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The values of the masses of the particles involved in the decay of Tþ
cc → D�þD0 → πþD0D0 suggest that

due to the final state interactions in the transition vertex Tþ
cc → D�þD0 there may be triangle logarithmic

singularities. We discuss their possible role and show that the tree approximation for calculating the decay
widths Tþ

cc → ðD�þD0 þD�0DþÞ → πþD0D0, π0D0Dþ, γD0Dþ is quite sufficient at the current level of
measurement accuracy.

DOI: 10.1103/PhysRevD.105.096038

I. INTRODUCTION

At the end of July 2021, the LHCb Collaboration
announced the discovery of the doubly charmed tetraquark

Tþ
cc]1,2 ] and then published detailed measurement results

along with their theoretical processing and interpretation
[3,4]. Over the next days, weeks and months, a very
interesting discussion is going on in the literature about
the possible internal structure of the Tþ

cc state, about the
mechanisms of its production and decay through inter-
mediate statesD�þD0 andD�0Dþ, on the possible values of
its total decay width and partial decay widths into coupled
channels πþD0D0, π0D0Dþ, and γD0Dþ, about its line
shape and the shapes of the two-particle mass spectra DD
and πD, as well as about the possible existence of other
similar states. A detailed discussion of all these issues can
be found in [5–17]; see also the references cited therein.
In Sec. II of this article, we discuss the possible role of

triangle singularities in the width of the decay Tþ
cc½3.875;

IðJPÞ ¼ 0ð1þÞ�→D�þðJP ¼ 1−ÞD0ðJP ¼ 0−Þ→ πþD0D0.
In so doing, we proceed within the framework of a scalar
model, i.e., we treat all particles in this decay as spinless
and scalar. Such a simplification, however, seems quite
reasonable. First, the decay of Tþ

cc → D�þD0 occurs in the
near-threshold region and therefore is mainly S wave.
Second, the ratio of the D�þ → ðDπÞþ decay width (it is
≈83 keV [18]) to the distance to the ðDπÞþ threshold is
≈1=70 and, consequently, the change of this width on the
energy interval of the order of itself is small [i.e., in the
D�þð2010Þ region, it is almost constant]. The formulas

[see below Eqs. (3) and (4)], which we use to estimate
the possible role of interactions of D�D pairs in the final
state, are in fact expansions of the Omnès functions
(solutions) for form factors [19] in case of weak coupling
(i.e., smallness of D�D scattering at low energies).
Discussions of a number of dynamic approximations of
the Omnès functions can be found, for example, in
Refs. [20,21]. The performed analysis allows us to con-
clude that the tree approximation used in Refs. [3,4] for
calculating the decay widths Tþ

cc → ðD�þD0 þD�0DþÞ →
πþD0D0; π0D0Dþ; γD0Dþ is quite sufficient at the current
level of measurement accuracy.
The LHCb Collaboration results [3,4] obtained from the

fit to the πþD0D0 mass spectrum indicates that the Breit-
Wigner mass of the Tþ

cc relative to the D�þD0 mass
threshold δmBW ¼ −273� 61 keV and its Breit-Wigner
width ΓBW ¼ 410� 165 keV (only statistical uncertainties
are indicated here). The measured δmBW value corresponds
to a mass of approximately 3875 MeV.

II. T +
cc → D� +D0 → π +D0D0 DECAY IN THE

SCALAR MODEL

In the tree approximation, the Tþ
cc → D�þD0 →

πþD0D0 decay is described by two diagrams shown in
Fig. 1 which differ in the permutation of identical D0

mesons. The corresponding decay width is given by

ΓTþ
cc→D�þD0→πþD0D0ðs1Þ

¼
g2Tþ

ccD�þD0

16π

g2D�þπþD0

16π

1

2πs3=21

Zð ffiffiffi
s1

p −mD0 Þ2

ðmD0þmπþÞ2
ds

×
Ztþðs1;sÞ

t−ðs1;sÞ

dt

���� 1

DðsÞ þ
1

DðtÞ
����
2

; ð1Þ
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where s1 is the invariant mass squared of the virtual Tþ
cc

state, s and t are the πþD0
ð1Þ and πþD0

ð2Þ invariant mass

squared, respectively, and t�ðs1; sÞ denote the boundaries
of the physical region for the variable t for fixed values of
s1 and s [22]; gTþ

ccD�þD0 and gD�þπþD0 are the effective
coupling constants. The inverse propagator of the D�þ
resonance, DðsÞ, has the form

