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Decaying cold dark matter (CDM) has been considered as a mechanism to tackle the tensions in the
Hubble expansion rate and the clustering of matter. However, polarization measurements of the cosmic
microwave background (CMB) severely constrain the fraction of dark matter decaying before recombi-
nation, and lensing of the CMB anisotropies by large-scale structure sets strong constraints on dark matter
decaying after recombination. Together, these constraints make an explanation of the Hubble tension in
terms of decaying dark matter unlikely. In response to this situation, we investigate whether a dark matter
ensemble with CDM particles decaying into free streaming dark radiation in different epochs can alleviate
the problem. We find that it does not.
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I. INTRODUCTION

Shortly after high-resolution experiments heralded the
field of precision cosmology, low- and high-redshift obser-
vations gave rise to a tension in the measurement of the
present-day expansion rate of the Universe (H0) and the
clustering of matter (S8). Assuming the standard Λ cold
dark matter (CDM) cosmological model, the Planck
Collaboration examined anisotropies in the cosmic micro-
wave background (CMB) temperature and polarization
fields to infer that the Universe is expanding 67.27�
0.60 kilometers per second faster every megaparsec [1],
whereas the most influential measurements of the late
Universe by the SH0ES experiment peg the Hubble
constant at 73.2� 1.3 km=s=Mpc [2]. For a recent compi-
lation of other late UniverseH0 measurements, see e.g., [3].
When the late Universe measurements are averaged in
different combinations, the H0 values disagree between
4.4σ and 6.3σ with the one reported by the Planck
Collaboration [4]. The statistical significance of the mis-
match between the high S8 value estimated by the Planck
Collaboration assuming ΛCDM and the lower value
preferred by cosmic shear measurements is somewhat
smaller at ∼3σ [5]. It is desirable that the H0 and S8
tensions be addressed simultaneously, but currently none of
the proposed models have done so to a satisfactory degree
[6–8].
In CMB parlance, θLS ≡ rLS=DMðzLSÞ is the angular size

of the sound horizon at the last scattering (LS) surface,

where rLS is the linear size of the sound horizon (i.e., the
comoving distance traveled by a sound wave from the
beginning of the Universe until recombination) and
DMðzLSÞ ¼

R zLS
0 dz=HðzÞ is the comoving angular diameter

distance from a present day observer to zLS, with HðzÞ the
redshift-dependent expansion rate. Since θLS can be pre-
cisely measured from the locations of the acoustic peaks in
the CMB temperature and polarization anisotropy spectra,
given rLS, an estimate of H0 follows from DMðzLSÞ.
Several models in which an unstable component of

multicomponent CDM decays into dark radiation have
been proposed to relax the H0 and S8 tensions [9–16].
These models can be classified according to the particle’s
decay width Γ. For models with short-lived particles, viz.
Γ≳ 106 Gyr−1, CDM is depleted into dark radiation at
redshifts z > zLS, thereby increasing the expansion rate
while reducing the comoving linear size of the sound
horizon [9–11]. Since the value of θLS is a CMB observable
that must be kept fixed, a reduction of rLS simultaneously
decreases DMðzLSÞ and increases H0. For models with
long-lived particles, CDM is depleted into radiation at z <
zLS and matter-dark energy equality is shifted to earlier
times than in ΛCDM, allowing for an increase in H0 at late
times [12,13]. Furthermore, two-body decays that transfer
energy from CDM to dark radiation at redshift z < zLS
reduce the matter content in the late Universe to accom-
modate local measurements of S8 [14–16]. For Γ≳H0 ∼
0.7 Gyr−1, most of the unstable dark matter particles have
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disappeared by z ¼ 3 (with implications for IceCube
observations if sterile neutrinos play the role of dark
radiation [17,18]), whereas for Γ≲H0, only a fraction
of the unstable dark matter particles have had time to
disappear.
A point worth noting is that the most recent CMB data

