eλðk̂Þ are given by

k̂ ¼ ðsin θ cosϕ; sin θ sinϕ; cos θÞ; ðB15Þ
7jΓðiξλÞj2 ¼ π

ξλ sinhðπξλÞ.

STOCHASTIC EFFECTS IN AXION INFLATION AND … PHYS. REV. D 105, 103516 (2022)

103516-19



eλðk̂Þ ¼
1ffiffiffi
2

p ðcos θ cosϕ − iλ sinϕ; cos θ sinϕ

þ iλ cosϕ;− sin θÞ: ðB16Þ

We can calculate the Cartesian components of the electric
and magnetic noises by considering x ¼ rk̂. It is easy to
show that

σEi ðt;xÞ ¼ î:σEðt;xÞ

∝
Z

2π

ϕ¼0

dϕ
X
λ

î :eλi ðk̂Þ½Eλðt; kÞâλk

þ E�
λðt; kÞâλ†−k� ¼ 0; ðB17Þ

σEj ðt;xÞ ¼ ĵ:σEðt;xÞ

∝
Z

2π

ϕ¼0

dϕ
X
λ

ĵ :eλi ðk̂Þ½Eλðt; kÞâλk

þ E�
λðt; kÞâλ†−k� ¼ 0; ðB18Þ

σEk ðt;xÞ ¼ k̂:σEðt;xÞ ≠ 0: ðB19Þ

These calculations show that the electric and magnetic
noises have aligned along the x direction,

σBðt;xÞ ∝ x; σEðt;xÞ ∝ x: ðB20Þ

Here we use the fact that for any λ-dependent function gλ,
one has

X
λ¼�

gλeλi ðk̂Þeλ�j ðk̂Þ ¼ 1

2

X
λ¼�

gλðδij − k̂ik̂j þ iλfijðθ;ϕÞ; Þ;

ðB21Þ

where fij is an antisymmetric function, fij ¼ −fji, and is
given by

f21ðθÞ ¼ cos θ; f32ðθ;ϕÞ ¼ sin θ cosϕ;

f13ðθ;ϕÞ ¼ sin θ sinϕ: ðB22Þ

2. Scalar noises

To compute the correlation function of the stochastic
noises of the scalar field we consider the decomposition of
(A3) with the homogeneous and particular solutions (A4)
and (A8), respectively. Since the homogeneous solution
φvac
k is expanded in terms of b̂†k and b̂k which are

independent of the operators âλk and âλ
0†
k , according to

(3.8), it is more convenient to split the quantum noise of the
scalar field into two parts:

hσϕðt1;xÞσϕðt2;xÞi≡ hσvacðt1;xÞσvacðt2;xÞi
þ hσJðt1;xÞσJðt2;xÞi; ðB23Þ

hτϕðt1;xÞτϕðt2;xÞi≡ hτvacðt1;xÞτvacðt2;xÞi
þ hτJðt1;xÞτJðt2;xÞi: ðB24Þ

In general, the quantum noises ðσ; τÞ are not independent
of the mass, m2 ≡ V;ϕϕ. For a light scalar field, i.e.,
0 < m2 ≪ H2, with the mode functions (A4), it is well
known that [38–41]

hσvacðN1;xÞσvacðN2;xÞi ¼ ε2m
2=3H2 H4

4π2
δðN1 − N2Þ;

ðB25Þ

hτvacðN1;xÞτvacðN2;xÞi

¼ ε2m
2=3H2

�
m2

3H2
þ ε2

�
2 H6

4π2
δðN1 − N2Þ; ðB26Þ

hfσvacðN1;xÞ; τvacðN2;xÞgi

¼ −ε2m2=3H2

�
m2

3H2
þ ε2

�
H5

4π2
δðN1 − N2Þ; ðB27Þ

h½σvacðN1;xÞ; τvacðN2;xÞ�i ¼ i
H5

4π2
ε3δðN1 − N2Þ; ðB28Þ

where ½::; ::� and f::; ::g denote the commutator and anti-
commutator operators.
From the above equations we find that the quantum

nature of ðσvac; τrmvacÞ becomes negligible if
expð−3H2=m2Þ ≪ ε2 ≪ 1. In particular, if m2 ¼ 0, the
momentum noise τvac can be neglected by choosing ε
sufficiently small. While for m2 ≠ 0, the amplitudes of the
noises become independent of ε for ε ≪ m2=3H2.
Therefore, it is safe to choose ε [39–41] from the
range expð−3H2=2m2Þ < ε < m=H.
Equations (B25)–(B28) show that we have the relation