DðsÞ ¼m2
D�þ − s− i

ffiffiffi
s

p
Γtot
D�þðsÞ

¼m2
D�þ − s− i

g2D�þπþD0

16π

�
ρπþD0ðsÞþ 1

2
ρπ0DþðsÞ

�
; ð2Þ

where ρπDðsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 − 2sðm2

π þm2
DÞ þ ðm2

π −m2
DÞ2

p
=s;

factor 1=2 at ρπ0DþðsÞ follows from the isotopic
symmetry. We neglect the contribution of the D�þ →
Dþγ decay, which is ≈1.6%. From the Particle Data
Group (PDG) data [18] about Γtot

D�þðm2
D�þÞ ¼ 83.4 keV

we find g2D�þπþD0=ð16πÞ ≈ 0.00289 GeV2. We also set
g2Tþ

ccD�þD0=ð16πÞ ¼ 0.5 GeV2 for definiteness. A compre-

hensive discussion of possible values of this constant
which it can be extracted from the fit of the Tþ

cc
line shape is presented in Ref. [4]. Let us note that the
relative magnitude of the effect that we consider here does
not depend on the value of the constant gTþ

ccD�þD0 . The
energy dependent width ΓTþ

cc→D�þD0→πþD0D0ðs1Þ calculated
in the tree approximation using Eqs. (1) and (2)
is shown in Fig. 2. Note that for large values of gTþ

ccD�þD0

the sharp increase of ΓTþ
cc→D�þD0→πþD0D0ðs1Þ and

ΓTþ
cc→ðD�þD0þD�0DþÞ→π0D0Dþðs1Þ above the D�D thresholds

and a similar growth of the real part of the self-energy
function under the D�D thresholds in the Tþ

cc propagator
lead to a sharp suppression of the right and left wings of the
Tþ
cc resonance peak. A similar phenomenon takes place for

the four-quark a0ð980Þ resonance [23].
The values of the masses of the particles involved in the

decay of Tþ
cc → D�þD0 → πþD0D0 suggest that due to the

final state interactions in the vertex transition Tþ
cc →

D�þD0 there may be triangle logarithmic singularities.
Examples of corresponding “dangerous” diagrams are
shown in Fig. 3. Take into account their contribution to
the decay width ΓTþ

cc→D�þD0→πþD0D0ðs1Þ can be done by the
following substitutions in Eq. (1):

1

DðsÞ →
1

DðsÞ
�
1þ g2D�þπþD0

16π

�
FD�þD0ðs1; sÞ

þ 1

2
FD�0Dþðs1; sÞ

��
; ð3Þ

1

DðtÞ →
1

DðtÞ
�
1þ g2D�þπþD0

16π

�
FD�þD0ðs1; tÞ

þ 1

2
FD�0Dþðs1; tÞ

��
; ð4Þ

where FD�þD0 and FD�0Dþ are the amplitudes of the tri-
angle loops included in the diagrams in Fig. 3; the factor
1=2 at FD�0Dþ follows from isotopic symmetry. In our
normalization