severely constrain the fraction of unstable dark matter in all
of these models [19–24]. On the one hand, the fraction of
short-lived particles is strongly constrained by CMB polari-
zation measurements [23,24]. On the other hand, the lack of
dark matter at low redshifts reduces the CMB lensing
power which is at odds with data from Planck [19–21]. The
inclusion of measurements of baryon acoustic oscillations
(BAO) yields even tighter constraints on the fraction of
long-lived particles [22,23]. All in all, current bounds on
the fraction of decaying particles in the hidden sector make
a solution to the H0 tension in terms of decaying dark
matter unlikely. It remains to be seen, however, whether a
combination of these scenarios, with multiple dark matter
particles decaying in different epochs, can ameliorate this
tension.
Dynamical dark matter (DDM) provides a framework to

model the decay of a dark matter ensemble across epochs
[25]. In theDDMframework, darkmatter stability is replaced
by a balancing of lifetimes against cosmological abundances
in an ensemble of individual dark matter components with
different masses, lifetimes, and abundances. This DDM
ensemble collectively describes the observed dark matter
abundance. How observations of Type-Ia supernovae [26]
can constrain ensembles comprised of a large number of cold
particle species that decay primarily into dark radiation was
explored in Ref. [27]. In this paper, we investigate whether
CDM particles decaying in different epochs can alleviate the
H0 tension.

II. COSMOLOGY OF DARK MATTER
ENSEMBLES

Inferences from astronomical and cosmological obser-
vations are made under the assumption that the Universe is
homogeneous and isotropic, and consequently its evolution
can be characterized by a spatially flat Friedmann-
Robertson-Walker line element,

ds2 ¼ −dt2 þ a2ðtÞðdx2 þ dy2 þ dz2Þ; ð1Þ

where ðt; x; y; zÞ are comoving coordinates and aðtÞ is the
expansion scale factor of the Universe.
The dynamics of the Universe is governed by the

Friedmann equation for the Hubble parameter H,

H2ðaÞ ¼ 8πG
3

X
i

ρiðaÞ; ð2Þ

where G is the gravitational constant and the sum runs over
the energy densities ρi of the various components of the

cosmic fluid: dark energy (DE), dark matter (DM), baryons
(b), photons (γ), and neutrinos (ν). In terms of the present
day value of the critical density ρcrit;0 ¼ 3H2

0=ð8πGÞ, the
Friedmann equation can be recast as

H2ðaÞ ¼ H2
0

�
Ωba−3 þ Ωγa−4

þ ρνðaÞ
ρcrit;0

ΩDE exp

�
3

Z
1

a

1þ w
a0

da0
�
þ ρDMðaÞ

ρcrit;0

�
;

ð3Þ

where Ωi ¼ ρi;0=ρcrit;0 denote the present-day density
fractions, and the subscript 0 indicates quantities evaluated
today, with a0 ¼ 1. The energy densities of nonrelativistic
matter and radiation scale as a−3 and a−4, respectively. The
scaling of ΩDE is usually described by an “equation-of-
state” parameter w≡ pDE=ρDE, the ratio of the spatially
homogeneous dark energy pressure pDE to its energy
density ρDE. The observed cosmic acceleration demands
w < −1=3. Herein we ascribe the DE component to the
cosmological constant Λ, for which w ¼ −1, and assume
three families of massless (Standard Model) neutrinos.
With this in mind, Eq. (3) can be simplified to

H2ðaÞ¼H2
0

�
Ωba−3þðΩγþΩνÞa−4þΩΛþ

ρDMðaÞ
ρcrit;0

�
: ð4Þ

We consider a hidden sector with multiple dark matter
particles with different lifetimes. The ensemble is made up
of N particle species χn, with total decay widths Γn ≡ 1=τn,
where n ¼ 1; 2;…; N. They decay via χn → ψψ̄ , where ψ
is a massless dark sector particle that behaves as dark
radiation. The initial abundances ρnðaprodÞ, are regulated by
early Universe processes and are fixed at aprod ≪ aLS, with
tprod ≪ τn, where aLS is the scale factor at last scattering.
For simplicity, we assume that all particles in the ensemble
are cold, in the sense that their equation-of-state parameter
may be taken to be wn ≈ 0 for all t > tprod.
The evolution of the energy densities ρn of each particle

species and of the massless dark field ρψ are driven by the
Boltzmann equations,

dρn
dt

þ 3Hρn ¼ −Γnρn ð5Þ

and

dρψ
dt

þ 4Hρψ ¼
XN
n¼1

Γnρn; ð6Þ

respectively. In Eqs. (5) and (6) we have omitted the
collision terms associated with inverse decay processes of
the type ψψ̄ → χn, because their effect on the ρn and ρψ is
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negligible. Our goal is to solve these equations to obtain the
evolution of the Hubble parameter [Eq. (4)], which may
then be used to determine the free parameters of the model
by imposing the following constraints derived from cos-
mological observations:

(i) The baryonic matter and radiation densities [28],
Ωbh20jexp ¼ 0.02237ð15Þ,
Ωγh20jexp¼2.473×10−5ðTγ;0=2.7255KÞ4, where Tγ;0 ¼
2.7255ð6Þ K is the current temperature of the CMB
photons,

withH0 ¼ 100h0 km=s=Mpc.1 A point worth noting is that
the baryon density inferred from Planck data is in good
agreement with the Ωbh20 determination from measure-
ments of the primordial deuterium abundance (D/H) in
conjunction with big bang nucleosynthesis (BBN) theory
[29,30]. We have verified that variations of Ωbh20 within
observational and modeling uncertainties do not change our
results.
(ii) The neutrino number density per flavor α is fixed by

the temperature of the CMB photons,

nνα;0 ¼
3

11
nγ;0 ¼

6ζð3Þ
11π2

T3
γ;0 ∼ 113 cm−3: ð7Þ

The energy density depends on the neutrino masses
mν. Under our assumption that mν ≪ Tν;0 ¼
ð4=11Þ1=3Tγ;0,

ρνα;0 ¼
7π2

120

�
4

11

�
4=3

T4
γ;0: ð8Þ

(iii) The extra relativistic degrees-of-freedom in the early
Universe are characterized by the number of “equiv-
alent” light neutrino species,

Neff ≡ ρR − ργ
ρν

; ð9Þ

in units of the density of a single Weyl neutrino ρν,
where ρR is the total energy density in relativistic
particles and ργ is the energy density of photons [31].
For three families of massless (Standard Model) neu-
trinos,NSM

eff ¼ 3.046 [32]. CombiningCMBandBAO
data with predictions from BBN, the Planck Collabo-
ration reportedNeff ¼ 3.04� 0.22 at the 95%CL [1],
which corresponds to ΔNeff ¼ Neff − NSM

eff < 0.214.
In our model, ρR ¼ ρν þ ρψ , so that

ΔNeff ¼
8

7

�
11

4

�
4=3 ρψðaLSÞ

ργðaLSÞ
: ð10Þ

The above 95% CL bound requires our model to
satisfy ρψ ðaLSÞ≲ 0.1ργðaLSÞ.

(iv) Setting ρDM ¼ ρψ þP
N
n¼1 ρn, the evolution of the

Hubble parameter must accommodate a diverse set
of measurements of HðzÞ at z ≤ 2.35, described in
more detail in Sec. IVA. While some of those
measurements are independent of any cosmologi-
cal model, others rely on BAO data, and a prior on
the radius of the sound horizon evaluated at the
end of the baryon-drag epoch (rd) ought to be
imposed. This value may be separately obtained
from a model dependent analysis of early Universe
CMB data (rd;e), or from model independent
parameterizations constrained by low redshift
probes (rd;l). We employ the measurement for
rd;e in model 1 (base ΛCDM model with Neff )
[8]: rd;e ¼ ð148.3� 1.9Þ Mpc. For the local Uni-
verse measurement, we use rd;l ¼ ð137� 3stat �
2systÞ Mpc [33].2

III. SETTING UP THE SYSTEM
OF BOLTZMANN EQUATIONS

In order to study the low redshift behavior of the
Hubble parameter, we need to solve the system of
first order nonlinear differential equations formed by
the N þ 1 Boltzmann equations for the dark sector,
together with the Friedmann equation. Although Eq. (5)
can be analytically reduced to ρna3 expðΓntÞ ¼ constant,
this does not provide an advantage in solving the system,
since t ∼

R
da=aH and H is a function of ρn and ρψ . We

therefore proceed to a fully numerical solution of the
problem.
We ease this task by defining ρ̃i ≡ ρi=ρcrit;0 and Γ̃i ≡