τvac ≃ −
m2

3H
σvac: ðB29Þ

Actually, the above relation can be directly derived from the
definitions (3.14) and (3.15).
For the source part, we have to compute the correlation

of φJ
k and therefore the correlation of Jk. It is a straightfor-

ward calculation to show that the momentum noise τJ,
arising from the particular solution (A8), has the same
relation (B29) with σJ so we do not consider it anymore.
Using Eqs. (B15), (B16), and the tachyonic mode

function of the gauge field (2.24), we obtain
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hJk1ðη1ÞJk2ðη2Þi ¼ ð2πÞ3
�
α

f

�
2

sin2θ δ3ðk1 − k2Þ

× ½EeqBþðη1ÞBþðη2Þ þ EeqBeqðEþðη1ÞBþðη2Þ þ Bþðη1ÞEþðη2ÞÞ þ BeqEþðη1ÞEþðη2Þ�: ðB30Þ

To proceed with the computation, we define

F nðξÞ≡
Z

2ξ

1=8ξ
dx

�
sin x
x

− cos x

�
x−n=4e−2

ffiffiffiffiffi
2ξx

p
: ðB31Þ

One obtains

hσJðt1;xÞσJðt2;xÞi ¼
H5

ffiffiffi
2

p

576π5ξ3=2

�
α

f

�
2

× ε4e2πξ sinhð2πξÞG2ðε; ξÞδðt1 − t2Þ;
ðB32Þ

in which

Gðε; ξÞ≡ 2ξj ln εjF 3ðξÞ þ
1

4
F 7ðξÞ −

ffiffiffiffiffi
2ξ

p
F 5ðξÞ: ðB33Þ

This function is plotted in Fig. 8 for 0.25 < ξ < 10 and
three different values of ε.
Taking all these together, finally we obtain

hσϕðN1ÞσϕðN2Þi ¼
�
H2

2π

�
2
�
1þ ε4

H2
ffiffiffi
2

p

122π3ξ3=2

�
α

f

�
2

× e2πξ sinhð2πξÞG2ðε; ξÞ
�
δðN1 − N2Þ:

ðB34Þ

The first term above is the contribution of the vacuum
scalar modes while the second term represents the

contributions from the gauge field perturbations through
the inverse decay process, El:Bk þ Bl:Ek → ϕk.
Similarly as for the electromagnetic case, we introduce a

Wiener processW associated with a normalized white noise
Ξ via

dWðNÞ≡ ΞðNÞdN; ðB35Þ

hΞðNÞi ¼ 0; hΞðN1ÞΞðN2Þi ¼ δðN1 − N2Þ: ðB36Þ

Now, one can rewrite the scalar noise in terms of the
normalized white noise as

σϕðNÞ≡HDϕΞðNÞ; ðB37Þ

where

Dϕ¼
H
2π

�
1þε4

H2
ffiffiffi
2

p

122π3ξ3=2

�
α

f

�
2

e2πξ sinhð2πξÞG2ðε;ξÞ
�
1=2

:

ðB38Þ

We use the above relation for the amplitude of the scalar
noise in the main draft.