FD�þD0ðs1; sÞ ¼
i
π3

Z
d4k

D1D2D3

; ð5Þ

where D1 ¼ k2 −m2
D�þ þ iε, D2 ¼ ðp1 − kÞ2 −m2

D0 þ iε,
andD3 ¼ ðk − p3Þ2 −m2

πþ þ iε are the inverse propagators
of the particles in the loop. Here and in Fig. 3 p1, p2, p3

denote the 4-momenta of the particles in the reaction;
p1 ¼ p2 þ p3, p2

1 ¼ s1, p2
2 ¼ s, and p2

3 ¼ m2
D0 . The ampli-

tude FD�0Dþðs1; sÞ has a similar form.
If the values of the variables

ffiffiffi
s

p
and

ffiffiffiffiffi
s1

p
are simulta-

neously in the intervals

m1 þm2 <
ffiffiffiffiffi
s1

p

<
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

1 þm2
2 þm2m3 þ ðm2=m3Þðm2

1 −m2
D0Þ

q
; ð6Þ

FIG. 1. The tree diagrams for the decay
Tþ
cc → D�þD0 → πþD0D0.
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FIG. 2. The Tþ
cc → D�þD0 → πþD0D0 decay width as a

function of
ffiffiffiffiffi
s1

p
calculated by Eqs. (1) and (2).

N. N. ACHASOV and G. N. SHESTAKOV PHYS. REV. D 105, 096038 (2022)

096038-2



m2 þm3 <
ffiffiffi
s

p

<
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ðm1 þm2Þðm1m2 þm2

3Þ −m2m2
D0 �=m1

q
; ð7Þ

where m1,m2, and m3 are the particle masses in the inverse
propagatorsD1,D2, andD3, respectively [see Eq. (5)], then
for each value of s, there is a unique value s1 (and vice
versa) for which the imaginary part of the amplitude
FD�þD0ðs1; sÞ [and similarly that of FD�0Dþðs1; sÞ] has a
logarithmic singularity (see, for example, Refs. [24–27]
and references herein). Note that the minimum value of s1
in (6) herewith corresponds to the maximum value of s in
(7) (and vice versa). In the amplitude FD�þD0ðs1; sÞ (see the
left diagram in Fig. 3) m1 ¼ mD�þ , m2 ¼ mD0 , m3 ¼ mπþ

and for it the numerical values of the intervals in Eqs. (6)
and (7) are as follows:

3.8751 GeV <
ffiffiffiffiffi
s1

p
< 3.91259 GeV

ð0 <
ffiffiffiffiffi
s1

p
− ðmD�þ þmD0Þ < 37.49 MeVÞ; ð8Þ

2.00441 GeV <
ffiffiffi
s

p
< 2.00946 GeV

ð0 <
ffiffiffi
s

p
− ðmD0 þmπþÞ < 5.05 MeVÞ: ð9Þ

Here in parentheses are the corresponding intervals in units
of MeV into which the invariant masses

ffiffiffiffiffi
s1

p
and

ffiffiffi
s

p
with

the subtracted threshold values should fall. In the amplitude
FD�0Dþðs1; sÞ (see the right diagram in Fig. 3) m1 ¼ mD�0 ,
m2 ¼ mDþ , m3 ¼ mπ0 and for it, respectively, we have

3.87651 GeV <
ffiffiffiffiffi
s1

p
< 3.92318 GeV

ð0 <
ffiffiffiffiffi
s1

p
− ðmD�0 þmDþÞ < 46.67 MeVÞ; ð10Þ

2.00464 GeV <
ffiffiffi
s

p
< 2.01073 GeV

ð0 <
ffiffiffi
s

p
− ðmDþ þmπ0Þ < 6.05 MeVÞ: ð11Þ

Since mD�þ ¼ 2.01026 GeV is greater than ð ffiffiffi
s

p Þmax ¼
2.00946 GeV in Eq. (9), then due to the contribution of
the amplitude FD�þD0ðs1; s≈m2

D�þÞ in the vertex Tþ
ccD�þD0

no triangle singularity arises. At the same time, mD�þ ¼
2.01026 GeV is less than ð ffiffiffi

s
p Þmax ¼ 2.01073 GeV in

Eq. (11) and therefore in the amplitude FD�0Dþðs1; s ≈
m2

D�þÞ (and hence in the Tþ
ccD�þD0 vertex) the triangle

singularity occurs at
ffiffiffiffiffi
s1

p ≈ 3.87658 GeV. Figure 4
shows the imaginary and real parts of the amplitudes
FD�þD0ðs1;s¼m2