Γi=ð100 km=s=MpcÞ to render the equations and free
parameters dimensionless. Also, we use u≡ ln a as an
independent variable. This allows to rewrite Eqs. (4), (5)
and (6) as

dρ̃n
du

þ 3ρ̃n þ
Γ̃nρ̃n
hðuÞ ¼ 0; ð11aÞ

dρ̃ψ
du

þ 4ρ̃ψ −
1

hðuÞ
XN
n¼1

Γ̃nρ̃n ¼ 0; ð11bÞ

h2ðuÞ ¼ h20ðΩbe−3u þ Ωre−4u þΩΛ þ ρ̃DMðuÞÞ: ð11cÞ

1Note that we use h0 for what is usually referred to as h in the
literature, as we consider h to be the time dependent parameter
naturally defined as hðaÞ ¼ HðaÞ=ð100 km=s=MpcÞ.

2Note that the values of Ωbh20 obtained for model 1 of [8] are
consistent at the 1σ level with the Particle Data Group value [28].
We also note that the limits on ΔNeff from the analysis of model 1
of [8] are more restrictive than our adopted bound, ΔNeff <
0.214, because BBN considerations (which relax the bound) were
not taken into account in the analysis of [8]. To be conservative,
we use the bound reported by the Planck Collaboration [1].
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The system of equations must be supplemented with
N þ 1 initial conditions, i.e., uprod. We define ρ̃1;prod ≡
ρ̃1ðuprodÞ, and assume that the production of dark radia-
tion in the very early Universe is negligible, so that
ρ̃ψ ðuprodÞ ¼ 0.
It is worth mentioning that Eq. (11c) satisfies hð0Þ ¼ h0

only if Ωb þΩr þ ΩΛ þ ΩDM ¼ 1, where ΩDM ≡ ρ̃DMð0Þ.
This is not the case for arbitrary initial conditions so this
consistency condition must be imposed after solving the
system of equations. To do so, we first setΩbh20 andΩrh20 to
their measured values, fix all model parameters save one,
and then vary the remaining parameter until the consistency
condition is met. We choose the initial density ρ̃1;prod to be
determined by the consistency condition, and is given by
the root of the function,

Gðρ̃1;prodÞ≡ αþ h20ðΩΛ þΩDM − 1Þ; ð12Þ

where α≡Ωbh20 þΩrh20jexp ≈ 0.0224. Note that ρ̃DM;0 is
implicitly dependent on ρ̃1;prod.

IV. OBSERVATIONAL DATASETS AND
STATISTICAL METHODOLOGY

A. The data

In the following we provide a succinct description of the
data we use to constrain the dark matter ensembles.

1. Supernovae magnitudes

We use the Pantheon Sample [26], consisting of a
combination of high quality measurements of super-
novae spectrally confirmed to be type Ia, and cross
calibrated between different experiments to reduce system-
atics. Specifically, we use ðz;mBÞ data from 1048 super-
novae with z ∈ ½0.01; 2.26� to constrain the luminosity
distance,

DLðzÞ≡ ð1þ zÞc
Z

z

0

dz0

Hðz0Þ ; ð13Þ

which may also be written as

dðzÞ≡ ð1þ zÞ
Z

z

0

dz0

hðz0Þ ; ð14Þ

and are related by dðzÞ ¼ DLðzÞ100 km=s=Mpc=c. In
terms of the distance modulus, DL ¼ 101þðmB−MBÞ=5 pc,
where mB and MB are the apparent and absolute magni-
tudes of the source. This may be rewritten as mB ¼
MB þ Aþ 5 log dðzÞ, with A ¼ 5 log½c=ðms−1Þ�.

2. Hubble parameter

As a direct measurement of the Hubble parameter at low
redshift, we use Observational Hubble Data (OHD)

inspired by Table III of [34]. The data use the relative
ages of nearby (in z) galaxies, to obtain an approximation to
dz=dt, from which the Hubble parameter can be estimated
as described in Ref. [35]. The measurements are solely
dependent on models that describe the spectral evolution of
stellar populations and, therefore, independent of any
cosmological model. The data we use is derived using
the model in [36], and contains 30 data points from
Refs. [37–43] with z ∈ ½0.07; 1.965�.