APPENDIX C: POWER SPECTRUM FROM PDF

In this Appendix we justify the relation (5.8) used for the
power spectrum by means of probability distribution
function. To this end we start by the following Langevin
equation

ϕðN Þ − ϕ0 ¼ μN þDWðN Þ; ðC1Þ

where μ and D are the constant drift and diffusion
coefficients respectively. We study the first boundary
crossing as studied in [81] and show that if one of the
barriers is far enough from the other one, then the power
spectrum is simply given as

Pζ ¼
dhδN 2i
dhN i ¼ D2

μ2
: ðC2Þ

Now suppose that we have two barriers ϕ� with the
initial condition set at ϕ0 with pþ (p−) the conditional
probability of hitting ϕþ (ϕ−) before ϕ− (ϕþ). Assuming
jϕþj ≪ jϕ−j then one expects that the probability pþðp−Þ
that the field hits ϕþðϕ−Þ earlier than ϕ−ðϕþÞ is equal to
1(0). If one can set p−ϕ− ¼ 0, which should be justified,
then using the fact that hWðN Þ2Þi ¼ hN i [81] we have

1 2 3 4 5 6

0.01

0.02

0.05

0.10

FIG. 8. The function Gðε; ξÞ defined in (B33) and appearing in
the power spectrum of scalar field and the amplitude of the
correlation of stochastic noises.
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hϕ − ϕ0i ¼ pþðϕþ − ϕ0Þ þ p−ðϕ− − ϕ0Þ
¼ ϕþ − ϕ0 ¼ μhN i: ðC3Þ

And then one obtains

hN i ¼ ϕþ − ϕ0

μ
: ðC4Þ

Moreover, we have

hðϕ − ϕ0Þ2i ¼ ðϕþ − ϕ0Þ2
¼ μ2hN 2i þ 2μDhWðN ÞN i þD2hWðN Þ2i:

ðC5Þ

Now one can write

hWðN ÞN i ¼
	
WðN Þ

�
ϕ − ϕ0 −DWðN Þ

μ

�


¼ pþ
ϕþ − ϕ0

μ
hWðN Þjϕ ¼ ϕþi

þ p−
ϕ− − ϕ0

μ
hWðN Þjϕ ¼ ϕ−i

−
D
μ
hN i: ðC6Þ

As p−ϕ− ¼ 0 then one can set the second term in the
above equation equal to zero and simply set
hWðN Þjϕ ¼ ϕþi ¼ hWðN Þi ¼ 0. Then the second term
in (C5) is zero and we have

hðϕ − ϕ0Þ2i ¼ ðϕþ − ϕ0Þ2 ¼ μ2hN 2i −D2hN i: ðC7Þ

Then one can easily read hN 2i as

hN 2i ¼
ðϕþ − ϕ0Þ2 þD2 ðϕþ−ϕ0Þ

μ

μ2
: ðC8Þ

Using Eqs. (C7) and (C4) one gets

Pζ ¼
dhδN 2i
dϕ0

dϕ0

dhN i ¼
D2

μ2
: ðC9Þ

Now we should justify our use of p−ϕ− ¼ 0. To show that
this holds for our Langevin equation (C1) we use the
probability distribution function of ϕ with two barriers ϕ�
and show that the behavior of moments N is the same as
what we obtained with stochastic calculus. It can be shown
that the conditional probability distribution functions cor-
responding to Eq. (C1) is as follows [82]

fþðNÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πD2N3

p
Xn¼∞

n¼−∞
ð2nðϕþ − ϕ−Þ þ ðϕ0 − ϕ−ÞÞ exp

�
μðϕ− − ϕ0Þ

D2
−
μ2N
2D2

�

× exp

�
−
ð2nðϕþ − ϕ−Þ þ ðϕ0 − ϕ−ÞÞ2

2D2N

�
; ðC10Þ

f−ðNÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πD2N3

p
Xn¼∞

n¼−∞
ð2nðϕþ − ϕ−Þ þ ðϕ0 − ϕþÞÞ exp

�
μðϕþ − ϕ0Þ

D2
−
μ2N
2D2

�

× exp

�
−
ð2nðϕþ − ϕ−Þ þ ðϕ0 − ϕþÞÞ2

2D2N

�
: ðC11Þ

By fþðf−Þ as the conditional probability one can easily determine the moments of hNþiðhN−iÞ by the condition that that
ϕþðϕ−Þ is hit earlier than ϕ−ðϕþÞ. Note that f� are not normalized and their integrals yield p�. Now one can write the
moments of these two conditional distributions as follows:

M�ðsÞ ¼
Z

∞

−∞
expðsNÞf�ðNÞ; ðC12Þ

where s < 0. Note that having the moments at hand one can easily calculate different moments of hN �i by taking the
derivative of M� with respect to s. In other words, we have lims→0Mn

�ðsÞ ¼ p�hN n
�i. One can then show that

M�ðsÞ ¼
exp

�
ϕ�ð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2þ2D2s

p
þμÞ−μϕ0

D2

�h
exp

�
ϕ0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2þ2D2s

p
D2

�
− exp

�ð2ϕ∓−ϕ0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2þ2D2s

p
D2

�i
exp

�
2ϕ�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2þ2D2s

p
D2

�
− exp

�
2ϕ∓

ffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2þ2D2s

p
D2

� : ðC13Þ

Now one can easily calculate the time average and the squared time average using the following relations,
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hN i ¼ lim
s→0

ðM0
−ðsÞ þM0þðsÞÞ

¼ e−
2μϕ0
D2 ½ϕ−ðe

2μðϕ−þϕþÞ
D2 − e

2μðϕ−þϕ0Þ
D2 Þ − ϕþe

2μðϕ−þϕþÞ
D2 �

μðe2μϕ−
D2 − e

2μϕþ
D2 Þ

þ ðϕþ − ϕ0Þe
2μðϕþþϕ0Þ

D2 þ ϕ0e
2μðϕ−þϕ0Þ

D2 Þ

μðe2μϕ−
D2 − e

2μϕþ
D2 Þ

; ðC14Þ

hN 2i ¼ lim
s→0

ðM00
−ðsÞ þM00þðsÞÞ; ðC15Þ

where we have used the fact that hN ni ¼ pþhN þi þ
p−hN −i: We have not represented the explicit form of
hN 2i here, as it is complicated. It is interesting to see the
behavior of hN i and hN 2i for ϕ− → −∞. In this limit one
can show that

lim
ϕ−→−∞

hN i ¼ ϕþ − ϕ0

μ
; ðC16Þ

lim
ϕ−→−∞

hN 2i ¼
ðϕþ − ϕ0Þ2 þD2 ðϕþ−ϕ0Þ

μ

μ2
; ðC17Þ

consistent with what we obtained by the stochastic calcu-
lus. One can show that in this limit we have

lim
ϕ−→−∞

p−ϕ− ¼ lim
ϕ−→−∞

lim
s→0

ϕ−M−ðsÞ ¼ 0: ðC18Þ

So our primary assumption is justified.

APPENDIX D: PDF FROM LANGEVIN
EQUATION

In this Appendix we estimate the PDF of the inflaton in
the axion model up to leading and next to leading order.
Our method is based on Volterra equation which is
discussed in [83,84]. As we will see the probability density
is approximately Gaussian in the drift-dominated regime in
the axion model.
To this end we start by the following Langevin equation,

dϕ
dN

¼ AðϕÞBðNÞ þ CðϕÞDðNÞξðNÞ; ðD1Þ

where AðϕÞ and cðϕÞ are functions of ϕ and BðNÞ and
DðNÞ are time dependent functions with slow varying
derivatives which are at the order of the slow-roll param-
eters. Note that if we set BðNÞ andDðNÞ equal to unity then
we reproduce the ordinary Langevin equation in the slow-
roll inflation.
The main idea of Volterra equation approach is to

transform the time dependent drift and diffusion of the
Langevin equation into the equation of a time dependent
barrier. So we may look for a function like zðNÞ which
satisfies the following equation,