D�þÞ and FD�0Dþðs1;s¼m2
D�þÞ as functions

FIG. 3. The simplest diagrams that take into account final state interactions in the Tþ
cc → D�þD0 → πþD0D0 decay.
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FIG. 4. The solid and dashed curves show, respectively, imaginary and real parts of the amplitudes (a) FD�þD0ðs1; sÞ and
(b) FD�0Dþðs1; sÞ for

ffiffiffi
s

p ¼ mD�þ. In the vicinity of the D�þ resonance (i.e., at
ffiffiffi
s

p
≈mD�þ ) the functions FD�þD0ðs1; sÞ and

FD�0Dþðs1; sÞ have a similar behavior.
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of
ffiffiffiffiffi
s1

p
calculated using the method developed in

Refs. [28,29]. As can be seen from this figure, the functions
FD�þD0ðs1; s ¼ m2

D�þÞ and FD�0Dþðs1; s ¼ m2
D�þÞ are not

small by themselves (one of them is even singular).
However, in Eqs. (3) and (4), the contributions from
FD�þD0ðs1; sÞ and FD�0Dþðs1; sÞ are multiplied by the small
coupling constant g2D�þπþD0=ð16πÞ ≈ 0.00289 GeV2 which
is small because Γtot

D�þðm2
D�þÞ is small. Numerical calcu-

lation shows that in the Tþ
cc resonance region, the con-

tribution of the diagrams in Fig. 3 increases the width
ΓTþ

cc→D�þD0→πþD0D0ðs1Þ compared to its values in the tree
approximation (see Fig. 2) by about 5%, 6%, 2%, and 0.6%
at

ffiffiffiffiffi
s1

p ¼ 3.874 GeV, 3.875 GeV, 3.876 GeV, and
3.877 GeV, respectively. This is mainly due to the inter-
ference between the amplitudes of the loop diagrams in
Fig. 3 and the amplitudes of the tree diagrams in Fig. 1. Of
course, the real parts of the triangle loops play the main role
in the interference. Note that integrations in Eq. (1) with
substitutions Eqs. (3) and (4) smooth out sharp jumps in the
functions FD�þD0ðs1; sÞ and FD�0Dþðs1; sÞ. Taking into
account the finite widths of the D�þ and D�0 mesons in
their propagators entering into triangle loops also smoothes
the logarithmic singularities and reduces the above esti-
mates by approximately 10%. As for the Schmid theorem
[30] about the modification of the tree contribution by the
logarithmic singular imaginary part of the loop contribution
(the modern analysis of this theorem is presented in

Refs. [27,31]), it holds in this case to the extent that it
is permitted by the breaking of isotopic symmetry due to
masses of the particles involving into the triangle loops
D�þπþD0 and D�0π0Dþ and also by the instability of D�
mesons.
Thus, we can conclude that the tree approximation for

calculating the decay width Tþ
cc → ðD�þD0 þD�0DþÞ →

πþD0D0, π0D0Dþ, γD0Dþ used in Refs. [3,4] is quite
sufficient at the current level of measurement accuracy.
As regards spin effects, we note the following. From

general considerations, spin effects in the essentially non-
relativistic decay Tþ

cc → D�þD0 → πþD0D0 should not
crucially change the assessment of the role of final state
interactions. Here, the unchanging factors are the smallness
of the width ΓD�þ→πþD0ðs ¼ m2

D�þÞ and positions triangle
singularities. The structure of the formulas that take into
account the loop corrections will be generally similar to
Eqs. (3) and (4). There are no special factors that would
enhance the corrections (but the intermediate calculations
become much more complicated). We hope to consider spin
effects somewhere else.
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