3. Large scale structure

We include the large scale structure information in BAO
data. Following [34], we use data from the 6dF Galaxy
Survey [44], the Sloan Digital Sky Survey (SDSS) [45–56],
and Dark Energy Survey (DES) [57], totaling 35 measure-
ments with z ∈ ½0.106; 2.35�. The quantities rd=DV ,DV=rd,
DA=rd,DH=rd,DM=rd andHrd are directly measured from
BAO data. The different distances are related byDH ¼ c=H,
DM ¼ DL=ð1þ zÞ,DA ¼DL=ð1þ zÞ2, andD3

V ¼ zD2
MDH.

These data points must be supplemented by an experimental
value for rd which is either the local (rd;l) or the early
Universe (rd;e) value, introduced in Sec. II.

4. Hubble constant

As a last data point, we include the expansion rate of the
local (z ≈ 0) Universe, H0 ¼ ð73.2� 1.3Þ km=s=Mpc [2].
This data point is only included in the analysis with the
local value rd;l ≈ 137 Mpc.3

B. The likelihood

We now introduce the ingredients of our data analysis.
Assuming Gaussian errors in the measurements, we
write the likelihood of the data given the cosmological
model as

L ¼ A
Y4
p¼1

exp

�
−
χ2p
2

�
; ð15Þ

where the partial chi-squared,

χ2p ¼
XN p

i¼1

�
yp;i − Fpðzp;iÞ

σp;i

�
2

; ð16Þ

is obtained from the data of the pth combined sample,
and A is a normalization constant which depends on
whether the local or the early Universe value of rd is
used. Specifically, logAl ≈ 1208 and logAe ≈ 1212.
These combined samples are obtained from the original
data variables (collectively called x below). In the follow-
ing, k≡ 100 km=s=Mpc:

3We verified that employing the very recent estimate, H0 ¼
73.04� 1.04 km=s=Mpc [58], does not modify our results.
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(1) ðz; hÞ from OHD and BAO, with F 1ðzÞ ¼ hðzÞ:
x y1;i σ21;i

H xi=k σx
2
i =k

2

Hrd
xi
kr̃d ðkr̃dÞ−2ðσx2i þ x2

r̃2d
σ2r̃dÞ

DH=rd
c

kr̃dxi ð c
kr̃dxi

Þ2
�
σx

2
i

x2i
þ σ2r̃d

r̃2d

�

(2) ðz;mBÞ from Pantheon, with F 2ðzÞ ¼ MB þ Aþ
5 log dðzÞ:

x y2;i σ22;i

mB mBi σx
2
i

(3) ðz; dÞ from BAO, with F 3ðzÞ ¼ dðzÞ:
x y3;i σ23;i

DM=rd ð1þ ziÞ kr̃dc xi ½ð1þ ziÞ kc�2ðx2i σ2r̃d þ r̃2dσx
2
i Þ

DA=rd ð1þ ziÞ2 kr̃d
c xi ½ð1þ ziÞ2 k

c�2ðx2i σ2r̃d þ r̃2dσx
2
i Þ

(4) ðz; ðd2=hÞ1=3Þ from BAO, with F 4ðzÞ ¼
½d2ðzÞ=hðzÞ�1=3:

x y4;i σ24;i

DV=rd ðð1þzÞ2
z Þ13 kr̃dxic ðð1þzÞ2

z Þ23 k2c2 ðx2i σ2r̃d þ r̃2dσx
2
i Þ

rd=DV ðð1þzÞ2
z Þ13 kr̃dcxi

ðð1þzÞ2
z Þ23 k2

c2x2i

�
σ2r̃d þ

r̃2d
x2i
σx

2
i

�

C. Ambiguity in the choice of N

We consider N to be a fixed parameter that specifies the
model, while the other parameters can vary within each
model. However, the choice of N can become somewhat
ambiguous depending on the values taken by the other
parameters. For example, a model with N ¼ 1 is not
distinguishable from one with N ¼ 100 in which all but
one of the initial conditions are small enough to make their
evolution inconsequential. Although the ontology of these
models is different, they would be indistinguishable. To
resolve this ambiguity, we enforce constraints on the free
parameters such that, once N is chosen, all the N fields are
of relevance, in the sense described below.
The field corresponding to ρ̃n appears in the system in