dzðNÞ
dN

¼ ξðNÞ; ðD2Þ

which is pure Brownian motion. Comparing Eq. (D2) with
Eq. (D1) one finds that

zðNÞ ¼
Z

dϕ
DðNÞCðϕÞ −

Z
AðϕÞBðNÞ
DðNÞCðϕÞ dN: ðD3Þ

As a consequence the barriers are now transformed into

z−ðNÞ ¼ 1

DðNÞ
Z

dϕ
CðϕÞ

����
ϕ−

−
Z

Aðϕ−Þ
Cðϕ−Þ

BðNÞ
DðNÞ dN; ðD4Þ

zþðNÞ ¼ 1

DðNÞ
Z

dϕ
CðϕÞ

����
ϕþ

−
Z

AðϕþÞ
CðϕþÞ

BðNÞ
DðNÞ dN: ðD5Þ

Note that we are in the case that one of barriers, i.e., the
initial condition of the field, is playing the role of the
reflective barrier and the other one is the absorbing one
which is set at the end of inflation. Hence we set ϕþ ¼ ϕe
and ϕ− ¼ ϕ0. Now, in general, one can show that the PDF
of the first time hitting z− (zþ) without before hitting zþ
(z−) are given by the following two integral equa-
tions [83,84],

fð0Þ− ðNjzin;NinÞ¼Ψ−ðNjzin;NinÞ−
Z

N

Nin

dN0½fð0Þ− ðN0jzin;NinÞΨ−ðNjz−ðN0Þ;N0Þþfð0Þþ ðN0jzin;NinÞΨ−ðNjzþðN0Þ;N0Þ�; ðD6Þ

and

fð0Þþ ðNjzin;NinÞ¼−ΨþðNjzin;NinÞ−
Z

N

Nin

dN0½fð0Þ− ðN0jzin;NinÞΨþðNjz−ðN0Þ;N0Þþfð0Þþ ðN0jzin;NinÞΨþðNjzþðN0Þ;N0Þ�;

ðD7Þ

STOCHASTIC EFFECTS IN AXION INFLATION AND … PHYS. REV. D 105, 103516 (2022)

103516-23



where Nin and zin denote the initial time and initial value of
z respectively. Moreover, Ψ�ðNjzin; NinÞ is defined as
follows:

Ψ�ðNjzin;NinÞ¼
�
z0�ðNÞ−z�ðNÞ−zin

N−Nin

�
fðz�;Njzin;NinÞ;

ðD8Þ

with

Fðz; Njzin; NinÞ ¼
e−

ðz−zinÞ2
2ðN−NinÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2πðN − NinÞ
p : ðD9Þ

Note that the superscript (0) means that the field has never
bounced the reflective barrier. In general the time distri-
bution function is given as

f−ðNjzin; NinÞ ¼
X∞
n¼0

fðnÞ− ðNjzin; NinÞ: ðD10Þ

However as the other terms are highly suppressed in the
drift dominated regime we will take the first term as the
approximate solution.
Now we determine f−ðz; Njzin; NinÞ up to next to leading

order. As we are in the drift dominated regime then one

expects that at leading order the PDF behaves as a Dirac
delta function,

fLO− ðNÞ ¼ δðN − Nclðzin; NinÞÞ; ðD11Þ
where Ncl is the classical number of e-folds
while fLOþ ðNÞ ¼ 0.
Substituting these two PDFs into (D7) and (D6) one

obtains

fNLO;ð0Þ
− ðNjNin; zinÞ

¼
�
z0−ðNÞ − z−ðNÞ − zin

N − Nin

�
e−

ðz−zinÞ2
2ðN−NinÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2πðN − NinÞ
p

−
�
z0−ðNÞ − z−ðNÞ − zin

N − Ncl

�
e−

ðz−zinÞ2
2ðN−NclÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2πðN − NclÞ
p θðN − NclÞ:

ðD12Þ

By expanding the above expression around Ncl one gets

fNLO;ð0Þ
− ðNjNin; zinÞ ≃

−3zine
−9z2in

ðN−NclÞ2
2ðNcl−NinÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2πðNcl − NinÞ
p ; ðD13Þ

which is Gaussian as promised.
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