two ways: as a term in the total energy density, and as a
source in the equation for ρ̃ψ. A field is directly relevant at
u if its contribution to the energy density at u is not
negligible, and indirectly relevant at u if its contribution to
ρψ at u is not negligible. We assign a zero prior to points in
the parameter space for which at least one field is both
directly and indirectly irrelevant globally (which holds for
almost all u), with the goal of assigning definite meaning to
the specification of N.
We consider the kth field to be directly irrelevant

globally if it becomes directly irrelevant within the very

early evolution of the system. This may be caused by either
a low initial density or a high decay rate. For the first case,
we define the first irrelevance condition,

CðkÞ1 ∶ ρ̃k;prod=ρ̃1;prod < ερ: ð17Þ

We take ρ̃1;prod as a reference because it has the lowest
decay rate, making it most relevant in the long term.
Therefore, if a field’s density is initially small with respect
to ρ̃1, it will always become smaller as the system evolves.
Unless the lowest decay rate Γ̃1 is very high, the

Universe will initially be dominated by radiation. In this
regime, the Hubble parameter is h ¼ h0

ffiffiffiffiffiffi
Ωr

p
a−2, and the

densities evolve as

ρiðaÞ ¼ ρi;prod

�
aprod
a

�
3

e−βiða
2−a2prodÞ; ð18aÞ

ρψðaÞ ¼ a−4
Z

a

aprod

a03F ða0Þda0; ð18bÞ

where βi ≡ Γ̃i=2
ffiffiffiffiffiffiffiffiffiffi
Ωrh20

p
and

F ðaÞ≡ 2a3prod
a

X
i

βiρi;prode
−βiða2−a2prodÞ: ð19Þ

This allows to establish βka2prod as a measure of how
quickly a field decays initially, and define the second
irrelevance condition,

CðkÞ2 ∶ βka2prod > εβ: ð20Þ

If either of CðkÞ1 or CðkÞ2 holds, ρ̃k is considered directly
irrelevant globally.
The definition of indirect irrelevance requires more

nuance, since a field may be directly irrelevant (by having
a small initial energy density or a very large decay rate) and
still modify the evolution of ρψ significantly.
After integration, Eq. (18b) can be written explicitly in

terms of the contributions of each ρ̃i to ρ̃ψ as
ρ̃ψ ¼ P

i giðaÞ, with

giðaÞ≡ ρ̃i;p

�
aprod
a

�
4
�
1 −

a
aprod

e−βiða
2−a2prodÞ

þ
ffiffiffiffi
π

βi

r
eβia

2
prod

erfð ffiffiffiffi
βi

p
aÞ − erfð ffiffiffiffi

βi
p

aprodÞ
2aprod

�
: ð21Þ

These functions peak at some a ∈ ½aprod; 22=3aprod�,
depending on the value of βi. As can be seen from the
left panel of Fig. 1, the peaks approach aprod for large βi,
and 22=3aprod for small βi. This reflects the fact that fields
with large decay rates quickly transfer all their energy to ρψ ,
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which then decays as a−4. For fields with low decay rates,
the continuous energy injection to ρψ makes the decay
slower than a−4. A comparison of these contributions for
different combinations ðρ̃i;p; βiÞ is shown in the right panel
of Fig. 1.
After all contributions pass their maxima at a ¼ 22=3aprod,

the ratio giðaÞ=g1ðaÞ of the contributions from ρ̃i and ρ̃1 toρψ
always decrease, since ρ̃1 corresponds to the slowest
decaying field. We can therefore use the ratios gk=g1 to
discriminate relevant from irrelevant fields, in the indirect
sense. We say that a field is indirectly irrelevant if

CðkÞ3 ∶
gkðaÞ
g1ðaÞ

				
a¼22=3aprod

< εg; ð22Þ

which allows discrimination between models in which some
field contributions to ρψ become negligible very early.
Besides the conditions mentioned above, there is one

additional way in which the value of N is ambiguous. If
there are multiple fields for which βia2prod > 1=εβ and they
reach their maximum contribution to ρψ very early, their
overall contribution to ρ̃ψ is

X
i

giðaÞ ¼
�
aprod
a

�
4X

i

ρ̃i;p; ð23Þ

which is indistinguishable from a single field with initial
density

P
i ρ̃i;p and a very large decay rate. We therefore

impose an additional condition, which is that at most one
field has a decay rate such that βia2prod > 1=εβ. Since the

largest decay rate is that of i ¼ N, this condition can be
expressed as

C0∶ βN−1a2prod < εβ: ð24Þ

These conditions can be implemented as a prior in the
Bayesian method described below, so that, for each N,
we exclude the regions of the parameter space that con-
tain at least one field that is both directly and indirectly
irrelevant. Said differently, if either C0 is true, or if

there exists a k such that ðCðkÞ1 ∨ CðkÞ2 Þ ∧ CðkÞ3 is true,
then we assign a null prior to the model. For the models
studied below, we choose conservative conditions with
ðερ; εβ; εgÞ ¼ ð10−25; 2 × 105; 10−10Þ.

D. The Markov Chain Monte Carlo

We use a Markov Chain Monte Carlo (MCMC) Bayesian
method to study how the data constrains the model
parameters. We implement an adaptive Metropolis algo-
rithm as described in Ref. [59], in which a fixed proposal
distribution is used for some small number of steps at the
beginning of the chain, after which the covariance matrix of
all previously sampled points is used as the covariance
matrix for a multivariate normal proposal distribution. This
allows the chain to adapt to the vastly different variances
along different dimensions.
We consider a prior comprised of bounded uniform

distributions on the cosmological parameters h0 and ΩΛ,
and MB, in the intervals in Table I. The lower limit on h0
and the upper limit on ΩΛ are to ensure positivity of the
energy densities.
The priors on the initial conditions and the decay rates

are also uniform with bounds chosen to implement the
relevance conditions defined in Sec. IV C.

V. NUMERICAL ANALYSIS

We begin by presenting the results of the fit for a few
cases of relatively low N (1, 2, and 10) with ΛCDM as the
baseline model. We first show the posterior distributions for

FIG. 1. Peak locations of giðaÞ for uprod ¼ −20 (left), and the evolution of the contributions to ρ̃ψ by different ρ̃i for several values
of βi (right).

TABLE I. Prior ranges for h0, ΩΛ and MB.

Parameter Range

h0 ½ ffiffiffi
α

p
; 1�

ΩΛ ½0; 1 − α=h20�
MB ½−25;−15�

ANCHORDOQUI, BARGER, MARFATIA, and SORIANO PHYS. REV. D 105, 103512 (2022)

103512-6



the cosmological parameters h0 and ΩΛ, together with MB,
which are common to all models. The 1D and 2D 68% CL
and 95%CL distributions are shown in Fig. 2. Clearly, none
of the models differ from ΛCDM in their predictions for h0
and MB, while predictions for ΩΛ differ significantly. A
large increase in ΩΛ occurs for N ¼ 1, a case in which the
only decaying field has to account for all the dark matter
during the evolution. Nonzero decay rates produce low
values of ΩDM unless the initial density for the field is
high, which is incompatible with the early Universe data.
Therefore, there is more room for dark energy. As the
number of fields increases, the decay rate of the slowest
decaying field decreases, allowing for an overall increase
in ΩDM.
Regarding the model parameters (decay rates and initial

densities), the results point to a slowly decaying field and a
collection of fields decaying in the very early Universe. In
Fig. 3 we show the decay rate Γ̃1 of the slowest decaying
field. Note that by definition, a value of order unity is
approximately the age of the Universe.
In the N ¼ 2 case, there is an additional decaying field

besides the slowly decaying field of Fig. 3. The posterior

distribution for its decay rate becomes flat at its maximum
value, so that the field decays in the very early Universe.
Thus, we conclude that with two fields, one has a decay
rate close to zero, while the other has a vanishing lifetime.

FIG. 2. 1D and 2D 68% CL and 95% CL posterior distributions for h0,ΩΛ, andMB for the ΛCDM and N ¼ 1, 2, 10 models. In the 1D
posteriors, the solid lines are for rd;l and the dashed ones for rd;e. These two values produce separate islands in the 2D contour plots, with
lower h0 and MB for rd;e than for rd;l. This clearly shows how the discrepancies in H0, MB and rd are related.

FIG. 3. Decay rates of the slowest decaying field for N ¼ 1, 2,
10 and both values of rd.
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This explains why the results forN ¼ 1 andN ¼ 2 in Fig. 2
are so similar.
The posterior distributions for the parameters in the

N ¼ 10 case show more structure, due to the imposition of
the relevance conditions on the decay rates. Nevertheless,
we decide not to include them here since Fig. 2 already
shows that the model cannot affect h0 significantly.
We now consider a large ensemble of fields and a

simple parametrization for their initial densities and decay
rates [27]:

Γ̃n ¼ Γ̃1½1þ ðn − 1ÞδΔ�ξ; ð25aÞ

ρ̃n;prod ¼ ρ̃1;prod½1þ ðn − 1ÞδΔ�ζ: ð25bÞ

We choose δ ¼ 1 and Δ ¼ 0.1 and perform a similar
analysis to the one presented above, for the cosmological
parameters and ðΓ̃1; ρ̃1;prod; ξ; ζÞ. Here, the relevance con-
ditions introduced in Sec. IV C must also be taken into
account. They directly constrain the ξ, ζ parameter space

FIG. 4. 1D and 2D posterior distributions for all free parameters of the N ¼ 100 model.
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for a given N. We choose N ¼ 100 as a compromise
between computing time to solve the system of equations
and a large enough number of fields that the decay times
and initial densities are distributed smoothly between the
slowest and the fastest decaying fields. The results are

encapsulated in Fig. 4. In Fig. 5, we show a comparison of
the relevant parameters with those obtained for the ΛCDM
model. It is evident that this model does not address the
Hubble tension in a more satisfactory way than the small N
models.
Finally, for completeness, in Fig. 6 we show the derived

posterior distribution for the calculated values of ΔNeff . We
see that in all the cases the contribution to ΔNeff is
comfortably below the bound given in Eq. (10). Note also
that for N ¼ 2, the contribution to ΔNeff is consistent with
the value reported in model 1 of [8].

VI. CONCLUSIONS

To address the Hubble tension, we examined dark sectors
containing a large number of decaying degrees of freedom
with no trivial dynamics, with a focus on decay processes
that take place entirely among the dark constituents. We
further restricted ourselves to ensembles in which CDM
particles decay primarily to dark radiation in different
epochs. We showed that the data favor stable dark matter
particles and that a resolution of the H0 tension with this
type of dark matter ensemble is elusive.

FIG. 5. 1D and 2D posterior distributions for h0, ΩΛ andMB for ΛCDM and N ¼ 100. In the 1D posteriors, the solid lines are for rd;l
and the dashed ones for rd;e.

FIG. 6. 1Dposterior distributions forΔNeff forN ¼ 1, 2, 10, 100.
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In closing, we comment on some interesting extensions
that could potentially evade our conclusion. Perhaps the
most compelling of these are models in which decays to
final states that include other relativistic massive particles
occur. This allows for a dynamic equation of state. It was
recently shown in Ref. [60] that the combination of such
an N ¼ 2 model and an early period of dark energy
domination which reduces the linear size of the sound
horizon can ameliorate the H0 tension to within the
95% CL. The early dark energy is modeled by a scalar
field that behaves like a cosmological constant at high
redshifts (z > 3000) which then gets diluted at the same
rate or faster than radiation as the Universe expands [61].
We anticipate that in principle, a similar reduction of the
acoustic horizon may be obtained by enlarging the dark
matter ensemble to allow for very short-lived constituents
that decay into particles that are born relativistic but
behave as CDM before recombination. Our conclusion

may also be evaded in models characterized by an
ensemble in which the CDM particles decay into self-
interacting dark radiation (as in stepped fluids [62]), and
models in which the ensemble couples to the dark energy
sector through a quintessence field (as in string back-
grounds with Standard Model fields confined on Neveu-
Schwarz 5-branes [63]).
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